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Standard Model Contribution to (g-2)µ

𝑎!"# = ⁄(𝑔! − 2) 2 = 𝑎!
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B field

gyromagnetic factor of the muon
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CERN I (1962)

Uncertainty of measurement in 10-11
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Standard Model Contribution to (g-2)µ

𝑎!"# = ⁄(𝑔! − 2) 2 = 𝑎!
$%& + 𝑎!'()* + 𝑎!+),

FNAL (2021++)
Goal: improve BNL 

accuracy by a 
factor of 4
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First Result from new direct (g-2)µ  Measurement FNAL
4

Strong indication for physics beyond the SM ?!

Nothing found so far, 
! confirmation

from independent
J-PARC measurement

highly desirable !

Systematic effect in 
BNL/FNAL method ?

?
This talk: how stable is

the SM prediction ?

?
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5.0s Scenario 1 final FNAL g-2

3.9s Scenario 2 final FNAL g-2

New direct (g-2)µ  Measurement FNAL
5

Speculations: possible final outcome of FNAL experiment

Reduction of SM
prediction needed

for final interpretation
! Impact from
Hadron Physics !
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Standard Model Prediction of (g-2)µ
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aμSM =     aμQED +      aμweak +     aμhad =       ( 11 659 181.0 ± 4.3 ) · 10-10

Kinoshita et al. ‘12

Czarnecki et al. 

( 11 658 471.808 ± 0.015 ) · 10-10

( 15.4 ± 0.2 ) · 10-10
Absolute contribution dominated by QED

Uncertainty dominated by hadronic contribution



Achim Denig Hadronic corrections to the muon anomaly

2019: Standard Model Prediction of (g-2)µ
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Hadronic contribution non-perturbative, the limiting contribution
aμSM =     aμQED +      aμweak +     aμhad

! HVP: Hadronic Vacuum Polarization ( ≅ 687 ... 694  ± 2.4 ... 4.1 ) · 10-10

! HLbL: Hadronic Light-by-Light ( 10.5 ± 2.6 ) · 10-10

HVP HLbL

NLO ( -9.8 ± 0.1 ) · 10-10 ; 
NNLO ( 1.2 ± 0.01 ) · 10-10 

Glasgow „consensus“ value

µ+ µ+

x

g* g*

g

q
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(g-2)µ  Theory Initiative (since 2017)
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FNAL 2017 Seattle 2019

Goal: 
theory consensus value of muon g-2 SM prediction

(most relevant hadronic contributions!)

" Working groups on HVP, HLbL, LatticeQCD, ...
" Four collaboration meetings

and various workshops on subtopics
" Scrutiny of various theoretical evaluations

196 pages, 103 figures
2
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Mainz 2018

KEK (virtual) 2021
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HVP HLb
L

Estimate of (g-2) Theory Initiative
based on dispersive approach

(including higher orders):
(  693.1 ± 4.0 ) · 10-10

Hadronic Vacuum
Polarization (HVP)

was ( ≅ 687 ... 694  ± 2.4 ... 4.1  ) · 10-10
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Hadronic Vacuum Polarization Contrib. to (g-2)µ

10

K(s): known kernel function
s: energy2

Data-driven approach:

𝝈𝒉𝒂𝒅 𝒔 = 𝝈𝐭𝐨𝐭(𝒆$𝒆% → 𝐇𝐚𝐝𝐫𝐨𝐧𝐬)

𝑎&'() =
1
4𝜋*3+,!

"

-
𝑑𝑠 𝐾 𝑠 𝝈𝐡𝐚𝐝(𝒔)

⇡+⇡�⇡0⇡0

Contributions to HVP errorContributions to HVP integral

Optical theorem (unitarity) and analyticity:

low energy contributions especially important!
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Initial State Radiation (ISR)
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BES III
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PEP II
BABAR

PEP-IIDAPHNE

DAPHNE
KLOE

Initial State Radiation aka Radiative Return

• No systematic variation of Ebeam
• High statistics thanks to high luminosity
• Precise knowledge of radiative 

corrections mandatory (Hrad)
PHOKHARA event generator

e-

e+ gISR

Hadrons

MhadrECM
E’

Hrad
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ISR (BABAR & BESIII): e+e-® p+p-p0p0
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Most relevant Channel: e+e-® p+p-
13

Systematic Uncertainties on r(770) peak
• ISR BABAR 0.5%
• ISR KLOE 0.6% (average of 3 analyses)
• ISR BESIII 0.9%
• Energy Scan CMD2 0.8%* 

* limited in addition by statistics

ρ - ω interferenceKLOE-2, JHEP1803 (2018)
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Most relevant Channel: e+e-® p+p-
14

Systematic Uncertainties on r(770) peak
• ISR BABAR 0.5%
• ISR KLOE 0.6% (average of 3 analyses)
• ISR BESIII 0.9%
• Energy Scan CMD2 0.8%* 

* limited in addition by statistics

ρ - ω interferenceKLOE-2, JHEP1803 (2018)

relatively large discrepancies

btw. KLOE and BABAR?!

! limiting HVP contribution
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BES III PLB753 (2016)

BES III PLB812 (2021)

2.9/fb

BESIII Analysis e+e-® p+p-gISR
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2.9/fb

BESIII Analysis e+e-® p+p-gISR

" BESIII aims for new two-pion analysis with precision
goal of 0.5% (tagged analysis)

• 20/fb  of data at  3.77 GeV available soon
• Normalization to 𝜇!𝜇"𝛾 events
• Improved pion-muon separation
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2.9/fb

BESIII Analysis e+e-® p+p-gISR

" BESIII aims for new two-pion analysis with precision
goal of 0.5% (tagged analysis)

• 20/fb  of data at  3.77 GeV available soon
• Normalization to 𝜇!𝜇"𝛾 events
• Improved pion-muon separation

" BESIII aims for an improved measurement of the mass range
above 1 GeV (untagged analysis)
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New Inclusive R Measurement at BESIII 
18

rad. correctionsluminosity

background

Efficiency of hadronic event selection:

" based on hadronic MC generators

" uncertainty (2.3%) limiting total error (<3%)

" Two independent MC codes:
- LUARLW (theoretical model with model

parameters tuned to expt. Distributions)
- Hybrid (combination of PHOKHARA, 
measured spectra, LUARLW)

BES III PRL (2022)

Relevant for hadronic corrections to (𝒈 − 𝟐)𝝁 and 𝜶𝒆𝒎(𝑴𝒁
𝟐)
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Result found to be above prediction of pQCD!
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Conclusions & Outlook HVP
19

" HVP error (and therefore SM prediction of muon g-2) largely limited by KLOE– BABAR 
discrepancy of the pion FF measurement

" Existing BESIII and SND measurements (0.9%, 0.8% error) not yet precise enough to rule
out either KLOE or BABAR

" New ISR measurements expected from BABAR, BESIII, BELLE-II: Try to push systematic 
uncertainties down to 0.5% or better

" New energy scans from VEPP-2000/Novosibirsk (CMD-3, SND): expect similar accuaracy

" Better accuaracy from higher multiplicity states and Rincl (KEDR, BESIII)
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Conclusions & Outlook HVP
20

!Assuming agreement among new BABAR, BESIII, BELLE-II, CMD-3, KLOE
and individual accuracies on the 0.5% level (or eventually better)

REDUCTION OF UNCERTAINTY OF HVP BY FACTOR OF 2 IN REACH ! 

" HVP error (and therefore SM prediction of muon g-2) largely limited by KLOE– BABAR 
discrepancy of the pion FF measurement

" Existing BESIII and SND measurements (0.9%, 0.8% error) not yet precise enough to rule
out either KLOE or BABAR

" New ISR measurements expected from BABAR, BESIII, BELLE-II: Try to push systematic 
uncertainties down to 0.5% or better

" New energy scans from VEPP-2000/Novosibirsk (CMD-3, SND): expect similar accuaracy

" Better accuaracy from higher multiplicity states and Rincl (KEDR, BESIII)
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First LatticeQCD result (BMW) with sub-percent precision
! needs clarification by other Lattice groups

Yet another puzzle? Lattice QCD calculation of HVP

HVP value from
g-2 Theory Initiative
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Hadronic Light-by-Light
Contribution (HLbL)

Estimate of (g-2) Theory Initiative:
(  9.2 ± 1.8 ) · 10-10

µ+ µ+

x

g* g*

g

q

HLbL

was ( 10.5 ± 2.6 ) · 10-10
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Hadronic Light-by-Light (HLbL)
Glasgow consensus value: ( 10.5 ± 2.6 ) · 10-10

( 11.6 ± 3.9 ) · 10-10

Prades, de Rafael, Vainshtein ‘09

Jegerlehner, Nyffler '09

model-dependent !

π / K
loops

s wave
ππ

scalars
tensors

axials

u,d,s
loops

short dist.

c
loop

𝜋, 𝜂, 𝜂/

-60,0
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0,0
20,0
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100,0
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140,0𝒂𝝁𝐇𝐥𝐛𝐋

[10-11]
Prades, de Rafael, Vainshtein
Jegerlehner, Nyffeler

Decomposition in terms of individual contributions:
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Data-Driven Approaches (e.g. Pion-Pole)
24

Dispersion Relations being developed
using experimental measurements
of meson transition form factors!
Colangelo et al ’14; Pauk, Vanderhaeghen ’14
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Data-Driven Approaches (e.g. Pion-Pole)
25

Dispersion Relations being developed
using experimental measurements
of meson transition form factors!
Colangelo et al ’14; Pauk, Vanderhaeghen ’14

Û
Data-driven approach!

Exp. Input !
Transition

Form Factors F(Q2)
below ~ 2 GeV2

Problem: double-virtual TFFs needed, 
for which no measurements exist yet!
Way out: use theory calculations 
for double-virtual TFFs:
- Lattice QCD calculation
- Dispersive analysis

Û

p0, h(¢), pp, ...g*

g

e-
e-

e+e+

π0, η, η#$
!

γ(�)!

γ�!

e�!

e+!
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Data-Driven Approaches (e.g. Pion-Pole)
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Dispersion Relations being developed
using experimental measurements
of meson transition form factors!
Colangelo et al ’14; Pauk, Vanderhaeghen ’14

Û
Data-driven approach!

Exp. Input !
Transition

Form Factors F(Q2)
below ~ 2 GeV2

Problem: double-virtual TFFs needed, 
for which no measurements exist yet!
Way out: use theory calculations 
for double-virtual TFFs:
- Lattice QCD calculation
- Dispersive analysis

Û

p0, h(¢), pp, ...g*

g

e-
e-

e+e+

π0, η, η#$
!

γ(�)!

γ�!

e�!

e+!Experimental challenges:
Now: measure single-virtual TFF and 
compare with theory assumption!
Future: provide measurements of
double-virtual TFFs
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Spacelike FFs  g g * ® P

p0, h, h¢,
π+π-

Selection criteria
" 1 electron (positron) detected
" 1 positron (electron) along beam axis
" Meson fully reconstructed
! cut on angle of missing momentum

Momentum transfer
" tagged: Q2 = -q1

2 = -(p - p’)2

®Highly virtual photon 

" untagged: q2 = -q2
2 ~ 0 GeV2

®Quasi-real photon

Form Factor 
F(Q2) 

Single Tag Method

27

EKHARA event generator 
Czyż, Ivashyn

𝑄/ = 4 $ 𝐸 $ 𝐸0 $ 𝑠𝑖𝑛/( ⁄𝜃 2)
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BES III Analysis: g g* ® p0
28
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BES III Analysis: g g* ® p0
29
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" Unprecedented accuracy of BESIII
" Relevant Q2 range for HLbL
" Very good agreement with recent

dispersive analysis and of
Lattice QCD calculation

" Q2 range below 0.3 GeV2 accessible
at BESIII with data from lower
c.m. energy

3.77 GeV, 2.9/fb
PPNP107(2019)20
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BES III Analysis: g g* ® p0
30
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" Unprecedented accuracy of BESIII
" Relevant Q2 range for HLbL
" Very good agreement with recent

dispersive analysis and of
Lattice QCD calculation

" Q2 range below 0.3 GeV2 accessible
at BESIII with data from lower
c.m. energy
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PPNP107(2019)20
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Conclusion & Outlook HLbL

𝜋, 𝜂, 𝜂/

π / K
loops

s wave
ππ

scalars
tensors

axials

u,d,s
loops

short dist.

c
loop

𝒂𝝁𝐇𝐥𝐛𝐋

[10-11]

" Theory initiative was able to significantly reduce the HLbL error (data-driven
approach) and also inclusion of first Lattice QCD results

g-2 theory initiative

-60,0
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-20,0

0,0
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80,0
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120,0

140,0 Prades, de Rafael, Vainshtein
Jegerlehner, Nyffeler

" Dedicated programme at BESIII (in gamma-gamma interactions) as well at 
A2/MAMI  (Dalitz decays of mesons) to provide TFF measurements
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Conclusion & Outlook HLbL
" Usage of theoretical tools to relate meson decays & reactions

REDUCTION OF UNCERTAINTY OF HLbL BY FACTOR 1.5 IN REACH ! 

" Dedicated program at various facilities in the world (Europe, US, Asia)
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Conclusions:
Yes, we have good 

reasons to be excited!
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" 20 year old BNL measurement of g-2 confirmed by FNAL 
4.2s discrepancy to SM, J-PARC project upcoming!

" Final interpretation of FNAL result needs a continued program in hadron physics

" HVP: By combining new BESIII data on pion FF with KLOE and future data
from BELLE II, CMD-3, and re-analysis of BABAR 
! reduction of uncertainty by a factor of 2 in a global effort!

" HLbL: new generation of transition FF measurements ongoing at various places,
! further reduction of uncertainty in reach (assume factor 1.5)

Conclusions
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" 20 year old BNL measurement of g-2 confirmed by FNAL 
4.2s discrepancy to SM, J-PARC project upcoming!

" Final interpretation of FNAL result needs a continued program in hadron physics

" HVP: By combining new BESIII data on pion FF with KLOE and future data
from BELLE II, CMD-3, and re-analysis of BABAR 
! reduction of uncertainty by a factor of 2 in a global effort!

" HLbL: new generation of transition FF measurements ongoing at various places,
! further reduction of uncertainty in reach (assume factor 1.5)

Scenario: New experimental value stays constant, factor 4 exptl. improvement
! Δaμ = aμexp – aμSM =  (25.1 ± 2.7) · 10-10 (9.4s) !!!  

Assumption: central value of SM stable and uncertainty will improve to ± 𝟐. 𝟑 & 𝟏𝟎!𝟏𝟎!

Conclusions


