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Outline (Lecture I)

SCET1 ,  momentum scales and regions 

Wilson lines, W, from off shell propagators

•

•

•

Done on the Board!
( See the lecture notes below. )

Field power counting in SCET

•

•

• Gauge Symmetry

• Hard-Collinear Factorization

eg.  Deep Inelastic Scattering

EFT concepts!
Intro to SCET!
SCET degrees of freedom

�









modes pµ
= (+,°,?) p2

fields

collinear Q(∏2, 1,∏) Q2∏2 ªn, Aµ
n

soft Q(∏,∏,∏) Q2∏2 qs, Aµ
s

usoft Q(∏2,∏2,∏2
) Q2∏4 qus, Aµ

us

n-

n̄-collinear Q(1, λ2, λ) Q2λ2 ξn̄, Aµ

n̄

SCETI

Two jets and ultrasoft radiation

Comments:
1) multiple modes for IR
2) integrate out modes 

above a hyperbola

p+

c hard

l2

2

p-

Q

lQ 0

cn

lQ lQ 0

us

n

p2 = Q2

p2 = Q2�2 �M2
a,b

p2 = Q2�4

p2 = p+p�

dd

usoft particles

n-collinear 
       jet

n-collinear 
       jet

for picture



Two jets and soft radiation with       -type measurement

p2 = Q2
p2 = p+p�

for picture

modes pµ = (+,�,�) p2 fields
n-collinear Q(�2, 1,�) Q2�2 �n, Aµ

n

n̄-collinear Q(1,�2,�) Q2�2 �n̄, Aµ
n̄

soft Q(�, �, �) Q2�2 qs, Aµ
s

SCETII

p�

Another SCET: SCETII (not covered here)

p+

c hard

h2

2

p-

Q

hQ 0

cn

hQ hQ 0

n

 

s

hQ

hQ

soft pµ
s � Q�

instead of ultrasoft pµ
us � Q�2



n-Collinear Propagators
p2

+ iϵ = n̄·p n·p − p⃗ 2

⊥ + iϵ

∼ λ
0

λ
2 (λ)2∗ −

same !
size

Collinear Fermions i /p

p2 + iϵ
=

i /n

2

n̄·p

p2 + iϵ
+ . . .

=
i /n

2

1

n·p −

p⃗ 2

⊥

n̄·p
+ iϵ sign(n̄·p)

+ . . .

λ
−2

thus we expect

}

λ
−4

}

so ξn ∼ λ

∫
d4x eip·x ⟨0|T ξn(x)ξ̄n(0)|0⟩ =

i /n

2

n̄·p

p2 + iϵ

power counting 
for the field

This also implies: /n �n = 0

}

must be �2

d4x � (dp+dp�d2p�)�1

�2 �0 (�)2

since /n2 = n2 = 0



Projection:

n/n̄/

4
�n = �n n/�n = 0,

For spinors:

un =
n/n̄/

4
uQCD

agrees with numerator of propagator i
n/

2
n̄ · p

p2 + i�
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4
� for spin

u+(p) = |p+� =
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Check:
�

s

us
nūs

n =
n/n̄/

4

�

s

usūs n̄/n/

4
=

n/n̄/

4
p/

n̄/n/

4
=

n/

2
n̄ · p

QCD SCET p+ � p�

e±i�p =
p1
� ± ip2

��
p+p�



Collinear Gluons - same propagator as QCD

covariant!
gauges

components!
scale !

differently

(A+
n , A−

n , A⊥
n ) ∼ (λ2, 1, λ) ∼ pµsolution

Usoft Gluon Aµ
us � (�2,�2,�2) � pµ

us

Gauge Fields for SCETI

�
d4x eip·x �0|TAµ

n(x)A�
n(0)|0� =

�i

p2

�
gµ� � �

pµp�

p2

�

Usoft Quark qus � �3



Power Counting SummaryPower Counting

Type (p+, p⇥, p�) Fields Field Scaling

collinear (↵2, 1, ↵) �n,p ↵

(A+
n,p, A

⇥
n,p, A

�
n,p) (↵2, 1,↵)

soft (↵, ↵, ↵) qs,p ↵3/2

Aµ
s,p ↵

usoft (↵2, ↵2, ↵2) qus ↵3

Aµ
us ↵2

Make kinetic terms order ↵0
⇥

d4X �̄n,p�
n̄/
2

�
in·⌅ + . . .

⇤
�n,p

↵0 = ↵⇥4 ↵ ↵2 ↵

• At leading power only ↵0 interactions are required

• n̄ · An,q ⇥ n̄ · qi ⇥ ↵0 operators are f(n̄·An,q, n̄·qi)

Iain Stewart – p.10

Power counting of fields and derivatives gives a power counting for operators

Power counting of operators yields a power counting for any Feynman graph

The power counting can be associated entirely to vertices and !
   is then gauge invariant



(A+
n , A−

n , A⊥
n ) ∼ (λ2, 1, λ) ∼ pµ



Currents QCD SCET

no 
gluons

one 
gluon

k

q

offshell

graph =

n-collinearnot n (some    , !
or massive)

n�
�̄n � �

q-k

�̄n
(�gn̄·An)
�n̄·k ��

(q � k)2 = q2 + k2 � 2q · k = �n̄· k n · q + . . .

/Aa = n̄ · Aa /n

2
+ . . .

ūn�
i(q/� k/ + m)
(q � k)2 �m2

ig /AaT a�µu(q)

gluon field

n-collinear

n

n

n

= … (Homework #2) …

=
(�gn̄ · Aa

n)
�n̄·k ūn�T au(q)

�̄ � �



Currents

q1

qm

pb

p

qm

q2

q1

= iC(µ, n̄ · P )Γ gm
∑

perms
(n̄µmTAm)···(n̄µ1TA1)

[n̄·q1][n̄·(q1+q2)]···[n̄·
∑m

i=1 qi]

FIG. 4. Order λ0 Feynman rule for the effective theory heavy to light current with m collinear
gluons. The sum is over permutations of {1, . . . ,m} and the Wilson coefficient depends only on

the sum of momenta in the jet, P = p +
∑m

i=1 qi.

For a non-abelian gauge group a similar gauge invariance argument applies, however the

matching in Fig. 3 is more complicated. Eq. (24) remains valid, but with a more complicated

definition of the jet field. In momentum space we find

χn,P =
∑

k

∑

perms

(−g)k

k!

(
n̄ · An̄,q1

· · · n̄ · An̄,qk

[n̄ · q1][n̄ · (q1 + q2)] · · · [n̄ ·
∑k

i=1 qi]

)

ξn,p , (25)

where the permutation sum is over the indices (1, 2, . . . , k). The Feynman rules which follow

from Eqs. (24) and (25) are shown in Fig. 4. In position space the jet field takes the form

of a path-ordered exponential

χn(0) = P exp
(
−ig

∫ 0

−∞
ds n̄ · Ac(sn̄µ)

)
ξn(0) , (26)

where P denotes path ordering along the light-like line collinear to n̄.4

In the effective theory both heavy and light quarks are described by two component

spinors, so there are only four heavy to light currents at leading order in λ. We choose the

linearly independent set [χ̄n,P hv], [χ̄n,P γ5 hv], and [χ̄n,P γµ
⊥hv], where γµ

⊥=γµ−nµn̄//2−n̄µn//2

has only two non-zero terms. The matching of the heavy to light currents q̄Γb onto operators

in the effective theory is

q̄b → C1(µ) [χ̄n,P hv] , (27)

q̄γ5b → C2(µ) [χ̄n,P γ5hv] ,

q̄γµb → C3(µ) [χ̄n,P γ⊥
µ hv] +

{
C4(µ) nµ + C5(µ) vµ

}
[χ̄n,P hv] ,

q̄γµγ5b → C6(µ) iϵ⊥µν [χ̄n,P γν
⊥hv] −

{
C7(µ) nµ + C8(µ) vµ

}
[χ̄n,P γ5hv] ,

4Path-ordered exponentials are also introduced to sum up the couplings of soft gluons to a
collinear jet, see Ref. [19].

12

=

momentum space Wilson line
∑

k

∑

perms

(−g)k

k!

(

n̄ · An̄,q1
· · · n̄ · An̄,qk

[n̄ · q1][n̄ · (q1 + q2)] · · · [n̄ ·

∑k
i=1 qi]

)

position space Wilson line

        no cost to !
add these gluons
∼ λ0

add any number of gluons

get a Wilson line  W

�̄nWn � �

Wn =

Wn(y,��) = P exp
�
ig

� 0
�� ds n̄ · An(y + sn̄)

�

Wn � �0

SCET Operator:

�̄nWn � �

�

�̄n

this is generic, gives an 
operator “building block”

like a!
 “parton” or “jet” field

(more on !
Homework  #2)



Gauge symmetry 9

U(x) = exp
[

iαA(x)T A
]

need to consider U’s !
which leave us in the EFT

collinear
usoft

9

i∂µUc(x) ∼ pµ
cUc(x) ↔ Aµ

n,q (74)

Object Collinear Uc Usoft Uus

ξn Uc ξn Uus ξn

gA
µ
n Uc gA

µ
n U†

c + Uc
[

iDµ,U†
c
]

Uus gA
µ
n U

†
us

W Uc W Uus W U †
us

qus qus Uus qus

gAµ
us gAµ

us UusgAµ
usU

†
us + Uus[i∂µ, U †

us]

Y Y Uus Y

TABLE I: Gauge transformations for the collinear and usoft fields from Ref. [4], where iDµ ≡
nµ

2 P̄ + Pµ
⊥ + n̄µ

2 i n·Dus. The collinear fields and transformations are understood to have momen-
tum labels and involve convolutions, but for simplicity these indices are suppressed. The usoft
transformations do not change the momentum labels of collinear fields.

Objects Collinear Uc Soft Us

ξn Uc ξn ξn

gAµ
n Uc gAµ

n U†
c + Uc

[

i∂µ
c U†

c
]

gAµ
n

W Uc W W

qs qs Us qs

gAµ
s gAµ

s Us gAµ
s U †

s + Us[i∂
µ
s , U †

s ]

S S Us S

TABLE II: Gauge transformations for collinear and soft fields in SCETII from Ref. [4]. Momentum
labels are suppressed, and ∂µ

c and ∂µ
s are defined to only pick out collinear and soft momenta

respectively. Here i∂µ
c ̸= iDµ since usoft fields are not included in SCETII.

• Power counting: Restricts the type of fields and derivatives allowed in the operator

• Gauge invariance: Requires operators to be built out of gauge invariant building
blocks.

• Reparameterization invariance: Corresponds to the restoration of Lorentz invariance
order by order in λ.

• Locality: The theory SCETI is only non-local in O(Q) momenta. Only inverse powers
of the large label momentum are allowed and collinear Wilson lines have to be built
out of O(1) gluons.

Note that SCETI is constructed in a local manner, but after doing this it is useful to consider
a field redefinition ξn → Y ξn which introduces non-locality at the usoft scale. The locality
restriction does not apply to SCETII . Integrating out p2 ∼ QΛ modes immediately results
in operators involving the soft Wilson line S [4], and it contains inverse powers of 1/Λ
momenta. In the following we will focus on gauge invariance and discuss subtleties which
arise in constructing invariant operators at subleading order.

The gauge transformations for the SCET fields were derived in [4] and are summarized
in Tables I and II. Here ∂µ

c Uc ∼ Q(λ2, 1, λ), ∂µ
s Us ∼ Qλ, and ∂µUus ∼ Qλ2 distinguish the

3

i∂µUus(x) ∼ pµ

usUus(x) ↔ Aµ

us

our current!
is invariant:

(�̄nW )�� � (�̄nU†
cUcW )�� = (�̄nW )��

� (�̄nU†
usUusW )U†

us�Uus� = (�̄nW )��



Wilson Coefficients and Hard - Collinear Factorization

eg.
only the product is gauge invariant

implies convolutions between !
coefficients and operators

hard: pµ � (1 , 1 , 1)
collinear: pµ � (�2, 1,�)

(+,�,⇥)

can exchange momenta

Constrained by gauge invariance: p+

c hard

l2

2

p-

Q

lQ 0

cn

lQ lQ 0

us

n

in̄ · �n � �0

C(in̄ · �n) coefficients depend on large collinear momenta

C(in̄ · �n) �n =
�

d� C(�) �(� � in̄ · �n)�n

�n = W †
n �n

�
d� C(�, µ) O(�, µ)



Deep Inelastic Scattering e�p� e�X inclusive!
factorization

[full analysis requires bit more knowledge, eg. SCET Lagrangian, here we cover  
the key conceptual part, skipping softs, prefactors, tensor indices, etc.]

q = (0, 0, 0, Q) =
Q

2
(n̄� n)

q2 = �Q2 spacelike

x =
Q2

2pp · q
Bjorken

Proton pµ
p =

nµ

2
n̄ · pp +

n̄µ

2
m2

p

n̄ · pp

smallbig
n-collinear

picked a frame (Breit frame),

pµ
X = pµ

p � qµ =
nµ

2
Q(1� x)

x
+

n̄µ

2
QX hard, offshell

� = (prefactor) Lleptons
µ�

�

X

(2�)4�(4)(pp + q � pX)
�
p
��Jµ(0)

��X
��

X
��J�(0)

��p
�

Q2 � �2
QCD � =

�QCD

Q
� 1

�

X

��X
��

X
��

�
p
�� ��p

�

� �
e� e�

q

quarks

Jµ = �̄�µ�

n̄ · pp =
Q

x



Deep Inelastic Scattering e�p� e�X

QCD SCET

p p pp O

O = �̄n
/̄n

2
�n

Add arbitrary perturbative corrections (any order in       )�s

Lhard
int =

�
d� d�� C(�, ��) �̄n

/̄n

2
�(w� + in̄ ·

��
� n)�(w � in̄ · �n)�n

forward matrix element fixes �� = �

� = (prefactor)
�

d� ImC(�, µ)
�
p
���̄n

/̄n

2
�(� � in̄ · �n) �n

��p
�
(µ)

= (prefactor)
�

d�

�
H

� �

x
,Q, µ

�
f(�, µ)

parton distribution functionhard perturbative corrections

O � �2

(twist 2)

� = � n̄ · pp



A more detailed set of SCET lecture notes can be found !
  under “textbooks” in the 8.EFTx course.  !
!
To access the materials in 8.EFTx:!
      first sign up for an edX account here,!
      then register for 8.EFTx here. 

https://courses.edx.org/register
https://www.edx.org/course/mitx/mitx-8-eftx-effective-field-theory-2306#.U5IYjhaaEk0

