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Invitation - a simple computation for a simple process TUT

With LFU tests being en vogue these days, B — {v is one possible
corroborating channel. QED corrections violate LFU due to their
sensitivity to the mass.

Also: with Belle Il on track to measure B — uv at ~ 7%, it can be an

exclusive determination of V,;, = a precise prediction is in order.
[Belle 1l physics book]

The leading corrections will be double-logarithms L, = log m?/m3.
These arise in both virtual and real corrections.

In the exclusive case, one puts a cut on photon energy: £, < E,/2.
This gives additional logarithms L = log E2/m2.
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Invitation - a simple computation for a simple process TUT

All of the aforementioned corrections arise from radiation too soft to
resolve the structure of the meson.

So, treat meson as a charged scalar with £, = y¢p ((Prv) and
compute NLO QED decay rate:

« 3 2 7 7T2

FNLO:FLO{1+ >

}

Exponentiation of L? straight-forward. But what about L, - L;? What
about the single-logs? Are we missing something in this crude
treatment? Can we do better?

Yes, but things will get much more complicated (and fun!).
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All the scales T|_|T|

The process B — (v depends on a multitude of scales (¢ = p for all of
this talk)

mw
Phe = /mBAQCD >

description of meson by |bg) + ... [Beneke et al (2019), JHEP10 232
m# ~ AQCD

description of meson by point-like scalar

_&m %%%%

SC —
mp [Dai et al ( , Phys.Rev.D 105 3]

Can treat all of these thresholds
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The plan T|_|T|

The program is as follows:

m Find all relevant scales and the appropriate effective description at
each scale, complete with their matching coefficients and
renormalization group equations

m Derive a factorization theorem to break the multiscale process into
a product of single-scale objects

m Use the renormalization group to evaluate each object at its
natural scale and evolve them to a common scale to resum
logarithms
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Matching step 1 - ;1 ~ my TUTI

The story starts as usual. HQET for the b-quark:
b(z) — ™2 p, (1)
Power-counting: A\ = my/mp ~ Aqcp/my.

QED corrections: Photon exchange between the partons and the final
state lepton.

Relevant momentum modes - my notation is p* = (n-p,n - p,p1):

p~ (1,22 “collinear” - leptons have p? ~ mZ ~ O (A\?)
p~ (1, V) “hard-collinear” - soft and collinear x-talk p? ~ mymy,
p~ (AN “soft” - spectator quarks with p? ~ A(2;20D

Standard program: SCET | construction that we then match to SCET
.
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Regions of the one-loop graphs T|_|T|

Loops with virtuality p7 ~ O(mZ) match onto four-fermion operators in

TR

Contribute at tree-level — call them “A-type"” (direct) contributions.

Indirect contributions (“B-type”) from loops in the EFT.

Consider photon exchange between spectator and lepton, collinear
and hard-collinear:

-

Contributions at separate virtualities be-
longing to SCET I /SCET Il matrix elements.
¢ — Tree and one-loop matching at ..
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The virtual lepton T|_|T|

In the hard-collinear loop (of full QED) the virtual lepton propagator

enters as
/ ddl 1
/11 l + q) - m?

The object is not homogeneous in power-counting:

L ll mi—(n-q)n-l+n-q)
(I+q?-mj (I+qy4)? (I+q4)?

The effective theory needs to reproduce both types of
power-corrections.
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Massive SCET Lagrangians TUTI

A hard-collinear lepton has ¢* > m? — off-shell.

On-shell leptons are collinear, so ¢ ~ m7.

Their Lagrangians look identical

_ &0 ¢in- D\EO L 70— 1 %0
Ly =8&"(in- D)5 +¢ (i, mz)m : D(llpi +me) 56
But their power-counting is not:
Collinear lepton: Hard-Collinear lepton:
¢ _ W n-gq ¢ _#in-q
2 ¢>—m; 2 >

q in m?
_—— = ——— ———
2n-q
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Mixed-collinear interactions

But there is another type of term in the propagator expansion:

The small components of collinear and hard-collinear momenta are not
homogeneous: n-q <n-I.

For the EFT to reproduce these power-corrections, we need to have both
hard-collinear and collinear modes.

This goes against the usual SCET | — SCET Il treatments, where:

m Above the hard-collinear scale, the only collinear modes are
hard-collinear.

m At p ~ ppe, we lower the virtuality, and integrate out
hard-collinear modes Yo — ¥, + Yeths + . ..

m The collinear modes of SCET Il are then thought to be contained
in the hard-collinear modes of SCET I.
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Mixed-collinear interactions

Keeping both modes, we obtain a mixed Lagrangian Lo, which
describes the interactions between collinear and hard-collinear modes.

These interactions are power-suppressed, starting at O (ﬁ)

Similar to the soft-collinear Lagrangian, the collinear field needs to be
multipole-expanded:

) = [t (o0 0006 + Jat Tt OFOFE + (s -0 )E+ ()

Lagrangian is a copy of the hard-collinear Lagrangian with one
hard-collinear field replaced by the multipole-expanded collinear field.
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SCET | operators Tm

With the following power-counting:
hoygs ~ O (A2)  xo~r O (M) xen O AF~O(0)
we can define our operator basis. Two types:

direct (A-type) O~ (qs...hy) ()Zg) e ?2?)
indirect (B-type) Op ~ (xc---hy) ()Z(Cl,) . ..Xg/)>

The process B — fv is chirality-suppressed. Process starts at
subleading power in \-counting*!

— B-type contributions from lower-order operators with subleading
Lagrangian insertions.
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SCET | operators: A-type TUTI

The A-type (direct) operators generate the process starting at tree-level
in SCET |, encodes all hard corrections:

O = (g Poh) (X7 Px”)
o =" L pu) (0P

0, = ™ (3.2 Pun) (xO Px)

b
(2D S ) (O P
ot = 5y (02 G une) (0 i)
O = (0o 4Bt Pum) (W0 Pt

Not all have overlap with the pseudoscalar meson.
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SCET | operators: B-type TUTI

Operators with more than one hard-collinear fermion:
05/ = (x4 Puhy) (x5 Pox”)
1 = v
O, = (v 1L § P (0P

Ofh = (W5 run) (W09 .Pinl”)

9/2 - % —( 1 v
O = ma(40 % Pu) (10— i)
in- 0
Since we are only interested in the O(«) result, we content ourselves

with tree-level matching for these operators.

From RPI we know:

7/2 4 1 4
cgr = —ctf) = —Leh
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SCET Il — non-localities TUTI

We now remove all hard-collinear modes.
pe~ (LALA), pe~ (WAN),  pEnp2 e O (X))
= Now a pure SCET Il type construction.

Integrating the hard-collinear modes:

Yo = e+ Yeoths + e ¥E 4+ ...

C s &
o—r—+ is —»é:’—/is +

+
he he ™ he
The intermediate propagators introduce non-localities, even in soft oper-
ator products:

1 1 1
mqs, <n-8AiS> <qu>, ... = more fields, same order
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SCET Il — non-localities TUTI

Inverse-derivative operators can probe meson structure:
1

0| (——= ...h

< ’ <n : aqS) ’

m
Can overcome the power-suppression: )\—e ~ O(1)
B

B> ~ AlB ~O (A;Q}JD)

This is precisely what is happening in B; — pu. What about B — fv7

The ~ 1/w terms come with Dirac structures, that are fully evanescent
for left-handed currents:

<5%WﬁﬂPLU) X (ﬂﬁ“/f [U _;75] v)l =2(v—a) (T%Pw) . (’@131%%1))1Z + O (e)

For us v = a so this is evanescent.
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Evanescent operators TUTI

Of course, the O(e) structures can still contribute to physical
processes, once these operators are inserted into loop graphs:

d
0@ [ Gmaz = OO

Such contribution is usually absorbed into finite counterterm of the
physical operators.

Here: Enhanced structure-dependent contributions ...

m ... are evanescent — means they might not be log-enhanced but
finite corrections could still exist!

m ... and fully cancel between matrix elements and matching
coefficients — means they vanish identically.
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SCET |l operators Tm

Operator basis now:
0 = (as(smpit PLho(®) (X )t P (um))
Oy =2 (qutom S P, @) ) (60 Pux um))
o, =1t (qs(smﬁPLh <o>> (X apx )
O, = (a(m L Peu(0)) (R ErmAL (t2m) Pux” (um))
Ofy = (qs<sn>ZPth<o>>( O (0n) A (t2m) Py (u ))

Matrix elements (O4) and (Op) start at tree-level and one-loop,
respectively:

O Op
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Matching step 3 - the muon mass T|_|T|

Below the muon mass, we treat the muon as infinitely heavy, and thus
integrate it out.

In this matching step, all loops with collinear photons (which have
virtualities g% ~ mi but - ¢ ~ mp) are integrated out.

As the muon gets integrated out, it is replaced by an HQET-like field.
Consequently, the only remaining scales in the theory are the photon cut

E; and the lowest scale g = Esmu/mB.

This means, there are no virtual corrections in this EFT!
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Matching step 4 - the hadronic scale T|_|T|

Below 1 ~ Aqcp we are passing to an effective description of a
Yukawa theory:

Ly=y e~ mBvT) g ()ZWPLX((—:V)) + h.c.

The Yukawa coupling is then fixed by matching hadronic matrix
elements between our previous description and this:

(¢v|Lscernenqer | B) = (¢v|Lscernenset | B)
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Understanding the low-energy theory

In order to understand the degrees of freedom of the low-energy theory,
a region analysis is in order.

Remember the cut on extra photons was: E, < Es/2 ~ O (\?).

Which scalings can the photon now have?
m At least one component needs to probe the cut and thus be ~ F.

m Either all components are of this order or other components
have to be smaller.

m The photon sees only one collinear direction, so the largest
component (if exists) points in this direction.

General scaling for photon with virtuality ¢? ~ A
g~ (A2, A2 \12) find t=4: g~ (A2, 22, )2
=6: g~ (A2, 24 \3)

QED Corrections in Leptonic B-Meson Decays



Understanding the low-energy theory TUT

To understand the soft-collinear scaling ¢ ~ (A2, A*, A3), boost it to the
rest frame of the muon:

gse ~mp(A2 AL N3 = gl ~mp(A3 03, 03) ~ myp(A2, 0%, 02)

This shows that the new mode is just an ultrasoft photon to the heavy
lepton, just as the ultrasoft scaling gs ~ mpz(A\%, A2, A\?) is to the meson.

We now understand the lepton needs to be described by a boosted
HQET construction = “bHLET".

This new region gives rise to logarithms L} = log u?/u2, of the

soft-collinear scale ps. = Eﬂi—’;“:
o 1 1 B LZ‘C 1 SC 2 SC 7T2
Lo =Togy |~@ + 5 (B) + 4~ 13
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Defining the low-energy theory TUT

The low-energy theory is now given by (HSET ® bHLET), with the fields:
g('r) = eiimé (ve-x)X’l}g (‘T) ) q)B(CU) = eiimB (U'x)goB

Interactions with ultrasoft and soft-collinear photons can be moved into
Wilson lines by the HQET decoupling transformations, with:

0

Y (z) = Pexp {ie/ dsv- Ag(x + sv)}
0

V.59 (z) = Pexp {ie/ dsv - Ag.(r + sv)}

leading to the operator:

0, =Y (@ )Y I @)V @)V (@) - o (@) (Yo Pr&d”)
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Real radiation and soft function T|_|T|

With radiation decoupled, real corrections are fully described by matrix
elements of the Wilson lines.

Ultrasoft and soft-collinear functions:

o(ws, 1) [Z H/dH a)

ng=01i=1

2
WSC wsc,u [Z H/dﬂ qJ ‘| nsafysc(qjﬂy(sc)’fva) |0>’ (Wsc —q(()SC)) ,

nse=0j5=1

|7 (@) YOV 05 (w — )

When integrated over a measurement function, they combine to the
soft function of the process:

e8] [e%¢) Es
S(E57N) = /0 dws‘/o dwsc 0 (2 — Ws — wsc) Ws(ws,ﬂ)wsc(wsca M)

QED Corrections in Leptonic B-Meson Decays



Soft function at one-loop Tm

This can be integrated with the measurement function over w; . in
Laplace space:

_ oo L 1 . -
Sols.p) = [ dBe S (Evy 1) = Wal2s. 1) Wicl25. 1)

with:

1+ Ly L2 72

0

Wo(2s, 1) =1 Ly 1
(25, 1) +2<+ — + 2+ +12+>,

- a 1 1-1 EQ - 572
ch(2s,u)=1+27r<— + et L )

€2 € 2 €12

2.2, 27
— log y252627F Sc_log%

Tl

Each of these can now be renormalized to perform the resummation of
the soft and soft-collinear logs.
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Factorization formula T|_|T|

We can then write a factorization formula, which is really two nested
factorization formulae.

The low-energy factorization formula describes all real radiation and is a
factorization at the level of the rate:

T =T |y()* |F () We(p) ® Wee(ps)

/ N

Collinear loops Real radiation
(soft + soft-collinear)

y(p) = Cr(p) x H(p) x J (1)

/NN

Fermi theory  Hard loops  Hard-collinear loops
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Conclusions 'I'I.I'I1

m Our factorization formula separates all scales in the process and
allows for the resummation of all logarithms that appear.

m This is achieved by a series of effective theories, allowing to be
systematically extended to higher orders in o; and .

m The EFT constructions relied on a combination of HQET, SCET |,
SCET Il and boosted HQET.

m As a charged-current decay, this process does not feature
log-enhanced structure-dependent corrections that were seen in
Bs = pp.

= Channels with other lepton flavors (e, 7) are not related by
replacing the lepton mass. They have different scale hierarchies,
matching thresholds, EFT constructions...
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There are no bonus slides.
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