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Transverse momentum dependent factorization

do d?b —i(bqr) 2 2 2
— =~ 00/76 T Cv (Q)|* Fi(z1,b; Q, Q%) Fa(z2,b; Q, Q%)
dgr (2m)?2

LP term is studied VERY WELL!

SIDIS Drell-Yan
i initiati - 2 2
q is momentum 2of_lnltl:agtlng EW-boson Q*>> Ajep
q¢° ==+Q
q‘jf transverse component Qz > q%
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Leading Twist TMDs
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Transverse momentum dependent factorization

do d2b —i(bgr) 2 2 2
e = o [ e (G QPR b Q@) 5Q.Q7) L
T

+(ql' o >[C2(Q)®F3(w bQ Q) Fa(z,bQ,@)](z1,22)  «— NLP)

2
+ (Z;; kzzqf ; > [C3(Q) ® F5(w,5;Q, Q) Fo (2, b Q, @*)](w1, 2)  «— NNLP

Outline

» General approach to TMD factorization
» TMD factorization at NLP/NLO
» Systematics of power-suppressed TMD operators (distributions)

Disclaimer: so far, pure theory...
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Motivation

» Sub-leading power observables

3pdf  unpolarized PDF twist-3 t-odd PDF Boer-Mulders . N
W\i | \ / To describe it, one needs TMD
cin oM [ hek MG\ ke My B factorization at NLP.
rygon = e [ ek (o, M) | b (g, P
Q My M= 2 M M
t f 7 » JLab
Collins FF twist-3 FF unpolarized FF twist-3 FF
by Timothy B. Hayward at QCD-N » LHC
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Motivation

» Sub-leading power observables

do 3 doVt
dpZ dy” dm” dcos@dg ~ 167 dpZ dy” dm” To describe it, one needs TMD
{(l +cos?6) + % Ao(1 =3 cos? ) + A; sin20 cos factorization at NNLP.
1 - ) » JLab
+§ A, sin” 0 cos2¢ + Aj sinf cos$ + Ay cosf
» LHC
+As sin® 0 sin2¢ + Ag sin20 sing + A7 sin6 sin ¢}.
o FT T 5 o 0.2 T
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Motivation

» Sub-leading power observables

» Increase of applicability domain

——— [Bacchetta,et al,1901.06916] —

h@- E288, vs=27.4GeV, n=0.03
o 10°h 44 Q-6.5GeV
7
e -
210"
3
[}
¢ ar
2 —_
o107
H
—

E
3
3

matched

2
qr [GeV]

— COMPASS preliminary

0 12 5 10 203040 60 80 120
qr(GeV)

Power for TMD



Motivation
» Sub-leading power observables
» Increase of applicability domain

Phase space of EIC is centered
directly in
the transition region

COMPASS, JLab
fixed target LHCb
have large contribution of power corrections
0 12 5 10 20 3040 60 80 120
qr(GeV)
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Motivation

» Sub-leading power observables
» Increase of applicability domain

» Restoration of broken properties

LP TMD factorization breaks EM-gauge invariance

we = [ e e o) WEE = gi’|Cy [2F(FiFa)

QW =0 awWip ~ ar
» The violation is of the NLP
» Similar problem with frame-dependence (GTMD case)
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Sources of power corrections ]

*(exact)=known at all powers

do

aps. — opshu W
Phase space PC (exact) - Hadronic tensor (e.g. DY)
SIDIS opg = ——— d“ye“y‘”

o T o3 / (pp2] 7" (y) X) (X T [p1p2)
14+72 s
z2Q T
¥
Factorized in powers of

Leptonic tensor (exact) qr 4T

e.g. un.DY with fid.cuts qat’ q

LHY s (1MUY + VI — gV (1)) P ¥
e [, I’ with transverse parts :
o P fiducial part 1
¥
Power corrections due to frame choice (exact)
Py >p7, P2 > Py
1 2
e.g. SIDIS qT = p—é‘i
z

2
p
1—72 z252
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There are already computations of TMD factorization at NLP/NNLP
» Small-x-like

> Balitksy [1712.09389],[2012.01588],...
» Nefedov, Saleev, [1810.04061],[1906.08681]

» SCET

» Ebert, et al [1812.08189)] fized order at NNLP
» Ebert, et al [2112.07680] NLP at LO
» Inglis-Whalen, et al [2105.09277]

» Boer, Mulders, Pijlman [hep-ph/0303034]

TMD
SCET operator

High-energy

expansion
[Balitsky, et al]

expansion

e Modes by method e Modes by parton |<=———— o Modes by parton
of regions model model

e Effective action e Background QCD |<——— e Background QCD

e Overlap of modes =———p-/ @ Overlap of modes e No-overlap (?)

e Dim.reg.4+rap.reg. ————p-| ® Dim.reg.+rap.reg. o Cut reg.

. ... o ... . ...
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Background field method for parton physics
(in a nutshell)

(RT J*(2)J%(0)|h) = /[DquDA]eiSQCD‘I’*[tZ g, AJJ*(2)J"(0)¥[g, g, A]

’ Cannot be integrated since ¥ is unknown ‘
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Background field method for parton physics
(in a nutshell)

(R|T J*(2)J¥ (0)|h) = / [DgDgD Ale'SQcp W * (g, q, A]J*(2)J" (0)¥(q, q, A]

Parton model
W contains only collinear particles
\IJ[Q7 q, A] — ‘Il[q’ﬁy dn, A’ﬁ]
{8+1 - ’ 8T}Qﬁ S {17 >‘2a )\}(Iﬁ

’ Integral can be partially computed ‘
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Background field method for parton physics
(in a nutshell)

(RT J*(2)J%(0)|h) = /[DquDA]eiSQCD\P*[@ g, AJJ*(2)J"(0)¥[g, g, A]

Parton model
W contains only collinear particles
Vg, q, Al = Y[qn, qn, An]
Background technique {04,0-,0r}qn S {1,22, \}an
q = qn + ¥ \ -
A = A; + B \"Integral can be partially computed ‘

» qn, An: background (external field)
» 1, B: dynamical (to be integrated)

(RIT J*(2)J%(0)|h) = /[Dq’ﬁDqﬁDAﬁ}eiSQCD‘I’*[@ 0, AT [@n an, Arl(2) (T, 4, A]

T = [IDgDYDBIiSaco+ S0 Al g 4 4](2)1"lq + 4](0)

’ Generating function for operator product expanswn‘
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Background QCD with 2-component background

q—qn +qa +

AF — AE 4 AR+ B*

» Technical note: Sgcp for 2-component background has 1PI vertices!

r

collinear-fields
(associated with hadron 1)

{8+7 8—7 BT}q’ﬁ S, Q{17 )‘27 )‘} qn,

{04, 0-, 0r} AL S Q{1 A, A} AL,

anti-collinear-fields
(associated with hadron 2)

{8+7 8,, 8T}qn 5 Q{Aza 15 )‘} Adn,
{04, 0_, ar} A < Q{N?, 1, A} AX.
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TMD operator expansion
is conceptually similar to ordinary OPE
The only difference is counting rule for y

v d'y e v
Wi = [ %) 0 0l XX Ol

Wéins = (%)1 et Z (po]J* () |p2, X ) (p2, X|J* (0)|py),
v d'y o
Wi = @nic el Z (0174 () lp1, pa, X){p1, pa, X[J7(0)]0).

- 11 o1, 1 -
(@y~1 = Ayt~ {— 4 )~ LAY
a7 qr @

To be accounted in operator expansion

2h.0,q ~ NLP, yhOuq ~ LP

Power for TMD September 22, 2022 10 /32



TMD operator expansion
has different geometry

@J

Jr@®

| | | | |
Collinear factorization

Yyt o~ QTH1,1,1}

A S A A

n

Two
light-cone operators
4
Two
parton distribution function
PDFs & FFs

@ () [wn, 0)g; (0) e,
2VPUE
A4

=2 %
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TMD operator expansion

v
J has different geometry

JHe

| | | | |
TMD factorization

gt o~ Q7ML LA}

AN SR A

Four
light-cone operators
4
Two
TMD distributions
TMDPDFs & TMDFFs

A.Vladimirov Power for TMD



TMD operator expansion

v
J has different geometry

JHe
| | | | |

TMD factorization
v o~ QL LAY

AN SR A

n n n n

Four
light-cone operators
A - 4
yr =b Two
q TMD distributions
TMDPDFs & TMDFFs

Q|

Gi(An + b)[An + b, £oon +b] [Eoon, 0]q;(0)
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TMD operators and their divergences

Any TMD operator is the product of two semi-compact operators

Onnm({z1, .oy 2n},0) =Un({z1,...},0)Upr ({---, 2n }, b)

21 2o z3 +1 SIDIS
L e I i e \
1
n b 1 SO0
1
@ =~@ ~ =~~~ m e m e EE e EE e e e E .. ——————— -——-
Z5 Z4 —1 DY

OB ({21, ey 2n },0) = R(6%) Zuy ({215 --3) © Zuy, ({ooes 20 }) © Onar (11,C)

e UV divergence for Uy - -
Three independent divergences

e UV divergence for Ups Three renormalization constants
Three anomalous dimensions
e Rapidity divergence

/ladimirov Power for TMD September 22, 2022 12 /32



TMD-twist-(1,1)
Usual TMDs

Uy = [..]¢ = good-component of quark field (twist-1)

3 ({21, 22,0) = (p, slé(zin + b).. D& (z2m)Ip, )

b 800
@ - mm e mm e e e e e E - — .. ———————— ]
23 —1 DY
d ~ -
HQdTLQ‘I’H({ZlJ}:b;My Q) = (e, 10 +71(22,1,0)) P11({z1,2}, b; 1, C)
Cd%‘fn({zl,z},b;ﬂ, Q) = —DbuP11({z1,2},b;4,0)

» ~1 = anomalous dimension of U; (N3LO)
» D = CS kernel (NP)
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TMD-twist-(2,1)
Appear at NLP

= [..]¢ = good-component of quark field (twist-1)
Uz =[. ]F,,L [..]¢ = good-components of gluon and quark fields (twist-2)

801 ({21, 22,23}, b) = (p, s|€(z1n + b).. Fyus (z2n + b).. 5 .&(z3n) p, )

21 29 +1 SIDIS
®----- L e v \ (

(A2(z1, 22, 1, C) + A1 (23, 11, €)) @21 ({z1,2,3}, b5 11, €)

d
i —®a1({z1,2,3}, b5, )

<&¢21({21,2,3}’ b, ¢) = —D(b,p)Pa1({z1,2,3},b; 1, C)

w2

» 71 = anomalous dimension of U; (N3LO)
» 2 = anomalous dimension of Uz (LO)

» D = CS kernel (NP)
Similar for TMD-twist-(1,2)
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TMD operators of different TMD-twists ]
(L,1)
_ I = {yt,9F5 00"}
O11(z,b) = &(zn +b)[...]T[...]¢(0) = well known 8 TMD distributions
v

(1,2) & (2,1)

> I'={y",7T7% 00"}

O21(21,2,0) = E(zn+B)[]Fur (22 + )L J6(0) » 32 TMD distributions
On2(z1,2,0) = &(zn + )Tt (22)[1€(0) » Related by charge-conjugation <
complex/real

(1,3) & (3,1) & (2,2)

Fug Fuy [LT]]€(0)

~Fug [0 Fu4£(0)

~(E.T2..8)[.]TL..]€(0) » Quasi-partonic and non-quasi-partonic
Py [P J€(0)

O31;1(21,2,3,b) =
O22(21,2,3,b) =
O31.2(21,2,3,b) =
O31.3(21,2,b) =

A I A YA Y A

v
Power for TMD September 22, 2022 14 /32




Operators with different TMD-twists do not mix
renormalization/evolution is independent
independent TMD distributions

Evolution of TMD operator with TMD-twist=(N,M)

Onmv({z1, -, 21},0) = Un({z1, .. },))Upr ({--, 21}, O7)

» Each light-cone operator U renormalizes independently (because there is a finite yp
between them)

pLUN (1,1, 0) = 8 @ Un ({21,),0)
m

» Light-cone operators with different N do not mix (Lorentz invariance!)

» Evolution of TMD operator

d

M@ONM({ZL b)) = AN + M) ® Onm({21,.-.1,0)
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Anatomy of anomalous dimension

im0 = a5+ () +2m (-£2)) + o
Ya(z2, 23, 1,() = a-‘f(#){szzs +Cp (5 +ln( ))

gt
+CA111(T82+2) (Cp—7) (—582)}4-0

ull
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Anatomy of anomalous dimension

quark AD + cusp

F1(z, 1, €) = as(u)CH (g +1In (%2) +-2ln( S-;z )) +C)(a§),

Folz2,23,1,¢) = as{‘”){H“zs e (g +ln( ))

.
+O41n (—_‘;a; ) (OF - T) In ( o7 ) } +O(a?),

A.Vladimirov Power for TMD



Anatomy of anomalous dimension

quark AD + cusp

A1z, €) = as(u)Cp (g +In (%2) J,-2ln( a )) +0(a?),
e =i o (oo )

+
uasi-partonic-kernel 1 _ 4 2
quasi-partor +C4 ln(—sa;) (cF : )m( sazt) }+0(a5),

[Bukhvostov, Frolov, Lipatov, Kuraev, 1985]

Heyey Bl (1, 22, 25) = (2.19)
da
Co [0 (e, 5 5) + 0o 25~ 282,50
+CA/ da/ aBad! " (21, 28, 25,) — (cpf _)/ da/ dBadl s (=, 285, 25,)

+(or =) [ bl ez,
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Anatomy of anomalous dimension

quark AD + cusp

2 +
A1z, 1, €) = a(u)Cr (g +In (%) +21In (—Z‘@*) + O(a?),

_ 3 IS
F2(22, 23, 11, ¢) = as ()] Hayzy|+|Cr 5 Tl =
BFLK
uasi-partonic-kernel [+, 1 a 2(C Ca 1 a O(a?
q 1% HCaln ? + F— 7 n _Sa;‘; }+ (a's)s

—s0;,

Remnants of collinear divergences
(canceled by SF/reg. by cut)

Power for TMD September 22, 2022 16 /32
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~ 5+ b2 L2 € §+
R (b‘{ F) =1—4a,Cr0(—€) <74ELE> In (F) +0(a?).

Rapidity divergence arise from the interaction with the far end of neighbour Wilson line

General facts
» Multiplicatively renormalizable (for QP operators)

» Same for all QP operators (up to overall-color
representation)

» Structure for non-QP operator is unknown (in progress)

2

NS

o

Ky
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» Basis of operators v

» Anomalous dimensions v’
» = Wilson lines

» = Hard coefficient (NLO)
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Computing hard-coefficient

Keldysh thechnique

to deal with 4.‘J(+)u(y)J(—)V(0)

causality structure

Details & examples
in [2109.09711]
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Computing hard-coefficient

()1 (0)
I

Details & examples
in [2109.09711]

(power) Expand in background fields
sort operators by TMD-twist

A 4
A\

G (v~ +y1) v an (YT 0+ y1)3n (07160 (0) + Pa (W) V5an (T 7+ y1)3n (007492 (0) + ..
+n Ga(y™n + Y)Y an (TR + Y1) G (0)75qn (0) + ...
+ytqn(y™n +y1)0- v gn (¥R + y1)Gn (0)¥qn (0) + ...
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Computing hard-coefficient

Ty (0)
I

Details & examples
in [2109.09711]

(power) Expand in background fields
sort operators by TMD-twist

A 4
A\

G (v~ +y1) v an (YT 0+ y1)3n (07160 (0) + Pa (W) V5an (T 7+ y1)3n (007492 (0) + ..
+n Ga(y™n + Y)Y an (TR + Y1) G (0)75qn (0) + ...
+ytqn(y™n +y1)0- 7 gn (¥R + y1)Gn (0)vgn (0) + ...

(loop) Integrate over fast components
with 2-bcg.QCD action

}

\j

1 v VA P P P
at least NLO is rllccd.cd a2 Rl M H((% ol T4 % o, 00.)
to confirm factorization N
. . P TR (Of 22O+ Ol ) D

(WL direction, . o a-

. e " AN " "

pole-cancelation) Hig=y {0‘;,4, (f’: - ;) [P (% - ?:) Ol
Ne PN a0,

[Coincides with [Boer,Mulders,Pijlman,03] }
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Process dependence

The background can be taken in any gauge (since it is gauge invariant)

» Light-cone gauge kills operators with A 5 and A_ , (~ 1 in power counting).
» Convenient choice of gauges

» Collinear field AL =0
» Anti-Collinear field A_ =0
» Dynamical field: Feynman gauge

» However one needs to specify boundary condition. The result depends on it.

0 0
Ab(z) = fg/ doFET(z4+no) vs. AF(z) = 7g/ doFET (2 4 no)
—c0 “+ oo

qlz,z —oon] vs. q[z,z+ oon]
etc.
To specify boundary and WL direction, we should go to NLO

Power for TMD September 22, 2022 20 /32



NLO expression in position space

Sl

ar T(-agrl—arE -«
diag, + . +d13510+d1d5§A5 part F 320
dztdz~ 1
—_— £ " ) 1,1
/ Tn 2 +L0]17 /ﬂ de{(z at—zTn )Cp . )C( )
c(1+¢€) — e _ - s
Cr( BE +CA TR [(fz '+ (1—e)z" ") K(s,1) — 2 n“IC(O,l)}
—€

+ (cF - 7) 2(1(1 ¢ F)‘Q) [z + (1= et amK(L, ) - =¥ K(1,0)] }.

&n(sz™n)Ag r(tz"n)én (2" 0)

A.Vladimirov
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NLO expression in position space ]

} >
Depends on ; 10

boundary
EAE— Pt _ o, I‘( L1 —ar2—¢)

iag,, + diagy

conditions T (2 —29

1 —
) ds{(z*ﬁ” —z’n“)CpQ)C(l.l)
0 €

_—6)22> [(fz’n“ +(1— ez a") K(s, 1) — 2 ak K(0, 1)}

+ (Cp - —) 2(1(;—:)‘2) [(ez_n“ (- etaf)K(L,s) — 2k K(l,O)] }
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NLO expression in position space

> Jaz ) ()
I_/ dzdz" [—2zFz— 4 0]«

for SIDIS | for SIA
r | lower | upper | half-plane.

| f’s are TMDPDF's or TMDFFs > /(- ) s abvisal i | I

fu(z*) is analytical in | lower | upper | upper | half-plane.
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NLO expression in position space

I= /oo drtde A2EED).
oo [—2zt2z— 4+40]
for DY | for SIDIS | for SIA

‘ f’s are TMDPDFs or TMDFFs ’—> Ja(z") is analytical in [ Tower | Tower | upper | haltplane.

fu(z*) is analytical in | lower | upper | upper | half-plane.

®
z'>0
2'<0 )
¢ fn(zF) fa(z7)
I= dzt 2 Io+Ii+12+1 Ie=[ &
[t e o tis o 1, °T o
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NLO expression in position space

I= /oo dotdz- JEDED).

oo [—2zt2z— 4+40]
for DY | for SIDIS 1A
‘ f’s are TMDPDFs or TMDFFs ’—» fa(z") is analytical in | lo Tower | upper | half-plane.
fu(2") is analytical in | lower | upper | upper | half-plane.

z">0
- N
5
zt<0 /
0 f + =
n(2z fa(z
I:/ dz+%(lo+h+lz Ic = (fa)
—oo (_Qz ) C (Z )
. i M) — i 1(n) — i
for DY: Llim AR =0, lm A4) =0, 0 Fields at co
for SIDIS: lim  A%(z) =0, lim  A%(z) =0, (= interaction with transverse link)
2400 200
for SIA: lim  A4(z) =0, lim  A%(z) =0.
2= —+o0 z+too

—>| Reproduce ordinary rules!
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NLO computation

Extra facts

» At LP and NLP one Sudakov form factor is needed (exchange diagrams are NNLP)
» Computation for Sudakov is done for LP and NLP both at NLO
» Position space
» LP is well known (up to N®LO) and coincides
» Twist-(1,1) part of NLP is the same as LP (“Reparametrization invariance”)
» Required by EM gauge invariance Non-trivial check
» Twist-(1,2) part is totally new

» The UV and rapidity divergences of NLP operators computed independently
» (position space) BFLK part coincide with [Braun,Manashov,09]
» (momentum space) “Coincides” with [Beneke, et al, 17] (up to missed channels)

» Checks

» Pole parts of hard coefficient and operators cancel very non-trivial check
» Some diagrams are computed in momentum space check
1 1 1 1 i
H® (20, (2) ® Zu (DRO)] @ (20, (2) © Zuy (DR)] = finite

€

TMD 1 TMD 2
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TMD factorization at NLP in the terms of operators
Momentum space

Effective operator for any process (DY, SIDIS, SIA)

a2 + q
i —i(gh) - _a =_ T 2 gpy (o
i (q) = (2:”)26 {fdz(l.f,ﬁ (.r Pr) ) (.1, P«;) 1y * (@, 2, b) (6.17)

+ f (de)did (f - %)

X ((5 (11 — p—) CiColwaz)Tlor (v, 2,0) + 6 (J"; + p—) C5(212)C1 T30 (@, &, b))

+fdm[d:i;]6 (1 - %)

x (cycz(f,z,g)a (il - ;’%) 1, 5, B) + O (31.2)C1 6 (m +Z ) (2, F b))
2 2
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TMD factorization at NLP in the terms of operators
Momentum space

Effective operator for any process (DY, SIDIS, SIA)

, " d?b i ob) ' . q ) q e )
T (q) = / ‘_;H/_}r (gt { /!]‘I‘([.l ) (.r ][)‘ )r) (.1 ,'C ) |CLF T (w0, 2,D) (6.17)
J (2m) | 2
| /lf i >(' ! )
dr)dzd | 7
. s

M v "
v - 17T, P =ik =ik ; - .J.J‘.b,l)
T 7,0) = LR (O (@, 0)D]) L (3,b) + Oy (2, BOY L (2.0)
Y R R DN N o o .
+i WT“A’T’;L 5 VT T ((‘BPC’)?LE(J:,b)O‘{:.n(.’i;,h)+Bp(’)ﬁlﬁ(m,h)@iﬁ_n(fn,b))
BV T TV Ve ik ik . z,%,b)
i TR (Ol (2, 00,01 (3.6) + O (2,003,084, @), [

» Operators of (1,1) x (1,1) (ordinary TMDs)
- A
O (@,b) = py | 5™ P+ q;[An + b, %oon + b][oon, Ola;
» Contains LP and NLP (total derivatives)
» Restores EM gauge invariance up to A3

q#‘]itlull ~ (pl_‘IT + pg'qT)Jnu
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TMD factorization at NLP in the terms of operators
Momentum space

Effective operator for any process (DY, SIDIS, SIA)

" d?b ' . ¢ Y (
T (q) = / _;f/_}r "‘"’”{ /eh‘(i.l 1) (.r [‘ )r) (.1 ) [Cy 2Tt (2, 2, b) (6.17)
J (2m) P

: G
} //1’,1 dzd (‘i / )
. P2
x (z) (.rl Ko T Co (o b) T, (0, 2, | w3+ = WTIa (@, &, b,l)

Py

t /(J‘r»rf.zJ() (.z

Tani (@, &,b) =
: =V v L . . )
2 (2 ) P 0 DO 00) — O DO 5.0

2 \g~ qF N,

» Operators of (1,2) x (1,1)
L d. it
O (w1,2,3,b) = p%r / %e’” #iP+ gj[z1n 4 b, Foon + b][oon, zan]yH Fj4 [22n, 23n]q:

» EM gauge invarint only up to NNLP
~ (p] + pI)Jen

nv
qudi211

23 /32
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TMD factorization at NLP in the terms of operators
Momentum space

Effective operator for any process (DY, SIDIS, SIA)
" d2h ‘ . .
TRV ‘ i(gh) gei e 1 ) 7
T (q) = / EZF,\‘}{ { / drdrd (,1 ]’]‘ ) § (_] =
} / dxldzd (‘i g )
. Pa
X (z) (.rl
. o
t /(J‘r»rf.zJ() (.z
p pi
? x, 2, b)
Cy = 1+4a,Cr <7L?)+3LQ78+%)+()(“5), (2, J,)

2
Calwra) = 1+a,[Cr (—L?‘, YLo-3+ %) +Ca LJ;’H (“:7;2)

+(Cp—g> T+ T9 ln(m +.’I:z) (QLQ 7lll(m) ,4)]
2 o z1 Fol

» C is know up to N3LO
» C3 (here is only the real part of it)

L 715, (@, 2, b) (6.17)

W (@, 2,b) + 8 (J';;
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To momentum-fraction space

1
Bl (21,22, 6) = erfldmm(zrzz)‘”"1>[111](-r.b),

Bl (21,22, 20.0) = (1) j [dale i teazatrs s QL (2, g, s, b),

i

&’E;]u(zla 22,23, b)

@) /[d.ﬂe*[(m‘zﬁizzﬁﬁzﬂp‘ @E:]m(.'rl,:r%:rg,,b),

1 1 1
/[zlx] :/ ri.rl/ da:;/ daz 6(xy + 2 + x3)
T3 -1 -1 -1

Support domain |z;| < 1

% é } momentum-fractions
(—+-) J

could be positive or negative

(+0\ | S+
(-1,0,1 1,01-1) some papers miss this point
C-/ \F-2 _ _ _
e important for divergences-cancelation
(+-+)

® agreement with collinear evolution

/ e evolution mixture
xs3 E

(0,-1,1) T.-1,0) T1

|2+ 70+ a5 = 0]

wer for TMD September 22, 2022 24 /32



Evolution equations in the momentum-fraction space
has involved structure

d Ceus 1'2 .
12 i @Lr_]m = TP In (%) H Toy2oz, + 270 s 91.11.21.3) @L[:]m
E2 AT IR AR Jh
d Teus 2 )
2 W (I)Lr_]u — % In (%) H T ong, + 270 s 9131211) @Lr:]u

A ry*a"] B [P~ y*]
+]P:l.'2’.l.'3 @ ’I“u.;z 7 + P‘-L'Q‘-L'S @ QV.I/Z 7 ’
Rapidity evolution is the same

I'cusp-part is the same

d
gd_cq)'g:]lQ(:rL: Tg, T3, b 1, C) = _D(b= .“)q)LI:]IQ(ml: Tg, w3, b, C)a
[r]

d
d_—g@y,m(xl, T, 23, b; 1, ) = —D(b, jz)@LI:]m(:rl, T, 3, b; 11, C).

A.Vladimirov
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Evolution equations in the momentum-fraction space
has involved structure

d _r Teu 1 . r
.UPHQL.]Q] = (TSP In (? + TJCH—‘:‘-'-‘:; -+ 27”391'1‘-'-'21'3 QL,]ZI

|+'P’A o, 1" + 2

[ ~"T]
T2T1 TaTy ®(I)|/.21 t

d _r r f2 r
"LQW@L-]I'Z = ( ";Sp hl( c + Togaoz, + 2788 Opgapa, @L!]u

I
caln", |

I2I3

|+]P-|-2J-’! [F”’ K ]+PB

BFLK kernels in momentum
space are quite cumbersome
» non-analytic

continious
mix-sectors

>
>
» longish
>

for “z; > 0” region agrees
with [Beneke, et al, 17]
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Evolution equations in the momentum-fraction space
has involved structure

d _r Ten 4 . I
#27¢L.]21 = (751)111 (L) + TJCH—‘:‘-'-‘:; + 27”391'1‘-'-'2'-'-'3) Q,L,]Zl

dp? 2 ¢
P, @ TP, @l
,uQ%@E]u = (%hl (%) H T ogwoa, |+ QWiSGISIﬂI) (I)Lr:]m
+P, @O B, @ BT,

Torrsrs = 0,[3Cr + Caln (@) 2 (c, - @) I (@) ] + o).
£ 2 ||

Real-part of collinear logarithms

» Singular at ; =0

» Integrable
» Checked by NLP coeff.function
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Evolution equations in the momentum-fraction space
has involved structure

d FCUS 2 -
i iy :( Jeusp (C)+Tzlzm+2msermzﬁ ol

dp? #21 2
A 4T B T
+[P1'21'1 ®q)u2l ] +P ®‘I)|/21 k]
d r r 2 . I
2 e @L!]u — ( CSSP In ( c + Togrnw, +|270 8 Ougunn, ':I:'L!]12
A 1“7 7] B 537
+]P1'21'1 @ q> + P:ﬂz:ﬂ's él/, 12 1
Imaginary-part of c w128 € (412 2),
collinear logarithms —(Cr = %) w23 € E+ —,+;.
_ r123 € (=, — 1),
» Discontinious Orirars = 02\ ey L maae (), +0(a)
Cp— S 3€ (= + ),
» Process dependent! o ::i: € (4,

» OMG!
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Evolution equations in the momentum-fraction space
has involved structure

d Ten 2 ) r
'uszF@L‘]“ = (%ln (? + Toyzany + 270 8O 2y QL]ZI

+PL, @@ Rl @l
d r 2 .
'lﬂd_‘,_tz@plz - (%hl (%) F Ty + 2W359131211) o,
A Ty#y" B Dy” oyt
+]P1'2’.L'3 @ @J[J,;’Z it + P‘.L'Q‘.L':; @ QI[/.I/ZT ]=
» Complex

» Discontinious

» Singular

Live is not that bad!
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Making story short: we introduce real/T-definite combination of operator and
parametrize them

» 32 distributions (e

@ and ©)
» 16 T-odd and 16 T-even

Example

+
okl ](11,2,3,17)

" sy M for (21,2,3,b) + ib* M? f-(21,2,3,b)

HiXH by M? 7 (21,2,3,b) + b2 M3l (

gr, bub
) sty
_ 1 el
fo,r;py = fo,1:51D15, fa.py = —f&.sip1s
v
U L Ti—o | Tj=1 Tj—o
U fi 9 he hy
L .J'L gf'L e hfL
T || fors for | 9oy gar | hip | har | Wir.  hir

dimirov
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Evolution equations split into two cases:
Evolution with kernels PA or PP

Example P4

d [ HA r ,ﬂ) HA
2_7 521 — P (2 ) D
H du2 |: Hé j| ( 2 (C T1T2T3 HS

A

+[ 2P7 27rs@ﬁlmzm3 } [ H% }
—275O 11 xoay 2Pw2w1 H6
I +93 fi,L +9i,L for +9o.1 fé.T +9é,T
( f;f*gé?, )’ ( f:i,rgZ,L ! ( for — 9o, )' féjT*g@T ’

he he,L h%# hk
) Gizn ) (el ) (et )

» Real functions = real evolution

» Mixes T-odd and T-even distributions

» Mixing is proportional to s, so T-parity is preserved, and distributions are univers
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TMD distributions of twist-three are generalized functions
No definite value at x; = 0, but definite integrals

A typical term in the cross-section

Pio(x b T ,—b
/[dac wg) 220012300 o +/[dw (& — 1)1 (a, b) 227125 70)
xo — 180 To — 180

» The integral is divergent since ®4 is discontinuous at 2 = 0
» Important: integral from [-1,1], otherwise it would be just singular
» In fact, divergences cancel

» Let us redefine TMDs subtracting terms such that the cross-section is finite
term-by-term
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q) Yy
/[d:c x—x3 S22 / do @12({y,0,0},b)

xo — 180

Bt

» It is the rapidity divergence

» It can be computed
P12

T2

~1n(6%)8,D ®11
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Physical TMD distributions of twist-three

<I>[211],H(901,2,37b) = ‘1>[211],H(901,2,3,b) — [Ro1 @ @11l (21,2,3,b)

similar for ®1o

» Obey same evolution equations
» R is know at O(as)

[Rar @ @l (w1, 22, w3,6) = 0, D(b) U (4, 0) (B2, w3) — O(—2, —5)) + O(a),
» Produce term-by-term finite cross-section
» Leaves remnant

[ldeote — aa)

Pr2@123:0) 6 Lz py /[dxlé(i —T1)en(e,b)

2 —1s0 Zo — 180
P b Py (T E
N /[dx]é(x - xg)iliix_li’j)’ )y, (~, —b) + /[dx]a(gz — )P0, b)%

e

+3#D(b)<1)11(93)¢11 (75) In (t)

e

D21(Z1,2,3, —b)

1

Not important for DY, SIDIS, SIA (¢ = ()
Important for qTMD at lattice (¢ # ¢)
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TMD hadron tensor at NLP/NLO — too long
(all polarizations, angles, etc)
unpolarized-part only

NLP N
-

_ AR (E+[flvf1] + gE—[fl‘fl] In (g))

q

1{ - T gy (&[hm + gxf[f.,f.] In (%))

W _ —L
q+

ey
~

202D
b#gx,[hf',hﬂ ln(

b2M2 -
- 2 S [kt ]+

e
Y e (thf, i)+
q

il

)

b2M2 A M2 D
st i1+ BB g 1,.( > }

b s e
IR Ve (zth, i)+

a

(L _ —1
Wi = —
NLP [\( {

L I i L W Y A o 1
S L CHEN RSV
= (M - M) M2(S1f5, £ - S L 12])

q" q
(W - "“”Vqﬂ) 2N (5_[he, hf] + 5[} he))
w - “”’qﬂ) 2087 (S lho, ] — Blht b

i (W - M) h12(£+[fl,g$] + "£+[9$‘f1])

ntb” 4 bn”  @ftbY 4 bHaY 2 1) oy L
S I CRINCECNTEN)
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Conclusion

TMD factorization at NLP
» Operator expression at NLP/NLO is known
» Full classification is done

» Restoration of EM-conservation
» Also for qTMDs

TMD factorization beyond NLP
» NNLP is done! (finalizing NLO)
» Singularities at b — 0
» Applications?
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Conclusion

TMD factorization at NLP
» Operator expression at NLP/NLO is known
» Full classification is done
» Restoration of EM-conservation
» Also for qTMDs

TMD factorization beyond NLP
» NNLP is done! (finalizing NLO)
» Singularities at b — 0
» Applications?

Thank you for attention!
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