
Effective Field Theory

Antonio Pich

IFIC, Univ. Valencia - CSIC

International Summer School

Symmetries, Fundamental Interactions and Cosmology

Chiemsee, Germany, 1–5 September 2014



Outline hep-ph/9806303

1) General Aspects of Effective Field Theory

• Dimensional Analysis
• Relevant, Irrelevant and Marginal
• Quantum Loops
• Decoupling. Matching. Scaling

2) Chiral Perturbation Theory

• Goldstone Theorem
• Chiral Symmetry
• Effective Goldstone Theory
• Chiral Symmetry Breaking

3) Electroweak Effective Theory

• Higgs Mechanism
• Custodial Symmetry
• Equivalence Theorem
• Electroweak Effective Theory
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Euler-Heisenberg Lagrangian

Light-by-light scattering in QED at very low energies (Eγ≪me)

• Gauge, Lorentz, Charge Conjugation & Parity constraints

• Energy expansion (Eγ/me)

Leff = −1

4
FµνFµν +

a

m4
e

(FµνFµν)
2 +

b

m4
e

FµνFνσF
σρFρµ +O(F 6/m8

e )
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Euler-Heisenberg Lagrangian

Light-by-light scattering in QED at very low energies (Eγ≪me)

• Gauge, Lorentz, Charge Conjugation & Parity constraints

• Energy expansion (Eγ/me)

Leff = −1

4
FµνFµν +

a

m4
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(FµνFµν)
2 +

b

m4
e

FµνFνσF
σρFρµ +O(F 6/m8

e )

a = − 1

36
α2 , b =

7

90
α2

σ(γγ → γγ) ∝ α4E 6

m8
e
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Why the sky looks blue?
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Why the sky looks blue?
Rayleigh scattering

Low-energy scattering of photons with neutral atoms

Eγ ≪ ∆E ∼ α2me ≪ a−1
0 ∼ αme ≪ MA

• Neutral atom + gauge invariance Fµν = (~E , ~B)

• Non-relativistic description

Lint = a30 ψ
†ψ
(

c1 ~E
2 + c2 ~B

2
)

+ . . . , ci ∼ O(1)

M ∼ ci a
3
0 E

2
γ σ ∝ a60 E

4
γ
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Why the sky looks blue?
Rayleigh scattering

Low-energy scattering of photons with neutral atoms

Eγ ≪ ∆E ∼ α2me ≪ a−1
0 ∼ αme ≪ MA

• Neutral atom + gauge invariance Fµν = (~E , ~B)

• Non-relativistic description

Lint = a30 ψ
†ψ
(

c1 ~E
2 + c2 ~B

2
)

+ . . . , ci ∼ O(1)

M ∼ ci a
3
0 E

2
γ σ ∝ a60 E

4
γ

Blue light is scattered more strongly than red one
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Dimensions

S =
∫

d4x L(x) [L ] = E 4

LKG = ∂µφ
†∂µφ−m2 φ†φ [φ ] = [V µ ] = [Aµ ] = E

LDirac = ψ̄ (iγµ∂µ −m)ψ [ψ ] = E 3/2

[σ ] = E−2 , [ Γ ] = E
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Scalar Field Theory

• LI = − λ

3!
φ3 [λ ] = E
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Scalar Field Theory

• LI = − λ

3!
φ3 [λ ] = E

σ(1 + 2 → 3 + 4) ∼ λ4

s3

{

1 +O
(
λ2

s

)

+ · · ·
}

(s ≫ m2)
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Fermi Theory GF√
2

=
g2

8M2
W

W

e

µ

−

ν

ν

e−

µ−

LI = − g

2
√
2

{

W
†
µJ µ + h.c.

}

−gµν +
qµqν

M2
W

q2 − M2
W

q2≪M2
W−→

gµν

M2
W

µ−

νµ

e−

ν̄e

Leff = −GF√
2
J †
µJ µ
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−ν̄e) = Γ(τ− → ντe

−ν̄e) ττ =
m5
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Exp: (17.83 ± 0.04)%
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Relevant, Irrelevant & Marginal

L =
∑

i

ci Oi , [Oi ] = di −→ ci ∼
1

Λdi−4

Low-energy behaviour:

• Relevant (di < 4): I , φ2 , φ3 , ψ̄ψ

Enhanced by (Λ/E )4−di

• Marginal (di = 4): m2φ2 , m ψ̄ψ , φ4 , φ ψ̄ψ , Vµ ψ̄γ
µψ

• Irrelevant (di > 4): ψ̄ψ ψ̄ψ , ∂µφ ψ̄γ
µψ , φ2 ψ̄ψ , · · ·

Suppressed by (E/Λ)di−4
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α(Q2) =
α(Q2

0 )

1− β1
α(Q2

0 )

2π
log
(
Q2/Q2

0

)

QED: β1 =
2

3

∑

f

Q2
f Nf > 0 lim

Q2→0
α(Q2) = 0

Quantum corrections make QED irrelevant at low energies
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α(Q2) =
α(Q2

0 )

1− β1
α(Q2

0 )

2π
log
(
Q2/Q2

0

)

QED: β1 =
2

3

∑

f

Q2
f Nf > 0 lim

Q2→0
α(Q2) = 0

Quantum corrections make QED irrelevant at low energies

QCD: β1 =
2NF − 11NC

6
< 0 lim

Q2→0
αs(Q

2) = ∞

Quantum corrections make QCD relevant at low energies
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Quantum Loops

L = ψ̄ (iγµ∂µ −m)ψ − a

Λ2
(ψ̄ψ)2 − b

Λ4
(ψ̄�ψ)(ψ̄ψ) + · · ·

δm ∼ 2i
a

Λ2
m

∫
d4k

(2π)4
1

k2 −m2
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Quantum Loops

L = ψ̄ (iγµ∂µ −m)ψ − a

Λ2
(ψ̄ψ)2 − b

Λ4
(ψ̄�ψ)(ψ̄ψ) + · · ·

δm ∼ 2i
a

Λ2
m

∫
d4k

(2π)4
1

k2 −m2

• Cut-off regularization: δm ∼ m

Λ2
Λ2 ∼ m Not suppressed!

• Dimensional regularization: ∆∞ =
2µD−4

D − 4
+ γE − log (4π)

δm ∼ 2am
m2

16π2Λ2

{

∆∞ + log

(
m2

µ2

)

− 1 +O(D − 4)

}

Well-defined expansion (Mass independent)

EFT A. Pich – 2014 10



Vacuum Polarization (mf 6= 0)

k

νµ

q

i Πµν(q) = i
(
−q2gµν + qµqν

)
Π(q2)

Π(q2) = −αQ
2
f

3π

{

∆∞ + 6

∫ 1

0

dx x(1− x) log

(

m2
f − q2x(1− x)

µ2

)}

≡ ∆Πǫ(µ
2) + ΠR(q

2/µ2)
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Vacuum Polarization (mf 6= 0)

k

νµ

q

i Πµν(q) = i
(
−q2gµν + qµqν

)
Π(q2)

Π(q2) = −αQ
2
f

3π

{

∆∞ + 6

∫ 1

0

dx x(1− x) log

(

m2
f − q2x(1− x)

µ2

)}

≡ ∆Πǫ(µ
2) + ΠR(q

2/µ2)

e– e–

e–e–

γ

q= + + + . . .

α0

{
1−∆Πǫ(µ

2)− ΠR(q
2/µ2)

}

≡ αR(µ
2)
{
1− ΠR(q

2/µ2)
}
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1− ΠR(q

2/µ2)
}

µ

α

dα

dµ
≡ β(α) = β1

α

π
+ · · · α(Q2) ≈ α(Q2

0 )

1− β1
α(Q2

0 )

2π log (Q2/Q2
0)
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1− x) log

[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1− x) log

[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]

β1 = 4Q2
f

∫ 1

0

dx
µ2x2(1− x)2

m2
f + µ2x(1− x)

0 1 2 3 4 5

mêm

0

0.2

0.4

0.6

0.8

1

3
b
1
ê
H
2
Q
f2
L
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
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α
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dx
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mêm
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b
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ê
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Q
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1− x) log

[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]

β1 = 4Q2
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∫ 1

0

dx
µ2x2(1− x)2

m2
f + µ2x(1− x)

0 1 2 3 4 5

mêm

0

0.2

0.4

0.6

0.8

1

3
b
1
ê
H
2
Q
f2
L

• m2
f ≪ µ2 , q2: β1 =

2

3
Q

2
f , ΠR(q

2/µ2) = −Q
2
f

α

3π
log (−q

2/µ2)

• m2
f ≫ µ2,q2: β1 ∼ 2

15
Q

2
f

µ2

m2
f

, ΠR(q
2/µ2) ∼ Q

2
f

α

15π

q2 + µ2

m2
f
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Mass-Dependent Scheme: ∆Πǫ(µ
2) ≡ Π(−µ2)

ΠR(q
2/µ2) = −Q2

f

α

3π
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0
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[
m2

f − q2x(1− x)

m2
f + µ2x(1− x)

]

β1 = 4Q2
f
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m2
f + µ2x(1− x)
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ê
H
2
Q
f2
L

• m2
f ≪ µ2 , q2: β1 =

2

3
Q

2
f , ΠR(q

2/µ2) = −Q
2
f

α

3π
log (−q

2/µ2)

• m2
f ≫ µ2,q2: β1 ∼ 2

15
Q

2
f

µ2

m2
f

, ΠR(q
2/µ2) ∼ Q

2
f

α

15π

q2 + µ2

m2
f

DECOUPLING (Appelquist-Carazzone Theorem)
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MS Scheme: ∆Πǫ(µ
2) ≡ −Q2

f

α0

3π
∆∞

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1 − x) log

[
m2

f − q2x(1 − x)

µ2

]
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MS Scheme: ∆Πǫ(µ
2) ≡ −Q2

f

α0

3π
∆∞

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1 − x) log

[
m2

f − q2x(1 − x)

µ2

]

• β1 =
2

3
Q2

f Independent of mf

Heavy fermions do not decouple
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MS Scheme: ∆Πǫ(µ
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MS Scheme: ∆Πǫ(µ
2) ≡ −Q2

f

α0

3π
∆∞

ΠR(q
2/µ2) = −Q2

f

α

3π
6

∫ 1

0

dx x(1 − x) log

[
m2

f − q2x(1 − x)

µ2

]

• β1 =
2

3
Q2

f Independent of mf

Heavy fermions do not decouple

• m2
f ≫ µ2,q2: ΠR(q

2/µ2) = −Q2
f

α

3π
log (m2

f /µ
2)

Perturbation theory breaks down

SOLUTION: Integrate Out Heavy Particles
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Matching

µ

mf

6
EFT with heavy fermion

EFT without heavy fermion

β1 =
2

3
Q2

f + βlight
1

β1 = βlight
1

• Two different EFTs (with and without the heavy fermion f)

• Same S-matrix elements for light-particle scattering at µ = mf
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Effective Field Theory

L(φ,Φ) =
1

2
(∂φ)2 +

1

2
(∂Φ)2 − 1

2
m2φ2 − 1

2
M2Φ2 − λ

2
φ2Φ

EFT A. Pich – 2014 15



Effective Field Theory
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σ(φφ→ φφ) ∼ 1
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×







(λ/E )4 , (m ≪ M ≪ E )

(λ/M)4 , (m,E ≪ M)
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Effective Field Theory

L(φ,Φ) =
1

2
(∂φ)2 +

1

2
(∂Φ)2 − 1

2
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2
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2
φ2Φ

σ(φφ→ φφ) ∼ 1

E 2
×







(λ/E )4 , (m ≪ M ≪ E )

(λ/M)4 , (m,E ≪ M)

+ + = E,m ≪ M

λ2

s −M2
= − λ2

M2

∑

n=0

s

M2
Leff(φ) =

∑

i

ci Oi(φ)

[Oi ] = di ; ci ∼
λ2

M2

1

Mdi−4
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One Loop: Leff =
1

2
a (∂φ)2 − 1

2
b φ2 + c

λ2

8M2
φ4 + · · ·

M
A
T
C
H
I
N
G

= +

0 1

+

+ · · · = + · · · +
0 0 1

a = 1 + a1
λ2

16π2M2
+ · · · ; b = m2 + b1

λ2

16π2
+ · · ·

c = 1 + c1
λ2

16π2M2
+ · · · ; · · ·
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Principles of Effective Field Theory

• Low-energy dynamics independent of details at high energies

• Appropriate physics description at the analyzed scale
(degrees of freedom)

• Energy gaps: 0← m≪ E≪M→∞

• Non-local heavy-particle exchanges replaced by a tower of
local interactions among the light particles

• Accuracy: (E/M)(di−4) >
∼ ǫ ⇐⇒ di

<
∼ 4 +

log(1/ǫ)

log(M/E)

• Same infrared (but different ultraviolet) behaviour than the
underlying fundamental theory

• The only remnants of the high-energy dynamics are in the
low-energy couplings and in the symmetries of the EFT
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Evolution from High to Low Scales

Large µ

L(φi) + L(φi ,Φ) φi ,Φ

Renormalization Group

µ = M Matching

L(φi) + δL(φi) φi

Renormalization Group

Small µ

?

?

EFT A. Pich – 2014 18



Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0

(

µ
d

dµ
+ γOi

)

〈Oi 〉R = 0 ; γOi
≡ µ

Zi

dZi

dµ
= γ

(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0

(

µ
d

dµ
+ γOi

)

〈Oi 〉R = 0 ; γOi
≡ µ

Zi

dZi

dµ
= γ

(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·

µ
d

dµ
ci (µ) 〈Oi 〉R = 0

(

µ
d

dµ
− γOi

)

ci (µ) = 0
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Wilson Coefficients: L =
∑

i
ci

Λdi−4 Oi

〈Oi 〉B = Zi(ǫ, µ) 〈Oi (µ)〉R ; µ
d

dµ
〈Oi 〉B = 0

(

µ
d

dµ
+ γOi

)

〈Oi 〉R = 0 ; γOi
≡ µ

Zi

dZi

dµ
= γ

(1)
Oi

α

π
+ γ

(2)
Oi

(α

π

)2

+ · · ·

µ
d

dµ
ci (µ) 〈Oi 〉R = 0

(

µ
d

dµ
− γOi

)

ci (µ) = 0

ci (µ) = ci (µ0) exp

{∫ α

α0

dα

α

γOi
(α)

β(α)

}

= ci (µ0)

[
α(µ2)

α(µ20)

]γ
(1)
Oi
/β1 {

1 + · · ·
}
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2. Chiral Perturbation Theory

• Goldstone Theorem

• Chiral Symmetry

• Effective Goldstone Theory

• Chiral Symmetry Breaking

EFT A. Pich – 2014 20



Sigma Model ΦT ≡ (σ, ~π)

Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

Global Symmetry: O(4) ∼ SU(2)⊗ SU(2)

• v2 < 0: m2
Φ = −λ v2

• v2 > 0: 〈0|σ|0〉 = v , 〈0|~π|0〉 = 0
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Sigma Model ΦT ≡ (σ, ~π)

Lσ = 1
2 ∂µΦ

T∂µΦ − λ
4

(
ΦTΦ− v2

)2

Global Symmetry: O(4) ∼ SU(2)⊗ SU(2)

• v2 < 0: m2
Φ = −λ v2

• v2 > 0: 〈0|σ|0〉 = v , 〈0|~π|0〉 = 0

SSB: O(4) → O(3) [ 4×3
2

− 3×2
2

= 3 broken generators]

Lσ = 1
2

{
∂µσ̂ ∂

µσ̂ + ∂µ~π ∂
µ~π −M2σ̂2

}
− M2

2v σ̂
(
σ̂2 + ~π2

)
− M2

8v2

(
σ̂2 + ~π2

)2

σ̂ ≡ σ − v ; M2 = 2λ v2

3 Massless Goldstone Bosons
EFT A. Pich – 2014 21



1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R

2) Σ(x) ≡ [v + S(x)] U(x) ; U ≡ exp
{

i
v
~τ ~φ
}

→ g
R
U g †

L

Lσ = v2

4

(
1 + S

v

)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂

µS −M2S2
)
− M2

2v S3 − M2

8v2 S
4
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R

2) Σ(x) ≡ [v + S(x)] U(x) ; U ≡ exp
{

i
v
~τ ~φ
}

→ g
R
U g †

L

Lσ = v2

4

(
1 + S

v

)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂

µS −M2S2
)
− M2

2v S3 − M2

8v2 S
4

Derivative Golstone Couplings
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1) Σ(x) ≡ σ(x) I2 + i ~τ ~π(x) ; 〈A〉 ≡ Tr (A)

Lσ =
1

4
〈∂µΣ† ∂µΣ〉 − λ

16

(

〈Σ†Σ〉 − 2 v2
)2

O(4) ∼ SU(2)L ⊗ SU(2)R Symmetry: Σ → g
R
Σ g †

L
; g

L,R
∈ SU(2)

L,R

2) Σ(x) ≡ [v + S(x)] U(x) ; U ≡ exp
{

i
v
~τ ~φ
}

→ g
R
U g †

L

Lσ = v2

4

(
1 + S

v

)2 〈∂µU†∂µU〉+ 1
2

(
∂µS ∂

µS −M2S2
)
− M2

2v S3 − M2

8v2 S
4

Derivative Golstone Couplings

3) E ≪ M ∼ v : Lσ ≈ v2

4
〈∂µU† ∂µU〉
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0

Wigner–Weyl

Qa | 0 〉 = 0

• Exact Symmetry

• Degenerate Multiplets

• Linear Representation
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Symmetry Realizations

Symmetry G {Ta} Conserved charges Qa

Noether Theorem: ∂µj
µ
a = 0 ; Qa =

∫

d3x j0a (x) ;
d

dt
Qa = 0

Wigner–Weyl

Qa | 0 〉 = 0

• Exact Symmetry

• Degenerate Multiplets

• Linear Representation

Nambu–Goldstone

Qa | 0 〉 6= 0

• Spontaneously Broken Symmetry

• Massless Goldstone Bosons

• Non-Linear Representation
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G
µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G
µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s) q =

(
1 − γ5

2

)
q +

(
1 + γ5

2

)
q ≡ q

L
+ q

R
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G
µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

EFT A. Pich – 2014 24



Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G
µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G
µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+

• The 0− octet is nearly massless: mπ ≈ 0
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Chiral Symmetry mq = 0 (Chiral Limit)

L0

QCD = −1

4
G
µν
a G a

µν + q̄
L
i γµDµ q L

+ q̄
R
i γµDµ q R

qT ≡ (u , d , s)

• L0

QCD invariant under G ≡ SU(3)L ⊗ SU(3)R:

q̄
L
→ g

L
q̄

L
; q̄

R
→ g

R
q̄

R
; (g

L
, g

R
) ∈ G

• Only SU(3)V in the hadronic spectrum: (π,K , η)0− ; (ρ,K ∗, ω)1− ; · · ·

M0− < M0+ ; M1− < M1+

• The 0− octet is nearly massless: mπ ≈ 0

• The vacuum is not invariant (SSB): 〈0| (q̄
L
q

R
+ q̄

R
q

L
) |0〉 6= 0

8 Massless 0− Goldstone Bosons
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ
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• Low-Energy Goldstone Theory: E ≪ Mρ
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

Φ ≡
~λ√
2
~φ =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K 0

K− K̄ 0 −
√

2
3 η
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Effective Goldstone Theory

• Mass Gap: mπ ≈ 0 ≪ Mρ

• Low-Energy Goldstone Theory: E ≪ Mρ

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

Φ ≡
~λ√
2
~φ =






1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K 0

K− K̄ 0 −
√

2
3 η






U −→ g
R

U g †
L

; g
L,R

∈ SU(3)L,R
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Energy Scale Fields Effective Theory

MW

W ,Z , γ, g

τ, µ, e, νi
t, b, c, s, d , u

Standard Model

<∼ mc

γ, g ; µ, e, νi
s, d , u L(nf =3)

QCD , L∆S=1,2
eff

MK

γ ; µ, e, νi
π,K , η χPT

?

?
OPE

NC → ∞

EFT A. Pich – 2014 26



Effective Lagrangian: L(U) =
∑

n

L2n
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2

• SU(3)L ⊗ SU(3)R invariant

U g
R
U g †

L
; g

L,R
∈ SU(3)L,R
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Effective Lagrangian: L(U) =
∑

n

L2n

• Goldstone Fields

〈0| q̄j
L
qi

R
|0〉 Uij(φ) =

{

exp
(

i
√
2Φ/f

)}

ij

• Expansion in powers of momenta derivatives

Parity even dimension ; UU† = 1 2n ≥ 2

• SU(3)L ⊗ SU(3)R invariant

U g
R
U g †

L
; g

L,R
∈ SU(3)L,R

L2 =
f 2

4
〈∂µU† ∂µU〉

Derivative

Coupling

Goldstones become free at zero momenta
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L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π

−
)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π

+
)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)
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L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π

−
)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π

+
)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

Chiral Symmetry Determines the Interaction:

π π

π π

T
(
π+π0 → π+π0

)
=

t

f 2

t ≡ (p′+ − p+)2

Weinberg
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L2 =
f 2

4
〈∂µU†∂µU〉 = ∂µπ

−∂µπ+ +
1

2
∂µπ

0∂µπ0 + · · ·

+
1

6f 2

{(

π+
↔
∂ µ π

−
)(

π+
↔
∂

µπ−
)

+ 2
(

π0
↔
∂ µ π

+
)(

π− ↔
∂

µπ0
)

+ · · ·
}

+ O
(
π6/f 4

)

Chiral Symmetry Determines the Interaction:

π π

π π

T
(
π+π0 → π+π0

)
=

t

f 2

t ≡ (p′+ − p+)2

Weinberg

Non-Linear Lagrangian: 2π → 2π, 4π, · · · related
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Explicit Symmetry Breaking

LQCD ≡ L0

QCD + q̄ (/v + /a γ5)q − q̄ (s− i γ5 p) q

= L0
QCD + q̄

L
/l q

L
+ q̄

R
/r q

R
− q̄

R
(s+ i p)q

L
− q̄

L
(s− i p) q

R
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Explicit Symmetry Breaking

LQCD ≡ L0

QCD + q̄ (/v + /a γ5)q − q̄ (s− i γ5 p) q

= L0
QCD + q̄

L
/l q

L
+ q̄

R
/r q

R
− q̄

R
(s+ i p)q

L
− q̄

L
(s− i p) q

R

lµ ≡ vµ − aµ = eQAµ + · · ·
rµ ≡ vµ + aµ = eQAµ + · · ·

Q ≡ 1
3 diag(2,−1,−1)

s = M + · · · ; M ≡ diag(mu ,md ,ms)
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Explicit Symmetry Breaking

LQCD ≡ L0

QCD + q̄ (/v + /a γ5)q − q̄ (s− i γ5 p) q

= L0
QCD + q̄

L
/l q

L
+ q̄

R
/r q

R
− q̄

R
(s+ i p)q

L
− q̄

L
(s− i p) q

R

lµ ≡ vµ − aµ = eQAµ + · · ·
rµ ≡ vµ + aµ = eQAµ + · · ·

Q ≡ 1
3 diag(2,−1,−1)

s = M + · · · ; M ≡ diag(mu ,md ,ms)

Local SU(3)L ⊗ SU(3)R Symmetry:

q
L
→ g

L
q

L

q
R
→ g

R
q

R

lµ → g
L
lµ g

†
L
+ i g

L
∂µg

†
L

rµ → g
R
rµ g

†
R
+ i g

R
∂µg

†
R

(s+ i p) → g
R
(s+ i p) g †

L
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Lowest-Order Effective Lagrangian:

L =
f 2

4
〈DµUDµU†+χU†+Uχ†〉

DµU = ∂µU−i rµ U+i U lµ

χ ≡ 2B0 (s+ i p)
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Lowest-Order Effective Lagrangian:

L =
f 2

4
〈DµUDµU†+χU†+Uχ†〉

DµU = ∂µU−i rµ U+i U lµ

χ ≡ 2B0 (s+ i p)

Currents:

Jµ
L

=
∂

∂ lµ
L2 =

i

2
f 2 DµU† U =

f√
2
DµΦ + · · ·
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Lowest-Order Effective Lagrangian:

L =
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4
〈DµUDµU†+χU†+Uχ†〉
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Currents:
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=
∂
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L2 =
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2
f 2 DµU† U =

f√
2
DµΦ + · · ·

Jµ
R

=
∂
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L2 =

i

2
f 2 DµUU† = − f√

2
DµΦ + · · ·
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Lowest-Order Effective Lagrangian:

L =
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4
〈DµUDµU†+χU†+Uχ†〉

DµU = ∂µU−i rµ U+i U lµ

χ ≡ 2B0 (s+ i p)

Currents:
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L

=
∂
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√
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Quark Masses: f 2

4
〈χU† +Uχ†〉 → Lm = −B0 〈MΦ2〉
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m̂ +ms
=

3M2
η

2 m̂ + 4ms
= B0

• Gell-Mann–Okubo: 4M2
K = M2

π + 3M2
η

• Gell-Mann–Oakes–Renner: f 2 M2
π = −m̂ 〈0|ū u + d̄ d |0〉
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Quark Mass Ratios:

Dashen

Theorem

(
M2

K 0 −M2
K±
)

em
=
(
M2
π0 −M2

π±
)

em
+ O(e2p2)
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(
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)

M2
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≈ 0.29

ms −mu

mu +md

=
M2

K 0 −M2
π0

M2
π0

≈ 12.6

mu : md : ms = 0.55 : 1 : 20.3 Weinberg
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f 2

4
〈χU† +Uχ†〉 = −B0 〈MΦ2〉 +

B0

6 f 2
〈MΦ4〉 + · · ·
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f 2

4
〈χU† +Uχ†〉 = −B0 〈MΦ2〉 +

B0

6 f 2
〈MΦ4〉 + · · ·

π π

π π

T
(
π+π0 → π+π0

)
=

t −M2
π

f 2π

t ≡ (p′+ − p+)2

Weinberg
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f 2

4
〈χU† +Uχ†〉 = −B0 〈MΦ2〉 +

B0

6 f 2
〈MΦ4〉 + · · ·

π π

π π

T
(
π+π0 → π+π0

)
=

t −M2
π

f 2π

t ≡ (p′+ − p+)2

Weinberg

L2 Current Algebra 60’s
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Chiral Power Counting

U O(p0)

DµU , lµ , rµ O(p1)

χ , FµνL,R O(p2)

FµνL ≡ ∂µlν − ∂ν lµ − i [lµ, lν ]

FµνR ≡ ∂µrν − ∂νrµ − i [rµ, rν ]
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χ , FµνL,R O(p2)

FµνL ≡ ∂µlν − ∂ν lµ − i [lµ, lν ]

FµνR ≡ ∂µrν − ∂νrµ − i [rµ, rν ]

General connected diagram with Nd vertices of O(pd ) and L loops:

D = 2 L + 2 +
∑

d

Nd (d − 2) Weinberg

• D = 2 : L = 0 , d = 2

• D = 4 : L = 0 , d = 4 , N4 = 1

L = 1 , d = 2

EFT A. Pich – 2014 34



O(p4) χPT

i) L4 at tree level (Gasser–Leutwyler)

L4 = L1 〈DµU
†DµU〉2 + L2 〈DµU

†DνU〉 〈DµU†DνU〉
+ L3 〈DµU

†DµUDνU
†DνU〉 + L4 〈DµU

†DµU〉 〈U†χ+ χ † U〉
+ L5 〈DµU

†DµU
(
U†χ+ χ†U

)
〉 + L6 〈U†χ+ χ†U〉2

+ L7 〈U†χ− χ†U〉2 + L8 〈χ†Uχ†U + U†χU†χ〉
− i L9 〈Fµν

R DµUDνU
† + F

µν
L DµU

†DνU〉 + L10 〈U†Fµν
R UFLµν〉
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{
a log(p2/µ2) + b(µ)

}

• Chiral Logarithms unambiguously predicted
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R DµUDνU
† + F

µν
L DµU

†DνU〉 + L10 〈U†Fµν
R UFLµν〉

ii) L2 at one loop (unitarity): T4 ∼ p4
{
a log(p2/µ2) + b(µ)

}

• Chiral Logarithms unambiguously predicted

• Li ’s fixed by QCD dynamics. 1-loop divergences Lri (µ)

iii) Wess–Zumino–Witten term (chiral anomaly): π0, η → γγ
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Meson Decay Constants:

A
(2,4)
µ A

(2)
µ A

(2)
µ L2

µP ≡ M2
P

32π2f 2
log

(

M2
P

µ2

)

fπ = f

{

1− 2µπ − µK +
4M2

π

f 2
Lr5(µ) +

8M2
K + 4M2

π

f 2
Lr4(µ)

}

fK = f

{

1− 3

4
µπ − 3

2
µK − 3

4
µη8 +

4M2
K

f 2
Lr5(µ) +

8M2
K + 4M2

π

f 2
Lr4(µ)

}

fη8 = f

{

1− 3µK +
4M2

η8

f 2
Lr5(µ) +

8M2
K + 4M2

π

f 2
Lr4(µ)

}

fK

fπ
= 1.22± 0.01 Lr5(Mρ) = (1.4± 0.5) · 10−3 fη8

fπ
= 1.3± 0.05
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Vector Form Factor: 〈π+π−|Jµem|0〉 = (p+−p−)µ FV
π (s)

FV
π (s) = 1 +

2Lr9(µ)

f 2
s − s

96π2f 2

[

A
(
m2
π
s
, m

2
π
µ2

)

+ 1
2 A
(
m2

K

s
,
m2

K

µ2

)]

= 1 +
1

6
〈r2〉Vπ s + · · ·

A
(

m2
P

s
,
m2

P

µ2

)

= log
(

m2
P

µ2

)

+
8m2

P

s
− 5

3 + σ3
P log

(
σP+1
σP−1

)

, σP ≡
√

1− 4m2
P

s
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)

= log
(

m2
P

µ2

)

+
8m2

P

s
− 5

3 + σ3
P log

(
σP+1
σP−1

)

, σP ≡
√

1− 4m2
P

s

〈r2〉Vπ =
12 Lr9(µ)

f 2
− 1

32π2f 2

{

2 log

(
M2

π

µ2

)

+ log

(
M2

K

µ2

)

+ 3

}

〈r2〉Vπ = (0.439 ± 0.008) fm2 Lr9(Mρ) = (6.9± 0.7) · 10−3
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O(p4) χPT COUPLINGS

i Lri (Mρ)× 103 Source Γi
1 0.4± 0.3 Ke4, ππ → ππ 3/32
2 1.4± 0.3 Ke4, ππ → ππ 3/16
3 −3.5± 1.1 Ke4, ππ → ππ 0
4 −0.3± 0.5 Zweig rule 1/8
5 1.4± 0.5 FK/Fπ 3/8
6 −0.2± 0.3 Zweig rule 11/144
7 −0.4± 0.2 GMO, L5,8 0
8 0.9± 0.3 MK 0 −MK+ , L5, (ms − m̂)/(md −mu) 5/48
9 6.9± 0.7 〈r2〉πV 1/4
10 −5.5± 0.7 π → eνγ −1/4

• Li = Lri (µ) + Γi
µD−4

32π2

{
2

D − 4
+ γE − log (4π)− 1

}
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• Λχ ∼ 1GeV Li ∼
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• χPT Loops ∼ 1/(4πfπ)
2
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O(p6) χPT

i) L6 =
∑

i

Ci O
p6

i at tree level Bijnens-Colangelo-Ecker, Fearing-Scherer

90 + 4 [53 + 4] terms in SU(3) [SU(2)] χPT (even-intrinsic parity only)

ii) L4 at one loop, L2 at two loops Bijnens-Colangelo-Ecker

Double chiral logarithms

Many Calculations: Mφ, fφ, γγ → ππ, ππ → ππ, πK → πK , Kl4,

π → e ν̄eγ, FV (s), FS(s), ΠV ,A(s), · · ·
Amoros-Bijnens-Dhonte-Talavera, Ananthanarayan-Colangelo-Gasser-Leutwyler, Bellucci-Gasser-Sainio, Bürgui, Bijnens et al,

Descotes-Genon et al, Golowich-Kambor, Post-Schilcher. . .

Theoretical Challenge: QCD calculation of the χPT couplings
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K+ → π0ℓ+νℓ , K 0 → π−ℓ+νℓ: C
K+π0 =

1
√

2
, C

K0π− = 1

〈π|s̄γµu|K〉 = CKπ

[

(PK + Pπ)
µ
f Kπ+ (t) + (PK − Pπ)

µ
f Kπ− (t)

]

• Lowest order [O(p2)]: f Kπ+ (t) = 1 , f Kπ− (t) = 0
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• π0–η mixing: f K
+π0

+ (0) = 1 +
3

4

md −mu

ms − m̂
= 1.017
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• Ademollo-Gatto Theorem: f K
0π−

+ (0) = 1 + O[(ms −mu)
2]

• π0–η mixing: f K
+π0

+ (0) = 1 +
3

4

md −mu

ms − m̂
= 1.017

• O(p4): f K
0π−

+ (0) = 0.977 ,
f K

+π0

+ (0)

f K
0π−

+ (0)
= 1.022

Gasser-Leutwyler ’85
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K+ → π0ℓ+νℓ , K 0 → π−ℓ+νℓ: C
K+π0 =

1
√

2
, C

K0π− = 1

〈π|s̄γµu|K〉 = CKπ

[

(PK + Pπ)
µ
f Kπ+ (t) + (PK − Pπ)

µ
f Kπ− (t)

]

• Lowest order [O(p2)]: f Kπ+ (t) = 1 , f Kπ− (t) = 0

• Ademollo-Gatto Theorem: f K
0π−

+ (0) = 1 + O[(ms −mu)
2]

• π0–η mixing: f K
+π0

+ (0) = 1 +
3

4

md −mu

ms − m̂
= 1.017

• O(p4): f K
0π−

+ (0) = 0.977 ,
f K

+π0

+ (0)

f K
0π−

+ (0)
= 1.022

Gasser-Leutwyler ’85

Needed to determine Vus
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K → π ℓ νℓ
|Vus f+(0)| = 0.2163± 0.0005

Flavianet Kaon WG, arXiv:1005.2323 [hep-ph]

〈π−|s̄γµu|K0〉 = (pπ + pK )µ f+(t) + (pK − pπ )µ f−(t)

0.213 0.214 0.215 0.216 0.217

0.213 0.214 0.215 0.216 0.217

K
L
 e3

K
L
 µ3

K
S
 e3

K
±
 e3

K
±
 µ3
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K → π ℓ νℓ
|Vus f+(0)| = 0.2163± 0.0005

Flavianet Kaon WG, arXiv:1005.2323 [hep-ph]

〈π−|s̄γµu|K0〉 = (pπ + pK )µ f+(t) + (pK − pπ )µ f−(t)

0.213 0.214 0.215 0.216 0.217

0.213 0.214 0.215 0.216 0.217

K
L
 e3

K
L
 µ3

K
S
 e3

K
±
 e3

K
±
 µ3

0.94 0.96 0.98 1.00

� �
=
�+

�+
�

� �
=
�+

�
� �

=
�

n
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n
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a
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Leutwyler 84
Bijnens 03
Jamin 04
Cirigliano 05
Kastner 08

JLQCD 05
JLQCD 05
RBC 06
QCDSF 07 (stat. err. only)
ETM 09A
ETM 10D (stat. err. only)

our estimate for �� =�

RBC/UKQCD 07
RBC/UKQCD 10
JLQCD 11
JLQCD 12
FNAL/MILC 12
RBC/UKQCD 13

our estimate for �� =�+�

FNAL/MILC 13C

�+(�)
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K → π ℓ νℓ
|Vus f+(0)| = 0.2163± 0.0005

Flavianet Kaon WG, arXiv:1005.2323 [hep-ph]

〈π−|s̄γµu|K0〉 = (pπ + pK )µ f+(t) + (pK − pπ )µ f−(t)

0.213 0.214 0.215 0.216 0.217

0.213 0.214 0.215 0.216 0.217

K
L
 e3

K
L
 µ3

K
S
 e3

K
±
 e3

K
±
 µ3

0.94 0.96 0.98 1.00

� �
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�+

�+
�

� �
=
�+

�
� �
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�

n
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n
-l
a
tt
ic
e

Leutwyler 84
Bijnens 03
Jamin 04
Cirigliano 05
Kastner 08

JLQCD 05
JLQCD 05
RBC 06
QCDSF 07 (stat. err. only)
ETM 09A
ETM 10D (stat. err. only)

our estimate for �� =�

RBC/UKQCD 07
RBC/UKQCD 10
JLQCD 11
JLQCD 12
FNAL/MILC 12
RBC/UKQCD 13

our estimate for �� =�+�

FNAL/MILC 13C

�+(�)

f+(0) = 0.9661 (32)

|Vus | = 0.2239 (9)

f+(0) = 1 + f2 + f4 + · · ·

Large O(p6) χPT correction
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http://ific.uv.es/∼pich/EWEFT.pdf

3. Electroweak Effective Theory

• Higgs Mechanism

• Custodial Symmetry

• Equivalence Theorem

• Goldstone Electroweak Effective Theory

• Fermions, Higgs

• Linear Realization
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Energy Scale Fields Effective Theory

ΛNP ∼ TeV

Sn,Pn,Vn,An, Fn

H ,W ,Z , γ, g

τ, µ, e, νi
t, b, c, s, d , u

Underlying Dynamics

Energy Gap

?

MW

H ,W ,Z , γ, g

τ, µ, e, νi
t, b, c, s, d , u

Standard Model
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Effective Field Theory

Leff = L(4) +
∑

D>4

∑

i

c
(D)
i

ΛD−4
O(D)

i

• Most general Lagrangian with the SM gauge symmetries

• Light (m≪ ΛNP) fields only

• The SM Lagrangian corresponds to D = 4

• c
(D)
i contain information on the underlying dynamics:

L
NP

=̇ g
X
(q̄Lγ

µqL)Xµ

g 2
X

M2
X

(q̄Lγ
µqL) (q̄LγµqL)

• Options for H(126):

– SU(2)L doublet (SM)
– Scalar singlet
– Additional light scalars
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Higgs Mechanism:

Gauge invariance

Massless W±, Z (spin 1)

3× 2 polarizations = 6
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Higgs Mechanism: 3 additional degrees of freedom θi (x)
Gauge invariance

Massless W±, Z (spin 1)

3× 2 polarizations = 6

+

3 Goldstones θi (x)
SSB

Massive W±, Z
3× 3 polarizations = 9
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Higgs Mechanism: 3 additional degrees of freedom θi (x)
Gauge invariance

Massless W±, Z (spin 1)

3× 2 polarizations = 6

+

3 Goldstones θi (x)
SSB

Massive W±, Z
3× 3 polarizations = 9

Spontaneous Symmetry Breaking

LΦ = (DµΦ)
†DµΦ− µ2Φ†Φ− λ (Φ†Φ)2

µ2 < 0

Φ(x) = exp
{

i ~σ
2 ·~θ(x)

}
1√
2

[
0

v + H(x)

]
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Higgs Mechanism: 3 additional degrees of freedom θi (x)
Gauge invariance

Massless W±, Z (spin 1)

3× 2 polarizations = 6

+

3 Goldstones θi (x)
SSB

Massive W±, Z
3× 3 polarizations = 9

Spontaneous Symmetry Breaking

LΦ = (DµΦ)
†DµΦ− µ2Φ†Φ− λ (Φ†Φ)2

µ2 < 0

Φ(x) = exp
{

i ~σ
2 ·~θ(x)

}
1√
2

[
0

v + H(x)

]

DµΦ = (∂µ + i
2
g ~σ· ~Wµ + i

2
g′ Bµ) Φ ; v2 = −µ2/λ

(DµΦ)
†DµΦ → M2

W W †
µW

µ +
M2

Z

2 ZµZ
µ

MW = MZ cos θW = 1
2 g v
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LΦ = (DµΦ)
†DµΦ− λ

(

|Φ|2 − v2

2

)2
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Σ ≡ (Φc ,Φ) =

(
Φ0∗ Φ+

−Φ− Φ0

)

LΦ = (DµΦ)
†DµΦ− λ

(

|Φ|2 − v2

2

)2

=
1

2
Tr
[
(DµΣ)†DµΣ

]
− λ

4

(
Tr
[
Σ†Σ

]
− v2

)2
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Custodial
Symmetry

Σ ≡ (Φc ,Φ) =

(
Φ0∗ Φ+

−Φ− Φ0

)

LΦ = (DµΦ)
†DµΦ− λ

(

|Φ|2 − v2

2

)2

=
1

2
Tr
[
(DµΣ)†DµΣ

]
− λ

4

(
Tr
[
Σ†Σ

]
− v2

)2

SU(2)L ⊗ SU(2)R → SU(2)L+R Symmetry: Σ → gLΣ g
†
R
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Custodial
Symmetry

Σ ≡ (Φc ,Φ) =

(
Φ0∗ Φ+

−Φ− Φ0

)
≡ 1√

2
(v + H) U(~θ )

U(~ϕ ) ≡ exp

{
i ~σ· ~ϕ

v

}

LΦ = (DµΦ)
†DµΦ− λ

(

|Φ|2 − v2

2

)2

=
1

2
Tr
[
(DµΣ)†DµΣ

]
− λ

4

(
Tr
[
Σ†Σ

]
− v2

)2

=
v2

4
Tr
[
(DµU)†DµU

]
+ O(H/v)SU(2)L ⊗ SU(2)R → SU(2)L+R Symmetry: Σ → gLΣ g

†
R
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Custodial
Symmetry

Σ ≡ (Φc ,Φ) =

(
Φ0∗ Φ+

−Φ− Φ0

)
≡ 1√

2
(v + H) U(~θ )

U(~ϕ ) ≡ exp

{
i ~σ· ~ϕ

v

}

LΦ = (DµΦ)
†DµΦ− λ

(

|Φ|2 − v2

2

)2

=
1

2
Tr
[
(DµΣ)†DµΣ

]
− λ

4

(
Tr
[
Σ†Σ

]
− v2

)2

=
v2

4
Tr
[
(DµU)†DµU

]
+ O(H/v)SU(2)L ⊗ SU(2)R → SU(2)L+R Symmetry: Σ → gLΣ g

†
R

Same Goldstone Lagrangian as QCD pions:

fπ → v , ~π → ~ϕ → W±
L ,ZL
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EFFECTIVE LAGRANGIAN: L(U) =
∑

n

L2n

EFT A. Pich – 2014 47



EFFECTIVE LAGRANGIAN: L(U) =
∑

n

L2n

• Goldstone Bosons

〈0| q̄j
L
qi

R
|0〉 (QCD), Φ (SM) Uij(φ) = { exp (i~σ ·~ϕ/f ) }ij
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EFFECTIVE LAGRANGIAN: L(U) =
∑

n

L2n

• Goldstone Bosons

〈0| q̄j
L
qi

R
|0〉 (QCD), Φ (SM) Uij(φ) = { exp (i~σ ·~ϕ/f ) }ij

• Expansion in powers of momenta derivatives

Parity even dimension ; U U† = 1 2n ≥ 2
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EFFECTIVE LAGRANGIAN: L(U) =
∑

n

L2n

• Goldstone Bosons

〈0| q̄j
L
qi

R
|0〉 (QCD), Φ (SM) Uij(φ) = { exp (i~σ ·~ϕ/f ) }ij

• Expansion in powers of momenta derivatives

Parity even dimension ; U U† = 1 2n ≥ 2

• SU(2)L ⊗ SU(2)R invariant

U g
L
U g †

R
; g

L,R
∈ SU(2)L,R
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EFFECTIVE LAGRANGIAN: L(U) =
∑

n

L2n

• Goldstone Bosons

〈0| q̄j
L
qi

R
|0〉 (QCD), Φ (SM) Uij(φ) = { exp (i~σ ·~ϕ/f ) }ij

• Expansion in powers of momenta derivatives

Parity even dimension ; U U† = 1 2n ≥ 2

• SU(2)L ⊗ SU(2)R invariant

U g
L
U g †

R
; g

L,R
∈ SU(2)L,R

L2 =
f 2

4
Tr

(

∂µU
† ∂µU

) Derivative

Coupling
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EFFECTIVE LAGRANGIAN: L(U) =
∑

n

L2n

• Goldstone Bosons

〈0| q̄j
L
qi

R
|0〉 (QCD), Φ (SM) Uij(φ) = { exp (i~σ ·~ϕ/f ) }ij

• Expansion in powers of momenta derivatives

Parity even dimension ; U U† = 1 2n ≥ 2

• SU(2)L ⊗ SU(2)R invariant

U g
L
U g †

R
; g

L,R
∈ SU(2)L,R

L2 =
f 2

4
Tr

(

∂µU
† ∂µU

) Derivative

Coupling

Goldstones become free at zero momenta
EFT A. Pich – 2014 47



Electroweak Symmetry Breaking

L2 =
v2

4
Tr

(

DµU
†DµU

) U = 1 L2 = M2
W W †

µW
µ +

1

2
M2

Z ZµZ
µ

MW = MZ cos θW = 1
2 g v
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Electroweak Symmetry Breaking

L2 =
v2

4
Tr

(

DµU
†DµU

) U = 1 L2 = M2
W W †

µW
µ +

1

2
M2

Z ZµZ
µ

MW = MZ cos θW = 1
2 g v

DµU = ∂µU − i Ŵ µU + i U B̂µ , DµU† = ∂µU† + i U†Ŵ µ − i B̂µU†

Ŵ µν = ∂µŴ ν − ∂νŴ µ− i [Ŵ µ, Ŵ ν ] , B̂µν = ∂µB̂ν − ∂νB̂µ− i [B̂µ, B̂ν ]

Ŵ µ = − g

2
~σ· ~W µ , B̂µ = − g′

2
σ3 B

µ (explicit symmetry breaking)
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Electroweak Symmetry Breaking

L2 =
v2

4
Tr

(

DµU
†DµU

) U = 1 L2 = M2
W W †

µW
µ +

1

2
M2

Z ZµZ
µ

MW = MZ cos θW = 1
2 g v

DµU = ∂µU − i Ŵ µU + i U B̂µ , DµU† = ∂µU† + i U†Ŵ µ − i B̂µU†

Ŵ µν = ∂µŴ ν − ∂νŴ µ− i [Ŵ µ, Ŵ ν ] , B̂µν = ∂µB̂ν − ∂νB̂µ− i [B̂µ, B̂ν ]

Ŵ µ = − g

2
~σ· ~W µ , B̂µ = − g′

2
σ3 B

µ (explicit symmetry breaking)

• EW Goldstones are responsible for MW,Z (not the Higgs!)
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Electroweak Symmetry Breaking

L2 =
v2

4
Tr

(

DµU
†DµU

) U = 1 L2 = M2
W W †

µW
µ +

1

2
M2

Z ZµZ
µ

MW = MZ cos θW = 1
2 g v

DµU = ∂µU − i Ŵ µU + i U B̂µ , DµU† = ∂µU† + i U†Ŵ µ − i B̂µU†

Ŵ µν = ∂µŴ ν − ∂νŴ µ− i [Ŵ µ, Ŵ ν ] , B̂µν = ∂µB̂ν − ∂νB̂µ− i [B̂µ, B̂ν ]

Ŵ µ = − g

2
~σ· ~W µ , B̂µ = − g′

2
σ3 B

µ (explicit symmetry breaking)

• EW Goldstones are responsible for MW,Z (not the Higgs!)

• QCD pions also generate small W,Z masses: δπMW =
1

2
g fπ
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Goldstone interactions are determined by the underlying symmetry

v2

4
〈∂µU†∂µU〉 = ∂µϕ

−∂µϕ+ +
1

2
∂µϕ

0∂µϕ0

+
1

6f 2

{(

ϕ+ ↔
∂ µ ϕ

−
)(

ϕ+ ↔
∂
µϕ−

)

+ 2
(

ϕ0 ↔
∂ µ ϕ

+
)(

ϕ− ↔
∂
µϕ0

)}

+ O
(

ϕ6/f 4
)
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Goldstone interactions are determined by the underlying symmetry

v2

4
〈∂µU†∂µU〉 = ∂µϕ

−∂µϕ+ +
1

2
∂µϕ

0∂µϕ0

+
1

6f 2

{(

ϕ+ ↔
∂ µ ϕ

−
)(

ϕ+ ↔
∂
µϕ−

)

+ 2
(

ϕ0 ↔
∂ µ ϕ

+
)(

ϕ− ↔
∂
µϕ0

)}

+ O
(

ϕ6/f 4
)

ϕ ϕ

ϕ ϕ

T
(
ϕ+ϕ− → ϕ+ϕ−) =

s + t

f 2
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Goldstone interactions are determined by the underlying symmetry

v2

4
〈∂µU†∂µU〉 = ∂µϕ

−∂µϕ+ +
1

2
∂µϕ

0∂µϕ0

+
1

6f 2

{(

ϕ+ ↔
∂ µ ϕ

−
)(

ϕ+ ↔
∂
µϕ−

)

+ 2
(

ϕ0 ↔
∂ µ ϕ

+
)(

ϕ− ↔
∂
µϕ0

)}

+ O
(

ϕ6/f 4
)

ϕ ϕ

ϕ ϕ

T
(
ϕ+ϕ− → ϕ+ϕ−) =

s + t

f 2

Non-Linear Lagrangian: 2ϕ→ 2ϕ, 4ϕ · · · related
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Equivalence Theorem

W+

W−

W+

W−

Cornwall–Levin–Tiktopoulos

Vayonakis

Lee–Quigg–Thacker

T (W+
L W−

L → W+
L W−

L ) =
s + t

v2
+ O

(
MW√

s

)

= T (ϕ+ϕ− → ϕ+ϕ−) + O

(
MW√

s

)

The scattering amplitude grows with energy

Goldstone dynamics derivative interactions

Tree-level violation of unitarity
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Longitudinal Polarizations

kµ =
(

k0, 0, 0, |~k|
)

ǫµL (
~k) =

1

MW

(

|~k |, 0, 0, k0
)

=
kµ

MW

+ O

(

MW

|~k|

)
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Longitudinal Polarizations

kµ =
(

k0, 0, 0, |~k|
)

ǫµL (
~k) =

1

MW

(

|~k |, 0, 0, k0
)

=
kµ

MW

+ O

(

MW

|~k|

)

One naively expects T (W+
L W−

L → W+
L W−

L ) ∼ g2 |~k |4
M4

W
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Longitudinal Polarizations

kµ =
(

k0, 0, 0, |~k|
)

ǫµL (
~k) =

1

MW

(

|~k |, 0, 0, k0
)

=
kµ

MW

+ O

(

MW

|~k|

)

One naively expects T (W+
L W−

L → W+
L W−

L ) ∼ g2 |~k |4
M4

W

W+

W−

W+

W−

Gauge

Cancelation

T (W+
L W−

L → W+
L W−

L ) =
s + t

v2
+ O

(
MW√

s

)

= T (ϕ+ϕ− → ϕ+ϕ−) + O

(
MW√

s

)
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W+L W−L → W+L W−L :

W+

W−

W+

W−

H
H

TSM =
1

v2

{

s + t − s2

s −M2
H

− t2

t −M2
H

}

= −M2
H

v2

{

s

s −M2
H

+
t

t −M2
H

}

Higgs-exchange exactly cancels the O(s, t) terms in the SM
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W+L W−L → W+L W−L :

W+

W−

W+

W−

H
H

TSM =
1

v2

{

s + t − s2

s −M2
H

− t2

t −M2
H

}

= −M2
H

v2

{

s

s −M2
H

+
t

t −M2
H

}

Higgs-exchange exactly cancels the O(s, t) terms in the SM

When s ≫ M2
H , TSM ≈ −2M2

H

v2
, a0 ≡ 1

32π

∫ 1

−1

d cos θ TSM ≈ − M2
H

8πv2

Unitarity: Lee–Quigg–Thacker

|a0| ≤ 1 MH <
√
8πv

√

2/3
︸ ︷︷ ︸

W+W−, ZZ,HH

≈ 1 TeV
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What happens in QCD?

• QCD satisfies unitarity (it is a renormalizable theory)

• Pion scattering unitarized by exchanges of resonances
(composite objects):

– P-wave (J = 1) unitarized by ρ exchange

– S-wave (J = 0) unitarized by σ exchange

• The σ meson is the QCD equivalent of the SM Higgs

• BUT, the σ is an ‘effective’ object generated through
π rescattering (summation of pion loops)

Does not seem to work this way in the EW case, but . . .
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Higher-Order Goldstone Interactions

L(4)
EW

∣
∣
∣
CP−even

=
14∑

i=0

ai Oi (Appelquist, Longhitano)

O0 = v2 〈TLVµ〉2

O1 = 〈U B̂µνU
†Ŵ µν〉 O2 = i 〈U B̂µνU

† [Vµ,V ν ]〉
O3 = i 〈Ŵµν [V

µ,V ν ]〉 O4 = 〈VµVν〉 〈VµV ν〉
O5 = 〈VµVµ〉2 O6 = 4 〈VµVν〉 〈TLV

µ〉 〈TLV
ν〉

O7 = 4 〈VµVµ〉 〈TLVν〉2 O8 = 〈TLŴµν〉2

O9 = −2 〈TLŴµν〉 〈TL [V
µ,V ν ]〉 O10 = 16 {〈TLVµ〉 〈TLVν〉}2

O11 = 〈(DµVµ)2〉 O12 = 4 〈TLDµDνV
ν〉 〈TLV

µ〉
O13 = 2 〈TLDµVν〉2 O14 = −2i εµνρσ 〈ŴµνVρ〉 〈TLVσ〉

Vµ ≡ DµU U† , DµVν ≡ ∂µVν − i [Ŵµ,Vν ] , (Vµ,DµVν ,TL) → gL (Vµ,DµVν ,TL) g
†
L

Symmetry breaking: TL ≡ U σ3
2 U† , B̂µν ≡ −g ′ σ3

2 Bµν
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Low-Energy Effective Theory Power Counting

• Momentum expansion: Λ ∼ 4πv , MX

T =
∑

n

Tn

(p

Λ

)n

• U ∼ O(p0) , DµU, Ŵµ, B̂µ ∼ O(p1) , Ŵµν , B̂µν ∼ O(p2)

• A general connected diagram with Nd vertices of O(pd) and

L Goldstone loops has a power dimension:

D = 2L+ 2+
∑

d

Nd (d− 2)

Finite number of divergences / counterterms
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NLO Predictions

• L(2)
EW at one loop: Unitarity

Non-local (logarithmic) dependences unambiguously predicted

• L(4)
EW at tree level: Local (polynomic) amplitude

Short-distance information encoded in the ai couplings

Loop divergences reabsorbed through renormalized ai

ai = a
r
i (µ) +

γi
16π2

[

2µD−4

4−D
+ log (4π)− γE

]
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âi ≡ ai/(16π)
2 for different limits of the SM

MH → ∞ Mt′,b′ → ∞ Mt → ∞

â0 − 3
4 g

′2 [log (MH/µ) − 5
12

]
0 3

2

M2
t

v2

â1 − 1
6 log (MH/µ) +

5
72 − 1

2
1
3 log (Mt/µ) − 1

4

â2 − 1
12 log (MH/µ) +

17
144 − 1

2
1
3 log (Mt/µ) − 3

4

â3
1
12 log (MH/µ) − 17

144
1
2

3
8

â4
1
6 log (MH/µ) − 17

72
1
4 log (Mt/µ) − 5

6

â5
2π2v2

M2
H

+ 1
12 log (MH/µ) − 79

72 + 9π
16

√
3

− 1
8 − log (Mt/µ) +

23
24

â6 0 0 − log (Mt/µ) +
23
24

â7 0 0 log (Mt/µ) − 23
24

â8 0 0 log (Mt/µ) − 7
12

â9 0 0 log (Mt/µ) − 23
24

â10 0 0 − 1
64

â11 — − 1
2 − 1

2

â12 — 0 − 1
8

â13 — 0 − 1
4

â14 0 0 3
8
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Equations of Motion Redundant Operators

Equivalent to field redefinitions which only affect higher-order terms

For massless fermions: ∂µ 〈TLV
µ〉 = 0 , DµV

µ = 0







O11 = O12 = 0

O13 = −g ′2

4 BµνB
µν +O1 −O4 +O5 −O6 +O7 +O8
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Equations of Motion Redundant Operators

Equivalent to field redefinitions which only affect higher-order terms

For massless fermions: ∂µ 〈TLV
µ〉 = 0 , DµV

µ = 0







O11 = O12 = 0

O13 = −g ′2

4 BµνB
µν +O1 −O4 +O5 −O6 +O7 +O8

Heavy top: O11 =̇ g4

8M4
W

m2
t

{

(t̄γ5t)
2 − 4

∑

i ,j

(d̄iLtR) (t̄RdjL)VtjV
∗
ti

}
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Unitary Gauge: U = 1

All invariants reduce to polynomials of gauge fields

• Bilinear terms: O0, O1, O8, O11, O12, O13

Oblique corrections (∆r , ∆ρ, ∆k S , T , U)

• Trilinear terms: O2, O3, O9, O14

• Quartic terms: O4, O5, O6, O7, O10

• O11∼ m2
t (ψ̄ψ)(ψ̄ψ): Zb̄b, B0–B̄0, εK . . .
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ϕaϕb → ϕϕd :
A(ϕaϕb → ϕcϕd ) = A(s, t, u) δab δcd + A(t, s, u) δac δbd + A(u, t, s) δad δbc

A(s, t, u) =
s

v2
+

4

v2

[
ar4(µ) (t

2 + u2) + 2 ar5(µ) s
2
]

+
1

16π2v2

{
5

9
s2 +

13

18
(t2 + u2) +

1

12
(s2 − 3t2 − u2) log

(−t

µ2

)

+
1

12
(s2 − t2 − 3u2) log

(−u

µ2

)
− 1

2
s2 log

(−s

µ2

)}

ai = a
r
i (µ) +

γi

16π2

[
2µD−4

4−D
+ log (4π) − γE

]
, γ4 = − 1

12
, γ5 = − 1

24
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ϕaϕb → ϕϕd
+ Higgs (tree + 1-loop) contributions

L =
v2

4
〈DµU†DµU〉

[
1 + 2 a

H

v
+ b

H2

v2

]

Espriu–Mescia–Yencho, Delgado–Dobado–Llanes-Estrada

A(s, t, u) =
s

v2
(1 − a

2) +
4

v2

[
a
r
4(µ) (t2 + u

2) + 2 ar5(µ) s
2
]

+
1

16π2v2

{
1

9
(14 a4 − 10 a2 − 18 a2b + 9 b2 + 5) s2 +

13

18
(1 − a

2)2 (t2 + u
2)

− 1

2
(2 a4 − 2 a2 − 2 a2b + b

2 + 1) s2 log

(−s

µ2

)

+
1

12
(1 − a

2)2
[
(s2 − 3t2 − u

2) log

(−t

µ2

)
+ (s2 − t

2 − 3u2) log

(−u

µ2

)]}

γ4 = − 1
12 (1 − a2)2 , γ5 = − 1

48 (2 + 5 a4 − 4 a2 − 6 a2b + 3 b2)
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ϕaϕb → ϕϕd
+ Higgs (tree + 1-loop) contributions

L =
v2

4
〈DµU†DµU〉

[
1 + 2 a

H

v
+ b

H2

v2

]

Espriu–Mescia–Yencho, Delgado–Dobado–Llanes-Estrada

A(s, t, u) =
s

v2
(1 − a

2) +
4

v2

[
a
r
4(µ) (t2 + u

2) + 2 ar5(µ) s
2
]

+
1

16π2v2

{
1

9
(14 a4 − 10 a2 − 18 a2b + 9 b2 + 5) s2 +

13

18
(1 − a

2)2 (t2 + u
2)

− 1

2
(2 a4 − 2 a2 − 2 a2b + b

2 + 1) s2 log

(−s

µ2

)

+
1

12
(1 − a

2)2
[
(s2 − 3t2 − u

2) log

(−t

µ2

)
+ (s2 − t

2 − 3u2) log

(−u

µ2

)]}

γ4 = − 1
12 (1 − a2)2 , γ5 = − 1

48 (2 + 5 a4 − 4 a2 − 6 a2b + 3 b2)

SM: a = b = 1 , a4 = a5 = 0 A(s, t, u) ∼ O(M2
H
/v2)
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Yukawa Couplings

LY = −v
{

Q̄L U(ϕ)
[

Ŷu P+ + Ŷd P−
]

QR + L̄L U(ϕ) Ŷℓ P+ LR + h.c.
}

Q =

(

u

d

)

, L =

(

νℓ
ℓ

)

U(ϕ) → gL U(ϕ) g†
R , QL → gL QL , QR → gR QR , P± → gR P± g

†
R
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Yukawa Couplings

LY = −v
{

Q̄L U(ϕ)
[

Ŷu P+ + Ŷd P−
]

QR + L̄L U(ϕ) Ŷℓ P+ LR + h.c.
}

Q =

(

u

d

)

, L =

(

νℓ
ℓ

)

U(ϕ) → gL U(ϕ) g†
R , QL → gL QL , QR → gR QR , P± → gR P± g

†
R

Symmetry Breaking: P± = 1
2 (I2 ± σ3)
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Yukawa Couplings

LY = −v
{

Q̄L U(ϕ)
[

Ŷu P+ + Ŷd P−
]

QR + L̄L U(ϕ) Ŷℓ P+ LR + h.c.
}

Q =

(

u

d

)

, L =

(

νℓ
ℓ

)

U(ϕ) → gL U(ϕ) g†
R , QL → gL QL , QR → gR QR , P± → gR P± g

†
R

Symmetry Breaking: P± = 1
2 (I2 ± σ3)

Flavour Structure: Ŷu,d,ℓ 3× 3 matrices in flavour space
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NLO Operators Buchalla–Catá

OψV1 = i Q̄Lγ
µ
QL 〈VµTL〉 OψV2 = i Q̄Lγ

µ
TLQL 〈VµTL〉 OψV3 = i Q̄Lγ

µ
P̃12QL 〈VµP̃21〉

OψV4 = i ūRγ
µ
uR 〈VµTL〉 OψV5 = i d̄Rγ

µ
dR 〈VµTL〉 OψV6 = i ūRγ

µ
dR 〈VµP̃21〉

OψV7 = i L̄Lγ
µ
LL 〈VµTL〉 OψV8 = i L̄Lγ

µ
TLLL 〈VµTL〉 OψV9 = L̄Lγ

µ
P̃12LL 〈VµP̃21〉

OψV10 = ℓ̄Rγ
µ
ℓR 〈VµTL〉 O†

ψV3 O†
ψV6

OψS1,2 = Q̄LP̃±UQR 〈DµU†
D
µ
U〉 OψS3,4 = Q̄LP̃±UQR 〈VµTL〉2

OψS5 = Q̄LP̃12UQR 〈VµP̃21〉 〈VµTL〉 OψS6 = Q̄LP̃12QR 〈VµP̃12〉 〈VµTL〉

OψS7 = L̄LP̃−ULR 〈DµU†
D
µ
U〉 OψS8 = L̄LP̃−ULR 〈VµTL〉2

OψS9 = L̄LP̃12ULR 〈VµP̃12〉 〈VµTL〉

OψT1 = Q̄Lσ
µν

P̃12UQR 〈VµP̃21〉 〈VνTL〉 OψT2 = Q̄Lσ
µν

P̃21UQR 〈VµP̃12〉 〈VνTL〉

OψT3,4 = Q̄Lσ
µν

P̃±UQR 〈VµP̃12〉 〈Vν P̃21〉 OψT5 = L̄Lσ
µν

P̃12ULR 〈VµP̃21〉 〈VνTL〉

OψT6 = L̄Lσ
µν

P̃−ULR 〈VµP̃12〉 〈Vν P̃21〉

Vµ = DµU U
† , TL = U

σ
3

2
U

† , P̃12 = U
σ
1+i2

2
U

† , P̃21 = U
σ
1−i2

2
U

† , P̃± = U P± U
†
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NLO Operators (cont.) Buchalla–Catá

OLL6 = Q̄Lγ
µ
TLQL Q̄LγµTLQL OLL7 = Q̄Lγ

µ
TLQL Q̄LγµQL OLL8 = q̄Lαγ

µ
TLQLβ Q̄LβγµTLQLα

OLL10 = Q̄Lγ
µ
TLQL L̄LγµTLLL OLL11 = Q̄Lγ

µ
TLQL L̄LγµLL OLL9 = Q̄Lαγ

µ
TLQLβ Q̄LβγµQLα

OLL12 = Q̄Lγ
µ
QL L̄LγµTLLL OLL13 = Q̄Lγ

µ
TLLL L̄LγµTLQL OLL14 = Q̄Lγ

µ
TLLL L̄LγµQL

OLL15 = L̄Lγ
µ
TLLL L̄LγµTLLL OLL16 = L̄Lγ

µ
TLLL L̄LγµLL

OLR10 = Q̄Lγ
µ
TLQL ūRγµuR OLR12 = Q̄Lγ

µ
TLQL d̄RγµdR OLR11 = Q̄Lγ

µ
t
a
TLQL ūRγµt

a
uR

OLR14 = ūRγ
µ
uR L̄LγµTLLL OLR15 = d̄Rγ

µ
dR L̄LγµTLLL OLR13 = Q̄Lγ

µ
t
a
TLQL d̄Rγµt

a
dR

OLR16 = Q̄Lγ
µ
TLQL ℓ̄RγµℓR OLR17 = L̄Lγ

µ
TLLL ℓ̄RγµℓR OLR18 = Q̄Lγ

µ
TLLL ℓ̄RγµdR

OST5 = Q̄LP̃+UQR Q̄LP̃−UQR OST6 = Q̄LP̃21UQR Q̄LP̃12UQR OST7 = Q̄Lt
a
P̃+UQR Q̄Lt

a
P̃−UQR

OST9 = Q̄LP̃+UQR L̄LP̃−ULR OST10 = Q̄LP̃21UQR L̄LP̃12ULR OST8 = Q̄Lt
a
P̃21UQR Q̄Lt

a
P̃12UQR

OST11 = Q̄Lσ
µν

P̃+UQR L̄Lσµν P̃−ULR OST12 = Q̄Lσ
µν

P̃21UQR L̄Lσµν P̃12ULR

OFY4 = Q̄Lt
a
P̃−UQR Q̄Lt

a
P̃−UQR OFY 8 = Q̄Lσ

µν
P̃−UQR L̄Lσµν P̃−ULR

OFY1 = Q̄LP̃+UQR Q̄LP̃+UQR OFY3 = Q̄LP̃−UQR Q̄LP̃−UQR OFY2 = Q̄Lt
a
P̃+UQR Q̄Lt

a
P̃+UQR

OFY5 = Q̄LP̃−UQR Q̄RU
†
P̃+QL OFY7 = Q̄LP̃−UQR L̄LP̃−ULR OFY6 = Q̄Lt

a
P̃−UQR Q̄Rt

a
U

†
P̃+QL

OFY9 = L̄LP̃−ULR Q̄RU
†
P̃+QR OFY10 = L̄LP̃−ULR L̄LP̃−ULR OFY11 = L̄LP̃−UQR Q̄RU

†
P̃+LL
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Including a Light (singlet) Higgs in the EWET

Let us assume that h(126) is an SU(2)L+R scalar singlet

All Higgsless operators can be multiplied by an arbitrary function of h:

OX ÕX ≡ FX (h) OX

FX (h) =
∑

n=0

c
(n)
X

(
h

v

)n

In addition, the LO Lagrangian should include the scalar potential:

V (h) = v4
∑

n=2

c
(n)
V

(
h

v

)n
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Plus operators with derivatives (∂µh): FX ≡ FX (h)

OD7 = −〈VµVµ〉
∂νh ∂νh

v2
FD7 OD8 = −〈VµVν〉

∂µh ∂νh

v2
FD8 OD11 =

(∂µh ∂µh)2

v4
FD11

OD6 = −〈TLVµVν〉〈TLV
µ〉 ∂νh

v
FD6 OD9 = −〈TLVµ〉〈TLV

µ〉 ∂νh ∂νh

v2
FD9

OD10 = −〈TLVµ〉〈TLVν〉
∂µh ∂νh

v2
FD10 OψS18 = L̄LP̃−ULR

∂µh ∂µh

v2
FψS18

OψS10 = −i Q̄LP̃+UQR 〈TLVµ〉
∂µh

v
FψS10 OψS11 = −i Q̄LP̃−UQR 〈TLVµ〉

∂µh

v
FψS11

OψS12 = −i Q̄LP̃12UQR 〈P̃21Vµ〉
∂µh

v
FψS12 OψS13 = −i Q̄LP̃21UQR 〈P̃12Vµ〉

∂µh

v
FψS13

OψS14 = Q̄LP̃+UQR

∂µh ∂µh

v2
FψS14 OψS15 = Q̄LP̃−UQR

∂µh ∂µh

v2
FψS15

OψS16 = −i L̄LP̃−ULR 〈TLVµ〉
∂µh

v
FψS16 OψS17 = −i L̄LP̃12ULR 〈P̃21Vµ〉

∂µh

v
FψS17

OψT7 = −i Q̄Lσµν P̃+UQR 〈TLV
µ〉 ∂νh

v
FψT7 OψT8 = −i Q̄Lσµν P̃−UQR 〈TLV

µ〉 ∂νh

v
FψT8

OψT9 = −i Q̄Lσµν P̃21UQR 〈P̃12V
µ〉 ∂νh

v
FψT9 OψT10 = −i Q̄Lσµν P̃12UQR 〈P̃21V

µ〉 ∂νh

v
FψT10

OψT11 = −i L̄Lσµν P̃−ULR 〈TLV
µ〉 ∂νh

v
FψT11 OψT12 = −i L̄Lσµν P̃12ULR 〈P̃21V

µ〉 ∂νh

v
FψT12

Buchalla–Catà–Krause
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Linear Realization: SU(2)L ⊗U(1)Y

Assumes that H(126) and ~ϕ combine into an SU(2)L doublet:

Φ =

(

Φ+

Φ0

)

= 1
2 (v + H) U(~ϕ)

(

0

1

)

The SM Lagrangian is the low-energy effective theory with D = 4

Leff = LSM +
∑

D>4

∑

i

c
(D)
i

ΛD−4
O(D)

i

• 1 operator with D = 5: O(5) = L̄LΦ̃Φ̃
TLcL (violates L by 2 units)

Weinberg

• 59 independent O(6)
i preserving B and L (for 1 generation)

Buchmuller–Wyler, Grzadkowski–Iskrzynski–Misiak–Rosiek

• 5 independent O(6)
i violating B and L (for 1 generation)

Weinberg, Wilczek–Zee, Abbott–Wise,
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D = 6 Operators (other than 4-fermion ones)

Grzadkowski–Iskrzynski–Misiak–Rosiek

X 3 Φ6 and Φ4D2 ψ2Φ3

OG f ABCGAν
µ G

Bρ
ν G

Cµ
ρ OΦ (Φ†Φ)3 OeΦ (Φ†Φ) (l̄perΦ)

O
G̃

f ABC G̃Aν
µ G

Bρ
ν G

Cµ
ρ OΦ� (Φ†Φ)� (Φ†Φ) OuΦ (Φ†Φ) (q̄pur Φ̃)

OW εIJKW Iν
µ W

Jρ
ν W

Kµ
ρ OΦD

(
Φ†DµΦ

)⋆ (
Φ†DµΦ

)
OdΦ (Φ†Φ) (q̄pdrΦ)

O
W̃

εIJK W̃ Iν
µ W

Jρ
ν W

Kµ
ρ

X 2Φ2 ψ2XΦ ψ2Φ2D

OΦG Φ†Φ GA
µνG

Aµν OeW (l̄pσµνer ) τ IΦW I
µν O(1)

Φl
(Φ†i

↔

Dµ Φ) (l̄pγµlr )

O
ΦG̃

Φ†Φ G̃A
µνG

Aµν OeB (l̄pσµνer ) ΦBµν O(3)
Φl

(Φ†i
↔

D I
µ Φ) (l̄pτ I γµlr )

OΦW Φ†Φ W I
µνW

Iµν OuG (q̄pσµνTAur ) Φ̃GA
µν OΦe (Φ†i

↔

Dµ Φ) (ēpγµer )

O
ΦW̃

Φ†Φ W̃ I
µνW

Iµν OuW (q̄pσµνur ) τ I Φ̃W I
µν O(1)

Φq
(Φ†i

↔

Dµ Φ) (q̄pγµqr )

OΦB Φ†Φ BµνB
µν OuB (q̄pσµνur ) Φ̃Bµν O(3)

Φq
(Φ†i

↔

D I
µ Φ) (q̄pτ I γµqr )

O
ΦB̃

Φ†Φ B̃µνB
µν OdG (q̄pσµνTAdr ) ΦGA

µν OΦu (Φ†i
↔

Dµ Φ) (ūpγµur )

OΦWB Φ†τ IΦ W I
µνB

µν OdW (q̄pσµνdr ) τ IΦW I
µν OΦd (Φ†i

↔

Dµ Φ) (d̄pγµdr )

O
ΦW̃B

Φ†τ IΦ W̃ I
µνB

µν OdB (q̄pσµνdr ) ΦBµν OΦud i(Φ̃†DµΦ) (ūpγµdr )

q = qL , l = lL , u = uR , d = dR , e = eR , p, r = generation indices
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D = 6 Four-Fermion Operators

Grzadkowski–Iskrzynski–Misiak–Rosiek

(L̄L) (L̄L) (R̄R) (R̄R) (L̄L) (R̄R)

Oll (l̄pγµlr ) (l̄sγ
µlt ) Oee (ēpγµer ) (ēsγ

µet ) Ole (l̄pγµlr ) (ēsγ
µet )

O(1)
qq (q̄pγµqr ) (q̄sγ

µqt ) Ouu (ūpγµur ) (ūsγ
µut ) Olu (l̄pγµlr ) (ūsγ

µut )

O(3)
qq (q̄pγµτ

Iqr ) (q̄sγ
µτ Iqt ) Odd (d̄pγµdr ) (d̄sγ

µdt ) Old (l̄pγµlr ) (d̄sγ
µdt )

O(1)

lq
(l̄pγµ lr ) (q̄sγ

µqt ) Oeu (ēpγµer ) (ūsγ
µut ) Oqe (q̄pγµqr ) (ēsγ

µet )

O(3)

lq
(l̄pγµτ

I lr ) (q̄sγ
µτ Iqt ) Oed (ēpγµer ) (d̄sγ

µdt ) O(1)
qu (q̄pγµqr ) (ūsγ

µut )

O(1)

ud
(ūpγµur ) (d̄sγ

µdt ) O(8)
qu (q̄pγµT

Aqr ) (ūsγ
µTAut )

O(8)
ud

(ūpγµT
Aur ) (d̄sγ

µTAdt ) O(1)
qd

(q̄pγµqr ) (d̄sγ
µdt )

O(8)
qd

(q̄pγµT
Aqr ) (d̄sγ

µTAdt )

(L̄R) (R̄L) and (L̄R) (L̄R) B-violating

Oledq (l̄ jper ) (d̄sq
j
t ) Oduq εαβγ εjk

[
(dαp )TCuβr

] [
(qγjs )TClkt

]

O(1)

quqd
(q̄j

pur ) εjk (q̄k
s dt ) Oqqu εαβγ εjk

[
(qαj

p )TCqβkr

] [
(uγs )

TCet
]

O(8)

quqd
(q̄j

pT
Aur ) εjk (q̄k

s T
Adt ) O(1)

qqq εαβγ εjk εmn

[
(qαj

p )TCqβkr

] [
(qγms )TClnt

]

O(1)

lequ
(l̄ jper ) εjk (q̄k

s ut ) O(3)
qqq εαβγ (τ Iε)jk (τ Iε)mn

[
(qαj

p )TCqβkr

] [
(qγms )TClnt

]

O(3)

lequ
(l̄ jpσµνer ) εjk (q̄k

s σ
µνut ) Oduu εαβγ

[
(dαp )TCuβr

] [
(uγs )

TCet
]

q = qL , l = lL , u = uR , d = dR , e = eR , p, r, s, t = generation indices
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OUTLOOK

• Effective Field Theory: powerful low-energy tool

• Mass Gap: E,m
light

≪ ΛNP

• Assumption: relevant symmetries (breakings) & light fields

• Most general Leff(φlight
) allowed by symmetry

• Short-distance dynamics encoded in LECs

• LECs constrained phenomenologically

• Goal: get hints on the underlying fundamental dynamics

New Physics
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Learning from QCD experience. EW problem more difficult

Fundamental Underlying Theory unknown

QCD

χPT

?

Standard
Model

Additional dynamical input (fresh ideas!) needed
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Backup Slides
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QCD Matching

(µ > M) L(NF )
QCD L(NF−1)

QCD +
∑

di>4

ci

Mdi−4
Oi (µ < M)
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QCD Matching

(µ > M) L(NF )
QCD L(NF−1)

QCD +
∑

di>4

ci

Mdi−4
Oi (µ < M)

α(NF )
s (µ2) = α(NF−1)

s (µ2)






1 +

∞∑

k=1

Ck(L)

[

α
(NF−1)
s (µ2)

π

]k






L ≡ ln
(

µ2/m2
q

)

m(NF )
q (µ2) = m(NF−1)

q (µ2)






1 +

∞∑

k=1

Hk(L)

[

α
(NF−1)
s (µ2)

π

]k
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QCD Matching

(µ > M) L(NF )
QCD L(NF−1)

QCD +
∑

di>4

ci

Mdi−4
Oi (µ < M)

α(NF )
s (µ2) = α(NF−1)

s (µ2)






1 +

∞∑

k=1

Ck(L)

[

α
(NF−1)
s (µ2)

π

]k






L ≡ ln
(

µ2/m2
q

)

m(NF )
q (µ2) = m(NF−1)

q (µ2)






1 +

∞∑

k=1

Hk(L)

[

α
(NF−1)
s (µ2)

π

]k






• Matching conditions known to 4 (3) loops: C1,2,3,4 , H1,2,3
(Schroder-Steinhauser, Chetyrkin et al, Larin et al)

• L dependence known to 4 loops: H4(L)

• αs(µ
2) is not continuous at threshold
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1

v(t) =
∑

n

∫

d3x
{
〈0|j0(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0(x)|0〉

}
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1

v(t) =
∑

n

∫

d3x
{
〈0|j0(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0(x)|0〉

}

=
∑

n

∫

d3x
{
e
−ipn·x 〈0|j0(0)|n〉〈n|O|0〉 − e

ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1

v(t) =
∑

n

∫

d3x
{
〈0|j0(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0(x)|0〉

}

=
∑

n

∫

d3x
{
e
−ipn·x 〈0|j0(0)|n〉〈n|O|0〉 − e

ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}

= (2π)3
∑

n

δ(3)(~pn)
{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉 − e

iEnt 〈0|O|n〉〈n|j0(0)|0〉
}
6= 0
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1

v(t) =
∑

n

∫

d3x
{
〈0|j0(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0(x)|0〉

}

=
∑

n

∫

d3x
{
e
−ipn·x 〈0|j0(0)|n〉〈n|O|0〉 − e

ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}

= (2π)3
∑

n

δ(3)(~pn)
{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉 − e

iEnt 〈0|O|n〉〈n|j0(0)|0〉
}
6= 0

d

dt
v(t) = 0
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Goldstone Theorem
Q =

∫
d3x j0(x) ; ∂µj

µ
a = 0 ; ∃O : v(t) ≡ 〈0| [Q(t),O] |0〉 6= 0

∃ |n〉 : 〈0|O|n〉 〈n|j0|0〉 6= 0 ; En δ
(3) (~pn) = 0 ; Mn = 0

Proof: j0(x) = e
iP·x j0(0) e−iP·x ;

∑

n

|n〉〈n| = 1

v(t) =
∑

n

∫

d3x
{
〈0|j0(x)|n〉〈n|O|0〉 − 〈0|O|n〉〈n|j0(x)|0〉

}

=
∑

n

∫

d3x
{
e
−ipn·x 〈0|j0(0)|n〉〈n|O|0〉 − e

ipn·x 〈0|O|n〉〈n|j0(0)|0〉
}

= (2π)3
∑

n

δ(3)(~pn)
{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉 − e

iEnt 〈0|O|n〉〈n|j0(0)|0〉
}
6= 0

d

dt
v(t) = 0 = −i (2π)3

∑

n

δ(3)(~pn)En

{
e
−iEnt 〈0|j0(0)|n〉〈n|O|0〉

+ e
iEnt 〈0|O|n〉〈n|j0(0)|0〉

}
�
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉

〈0| ū u |0〉 = 〈0| d̄ d |0〉 = 〈0| s̄ s |0〉 6= 0
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Noether QCD Currents: G ≡ SU(3)L ⊗ SU(3)R

Jaµ
X

= q̄
X
γµ λa

2 q
X

; Qa
X
=
∫
d3x Ja0

X
(x) (a = 1, · · · , 8 ; X = L,R)

Current Algebra (’60) :
[
Qa

X
,Qb

Y

]
= i δ

XY
f abc Qc

X

Dynamical Symmetry Breaking:

• 8 Pseudoscalar Goldstones πa = (π,K , η)

• Qa
A = QR −QL ; Ob = q̄ γ5 λ

b q

〈0|
[
Qa

A ,Ob
]
|0〉 = −1

2
〈0| q̄

{
λa , λb

}
q |0〉 = −2

3
〈0| q̄ q |0〉

〈0| ū u |0〉 = 〈0| d̄ d |0〉 = 〈0| s̄ s |0〉 6= 0

• 〈0| Jaµ
A

|πb(p)〉 = i δab
√
2 fπ p

µ
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Chiral Anomaly: δZ [v , a, s, p] = − NC

16π2

∫
d4x 〈δβ(x)Ω(x)〉

gL,R ≈ 1 + iδα∓ iδβ

Ω(x) = εµνσρ
[

vµνvσρ +
4
3
∇µaν∇σaρ +

2
3
i {vµν , aσaρ}+ 8

3
i aσvµνaρ +

4
3
aµaνaσaρ

]

vµν = ∂µvν − ∂νvµ − i [vµ, vν ] , ∇µaν = ∂µaν − i [vµ, aν ] , ε0123 = 1
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Chiral Anomaly: δZ [v , a, s, p] = − NC

16π2

∫
d4x 〈δβ(x)Ω(x)〉

gL,R ≈ 1 + iδα∓ iδβ

Ω(x) = εµνσρ
[

vµνvσρ +
4
3
∇µaν∇σaρ +

2
3
i {vµν , aσaρ}+ 8

3
i aσvµνaρ +

4
3
aµaνaσaρ

]

vµν = ∂µvν − ∂νvµ − i [vµ, vν ] , ∇µaν = ∂µaν − i [vµ, aν ] , ε0123 = 1

S [U , ℓ, r ]
WZW

= − iNC

240π2

∫

dσijklm
〈
ΣL

i Σ
L
j Σ

L
kΣ

L
l Σ

L
m

〉

− iNC

48π2

∫

d4x εµναβ
(
W (U , ℓ, r)µναβ −W (1, ℓ, r)µναβ

)

Wess–Zumino–Witten

W (U , ℓ, r)µναβ =
〈
UℓµℓνℓαU

†rβ +
1

4
UℓµU

†rνUℓαU
†rβ + iU∂µℓνℓαU

†rβ

+ i∂µrνUℓαU
†rβ − iΣL

µℓνU
†rαUℓβ +ΣL

µU
†∂νrαUℓβ − ΣL

µΣ
L
νU

†rαUℓβ

+ ΣL
µℓν∂αℓβ +ΣL

µ∂νℓαℓβ − iΣL
µℓνℓαℓβ +

1

2
ΣL

µℓνΣ
L
αℓβ − iΣL

µΣ
L
νΣ

L
αℓβ
〉

− (L ↔ R)

ΣL
µ = U†∂µU , ΣR

µ = U∂µU
†
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π0 → γγ:

+
π0

q γ

γ

A
µ
3 ≡ ūγµγ5u − d̄γµγ5d

Γ(π0 → γγ) =

(
Nc

3

)2
α2M3

π

64 π3f 2π
= 7.73 eV

Exp: (7.7 ± 0.6) eV

There are no QCD corrections

The chiral anomaly contributes to: π0 → γγ , η → γγ

γ 3π , γ π+π−η , KK̄3π , · · ·
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Goldstone Electroweak Effective Theory

L(2)
EW = − 1

2g2
〈ŴµνŴ

µν〉 − 1

2g ′ 2 〈B̂µνB̂
µν〉+ v2

4
〈DµU†DµU〉

U(ϕ) = exp

{
i
√
2

v
Φ

}
, Φ ≡ 1√

2
~σ·~ϕ =




1√
2
ϕ0 ϕ+

ϕ− − 1√
2
ϕ0




DµU = ∂µU− i ŴµU+ i U B̂µ , DµU† = ∂µU†+ i U†Ŵµ− i B̂µU† , 〈A〉 ≡ Tr(A)

Ŵµν = ∂µŴν − ∂νŴµ − i [Ŵµ, Ŵν ] , B̂µν = ∂µB̂ν − ∂ν B̂µ − i [B̂µ, B̂ν ]
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Goldstone Electroweak Effective Theory

L(2)
EW = − 1

2g2
〈ŴµνŴ

µν〉 − 1

2g ′ 2 〈B̂µνB̂
µν〉+ v2

4
〈DµU†DµU〉

U(ϕ) = exp

{
i
√
2

v
Φ

}
, Φ ≡ 1√

2
~σ·~ϕ =




1√
2
ϕ0 ϕ+

ϕ− − 1√
2
ϕ0




DµU = ∂µU− i ŴµU+ i U B̂µ , DµU† = ∂µU†+ i U†Ŵµ− i B̂µU† , 〈A〉 ≡ Tr(A)

Ŵµν = ∂µŴν − ∂νŴµ − i [Ŵµ, Ŵν ] , B̂µν = ∂µB̂ν − ∂ν B̂µ − i [B̂µ, B̂ν ]SU(2)L ⊗ SU(2)R → SU(2)L+R Symmetry: U(ϕ) → gL U(ϕ) g †
R

Ŵ µ → gL Ŵ
µg

†
L + i gL ∂

µg
†
L , B̂µ → gR B̂µg

†
R + i gR ∂

µg
†
R
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Goldstone Electroweak Effective Theory

L(2)
EW = − 1

2g2
〈ŴµνŴ

µν〉 − 1

2g ′ 2 〈B̂µνB̂
µν〉+ v2

4
〈DµU†DµU〉

U(ϕ) = exp

{
i
√
2

v
Φ

}
, Φ ≡ 1√

2
~σ·~ϕ =




1√
2
ϕ0 ϕ+

ϕ− − 1√
2
ϕ0




DµU = ∂µU− i ŴµU+ i U B̂µ , DµU† = ∂µU†+ i U†Ŵµ− i B̂µU† , 〈A〉 ≡ Tr(A)

Ŵµν = ∂µŴν − ∂νŴµ − i [Ŵµ, Ŵν ] , B̂µν = ∂µB̂ν − ∂ν B̂µ − i [B̂µ, B̂ν ]SU(2)L ⊗ SU(2)R → SU(2)L+R Symmetry: U(ϕ) → gL U(ϕ) g †
R

Ŵ µ → gL Ŵ
µg

†
L + i gL ∂

µg
†
L , B̂µ → gR B̂µg

†
R + i gR ∂

µg
†
R

SM Symmetry Breaking: Ŵ µ = −g
2 ~σ · ~W µ , B̂µ = −g ′

2 σ3 B
µ
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Custodial Symmetry Breaking: B̂µ ≡ −g ′ σ3
2
Bµ

B

ϕ

TL TL

〈VµTLV
µTL〉

Vµ ≡ DµU U
† = i

√
2

v
DµΦ+ · · · , TL ≡ U

σ3

2
U

† , TLTL =
1

4
I2

〈VµTLV
µTL〉 = 〈VµTL〉 〈V µTL〉 −

1

2
〈VµV µ〉 〈TLTL〉

= 〈VµTL〉 〈V µTL〉 −
1

4
〈VµV µ〉

O0 = v2 〈VµTL〉 〈V µTL〉
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Decoupling: Appelquist–Carazzone

The low-energy effects of heavy particles are either suppressed by inverse

powers of the heavy masses, or they get absorbed into renormalizations of

the couplings and fields of the EFT obtained by removing the heavy particles

SM: MW = MZ cos θW = 1
2 g v , MH =

√
2λ v , Mf =

1√
2
yf v

• Decoupling occurs when v → ∞ , keeping the couplings fixed

• There is no decoupling if some Mi → ∞ , keeping v = 246 GeV

(g, λ, yf → ∞)
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ϕaϕb → ϕϕd :
• Isospin: A0(s, t, u) = 3A(s, t, u) + A(t, s, u) + A(u, t, s)

A1(s, t, u) = A(t, s, u) − A(u, t, s)

A2(s, t, u) = A(t, s, u) + A(u, t, s)

• Partial Waves: AIJ(s) =
1

64π

∫ +1

−1
d cos θ PJ(cos θ) AI (s, t, u)

σ(s) =
64π

s

∑

I ,J

(2I + 1) (2J + 1) |AIJ |2

A00(s) =
s

16πv2

{
1 +

s

16π2v2

[
101

36
+

64π2

3
(7 ar4 + 11 ar5)−

25

18
log

(
s

µ2

)
+ i π

]
+ · · ·

}

A11(s) =
s

96πv2

{
1 +

s

16π2v2

[
1

9
+ 64π2 (ar4 − 2 ar5) + i

π

6

]
+ · · ·

}

A20(s) =
−s

32πv2

{
1 +

s

16π2v2

[
−91

36
− 256π2

3
(2 ar4 + ar5) +

10

9
log

(
s

µ2

)
− i

π

2

]
+ · · ·

}
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Power Counting

• Momentum expansion: Λ ∼ 4πv , MX

T =
∑

n

Tn

( p

Λ

)n
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Power Counting

• Momentum expansion: Λ ∼ 4πv , MX

T =
∑

n

Tn

( p

Λ

)n

• Loop Expansion: A generic L-loop diagram D scales as

D ∼ (yv)ν(gv)m+2r+2x+u+z

vFL+FR−2−2ω

pd

Λ2L
ψ̄

F 1
L

L ψ
F 2
L

L ψ̄
F 1
R

R ψ
F 2
R

R

(

Xµν

v

)V
(ϕ

v

)B
(

h

v

)H

d ≡ 2L+ 2− 1
2
(FL + FR)− V − ν −m − 2r − 2x − u − z − 2ω

Buchalla–Catà–Krause

# external fields: FL = F 1
L + F 2

L , FR = F 1
R + F 2

R , B , H , V (Xµ = gauge boson)

# vertices: m ≡ ∑
l ml (Xµϕ

l ) , r ≡ ∑
s rs (X 2

µϕ
s ) , u (X 3

µ) , x (X 4
µ) , ω ≡ ∑

q ωq (hq )

ν ≡ ∑
k νk (ψ̄ψϕk ) +

∑
t,b τtb (ψ̄ψϕthb) , z ≡ zL + zR (ψ̄λψλXµ , λ = L,R)
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Too many operators/couplings Further input needed

FX (h) =
∑

n=0

c
(n)
X

(
h

v

)n

=
∑

n=0

c̃
(n)
X

(
gh h

Λ
NP

)n
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Too many operators/couplings Further input needed

FX (h) =
∑

n=0

c
(n)
X

(
h

v

)n

=
∑

n=0

c̃
(n)
X

(
gh h

Λ
NP

)n

• Weak coupling: gh ≪ 1
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