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PREX is a fascinating experiment that uses parity

violation to accurately  determine the neutron

radius in 208Pb. This has broad applications to

astrophysics, nuclear structure, atomic parity non-

conservation and tests of the standard model.  The

conference will begin with introductory lectures
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FIGURE 2.6 Multidisciplinary quest for understanding the neutron-rich matter on Earth and in the cos-
mos. The study of neutron skins and the PREX experiment are discussed in the text. The anticipated 
discovery of gravitational waves by the Laser Interferometer Gravitational Wave Observatory (LIGO) 
and the allied European detector Virgo will help understanding large-scale motions of dense neutron-
rich matter. Finally, advances in computing hardware and computational techniques will allow theorists 
to perform calculations of the neutron star crust. SOURCE: Courtesy of W. Nazarewicz, University of 
Tennessee at Knoxville; inspired by a diagram by Charles Horowitz, Indiana University.

Nuclear Masses and Radii

The binding of nucleons in the nucleus contains integral information on the 
interactions that each nucleon is subjected to in the nuclear environment. Dif-
ferences in nuclear masses and nuclear radii give information on the binding of 
individual nucleons, on the onset of structural changes, and on specific interac-
tions. Examples of recent measurements of charge radii in light halo nuclei were 
discussed above. With exotic beams and devices such as Penning and atomic traps, 
storage rings, and laser spectroscopy the masses and radii of long sequences of 
exotic isotopes are becoming available, extending our knowledge of how nuclear 
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Mass-Radius Relation: From Mesons, to 
Baryons, to Nuclei, to Neutron Stars!

A fundamental question in all of nuclear science:
What is the size of a system of mass M?
What is the distribution of mass, charge, weak-charge, …?
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The Liquid Drop Model
Bethe-Weizsäcker Mass Formula (circa 1935-36)Bethe-Weizsäcker Mass Formula (circa 1935-36)

Nuclear forces saturate ) equilibrium density
Nuclei penalized for developing a surface
Nuclei penalized by Coulomb repulsion
Nuclei penalized if N 6=Z

B(Z , N) = �avA + asA
2/3 + acZ

2/A1/3 + aa(N�Z )2/A + . . .
+ shell corrections (2, 8, 20, 28, 50, 82, 126, ...)

av'16.0, as'17.2, ac'0.7, aa'23.3 (in MeV)
Neutron stars are gravitationally bound!
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Bethe-Weizsäcker Mass Formula (circa 1935-36)
Nuclear forces saturate ) equilibrium density
Nuclei penalized for developing a surface
Nuclei penalized by Coulomb repulsion
Nuclei penalized if N 6=Z

B(Z , N) = �avA + asA
2/3 + acZ

2/A1/3 + aa(N�Z )2/A + . . .
+ shell corrections (2, 8, 20, 28, 50, 82, 126, ...)

av'16.0, as'17.2, ac'0.7, aa'23.3 (in MeV)
Neutron stars are gravitationally bound!

J. Piekarewicz (FSU) Neutron Stars Santa Tecla, September 2013 22 / 33

Bethe-Weizsäcker Mass Formula (circa 1935-36)
Nuclear forces saturate ) equilibrium density
Nuclei penalized for developing a surface
Nuclei penalized by Coulomb repulsion
Nuclei penalized if N 6=Z

B(Z , N) = �avA + asA
2/3 + acZ

2/A1/3 + aa(N�Z )2/A + . . .
+ shell corrections (2, 8, 20, 28, 50, 82, 126, ...)

av'16.0, as'17.2, ac'0.7, aa'23.3 (in MeV)
Neutron stars are gravitationally bound!

J. Piekarewicz (FSU) Neutron Stars Santa Tecla, September 2013 22 / 33

Nuclear forces saturate           equilibrium density
Nuclei penalized for developing a surface
Nuclei penalized by Coulomb repulsion
Nuclei penalized for isospin imbalance (N≠Z)

%0 ⇡0.15 fm�3
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Electroweak Probes of 
Ground State Densities: 
A fundamental nuclear-

structure problem
My FSU Collaborators
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Brad Futch
Jutri Taruna
Farrukh Fattoyev
Wei-Chia Chen
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My Outside Collaborators
B. Agrawal (Saha Inst.)
M. Centelles (U. Barcelona)
G. Colò (U. Milano)
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N. Paar (U. Zagreb)
M.A. Pérez-Garcia (U.
Salamanca)
P.G.- Reinhard (U.
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X. Roca-Maza (U. Milano)
D. Vretenar (U. Zagreb)
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Electroweak Probes of 
Ground State Densities 

A fundamental nuclear-structure problem

The Modern Approach: PV in Elastic Electron-Nucleus Scattering
Donnelly, Dubach, Sick, NPA 503, 589 (1989); Abrahamyan et al., PRL 108, (2012) 112502

Charge (proton) densities known with enormous precision
charge density probed via parity-conserving eA scattering
Weak-charge (neutron) densities very poorly known
weak-charge density probed via parity-violating eA scattering

APV =
GF Q2

2
p

2⇡↵

2

41 � 4 sin2 ✓W| {z }
⇡0

� Fn(Q2)

Fp(Q2)

3

5

Use parity violation as Z0 couples preferentially to neutrons
PV provides a clean measurement of neutron densities (and rn)

up-quark down-quark proton neutron
�-coupling +2/3 �1/3 +1 0
Z0-coupling ⇡ +1/3 ⇡ �2/3 ⇡ 0 �1

gv=2tz � 4Q sin2 ✓W⇡2tz�Q

J. Piekarewicz (FSU) Neutron Stars Mazurian Lakes 2015 11 / 15Charge density known with enormous precision 
• Probed via parity-conserving elastic e-scattering 
• g couples to electric charge, thus preferentially to protons 
Weak-charge density poorly known 
• Probed via parity-violating e-scattering or CEvNS 
• Z0 couples to weak charge, thus preferentially to neutrons
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Symmetrized Fermi Function
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} c=half-density radius
a=surface diffusion
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Experimental Extraction of 
Charge and Weak Form Factors 

Form Factors are the Fourier 
transform of the 

corresponding densities
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n-scattering

PVES

Qwk = �N + (1�4 sin2 ✓W)Z = weak charge
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The Future: PREX-II, CREX, and MREX
PREX obtained 
PREX-II will improve error by a factor of 3 and determine L (pressure of PNM)
MREX@Mainz will improve error by an additional factor of 2!
CREX will provide bridge between ab-initio approaches and nuclear DFTs
PREX-II and CREX to run in 2019-20 will provide fundamental anchors for future 
measurements of exotic nuclei at FRIB

Rn �Rp = 0.33+0.16
�0.18 fm

<latexit sha1_base64="Qgiyn98hQCISGXuoYw7zzi2x834="></latexit>

The weak-skin form factor 
A model-independent observable 
FWskin ⌘ Fch�Fwk ⇡ q2
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CREX and CEnNS (40Ar)
What constraints (if any!) does CREX impose on CEnNS (40Ar)?
48Ca is a doubly-magic nucleus — 40Ar is not (2p-2h relative to 40Ca)
Yet, weak skin form factors of both nuclei display same systematics 
 Very strong correlation among covariant energy density functionals
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Electroweak Probes of 
Ground State Densities 

A fundamental connection to the  
Equation of State (EOS)

My FSU Collaborators
Genaro Toledo-Sanchez
Karim Hasnaoui
Bonnie Todd-Rutel
Brad Futch
Jutri Taruna
Farrukh Fattoyev
Wei-Chia Chen
Raditya Utama

My Outside Collaborators
B. Agrawal (Saha Inst.)
M. Centelles (U. Barcelona)
G. Colò (U. Milano)
C.J. Horowitz (Indiana U.)
W. Nazarewicz (MSU)
N. Paar (U. Zagreb)
M.A. Pérez-Garcia (U.
Salamanca)
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The Equation of State of Neutron-Rich Matter
Two conserved charges: proton and neutron densities (no weak interactions)
Equivalently; total nucleon density and asymmetry: r and a=(N-Z)/A
Expand around nuclear equilibrium density: x=(r-r0)/3r0;   r0x0.15 fm-3  

Density dependence of symmetry energy poorly constrained!!   
“L” symmetry slope ~ pressure of pure neutron matter at saturation
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Parity Violating e-Scattering at JLAB
Determining the neutron skin Rn-Rp of Pb

Abrahamyan et al., PRL 108, 112502 (2012) 
Horowitz et al., PRC 85, 032501(R) (2012) 

PREX@JLAB: First Electroweak evidence in favor 
of a neutron rich skin in Pb: Rskin=0.33(16) fm

Neutron skin constraints the poorly known isovector 
sector of the nuclear density functional

Neutron skin strongly correlated to L: a fundamental 
parameter of the EOS of neutron-rich matter

PREX-II and CREX to deliver on the original goal of 
1% in neutron radius
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Analytic Insights on the Information  
Content of New Observables

13
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Analytic insights on the information content of new observables

Wei-Chia Chen⇤

Simons Center for Quantitative Biology, Cold Spring Harbor Laboratory, Cold Spring Harbor, NY 11724, USA

J. Piekarewicz†

Department of Physics, Florida State University, Tallahassee, FL 32306, USA

(Dated: June 16, 2020)

Uncertainty quantification has emerged as a rapidly growing field in nuclear science. Theoretical
predictions of physical observables often involve extrapolations to regions that are poorly constrained
by laboratory experiments and astrophysical observations. Without properly quantified theoretical
errors, such model predictions are of limited value. Also, one often deals with theoretical constructs
that involve fundamental quantities that are not accessible to experiment or observation. Particu-
larly relevant in this context is the pressure of pure neutron matter. In this contribution we develop
an analytic framework to answer the question of “How can new data reduce uncertainties of current
theoretical models?”[P.-G. Reinhard and W. Nazarewicz, Phys. Rev. C81, 051303(R) (2010)]. Sim-
ple and insightful expressions are obtained to quantify the impact of one or two new observables on
theoretical uncertainties in two critical quantities: the slope of the symmetry energy at saturation
density and the pressure of pure neutron matter at twice nuclear matter saturation density.

Introduction. In the last few years we have witnessed
historical discoveries in astronomy with far-reaching im-
plications in nuclear astrophysics. First, the gravita-
tional wave detection of the binary neutron star merger
GW170817 [1] together with its associated electromag-
netic counterpart [2] are providing answers to some of the
most fundamental questions animating nuclear science
today [3, 4]. Second, pulsar-timing observations of the
millisecond pulsar J0740+6620 by Cromartie and collab-
orators yielded the heaviest neutron star mass reported
to date: M =2.14+0.10

�0.09 M� [5]. Finally, the first simulta-

neous determination of the mass and radius of a neutron
star (J0030+0451) was reported by both the Maryland [6]
and Amsterdam collaborations [7]. Using the Neutron
star Interior Composition Explorer (NICER) aboard the
international space station, pulse-profile modeling of the
thermal emission from the pulsar’s hot spots revealed a
mass of about 1.4M� and a radius of nearly 13 km, with
a ± 10% uncertainty in both quantities.

Whereas electromagnetic- and gravitational-wave de-
tections are providing powerful constraints on the equa-
tion of state (EOS) at densities above nuclear matter sat-
uration density, measurements of nuclear observables—
such as neutron skins, electric dipole polarizabilities,
and heavy-ion collisions—constrain the EOS near satu-
ration density; see Refs. [8–10] and references contained
therein. It is this compelling connection between “heaven
and earth” that promises unprecedented advances in the
quest to determine the equation of state.

Besides these remarkable advances in nuclear astro-
physics, uncertainty quantification has seen significant
growth during the last decade. One of the earliest appeals
to the theoretical community was issued by the Editors
of the Physical Review A who stated: “it is all too often

⇤ chenw@cshl.edu
† jpiekarewicz@fsu.edu

the case that the numerical results are presented without
uncertainty estimates” [11]. The nuclear theory commu-
nity has responded to the challenge with a large number
of publications that have addressed not only the critical
role of theoretical uncertainties, but also the wealth of
information that is contained in the study of statistical
correlations among observables [12–22].

Our present work is motivated by the decade-old pa-
per by Reinhard and Nazarewicz [13]. The paper poses
two important questions on the uniqueness and useful-
ness of a new observable: (i) Considering the current

theoretical knowledge, what novel information does new

measurement bring in? and (ii) How can new data re-

duce uncertainties of current theoretical models? In an
e↵ort to illuminate this numerical procedure, we propose
to answer these questions analytically and extend the ar-
gument to the case of adding more than one observable.
Although by necessity some approximations will be re-
quired, our goal is to provide valuable insights while re-
taining accuracy. In particular, the formalism allows us
to readily assess situations that often involve limited ex-
perimental resources: should one attempt a single high-
precision measurement or would it be better to attempt
two (or more) measurements with less precision [23].

A particular interesting and topical example is the
slope of the symmetry energy at saturation density L,
a quantity that is closely connected to the pressure of
pure neutron matter at saturation density. The slope
of the symmetry energy plays an important role in ar-
eas as diverse as nuclear structure, heavy-ion collision,
neutron star structure, and supernova explosion [8–10].
Given that L is not a physical observable, a determina-
tion of L requires theoretical modeling. Yet, such a deter-
mination is hindered by the fact that di↵erent theoretical
models tend to predict widely di↵erent values. However,
the neutron skin thickness of 208Pb—defined as the di↵er-
ence in the root mean square radius between its neutron
and proton distributions—has been shown to be strongly
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Considering the current theoretical knowledge:
What novel information does new measurement bring in? 
How can new data reduce uncertainties of current 
theoretical models? 

A slightly more precise  
MREX/208Pb seems worthwhile



Although a fundamental parameter of the EOS, L is NOT a physical observable 
Strong correlation emerges between the neutron skin thickness of 208Pb and L
L controls both the neutron skin of 208Pb and the radius of a neutron star 
… As well as many other stellar properties sensitive to the symmetry energy 
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Neutron Rich Matter on Earth: 
The Quest for “L” at Terrestrial Laboratories
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"We have detected gravitational waves; we did it" 
David Reitze, February 11, 2016

The dawn of a new era: GW Astronomy 
Initial black hole masses are 36 and 29 solar masses
Final black hole mass is 62 solar masses;  
3 solar masses radiated in Gravitational Waves!  

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9!0.5

!0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.
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Observation of Gravitational Waves from a Binary Black Hole Merger

B. P. Abbott et al.*

(LIGO Scientific Collaboration and Virgo Collaboration)
(Received 21 January 2016; published 11 February 2016)

On September 14, 2015 at 09:50:45 UTC the two detectors of the Laser Interferometer Gravitational-Wave
Observatory simultaneously observed a transient gravitational-wave signal. The signal sweeps upwards in
frequency from 35 to 250 Hz with a peak gravitational-wave strain of 1.0 ! 10!21. It matches the waveform
predicted by general relativity for the inspiral and merger of a pair of black holes and the ringdown of the
resulting single black hole. The signal was observed with a matched-filter signal-to-noise ratio of 24 and a
false alarm rate estimated to be less than 1 event per 203 000 years, equivalent to a significance greater
than 5.1!. The source lies at a luminosity distance of 410!160

!180 Mpc corresponding to a redshift z " 0.09!0.03
!0.04 .

In the source frame, the initial black hole masses are 36!5
!4M! and 29!4

!4M!, and the final black hole mass is
62!4

!4M!, with 3.0!0.5
!0.5M!c2 radiated in gravitational waves. All uncertainties define 90% credible intervals.

These observations demonstrate the existence of binary stellar-mass black hole systems. This is the first direct
detection of gravitational waves and the first observation of a binary black hole merger.

DOI: 10.1103/PhysRevLett.116.061102

I. INTRODUCTION

In 1916, the year after the final formulation of the field
equations of general relativity, Albert Einstein predicted
the existence of gravitational waves. He found that
the linearized weak-field equations had wave solutions:
transverse waves of spatial strain that travel at the speed of
light, generated by time variations of the mass quadrupole
moment of the source [1,2]. Einstein understood that
gravitational-wave amplitudes would be remarkably
small; moreover, until the Chapel Hill conference in
1957 there was significant debate about the physical
reality of gravitational waves [3].
Also in 1916, Schwarzschild published a solution for the

field equations [4] that was later understood to describe a
black hole [5,6], and in 1963 Kerr generalized the solution
to rotating black holes [7]. Starting in the 1970s theoretical
work led to the understanding of black hole quasinormal
modes [8–10], and in the 1990s higher-order post-
Newtonian calculations [11] preceded extensive analytical
studies of relativistic two-body dynamics [12,13]. These
advances, together with numerical relativity breakthroughs
in the past decade [14–16], have enabled modeling of
binary black hole mergers and accurate predictions of
their gravitational waveforms. While numerous black hole
candidates have now been identified through electromag-
netic observations [17–19], black hole mergers have not
previously been observed.

The discovery of the binary pulsar systemPSR B1913!16
by Hulse and Taylor [20] and subsequent observations of
its energy loss by Taylor and Weisberg [21] demonstrated
the existence of gravitational waves. This discovery,
along with emerging astrophysical understanding [22],
led to the recognition that direct observations of the
amplitude and phase of gravitational waves would enable
studies of additional relativistic systems and provide new
tests of general relativity, especially in the dynamic
strong-field regime.
Experiments to detect gravitational waves began with

Weber and his resonant mass detectors in the 1960s [23],
followed by an international network of cryogenic reso-
nant detectors [24]. Interferometric detectors were first
suggested in the early 1960s [25] and the 1970s [26]. A
study of the noise and performance of such detectors [27],
and further concepts to improve them [28], led to
proposals for long-baseline broadband laser interferome-
ters with the potential for significantly increased sensi-
tivity [29–32]. By the early 2000s, a set of initial detectors
was completed, including TAMA 300 in Japan, GEO 600
in Germany, the Laser Interferometer Gravitational-Wave
Observatory (LIGO) in the United States, and Virgo in
Italy. Combinations of these detectors made joint obser-
vations from 2002 through 2011, setting upper limits on a
variety of gravitational-wave sources while evolving into
a global network. In 2015, Advanced LIGO became the
first of a significantly more sensitive network of advanced
detectors to begin observations [33–36].
A century after the fundamental predictions of Einstein

and Schwarzschild, we report the first direct detection of
gravitational waves and the first direct observation of a
binary black hole system merging to form a single black
hole. Our observations provide unique access to the

*Full author list given at the end of the article.

Published by the American Physical Society under the terms of
the Creative Commons Attribution 3.0 License. Further distri-
bution of this work must maintain attribution to the author(s) and
the published article’s title, journal citation, and DOI.
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Neutron Stars: Unique Cosmic Laboratories
Neutron stars are the remnants of massive stellar explosions
Bound by gravity — NOT by the strong force
Satisfy the TOV equations (vesc /c ~ 1/2)
Only Physics that the TOV equation is sensitive to: Equation of State 

Increase from 0.7/ 2 Msun transfers ownership to Nuclear Physics!

Neutron Stars as Nuclear Physics Gold Mines
Neutron Stars are the remnants of massive stellar explosions

Are bound by gravity NOT by the strong force
Satisfy the Tolman-Oppenheimer-Volkoff equation (vesc/c⇠1/2)

Only Physics sensitive to: Equation of state of neutron-rich matter
EOS must span about 11 orders of magnitude in baryon density

Increase from 0.7!2M� must be explained by Nuclear Physics!

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryondensity of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.746 0.15)3 1015 g cm23, or ,10ns.
Evolutionary models resulting in companion masses.0.4M[ gen-

erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period.8ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.

Received 7 July; accepted 1 September 2010.
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exoticmatter; green, strange quarkmatter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.976 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases themaximum possiblemass for each EOS. For a 3.15-ms spin period,
this is a=2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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Many nuclear models 
that accurately predict 
the properties of finite 
nuclei yield enormous 

variations in the 
prediction of neutron-

star radii and 
maximum mass

Oppenheimer-Volkoff
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Tidal Polarizability and Neutron-Star Radii

The tidal polarizability 
measures the  “fluffiness”  
(or stiffness)of a neutron 
star against deformation 

Electric Polarizability:
Electric field induced a polarization of charge
A time dependent electric dipole emits  
electromagnetic waves: 

        Tidal Polarizability:
Tidal field induces a polarization of mass
A time dependent mass quadrupole emits  
gravitational waves:  Qij = ⇤Eij
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low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M! and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc!3 yr!1 from O1
as a prior, R ! 1540"3200

!1220 Gpc!3 yr!1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(" 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the !1 ! !2 boundary. The !1 and !2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2#R=m$5. Constraints are shown for the high-spin scenario j!j " 0.89 (left panel) and
for the low-spin j!j " 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M!. Under the
assumption that both components are neutron stars, we apply the function !#m$ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict ! values outside our 90% contour.
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GW170817  
rules out very large  
neutron star radii! 

Neutron Stars 
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Most massive neutron star ever  
detected strains the limits of physics 

Shapiro Delay

How can we make massive stars with small radii?

Tantalizing Possibility
• Laboratory Experiments suggest large neutron radii for Pb 
• Gravitational Waves suggest small stellar radii 
• Electromagnetic Observations suggest large stellar masses 

Exciting possibility: If all are confirmed, this tension may be evidence of a 
softening/stiffening of the EOS (phase transition?)
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General Discussion

Measuring nuclear density with parity violating electron scattering

C. J. Horowitz,1, ⇤ J. Piekarewicz,2, † and Brendan Reed1, 3, ‡

1Center for the Exploration of Energy and Matter and Department of Physics,
Indiana University, Bloomington, IN 47405, USA

2Department of Physics, Florida State University, Tallahassee, FL 32306, USA
3Department of Astronomy, Indiana University, Bloomington, Indiana 47405, USA

(Dated: July 15, 2020)

The saturation density of nuclear matter ⇢0 is a fundamental nuclear physics property that is di�cult
to predict from fundamental principles. The saturation density is closely related to the interior
density of a heavy nucleus, such as 208Pb. We use parity violating electron scattering to determine
the average interior weak charge and baryon densities in 208Pb. This requires not only measuring
the weak radius Rwk but also determining the surface thickness of the weak charge density a. We
obtain ⇢0=0.150± 0.010 fm�3, where the 7% error has contributions form the PREX error on the
weak radius, an assumed 10% uncertainty in the surface thickness a, and from the extrapolation to
infinite nuclear matter. These errors can be improved with the upcoming PREX II results and with
a new parity violating electron scattering experiment, at a somewhat higher momentum transfer,
to determine a.

What is the saturation density of nuclear matter ⇢0?
Infinite nuclear matter, a hypothetical uniform system
of protons and neutrons without Coulomb interactions,
is expected to have an energy per nucleon that is mini-
mized at ⇢0. This minimum describes nuclear saturation
and is a fundamental nuclear-structure property. Nuclear
saturation implies that the interior density of heavy nu-
clei should be nearly constant and close to ⇢0. Histori-
cally, the semi-empirical mass formula [1, 2] and the liq-
uid drop model [3] describe the nucleus as an incompress-
ible quantum drop at ⇢0. But why does nuclear matter
saturate? And how can one calculate the saturation den-
sity ⇢0? Surprisingly, the answers to these deceptively
simple questions have proved to be both subtle and elu-
sive.

Liquid water saturates at a density of 1 g/cm3 because
of the size of the water molecules. Does nuclear matter
saturate because of the finite nucleon size and if so, does
this size explain the value of ⇢0 ⇡ 0.15 fm�3 ? The sit-
uation is likely more complicated. Nucleons are known
to have repulsive cores because phase shifts for nucleon-
nucleon scattering become negative at high energies (see
http://nn-online.org). However, the core size is too small
to explain the value of ⇢0 [4]. Indeed, nuclear matter cal-
culations with only two-nucleon interactions may satu-
rate at up to twice the expected density [5]. It is now
believed that three- and higher-nucleon interactions are
important for nuclear saturation and for determining ⇢0.

Chiral e↵ective field theory (CEFT) provides a system-
atic expansion of the strong interaction between nucleons
in powers of the momentum transfer over a suitable chi-
ral scale [6–8]. This allows one to calculate the energy
of nuclear matter to a given order in a chiral expansion.

⇤Electronic address: horowit@indiana.edu
†Electronic address: jpiekarewicz@fsu.edu
‡Electronic address: reedbr@iu.edu

Note that CEFT includes two-, three-, and many-nucleon
interactions. Under this framework, the empirical satu-
ration point (density and energy per nucleon) are well
reproduced within statistical and systematic uncertain-
ties [9, 10]. The uncertainty band comes from the trunca-
tion of the chiral expansion and from imposing a cuto↵
at high momentum transfers. Whereas CEFT appears
consistent with nuclear saturation at ⇢0, the error band
in present calculations is too broad to make a sharp pre-
diction of the actual value of ⇢0.

So if one can not accurately compute ⇢0 from first-
principle calculations, can one observe it? Strictly speak-
ing, nuclear matter is an infinite system without Coulomb
interactions, so observations of ⇢0 must involve an ex-
trapolation from measurements in finite nuclei; see for
example [11]. Nevertheless, the interior baryon density of
heavy nuclei is expected to be fairly constant and close
to ⇢0. Among heavy nuclei, 208Pb may be particularly
important because it is the heaviest stable doubly-magic
nucleus. As such, the interior baryon density of 208Pb
may provide the finite nucleus observable that is most
closely related to ⇢0.

Unfortunately, we do not have detailed knowledge of
the neutron density in 208Pb; see Ref. [12] and references
contained therein. The charge density is well measured
so the proton density is accurately known [13]. However,
208Pb has 44 excess neutrons, so the neutron density can
be significantly di↵erent from the proton density. Given
this incomplete information, our present best estimate
of ⇢0 comes from a variety of empirical nuclear energy
density functionals. These functionals are calibrated to
the binding energies and charge radii of a variety of nu-
clei and can then be used to predict ⇢0, see for example
Refs. [14, 15]. In particular, Reinhard and Nazarewicz
argue that fitting charge radii sharply constrains ⇢0 [16].

Alternatively, if one can cleanly measure the interior
neutron density of 208Pb one should be able to infer ⇢0
with small and quantifiable uncertainties. Often neu-
tron densities are determined with strongly interacting
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TABLE II. Average values and corresponding theoretical uncer-
tainties generated from the posterior distribution for a symmetrized
Fermi and Helm form factors. Also shown are the predictions for
the charge radius of 208Pb, which should be compared against the
experimental value of R208

exp = (5.5012 ± 0.0013) fm [4]. All quantities
are given in fm.

SFermi Helm

c = 6.655 ± 0.081 R0 = 6.785 ± 0.057
a = 0.514 ± 0.066 ! = 0.913 ± 0.116
Rch = 5.504 ± 0.045 Rch = 5.492 ± 0.041

assuming that the form factor at both momentum transfers may
be determined with an experimental error of 0.005. Finally, the
right-hand panel in Fig. 3 shows the probability distribution
function for the charge radius of 208Pb [see Eq. (8)], along
with the best Gaussian fit. Thus, the theoretical prediction for
the charge radius of 208Pb obtained from the knowledge of
only two experimental points is R208

ch =5.504(45) fm, which
compares very favorably with the corresponding experimental
value of R208

ch =5.5012(13) fm [4].
Having calibrated the parameters of the symmetrized Fermi

function using two experimental points and a fairly uncon-
strained prior distribution, we are now in a position to examine
the overall agreement between the theoretical predictions and
the experimental data for the entire charge form factor. This
is shown in Fig. 4(a) using both linear and logarithmic scales.
The two isolated red points represent the two experimental
measurements that were used to calibrate the model parameters
(c and a). In turn, the dense collection of black points
represents the full experimental form factor [2] that we aim
to reproduce. Our theoretical predictions are displayed with a
blue solid line together with the theoretical-uncertainty band
shown in cyan. On a linear scale, it is difficult to discern the
agreement (or lack thereof) between theory and experiment.
Moreover, on a linear scale it is also difficult to appreciate the

diffractive oscillations modulated by an exponential envelope
that are the hallmark of the nuclear form factor. Thus,
we display on the inset in Fig. 4(a) the absolute value of
the form factor using a logarithmic scale. The diffractive
oscillations (controlled by c) and the exponential envelope
(controlled by a) are now easily discernible. We observe a
fairly good agreement between theory and experiment over
several diffractive maxima up to momentum transfers well
beyond the value of the second point (q2 =0.8 fm!1). However,
at the largest momentum transfers displayed in the figure,
i.e., q !2.5 fm!1, there is a clear deterioration in the model
predictions. Finally, the associated charge density of 208Pb
is displayed in Fig. 4(b). Although it provides an excellent
description of the experimental data at large distances as
evinced in the inset, it fails to account for the experimental dip
in the nuclear interior, which correlates with the deterioration
of the theoretical predictions at large momentum transfers.
Note that in contrast, accurately calibrated mean-field models
tend to overestimate the dip in the nuclear interior which is
sensitive to shell effects [55]; see Fig. 6.

For completeness, we display in Fig. 5 the form factor and
corresponding spatial density of 208Pb—but now using the
Helm representation. Here too the agreement with experiment
is fairly good and underscores the fact that any two-parameter
function that properly encapsulates the diffractive oscillations
an the exponential falloff of the form factor is likely to provide
an adequate description of the data, at least at low momentum
transfers. Naturally, the great virtue of the symmetrized Fermi
and Helm parametrizations is that both the spatial density and
the form factor are known in closed analytic form. However, a
distinct advantage of the former over the latter is that it displays
an exponential rather than a Gaussian falloff at large distances.

As mentioned repeatedly earlier, the main goal of this article
is to assess using exclusively statistical methods and physical
insights the impact of a second electroweak measurement of
the weak form factor of 208Pb. In particular, we aim to quantify
the experimental precision required in the determination of
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FIG. 4. (a) Charge form factor and (b) the corresponding charge density of 208Pb. The two red points on the left-hand panel represent the
sole input used in the calibration of the symmetrized Fermi function. The theoretical predictions are displayed by an uncertainty band (in cyan)
and the experimental data are from Ref. [2].

034316-7

PHYSICAL REVIEW C 94, 034316 (2016)

Power of two: Assessing the impact of a second measurement of the weak-charge form factor of 208Pb
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Background: Besides its intrinsic value as a fundamental nuclear-structure observable, the weak-charge density of
208Pb—a quantity that is closely related to its neutron distribution—is of fundamental importance in constraining
the equation of state of neutron-rich matter.
Purpose: To assess the impact that a second electroweak measurement of the weak-charge form factor of 208Pb
may have on the determination of its overall weak-charge density.
Methods: Using the two putative experimental values of the form factor, together with a simple implementation of
Bayes’ theorem, we calibrate a theoretically sound—yet surprisingly little known—symmetrized Fermi function,
that is characterized by a density and form factor that are both known exactly in closed form.
Results: Using the charge form factor of 208Pb as a proxy for its weak-charge form factor, we demonstrate
that using only two experimental points to calibrate the symmetrized Fermi function is sufficient to accurately
reproduce the experimental charge form factor over a significant range of momentum transfers.
Conclusions: It is demonstrated that a second measurement of the weak-charge form factor of 208Pb supplemented
by a robust theoretical input in the form of the symmetrized Fermi function would place significant constraints
on the neutron distribution of 208Pb. In turn, such constraints will become vital in the interpretation of hadronic
experiments that will probe the neutron-rich skin of exotic nuclei at future radioactive beam facilities.

DOI: 10.1103/PhysRevC.94.034316

I. INTRODUCTION

Starting with the pioneering work of Hofstadter in the late
1950s [1] and continuing until recently [2–4], elastic electron
scattering has painted the most accurate and detailed picture
of the distribution of protons in the atomic nucleus. This
sits in stark contrast to our poor knowledge of the neutron
distribution, which until very recently has been mapped using
exclusively hadronic experiments that are hindered by large
and uncontrolled uncertainties [5]. The Lead Radius EXper-
iment (PREX) at the Jefferson Laboratory has opened a new
window by using parity-violating elastic electron scattering
to provide the first model-independent determination of the
weak form factor of 208Pb, albeit at a single value of the
momentum transfer [6,7]. Given that the weak charge of the
neutron is much larger than the corresponding one of the
proton, parity-violating electron scattering provides an ideal
electroweak probe of the neutron distribution [8]. Although
measuring the weak charge form factor at a single point
provides limited information on the neutron distribution, by
invoking some theoretical assumptions, PREX furnished the
first credible estimate of the neutron radius of 208Pb (R208

n ) [7].
Since the proton radius of 208Pb (R208

p ) is known with enormous
accuracy [4], PREX effectively determined the neutron skin
thickness of 208Pb [6,7]:

R208
skin ! R208

n " R208
p = 0.33+0.16

"0.18 fm. (1)

*jpiekarewicz@fsu.edu
†arlinero@stat.fsu.edu
‡pgg15@my.fsu.edu
§chicken@stat.fsu.edu

The determination of the neutron skin thickness of 208Pb
is of great significance for multiple reasons. First, as an
observable sensitive to the difference between the neutron
and proton densities, it plays a critical role in constraining
the isovector sector of the nuclear energy density functional
[9–13]. Second, a very strong correlation has been found
between the slope of the symmetry energy at saturation density
(L) and R208

skin [12,14–17]. This provides a powerful connection
between a fundamental parameter of the equation of state
(EOS) and a laboratory observable. Note that L is closely
related to the pressure of pure neutron matter at saturation
density. Third, constraining the EOS of neutron-rich matter
provides critical guidance on the interpretation of heavy-
ion experiments involving nuclei with large neutron-proton
asymmetries [18–23]. Finally, even though there is a difference
in length scales of 18 orders of magnitude, the neutron
skin thickness of 208Pb and the radius of a neutron star
share a common dynamical origin [12,24–29]. Although in
general neutron-star properties are sensitive to the high-density
component of the EOS, it is the pressure in the neighborhood
of twice nuclear matter saturation density that sets the overall
scale for stellar radii [30]. Thus, whether pushing against
surface tension in a nucleus or against gravity in a neutron
star, it is the pressure in this neighborhood that determines
both the thickness of the neutron skin and the radius of a
neutron star.

However, the accurate and reliable determinations of
both the neutron skin thickness of 208Pb and the radius of
a neutron star present enormous challenges. While PREX
convincingly demonstrated the feasibility of the method for
measuring weak-charge form factors with an excellent control
of systematic errors [6,7], unforeseen technical problems
compromised the statistical accuracy of the experiment; see

2469-9985/2016/94(3)/034316(10) 034316-1 ©2016 American Physical Society
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Analytic insights on the information content of new observables
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Uncertainty quantification has emerged as a rapidly growing field in nuclear science. Theoretical
predictions of physical observables often involve extrapolations to regions that are poorly constrained
by laboratory experiments and astrophysical observations. Without properly quantified theoretical
errors, such model predictions are of limited value. Also, one often deals with theoretical constructs
that involve fundamental quantities that are not accessible to experiment or observation. Particu-
larly relevant in this context is the pressure of pure neutron matter. In this contribution we develop
an analytic framework to answer the question of “How can new data reduce uncertainties of current
theoretical models?”[P.-G. Reinhard and W. Nazarewicz, Phys. Rev. C81, 051303(R) (2010)]. Sim-
ple and insightful expressions are obtained to quantify the impact of one or two new observables on
theoretical uncertainties in two critical quantities: the slope of the symmetry energy at saturation
density and the pressure of pure neutron matter at twice nuclear matter saturation density.

Introduction. In the last few years we have witnessed
historical discoveries in astronomy with far-reaching im-
plications in nuclear astrophysics. First, the gravita-
tional wave detection of the binary neutron star merger
GW170817 [1] together with its associated electromag-
netic counterpart [2] are providing answers to some of the
most fundamental questions animating nuclear science
today [3, 4]. Second, pulsar-timing observations of the
millisecond pulsar J0740+6620 by Cromartie and collab-
orators yielded the heaviest neutron star mass reported
to date: M =2.14+0.10

�0.09 M� [5]. Finally, the first simulta-

neous determination of the mass and radius of a neutron
star (J0030+0451) was reported by both the Maryland [6]
and Amsterdam collaborations [7]. Using the Neutron
star Interior Composition Explorer (NICER) aboard the
international space station, pulse-profile modeling of the
thermal emission from the pulsar’s hot spots revealed a
mass of about 1.4M� and a radius of nearly 13 km, with
a ± 10% uncertainty in both quantities.

Whereas electromagnetic- and gravitational-wave de-
tections are providing powerful constraints on the equa-
tion of state (EOS) at densities above nuclear matter sat-
uration density, measurements of nuclear observables—
such as neutron skins, electric dipole polarizabilities,
and heavy-ion collisions—constrain the EOS near satu-
ration density; see Refs. [8–10] and references contained
therein. It is this compelling connection between “heaven
and earth” that promises unprecedented advances in the
quest to determine the equation of state.

Besides these remarkable advances in nuclear astro-
physics, uncertainty quantification has seen significant
growth during the last decade. One of the earliest appeals
to the theoretical community was issued by the Editors
of the Physical Review A who stated: “it is all too often

⇤ chenw@cshl.edu
† jpiekarewicz@fsu.edu

the case that the numerical results are presented without
uncertainty estimates” [11]. The nuclear theory commu-
nity has responded to the challenge with a large number
of publications that have addressed not only the critical
role of theoretical uncertainties, but also the wealth of
information that is contained in the study of statistical
correlations among observables [12–22].

Our present work is motivated by the decade-old pa-
per by Reinhard and Nazarewicz [13]. The paper poses
two important questions on the uniqueness and useful-
ness of a new observable: (i) Considering the current

theoretical knowledge, what novel information does new

measurement bring in? and (ii) How can new data re-

duce uncertainties of current theoretical models? In an
e↵ort to illuminate this numerical procedure, we propose
to answer these questions analytically and extend the ar-
gument to the case of adding more than one observable.
Although by necessity some approximations will be re-
quired, our goal is to provide valuable insights while re-
taining accuracy. In particular, the formalism allows us
to readily assess situations that often involve limited ex-
perimental resources: should one attempt a single high-
precision measurement or would it be better to attempt
two (or more) measurements with less precision [23].

A particular interesting and topical example is the
slope of the symmetry energy at saturation density L,
a quantity that is closely connected to the pressure of
pure neutron matter at saturation density. The slope
of the symmetry energy plays an important role in ar-
eas as diverse as nuclear structure, heavy-ion collision,
neutron star structure, and supernova explosion [8–10].
Given that L is not a physical observable, a determina-
tion of L requires theoretical modeling. Yet, such a deter-
mination is hindered by the fact that di↵erent theoretical
models tend to predict widely di↵erent values. However,
the neutron skin thickness of 208Pb—defined as the di↵er-
ence in the root mean square radius between its neutron
and proton distributions—has been shown to be strongly
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