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Can we view machine learning as part of
quantum field theory?

And why?



Probability distribution

A probability distribution is a product of strictly positive and appropriately normalized factors (or
potential functions) y:
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A probability distribution is a product of strictly positive and appropriately normalized factors (or
potential functions) y:
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1. Factors are the fundamental building blocks of probability distributions.



Probability distribution

A probability distribution is a product of strictly positive and appropriately normalized factors (or
potential functions) y:

 TLec¥(®)
fd) HCEC @/jc(qb)dqb,

p(o)

1. Factors are the fundamental building blocks of probability distributions.

2. By controlling the factors we are able to control the form of the probability distribution.



Representation

We require some form of representation to construct the probability distribution. We
are going to use a finite set A that we express as a graph G(A,e) where e is the set of
edges in G.

A clique c is a subset of A where the points are pairwise connected. A maximal clique is
a cligue where we cannot add another point that is pairwise connected with all the
points in the subset.



Representation

We require some form of representation to construct the probability distribution. We
are going to use a finite set A that we express as a graph G(A,e) where e is the set of
edges in G.

A clique c is a subset of A where the points are pairwise connected. A maximal clique is
a cligue where we cannot add another point that is pairwise connected with all the
points in the subset.

There are only two maximal cliques, the subsets {A,B,C} and {C,D}.

{A,B} is a clique but it is not maximal because another point (C) can
be included that is pairwise connected with both {A,B}.

{A,B,C,D} is not a clique and not maximal because (D) is not pairwise
connected with all other points (and vice versa).



Representation

On the square lattice with
both diagonals a maximal
clique is a square.

On the square lattice a On a triangular lattice a
maximal clique is a link. maximal clique is a triangle.

On the bipartite graph,
which represents
conventional neural
network architectures a
maximal clique is a link.



Representation

Given a graph G(A,e), the random variables ¢. at each point i define a Markov
random field if they fulfill the local Markov property with respect to G.

The local Markov property denotes that a random variable @. depends only on its

neighbors and it is conditionally independent of all other random variables in the
set:

p(¢z | (ij)jEA—d%' ) — p(sz | (gbj)jén,i )




Representation

Hammersley-Clifford theorem

A strictly positive distribution p satisfies the local Markov property of an
undirected graph G, if and only if p can be represented as a product of strictly
positive potential functions y_over G, one per maximal clique c, i.e.

1
p(@)=— [[ve(®), 2z = [, [T.cove(e)dep

ceC

where Z is the partition function and ¢ are all possible states of the system.
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1.

Representation

There are two different directions to pursue:

We can devise potential functions that satisfy the Hammersley-Clifford theorem to
construct a Markov random field.
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Representation

There are two different directions to pursue:

We can devise potential functions that satisfy the Hammersley-Clifford theorem to
construct a Markov random field.

We can evaluate if known physical systems can be recast within this mathematical
framework by verifying instead if they satisfy the theorem.
We will pursue the second direction.
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Representation
2d ¢* theory:

kL,uL,)\L dimensionless parameters
w = KL, a = (2 +4k1)/2, b = A\ /4

Inhomogeneous ¢* theory:

S(¢;0) = — sz’j¢z’¢j + Zasz? + szqﬁ?,

(i) i
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Representation

The ¢*theory is formulated on a square lattice which is equivalent to a graph G(A,e)
where A is the set of lattice sites and e the links. A non-unique choice of potential
function per each maximal clique is:

1
Y. = exp —wij¢i¢j+Z(&i¢%+aj¢?+bi¢?+bj¢§)]a

The probability distribution is expressed as a product of strictly positive potential
functions y, over each maximal clique:

gy — _ XP [ZCEC In ?/}c(@] 1 )
P = e S mve(@)]ad ~ 7 LL Ve

The @*theory satisfies Markov properties and it is therefore a Markov random field.
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Representation

The Markov property in a Markov chain

(o
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Representation

The Markov property in a Markov chain

Not allowed!!
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Representation

The Markov property in a Markov chain

A Markov random field satisfies the Markov property in high-dimensions

17



Learning

Having established that certain physical systems are Markov random
fields, how do we use them for machine learning?
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Learning

Having established that certain physical systems are Markov random
fields, how do we use them for machine learning?

Exactly in the same way as any other machine learning algorithm...
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Learning

The ¢*theory has a probability distribution p(p;8) with action S(;8):

_ oxp [ S(36)
f¢ exp[—S(¢,0)]dd

p(¢;0)

We now consider a different statistical system or quantum field theory with action or
Hamiltonian A and a target probability distribution q(®):

(@) = exp[—A]/Za
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Learning

We can then define an asymmetric distance between the probability distributions p(¢;0) and
q(¢), which is called the Kullback-Leibler divergence:

KL(pllg) = /_OO p(¢;0) In p;(é;j)dfb > 0.
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Learning

We can then define an asymmetric distance between the probability distributions p(¢;0) and
q(¢), which is called the Kullback-Leibler divergence:

KL(p|lq) = /_OO p(¢;0)In p;((/:j)

We want to minimize the Kullback-Leibler divergence.

dep > 0.

By minimizing it we would make the two probability distributions equal. We can then use the
probability distribution p(¢@;0) to draw samples from the target distribution q(¢). In essence
after the minimization we have created a mapping between the probability distributions of

the two systems.
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Learning

We now substitute the two probability distributions in the Kullback-Leibler divergence to obtain:
Fji < <.A— S>p(¢;9) + F = F,

The expression above sets a rigorous upper bound to the calculation of the free energy of the
system with action A and this calculation is conducted entirely on samples drawn from the
distribution p(;8) of the ¢* theory.
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Learning

To minimize the variational free energy we implement a gradient-based approach:

o5 = am)~(425,) (S50, ) (o)

We then update the coupling constants 6 at each step t until convergence.

9(t+1) - Q(t) Uk L’ = 8.7-"/(99<t)

After training we expect that, practically:

Fa~Fy  ple:0) =q(o)
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Learning

A proof-of-principle demonstration is to use the inhomogeneous action S:

Z w1j¢2¢j + Z az¢2 + Z bz¢

(i7)

to learn an action that includes longer-range interactions:

Ay (9) = =Y i +1.52425 Zgb +0. 1752 di— D b
<,L-7 <'LJ nnn
o ® TS o
3 ‘('//— '\A\'\o
e ® '\", 'y ®
J
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Learning

A proof-of-principle demonstration is to use the inhomogeneous action S:

Z wz]¢z¢3 + Z az¢2 + Z bz¢

(i7)

to learn an action that includes longer-range interactions:

Ay (@) = =)  dich;+1.52425 Zgb +0. 1752 di— > ity
<'L.7 <7'.7 nnn
e TN 30F S
RS e 1S
\ L e
\. 10 -
C oo ® 5 |
/ B AP 1 :
/ 0.1 1 10 100 1000
® o o o

26



Learning

What does the approximate equality of two probability distributions imply?

p(¢;0) = q(9),

We anticipate that observables calculated under the ensembles will also be
approximately equal.

(O)p(g:6) = (O)g()-
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Learning

What does the approximate equality of two probability distributions imply?

p(¢;0) = q(9),

We anticipate that observables calculated under the ensembles will also be
approximately equal.

<O>p(¢>;9) - <O>q(¢)'

The numerical estimator/expectation value of an arbitrary observable O during a Monte
Carlo simulation:

N _ 4 k
<O> @) . lel pl lOl exp[— Zkzl gkAl( )]
q(¢) — N 4 By
21:1 Dy ! exp|— Zk:l gk"Al( )]
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Learning

Three reweighting (simultaneous) steps: Make the (already trained) inhomogeneous action S:

wagbquj + Z az¢2 + sz(b

(i5)
Equal to the target action A (acts as a correctlon step):

Awy(@) = = di;+1.52425 Z¢>2+o 1752 di— > hid;

<l]> 7/_7>nnn
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Learning

Three reweighting (simultaneous) steps: Make the (already trained) inhomogeneous action S:

wagbquj + Z az¢2 + sz(b

(i5)
Equal to the target action A (acts as a correctlon step):

Awy(@) = = di;+1.52425 Z¢>2+o 1752 di— > hid;

<l]> 7/_7>nnn

Extrapolate in the parameter space along the trajectory of a coupling constant g’ of A

Ay (¢ Z@cpjﬂ 52425Z¢ +0. 175Z<z> — ) g ¢id;

<U>nnn
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Learning

Three reweighting (simultaneous) steps: Make the (already trained) inhomogeneous action S:

Zwmgbngj + Z az¢2 + sz(b

(i5)
Equal to the target action A (acts as a correctlon step):

Awy(@) = = di;+1.52425 Z¢>2+o 1752 di— > hid;

<l]> 7/_7>nnn

Extrapolate in the parameter space along the trajectory of a coupling constant g’ of A

Ay (¢ Z@(pjﬂ 52425Z¢ +0. 175Z¢> — ) g ¢id;

<U>nnn
Extrapolate to an imaginary term

Ay (6 Z¢z¢j+1524252¢ +0. 175Z¢ ~ qubquj—i—zo 15Z¢

< nn
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Re <A>

Learning
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Learning

Conclusion:
Inhomogeneous actions give rise to probability distributions that have increased
representational capacity compared to those of homogeneous actions.

Simply put, an inhomogeneous system can approximate target distributions better than what the
same homogeneous system can.
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Learning

Conclusion:
Inhomogeneous actions give rise to probability distributions that have increased
representational capacity compared to those of homogeneous actions.

Simply put, an inhomogeneous system can approximate target distributions better than what the
same homogeneous system can.

Z wz]¢z¢j + Z CLszZ + Z bqu

(ig)

— _wz¢z¢j +CLZ¢ +bz¢

(1)
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Neural Networks

¢* Markov random field ¢* neural network

Hidden layer

Visible layer

S(p,h;0) = Z“lJ@th‘FZ l®,+Z(LLC)
== wiydi; + Y aidi + Y bid,
(i) T Z Z
+Zb@ +Zsjhj+27njhj+2n]h

9 — {wijaa’iabi}
exp[ S(¢;0)] 0 = {wij, i, a5,bi, 55, m5,m5}
T, exp[=5(6,0)}dd’ exp[=5(0,h: 0)]
I, n xp[— (. h; 0)|dpdh

p(¢;0) =

p(¢, h; 0) =



Neural Networks

The ¢* neural network:

S(¢, h;0) = — ZU’JOhJ+Z7®’+ZaO
+Zb,@ +ZthJ+Zm h +anh,j,
J

is a generalization of other neural network architectures:

Gaussian-Gaussian Gaussian-Bernoulli Bernoulli-Bernoulli @*-Bernoulli restricted
restricted Boltzmann restricted Boltzmann restricted Boltzmann Boltzmann machine:
machine: machine: machine:
m,=n,=0
b=n=0 b=n=m=0 b=n=m=a=0 h. binary
j P P T ,
hj binary (P.,h,- binary

Has not been studied yet

@* equivalence with the Ising model (under an appropriate limit) 36



Learning

The same approach can be used even when the probability distribution is not known, but we
have the probability distribution encoded in some available data. The data can be anything:
images or experimental data or a set of Monte Carlo configurations.

KLl = | " (@) -49_gq

oo p(;0)
Original ¢* Markov Random Field
I I I I I I 1 I I
Data I
Sp SEE
S =

PDF

S S )
| ] I [ = I [ |

1 1 Il 1 1 |

-0.8 -06 -04 0.2 0 0.2 04 06 08 1
@i

OFNWAUONDW

'
(=1

Quantum field-theoretic machine learning, D. Bachtis, G. Aarts and B. Lucini, (arXiv:2102.09449), Phys. Rev. D 103, 074510.



Learning

Can we view machine learning functions as statistical-mechanical
observables (in a somewhat formal manner)?
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Neural Networks as Physical Observables
Training of a neural network on the Ising model:

Labeled as 1. Labeled as 1.
f(-) I

SYMMETRIC

Vg S
"o

> SYMMETRIC

> BROKEN-SYMMETRY

BROKEN-SYMMETRY

FC1+ReLU FC2+4+ReLU FC34+SOFTMAX

Labeled as 0. Labeled as 0.

Extending machine learning classification capabilities with histogram reweighting, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102 (2020).
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Neural Networks as Physical Observables

f(-)

UNKNOWN CONFIGURATION

Probability that a
> f, —— configuration is in the
broken-symmetry
phase

Y
\
Y

FC14+ReLU FC2+4+ReLU FC3+SOFTMAX

Extending machine learning classification capabilities with histogram reweighting, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102 (2020).
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Neural Networks as Physical Observables

f(-)
UNKNOWN CONFIGURATION
Probability that a
- - >~ > f, —— configuration is in the
broken-symmetry
phase
a
FC1+ReLU FC2+ReLU FC34+SOFTMAX
L
The configuration is drawn from an The output is calculated on the
equilibrium distribution and therefore configuration so it must have the
has an associated Boltzmann weight. same Boltzmann weight.

Extending machine learning classification capabilities with histogram reweighting, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102 (2020).
41



Neural Networks as Physical Observables

The neural network function is an observable in the
system:

- L Zg fa eXp[_BEa]
)= 2 Jobe = 5 expl-BE]

o : configuration of the system

Po : Boltzmann probability distribution

[ :inverse temperature

Extending machine learning classification capabilities with histogram reweighting, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102 (2020).
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Neural Networks as Physical Observables

1
| Reweightin
gz gP(CNN o

0.7 |--bis
g | %
05T o.16

0.4 0.4355 0.4365
0.3

0.2
0.1

<p(d)>

088 | 474 A
l/ —1
0.86 | /& -

0.4415 0.4425 |

0.428 0.432 0.436 0.44 0.444 0.448

Extending machine learning classification capabilities with histogram reweighting, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102 (2020).
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Neural Networks as Physical Observables

Results obtained by quantities derived entirely from the neural network

0.441 T T T T 167 F T T T T T T
; PFit = F OPmax —H8—
; BR(L) —a— F Rt ——
0.4405 - oot e ™
: B.(Exact) (o)
0.44 |
Z & 104 |
0.4395 | -
0.439 |
0.4385 ! L L 1 103 1 1 1 1 1 1
0 8:002 8002 0:006 0.008 128 200 256 360 440 512 640 760
1L
L
t] Bo= BolL)| -2 -4
o BC 60 v '7/”
CNN-+Reweighting  0.440749(68)  0.95(9)  1.78(4)
Exact In(1++/2)/2 1 7/4
5P~ LY ~ 0.440687 =1.75
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Neural Networks as Physical Observables

The function f(-) was learned on configurations of the Ising model and f(x) can
successfully predict the phase of Ising configurations x.

But what happens if we give configurations x’ of a different system as input to
the Ising-learned function f(-)?
Can we accurately separate phases in different systems?
Can we discover a phase transition through f(x’)?

Mapping distinct phase transitions to a neural network, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102, 053306 (2020). 45



Neural Networks as Physical Observables

Equivalently:

/ Learned on Ising configurations

f(-)

‘\

CONV+ReLU MAXPOOL FC1+ReLU FC24+SOFTMAX

Mapping distinct phase transitions to a neural network, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102, 053306 (2020).



<f>

Neural Networks as Physical Observables

Potts models:

~
|

L0000
LI |
Noumesw

0.95 1 1.05 1.1 1.15 1,2 1.25 1.3 1.35

Results obtained through a function f learned exclusively on the Ising model.
Mapping distinct phase transitions to a neural network, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102, 053306 (2020).

14
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Neural Networks as Physical Observables

<f>

1.0

0.8

0.6

0.4

0.2

0.0

¢ scalar field theory:

1

1

-1.02 -1.00

-0.98

-0.96

0

2

-0.94

-0.92

-0.90

-0.88

Fixed dimensionless A=0.7 and varied the
dimensionless mass p?

Results obtained through a function f learned exclusively on the Ising model.
Mapping distinct phase transitions to a neural network, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102, 053306 (2020).
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Neural Networks as Physical Observables

-0.949 T T T 10° ¢ T T

-0.9495 | g 3
: Fit il

Y= 4 L .

510 [//

-0.95 |
103 1 L

-0.9505 |
Y  -0.951 [

0 0.002 0.004 0.006 200 256 360 440
1L -

-0.9515 |
-0.952
-0.9525 -
-0.953

pe v v/v
CNN+Reweighting  -0.95225(54) _ 0.99(34) _ 1.78(7)

TABLE II. Critical ,LLg for fixed A\, = 0.7 and critical expo-
nents of the ¢* scalar field theory.
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Adding Machine Learning within Hamiltonians

The neural network function f is an observable in the system.

But what does this mean?

50



Adding Machine Learning within Hamiltonians

Parameters, constraints or fields that interact with a system have conjugate
variables which represent the response of the system to the perturbation
of the corresponding parameter.

Can we make the same statement about the neural network function f?

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.

Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054). 51



Adding Machine Learning within Hamiltonians

We considered that Vf, where V is the volume of the system, couples to an arbitrary
external field Y and defined a modified Hamiltonian for the Ising model:

Ey =E-VfY

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.

Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054). 57



Adding Machine Learning within Hamiltonians

We considered that Vf, where V is the volume of the system, couples to an arbitrary
external field Y and defined a modified Hamiltonian for the Ising model:

Ey =E-VfY

The question:
What happens if we allow a statistical system to interact with a neural
network that has been trained to accurately separate its phases? The
external field Y denotes the strength of the interaction.

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.

Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054). 53



Adding Machine Learning within Hamiltonians

Expectation value of an arbitrary observable <O> during a Monte Carlo simulation in the
modified system:

_ Zivzl Odiﬁ;il eXp[_BEUi T 5VfUzY]
SN ol exp[—BE,, + BV f,,Y]

(0)

By choosing ]501. equal to the probabilities of the original system:

Zﬁil Oy, exp|BV f5,Y]
ZzNzl exp|BV f5,Y]

This form of reweighting is Hamiltonian-agnostic.

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.
Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054).

(0) =
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Adding Machine Learning within Hamiltonians

1 T
0.8 |- -
A 06 — =
Y B i
0.4 0.43
0.2 0.440687 —— _
0.45 ———
0 1 1
-0.008 -0.004 0 0.004 0.008

FIG. 2. Mean neural network function (f) versus external
field Y at inverse temperature 5 = 0.43,0, 440687, 0.45 (right
to left). The statistical uncertainty is comparable with the

width of the lines. Recall that:

[B=0.43-> symmetric phase
BCEO.440687 -> inverse critical temperature
[3=0.45-> broken-symmetry phase

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.

Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054). 55



Adding Machine Learning within Hamiltonians

400 T T T
0.43
300 0.440687 =— ]
0.45 ————
A
> 200 [ _
\'
100 | -
0 1
-0.008 -0.004 0 0.004 0.008

FIG. 3. Mean susceptibility of the neural network func-
tion (xf) versus external field Y at inverse temperature
B = 0.43,0,440687,0.45 (right to left). The statistical un-
certainty is comparable with the width of the lines.

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.

Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054). 56



Renormalization Group in Real Space

We then studied the neural network function f within the framework of the
renormalization group and we were able to obtain the two relevant operators v and 8 that
govern the divergence of the correlation length in the Ising model as well as its critical

point B .

B = f=1(f(B)) Y = f7H(Y))

B, = 0.44063(21) v =1.01(2) 6Oy = 0.534(3)

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts and B.

Lucini, Phys. Rev. Research 3, 013134 (arXiv:2010.00054). 57



Conclusions

For machine learning in phase transitions:

No knowledge about the order parameter is required. Effective order parameters can
be constructed for systems that undergo distinct phase transitions (universality class,
order, etc.).

Machine learning observables can be extrapolated or interpolated in parameter space
with reweighting. This can additionally be achieved with Hamiltonian-agnostic
reweighting.

Neural networks can be included in Hamiltonians/lattice actions to break or restore
symmetries.

We can obtain multiple critical exponents with machine learning functions.



Conclusions
For quantum field-theoretic machine learning:

All one needs to conduct machine learning is any probability distribution p(e;
0):

KLalp) = [ a(@)n 12
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Conclusions
For quantum field-theoretic machine learning:

All one needs to conduct machine learning is any probability distribution p(®;
0):

KLll) = [ a@)n L2

Why do we ensure that the Markov property is satisfied?
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Conclusions

If we view machine learning as a physical concept...

...Is lattice field theory the appropriate tool to describe it?
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Conclusions

1.

The Lattice is...

Mathematical.

A (mathematically rigorous) bridge between Euclidean and Minkowski QFT:

Construction of quantum fields from Markoff fields, E. Nelson, J. Funct. Anal. 12, 97 (1973)
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Conclusions

The Lattice is...

1. Mathematical.
2. Theoretical.

The physics of inhomogeneous quantum field theories:

Renormalization Group in Field Theories with Quantum Quenched Disorder, V. Narovlansky and O. Aharony, Phys. Rev. Lett. 121, 071601 (2018)
Renormalization group flow in field theories with quenched disorder, O. Aharony and V. Narovlansky, Phys. Rev. D 104398, 045012 (2018).
Disorder in large-N theories , O. Aharony, Z. Komargodski, & S. Yankielowicz, J. High Energ. Phys. 2016, 13 (2016).
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Conclusions

The Lattice is...

1. Mathematical.
2. Theoretical.
3. Experimental.

An interesting read:

The Hintons in your Neural Network: a Quantum Field Theory View of Deep Learning, Roberto Bondesan, Max Welling, arXiv:2103.04913.
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Conclusions

s wbh =

Mathematical.
Theoretical.
Experimental.

Computational.

The Lattice is...
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Conclusions

s wbh =
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The Lattice is...

Mathematical.
Theoretical.
Experimental.
Computational.

Thank you for your attention!

Quantum field-theoretic machine learning, D. Bachtis, G. Aarts and B. Lucini, (arXiv:2102.09449), Phys. Rev. D 103, 074510.

Adding machine learning within Hamiltonians: Renormalization group transformations, symmetry breaking and restoration, D. Bachtis, G. Aarts
and B. Lucini, Phys. Rev. Research 3, 013134 (2020).

Mapping distinct phase transitions to a neural network, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102, 053306 (2020).

Extending machine learning classification capabilities with histogram reweighting, D. Bachtis, G. Aarts and B. Lucini, Phys. Rev. E 102 (2020).
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