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Motivation

e Form factor of meson Brodsky, Lepage, PRD 22 (1980) 2157 o
F(Q?) ~ % [/ da?/dyT(:E,y,u)qba(:c,u)gbb(y,u) +(9(1/Q)] / v L \
at leading power in 1/Q =\> : g | </=
Or X (1 — ) fr T(z,y) = 8”3;35@) l—x I—y

Phenomenology important !

convolution is well-defined at leading power

Power suppressed hard exchange fend fo give  Bayer, Pirjol, Stewart, ’02, Rothstein, ’03

contributions diverging as dr
XL

overviews by Martin and Gherardo
e Soft-Collinear Effective Theory (SCET) admit a consistent power expansion

e Soft quark field is involved at subleading-power Lagrangian

e Endpoint-divergent convolutions arise from soft quark
Moult, Stewart, Vita, Zhu et al., Beneke, Garny, Szafron, Wang et al., 2018-2020



Subleading Power

e A simple scale separation is violated by endpoint divergences at

subleading power

e Failure of MS subtraction scheme

h — ~~ mediated by b-quark loop is a simple example:
no non-perturbative effect

e Evaluating the scattering amplitudes in the high energy limit is a
fundamental problem of QFT

e Resummation of large logarithms is necessary for a reliable

theoreftical prediction



Leading vs. Subleading

Leading Power Subleading Power

QY : :Mh myp
A~ ——
L R My,
— + .. -+ —+ ..
my
M? < Q? my, << Mp,
—M?2
L =1n 2h
my

e Factorization is local e Factorization is non-local

H(Q?, 1) Jo (M, 1, ) Q) I (M, 1, v JQ)S(M, vy 1O+ H2 @02+ H3 @ J@J®5

"y 2 PN 7 (G Y B, B
N1+E(_L +4L + cp) + O(a?) L=In—75 N 2 A

e No convolution, no endpoint e Endpoint-divergent convolutions

e rapidity divergence e rapidity divergence



Rapidity divergences at L0

4+ 5 rapidity div.
¢ | p |
dimensionally
regulated
A A

divergence at /¢~ — 400 rapidity
is dimensionally regulated divergence

rapidity div.

Additional regulator is needed !!! Collinear :;_

soft mode is scaleless

fi tor: ()" ’

analytical regulator (£+) ECRICIS (ELL T rapidity div. cancel between col. & anti-col.
et — "

rapidity regulator: ” Chiu, Jain, Neill, Rothstein, 12 symmetric with ¢ < ¢~

. g non-trivial soft mode
exponential regulator: e~ 7" T¢) i Neill, zhu, 16
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Rapidity divergences at L0

We prefer a regulator:

e gives non-trivial soft function
e symmetric with /7 < ¢~

e easy for higher order calculation

ZLL, Neubert, 1912.08818(JHEP)

Ot — ) (— Mhﬁy +O — 0T (— Myhf_ )n

V2
1 Lh L%L 7'('2
hard G- 45 273
, 2 —M?\ /1
col.+ anti-col. <+21n 2h> (Lm>
n 1% €
_ L2

—M?
Lh:hl 2h

e
L, = ln—2b

!

— M?
L =1In h




Factorization Theorem at Subleading
Power and Endpoint Divergences

ZLL, M. Neubert, 1912.08818 (JHEP)



Factorization at Bare Level

h h ! SM
‘ —  H AﬂH SU(3)e % U(1)em
z Hi,Hy(2), H3 ——— 2~ M}
SCET-I
—_— HQ 4
> z th—'_ th ) e —————————— ,LLQN-Mhmb
SCET-lI
he he J J _
A —  H3- A S(€+€ ,m%> + ,LLQN’.m%
S f '
19

e perfect scale separation with =z~ O(1) and (7,47 ~ O(my)

e factorization violated at 2 <1, ¢~ /{T>1 (7,07 ~ M,



Factorization at Bare Level

M(h = ) =H, +4/1dz( ZM%)HHQ()

2H3/ de- / dh( th ) J(Mply)J(—Mpl_)S(l10_,m})

€_|_H€

e each ingredient is well defined with dimensional regulator
e regulator is friendly for higher order calculations

e all the divergences cancel, but highly non-trivial !!!

: : : 1
e divergent convolution gives — and ! poles
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Matrix Elements

;.@71 (47|01 |1) {—gw R(0) AL#(0) AL L (0)|h)

= 1 .
(v71102(2)|h) = {7|h(0) [xm Okin % 8(zMp, + iny - 8) X, (0)} A, (0)|1)
’ lim O, (2) L. CZ:S (175) non-vanish at z=0, factorization violated
1 1 /In?2 1 =2 In® ~ T 1 2

/N 10slR) = AT {10) Ty 00X 01,1 [P £ @), [0 £872 ) i

s (1/2), N - n n coupling of soft quark to
: LL £ () = Gs(z-) Mm(x) + gnl(x)] Lo, (7) hard-collinear fields
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Factorization of 0s at Operator Level

£511§/n21) (z) = qs(z-) H{n (z) + gn /\1 A

(1710s|R) = (YT { 1(0) T, (0) X dD L2 dD Lol 2y

hard-col. quark field X, (z) = @ W (z)b(z)
Xy (T) = Sy (T-) Xy ()

1

L :
Gt (x) = Sy (2-) Git(z) Sf, (w_)  Sml®) = Pexp igs /_ dtn; - Gs(z + tn;)

i . ]
Wy, (x) = Pexp z'gS/ dsn; - Gy, (x + sn;)

hard-collinear sector hard-anti-collinear sector

03 = h(0) [P [aPyT { [ @) + 6 () X (@] X0} T {2400) [ 0) (A5, 0) + 85,0}
% T [SF, (04) )] [@s(2=) S, ()] [}, (0) S, (OF* } - s0ft sector
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Radiative Jet Function

o+§m®+{?>’ ®+§ ‘(%+m+

£, LD LS
s o ¢ £

(v(k)| T [(4{#1 (z) + gﬁl (x)) X, (.cz:)] D_Cnl (r)|0) ~ / (

d°p ing - p
2m)P p? + 40

J(p27 (p — /ﬁ)z) et (z—7)tiki -z
light-like

Renormalization: J(p*, 1) Z/ dr Zy(p?, xp?; 1) JO(2p?)  reach endpoint region
0

First obtained in B~ — v/~ v Bosch, Hill, Lange, Neubert, 03

Local Non-local
Crog 2 2. —p? Craog
2 o) = |14 S22 (<5 4 2 ) 60 - )+ L2 r(10) + O

with T(y,z) = [y J + } Lange-Neubert Kernel
_I_



Soft-Quark Seft Function

Talk by Xing

v 4)t=e . .
7 SUil_)P, = —( ]\)76 e /drl el - /drg e~ 2t
x w2 (0| T Tr Py, Sp(0,717) qs(r172) Gs(ran) Sy (ran, 0) P, |0)
1 . . o dD_2€J_
S(ert) = 5 S(erb +i0) = S(tpe- —i0)]  S(L) = / G-z 510

S0, 0_) ~ my [sa (0 0_) 061l —m2) + Sy(£yl_)O(m? — EJ_)}
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Reproduce NLO amplitude

M(h%’)/’y) :Hl ............................................................................................ Tl
1 2
zM
—|—4/ dz( h) Ho(2)O5(2) e T
dé_ [t de Myl
+2H3/ / +< - ) J(Mpl ) J(=Mpl_)S(l_ty,mp) - 13
1 Lh L2 7T2 CFOéS 1
h=a-—F—*t3 2 "t 4 <_2—e4+”)’
2 —M2 — 10 1 CFOéS 3 CFOéS 2
o= | =R [t S (e )|+ 5 ()
2 —M? — 0 m2] [1 Cras 3
R R | R O )
_i+Lm L? 7r_2 Crags (5
€2 € 2 12 47 et

NLO amplitude is perfectly reproduced up fo constant terms

because of endpoint divergences, the poles in 13> and 13
are higher than the poles in Hx(z),02(z),J(p?),S(¢*¢)
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Endpoint Divergences

O(avs) lim H(z) lim
1
LO 5
Co C1
NLO . + e
c/ c/ cl
NNLO |+ i+ i

Can we use plus expansion to resolve endpoint divergences?

i = 1(5(2) + (1> +1n <lnz> +
d )+ SVt
undefined convolution arises
b
/ dz (—) In 2z
0 < +
difficult to renormalize endpoint divergences before performing convolution !!!
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Refactorization

At the endpoint, the refactorization conditions read Talk by Philipp

J(zM?)

Z

[Ho(2)] = ;1_r>r(1) Hs(z) = Hs
[02(:)] = lim (v+] 0 (2) 1) = / m% (M £4) S(E,0).

Then [H:(2)] ® [O2(z)] has the same integrand with H3 O3
but has different integral region

Mr qp- /O@ det
0

| elmEno@) - s [ G=rone) [ G aanesee)

useful to do subtraction

/O 02 Hy(2)Os(2) / 4z (Ha(2)0n(2) — [Ha(2)][02(2)]) + / A2 [Ha(2)][02(2)]
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Refactorization at Operator Level

ZLL, Neubert, Mecaj, Wang, ‘20

h(0) X, (0) ST (0) S, (0 “@S;; tng) ¢s(tng) A= (0
i [ dPy Xou(y) (A4, 0) + 85,0) SL ) a,(u) } 0 (0)%m 0) 5 (0) S0a 071 g S £12) 0l A1 O
v v
r7(0) (0) 1% 00
O @] = P2 = T ) (07109 1] =~ [~ IO M) SO (et

Result in two same integrands between H202 and H303
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Cancellation of Rapidity Divergence

| teo ] @ 1 oo 1 1
/dz—+/ dz—:/dzl +/ de = = = (a” ) =In>
o 2 Jb 2 Jo 27T T b

[ Sros [ S [0

A 1
/ d=[Ha(2)][02(2)]
B |
M, ( / de” / AN ‘w_ Ciff) T(My )T (M) S0 = 0

rapidity divergences cancel explicitly !!!
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Rearrangement

n “infinity-bin
Soo(g—l—g ) — lim S(f"’f mb) 6 A subtraction”
/£ o0
£+£_ e e VE CFOAS £_|_€_ e 2 § 7T2
S.(¢7¢7) is not at soft scale, but at hard scale My, ;
Cdl_ [ db :
AHO0y = —H; lim / +J (Mpl_)J(—Mpli)Sao (€4l )
o Mh :

‘|‘(€_|_ < f_)

=

M(h — vyv) = (Hy + AHy) O
1

+alim [ dz[H(2) 05(2) ~ [Ha()] [02(2)]]
o

Mh% oMy, d€_|_ ;

+ Hz lim (th—)’](_th—F) S(£+£_)‘|‘(€_|_ (—)K_)
o==1Jo £- Jo by
get rid of rapidity regulator !!! no endpoint divergences any more !l
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Rearrangement

M(h-}fyq/):(Hlﬂ—AHl)Ol ...................................................... T]_
1
t4lm | dz [Hz(z) Os(2) — [Ha(2)] [[02(,2)]]} ........................ T,
6—0 )
Muqe_ oMnqy
+ H; lim —= I T(Mpl) J(—Mply) S0yl ) - 15
o——1Jo L- Jo an
B Cro ™ 1 (2r? 21 7
T = -2+ — [— a5t C <7Lh—10<3) — 5 Lh + (124 20¢3) Ln = 36 — |,
Cras [ 1 272 T, 5 1374
L= [362 T <_T Ln+ 2C3> T3 (L 2LnLon = L) — 4G5 L + 8Cs + 90 |’
L?  Cras [8¢ L* ™™\ 2m?
— Ep 4— — L2 - (8—"— )L
15 =3 47r[e 12L+( 3) (8 3)

1
+ Ly, (—3L7 + 6L — 16(3) — 4¢3 — %]

e NLO amplitude is exactly reproduced !

e T1 only depends on hard log e LL and NLL only appear in T3

® no 1/¢* poles any more e T3is “almost” RG-invariant
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Resummation at LL

Leading Log only appears in the “almost” RG-invariant 13

Sudakov exponent of the integrand:
CFCYS Mh —Mh — 10

In In

Hiy (1) J (M0, 1) T (—MnLy, 1) S(E40, pr) v my 004 L = m3) exp[‘ o 0

Performing convolution with cutoff:

oMuge,  Mrqe Cras . M, . oM,
My(h — —hmM/ -t — Gl l_ —m?) ex [— °In In ]
L2 3 CFOéS

= Mo —oFp (1,1 5,2 -
MO 22(77277 {7

L2) T. Liu, Penin, 17 J. Wang, ‘19
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Mismatch in Cutoff Scheme

T3 is “"RG-invariant”:
dl_ dl
Ty H3/ / +J th J(—Mh€+)S(€+€_) bare

dl_ de
=H3(p / / —J(Mpl—, 1) J (—Mply, 1) S (4L, 1)

This can be employed to determine Z-factor of soft function, Talk by Xiangpeng
but the convolution is not well defined!

When cutoff is involved:

To =H Mhdi Mhd£+JM€ J(=Mp 0. )S (00
3 =113 / / (h—)( h+>(+—) bare
0 = 0 S
Mn qp_ Mnr qy
#HS(LL)/ £— g+J(Mhe—nu)*]<_Mh€+a:UJ)S(K—FK—MU)
0 — 0 +
oMy, dé/ Mh My,
6T ~ / / dl_ / / dl_ / ae’_ | (e e —my)
/ E_ —El

X (L —mg) ¢ [e’(z'—e )+€_(£_—€’)L7é0
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A Short Summary

* Factorization theorem is built at bare level
e NLO amplitude is reproduced exactly
* Non-ftrivial soft-quark soft function is derived

e Refactorization helps us to regulate the rapidity divergences

* Endpoint divergences are removed by rearrangement

How to deal with the mismatch between renormalization

and convolutions with cutoffs?

23



Renormalized Factorization Theorem
at Subleading Power in SCET

ZLL, Neubert, 2003.03393 (JHEP)
ZLL, Mecaj, Neubert, Wang, Fleming, 2005.03013 (JHEP)
ZLL, M. Neubert, B. Mecaj, X. Wang
2009.04456 (PRD) & 2009.06779 (JHEP)



Renormalized Factorization Theorem

Ti: Absorb the contributions from infinity-bin and mismatch
My = Hi(p) (O1(p))

‘2 / iz [H2<z ) Oa(e, ) — L2E I 110, o, gy — L] u<02<z,u>>u]

T3: Cutoff is involve to regula’red endpoint divergences

e Renormalization does NOT commute with the cutoff Mismatch
e Cutoff arises from rearrangement — Nature !

e Both of the contributions from infinity-bin and mismatch only
depend on hard scale — Proved tfo all order in «,

e Renomalization of O1 and Oz is mixing

25



Renormalization

Hi (1) ~ H Z3 + HYV(2) ® Z3' (2 Or(p) = 2110y, Zn=2,'= TZ?LZ/;)

Hy(z, ) = /0 d7 Hy (/) Z3;' (2, 2) Os(z, p) = /1dz Zaa(2,2) O (2) + Zoy (2) O

7. (2 00 r7(0) ot 00 0 0
Bl Pl N g1 ol = [ a0+ Za ()] 0F

J(EMuL, ) = / dt' Z (£ Mpl, =M JO (LM, 0
0

S(w, ) = /de’ Zs(w, w'; 1) S (')
0

Bodwin, Ee, Lee, Wang, 2101.04872, 2107.07941

The red integral intervals are incompatible with subtraction/cutoff —> Mismatch

dx

M,w' M
Zs(w,w") = %233/ ;Z ( he he
0

CUE_{_ ’ €_|_

determined by the
RG invariance of T3

) Z;l(—xMh€_|_, —Mh€_|_) ,

20



Renormalization

Calculation of Zz2: UV divergences of matrix element of O

AR R

Zoa(z2,7') = 1 + (’Zis 5(z — 2" Brodsky-Lepage Kernel
_ Oms 1 =D)L =2 :
2Te z’(l—z’) [Z(]. Z) ol — ~ —|—Z(1 Z) P ++O(as)
CFOJS

Zale, )] = [1-

(21nz—|—3)] o — &) — Cras z le(z' —2)  O(z—2)

Ame 2me 22 —z2)  z(z—2)

Z33 [Z55 (2, 2)] = Mh ZJ( 'ME, zM?) consistent with refactorization condition of H2
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Mismatch Terms in Renormalization

M,

€y

£y

—2 (/01 dz /Ooodz’ — /Ooodz /01 dz’) [Ha(z, p)[Z22(2, 2)] [{O2(2"))]

th 4+ (c+0)
1 different integral intervals

but same integrands by
refactorization conditions

!

Ly

a

Y
Mrge_ oMr gy
Hj () [/ v £—+J(th—,ﬂ) J(=Mply, ) S(Cyl—, p)
0 - 0 =
, Mugo_ oM gg
t, _ / dt- Wt 7O (M) JO (= My, ) SO (e, 0.)
o = o Ty

integrals over the entire planes
are scaleless

Sum of mismatch can be rearranged
to two integrals purely in hard region

ﬂ/
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Renormalized Matching Coefficients

Final renormalized Hi :

Infinity-bin Mismatch
AN /
Hi(w) = (2" + AH{ - 6H ) 7}
1-6 7(0) 15" (2
+2lim [ dz [Hé”(@ zii () - A - P ”Zﬂl@ﬂl
— )

Final results at NLO:

47

~ Neog yp(p) B Crog _772 B o 272 3 1174 ;
Hi(p) = — - 24+ = o L + (124 8Cs) L — 36 — —— — ——| + O(a})
Ho(z, 1) = yolp) 1 1—|—0Fa8 {2Lh(1nz—|—ln(1 — z))—|—1n2 z+1n*(1 — z)—S} +0(a?)
’ V2 2(1-2) >

[Ha(z, p1)] = yo(r) {1 + Cj:‘g (2LpInz +1In?2 — 3) + (9(043)] :

Hi(p) = yolp) [—1 + ijs (L,% +2— %2) + 0@3)] fi5
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Renormalized Matrix Elements

Final renormalized matrix elements at NLO: m? w
Lyp=In—L @=—;
p? my,

(O1(p)) = my () g7”

Nc 1% C S
(Oslev ) = 52 () 2 { = L+ S0 |12, (1nz 4 Inf1 - 2) +3)
2m 4T
2
— L, (ln2z—|—ln2(1 —2)—4lnzln(l — 2) + 11 — 2%) + F(z)+ F(1 — z)] —I—O(oz?)}

(022 )] = 22 1y (1) {—Lm+ r [L?n(lnws)—Lm (mzzm—i)
T 3

s

n®z Inz 2

LA 2@] +O(a§)}

* 6 2 3
T2, 1) = 1+ CF% (12 =0 +0(a?)
Bral) = A7 2 6 °
Neay, 2 2
S(w, ) = === mi (1) | Salw, 1) Bw — mi) + Sp(w, 1) O(mE — w)
. Cpag ; U (1 1 1y, 3. .
Sulw) =1+ S22 12 —or, 12 - G4 21ia(3) ~am(1- 2) (Lot 14 (1= 1) + S
Sb(w,,u):CFOéS In(1 — W) [Lm + In(1 — )]

T
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Renormalization-Group Equations

Hard functions

d d
g ) =7 Tin s (01(0) = =711 (1)
d L / /
® Hy( ) /1d’H(' ) a2 (2, 2) dlnu<02(z’”>>:_/odz 122l #) 0225, )
2% ) = Z Ha(z', 1) v22(%, 2
e : ) ON()
0 d o0 / / /
dld [H:(z )] :/ d' [Hy (7', 1)] = [1a2(2, 2)] dings 1102 )] :_/0 dz" [v22(2, 2)] [(O2(2", 1))
n [ 0 z
— [v21(2)] (O1(n))
d 3O
dln,u H3(:u) = 7733 HS(:LL) dlcrillu J(p2,,u) _ _/O de")/J(pQ,QZ'p2> J(:szhu)
d

dln,us(w”u“) ~ _/OoodeS(wvw/x) S(w/x, 1)

* RGE of Hi is highly non-trivial because of the contributions from infinity-bin
subtraction and mismatch in renormalization
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Radiative Jet Function

Using the RG invariance of decay amplitude B~ — /7

> d
M(B™ = 1£77) o< Fi) H(my, 285,10 | 52 J(=28y00,) 68 (. 1)

and the two-loop RGE of B meson LCDA, Braun, Ji, Manashov, ‘19

we can derive the two-loop anomalous dimension of jet function:

2

(0, s ) = [rcusp<as> n - - v’<as>] 5(1 — 2) + Tenep(0s) T(1, 2)

as\2 0(1 —x) 3
— h
+Cr (zw) ORI

Bell, Feldmann, Wang, Yip, ‘13

The solution of RGE of jet function at two loops is  Jjet function in dual space

/n+ar(ﬂj J)

2 ) — _ ) — _r N s
J(p, 1) = exp [ 25(11j 1) — @y (ug,u)}ﬁ(ﬁmug) 2
J

T(1—7n—ar(u;, 1))
T(1 47+ ar(p, 1))

&g (N)

Ce [ 52 [0+ ar(ns.ua)) + O)

X exp 5
s

o) .—o  ZLL, Neubert, 2003.03393 (JHEP)
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Soft-Quark Seft Function

RGE of soF’r—quark soft function: ZLL, Mecaj, Neubert, Wang, Fleming, 2005.03013 (JHEP)

d
dln p

S(w, ) = — / dw’ s (w, w's 1) S(w', 1)

s can be determined by RG invariance of T3

vs(w,w'; p) = — [Fcusp(ozs) In % — %(Ozs)] d(w —w') — 2T cusp(@s) w T'(w, w")

20 (0‘) wh(w —w) h(3> + 0(a?)

27/ w'(w' — w) w’

The solution of RGE gives:

dz _a,—a,1-a,1-a | 1 .
S(w, p) = Ug(w; p, ) [/O — S(w/z, ) fo( 100 5) Meijer G-Function
1 1—|—2C—Flnw 2
. C’Fozs(,us)/ dx h(x) r" Po —1 22 [ —a—el-al-a xmy + 0(a?)
’ 7T -z fy 1—|—2ﬁ%lnm 44 0,1,0,0 w i
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Anomalous Dimensions

Anomalous dimensions: o (zaba%b”o‘ ai)Z”
3Cra,
=
Iy ()]]:_N;O‘b{l ijs <ln2z+11—2%>}
722<z,z):—0ff {lln +1n(1—2>+%] 5(z — ) + 2(1 — )[z'ul—z) Q(Zz_—z) (11_ ef_— )
Frate )] = =20 { (x4 3 )bl = ) 2 | G50+ B2
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Determine RGE of H;

RGE of Hi1 has general formula:

d Hi (1) ! [Ha(z, 11)] [Ha(z, 1]

dIn p =Hlphm () + 2/0 4 <H2(Za 1)y21(z, 1) —

+ H3(p)vs1 ()

21 (2 1)] - 21 (2 )]

RGE be determined by RG invariance:

i My =0 = () )] (1) + 1 Tal) + 1 T

The unknown quantity can be expressed as

non-zero due to cutoff

Hi 11 () (01 (1) :-ddﬁ;u o( [ [ar = [Cae [a) BN 1pc0ste, )
/

each oF them depends on hard and soft scales,
but their combination is purely hard
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Determine RGE of H;

With the two refactorization conditions:

(/ o [ | dz/dZ) oo (2,2 )1 (O2 0]

Ml qe_ [oodey
=Hs(u )/ dr K(x ){/ — = J(x Mpl_, p; €)J(—Mply, ; €)S(010_, w; €)
0

YA

My, /x
— 2/ %J(m Mpl_, ji;€)[Zor (0= /My, )] Z13" (1) <01(M)>}

My,

To regulate the endpoint divergences, one need to keep the full dependence
on € in renormalized jet and soft functions before performing convolution

On the other hand:

djﬁfj} — Hy(u) / " K (e, 1)

Mulzge_ roMnde,,

/ e e = J(@Mpl, 1) J(=Mply, 1) Sl p) + (L4 > £2)
M;, - Jo +

260(1 —x)

1l —=x

h(z) + O(a?)

S

with K (2, 1) = Dewsp(cs) D(1, 2) + Cre (;‘W)

Combination of the two mismatch terms gives an integral in purely hard region
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RG Evolution

Last piece of anomalous dimensions: Dynamical scale choice in T3
NcOéb - n Qg n+l
Y31(p) = _ 2%51) (E) , ,
n=0 u, = Mjp Hard Hj (N)
1Y =16¢:Cp
2 81 1
’731 =C7 | — 32¢;L;, + <— — 48C3> Ly, .
15 u5 = Mty Hard-Collinear — | J(Mplx, 1)
2 4
486 gon AT 168(;;]
3 5
].76C3 167’(‘2(3 447'('4 1072C3
—I—CFCA<— 3 Ly, — T + 5 )

64(3 167 320(5
C Trp | —L —
+Crnflp ( 3 h+ 15 9

e Double log term in anomalous dimension complicates the scale evolution of Hi
e Evolving the matrix elements up to hard scale is accessible

e Dynamical scale setting is necessary to adapt to the convolution
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Resummation at NLL

Evolved quantities in T3 with dynamical scale setting

M 2 2
H3y1o0(pn) = — yb( n) 25T (=Mj,p%) =2ay, (= Mh,u)

V2

Jro(Mpl_, u) — o250 (= Mpl—,p*)—ay (= Mpl—,u*)=27E a— I'(l—a_)

Jro(—Mply, 1) o250 (M Ly, p*)—ay (Mply p®) =275 ay
Ne >
Sro(l4l—,p) = — o mbe2sf(£+£—v“ )taq, (bl p
s (04:0-) m3
1 - m,01 G
" ( gr ™0 HEJ

NLL Resummation for decay amplitude

SF(V7 :LL) _QZ;V)
Fl+a_)’ ()
CLF(I/,,LL) — Z
'(1—ay) 4
F(+ay)’ () =as (¥
) +4ve as

2,2 [ — s,
4.4

_a/871 _as’l_as

0,1,0,0

N

(00 —m?)

NLL _ Neaw yp(Mp) : L? | & 20(n+ 1) Cras(My) o\"
MILL 3 b b\/§h my % (k1) - €% (ko) — 5 {E:O Fon 3 (_ = h L)
= + 1) Crag(Mp) as(Mp)
2:: T'(2n + 2) (_ U : L) [3 o .
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n(n+1)
i (2n + 2)(2n + 3)} }

I'2(1+ ay)
['2(1 — ay)

2
my,

00

)



Logarithms at Three Loops

Solving the RGEs iteratively in perturbation theory, one can predict the
large logarithms in three-loop decay amplitude down to ozoszS

N.ay m? *

Mp = —— ==&l (k1) - €l (k2)
L? Cras(pn) [ L4 7 272 m
s(fin) ’ Cr ¢ Cr  bo 5 OS 74 oS3 4
C — L — L°+dy°L* +dy° L .
i F( A 00 T\10 30/)" i

agree with numerical result of Niggetiedt, 2020

Strong evidence for the correctness of our factorization !

with
495 = 3 ™ Cr 4+ —9—1+7T2 C +§T n
+ = \gT1g)bF o7 36 ) AT or T
1 772 20 199 2272 22 872
do% = [ —= C C T
3 (2+9+3<3> F+( 18 27 ) A+(9+27) Fhf

Is conventional QCD approach valid beyond leading logarithmic accuracy?

39



Resummation beyond NLL

LO

NLO

NNLO

N3LO

LL

abL2

apo L

apo? L°

apos LB

NLL

Osz

apos L3

apo L°

apa L’

" Done!

NLL

Qp

apos L?

apol LA

apos LY
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apo? L?

apos LP

apg

o’ L?

apo’ L?



Resummation of 12

The convolution can be written as /Oldz Hy(z, 1) O2(z, p) —iazn(u)hzn(u)
n=0
Leads to local RGE: dli Mazn(u) = —721,20 (1) O1 (1) — 22,20 (1) azn (11)
vot.2n(pt) = (_ N;O‘b) (QanT)zrn?’l D {1 + Cﬁs AHZ, . — 20D (n +1) 4+ 290 (n + 2) +11 — 27;] }
Voan () = (8Hy i — 6)
The solution of RGE: = My, o =
azn (1) = = Nz;: s o) (2n2—(1—4 ?)?ngi 1)

’ { (Z_;)_l [Cr(6 — 4Hzp11) = Bo] ™ (jj((io))) - (ois((:)))> B }

Convergenf_
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Resummation of 1:

Transform to the dual space: [02(z, )] =/ ﬁJl(Q\/E) [02(2z, )]
0

Leading to local RGE:

dli,u[[éZ(Z’“)]] = —[F22(z, )] [02(z, )] = [F21(2, £)]O1 (1)

[ (2. )] = — 2 [1 4 Cra (1n2<ze-2'm> f11- QL)]

CFOéS
4

[Yo2 (2, p)] = (—4Inz + 8yg — 6)

The solution of RGE:

[O2(2, )] = <— ]\;C:b> m(1L0) (Z—;)_l [Cr (20, +6) — Bo]

3CE

as (o)
] Convergent

R (1+20," +2°0,° +2°0,° +--- )0,
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Conclusions

e First renormalized factorization theorem at subleading power (with

endpoint divergences) is established in SCET
 Two refactorization conditions are proved at operator level

 Nature cutoffs arise from subtractions and rearrangement of

endpoint singularities

e Contributions from mismatch between renormalization and

convolution with cutoffs are proved to be purely hard

* Operators mix under renormalization
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Thanks for your attention!



