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The tidal polarizability measures the  
“fluffiness” (or stiffness) of a 

neutron star against deformation 

Electric Polarizability:
Electric field induced a polarization of charge
A time dependent electric dipole emits  
electromagnetic waves: 

        Tidal Polarizability:
Tidal field induces a polarization of mass
A time dependent mass quadrupole emits  
gravitational waves:  Qij = ⇤Eij
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low-spin case and (1.0, 0.7) in the high-spin case. Further
analysis is required to establish the uncertainties of these
tighter bounds, and a detailed studyof systematics is a subject
of ongoing work.
Preliminary comparisons with waveform models under

development [171,173–177] also suggest the post-
Newtonian model used will systematically overestimate
the value of the tidal deformabilities. Therefore, based on
our current understanding of the physics of neutron stars,
we consider the post-Newtonian results presented in this
Letter to be conservative upper limits on tidal deform-
ability. Refinements should be possible as our knowledge
and models improve.

V. IMPLICATIONS

A. Astrophysical rate

Our analyses identified GW170817 as the only BNS-
mass signal detected in O2 with a false alarm rate below
1=100 yr. Using a method derived from [27,178,179], and
assuming that the mass distribution of the components of
BNS systems is flat between 1 and 2 M⊙ and their
dimensionless spins are below 0.4, we are able to infer
the local coalescence rate density R of BNS systems.
Incorporating the upper limit of 12600 Gpc−3 yr−1 from O1
as a prior, R ¼ 1540þ3200

−1220 Gpc−3 yr−1. Our findings are

consistent with the rate inferred from observations of
galactic BNS systems [19,20,155,180].
From this inferred rate, the stochastic background of

gravitational wave s produced by unresolved BNS mergers
throughout the history of the Universe should be compa-
rable in magnitude to the stochastic background produced
by BBH mergers [181,182]. As the advanced detector
network improves in sensitivity in the coming years, the
total stochastic background from BNS and BBH mergers
should be detectable [183].

B. Remnant

Binary neutron star mergers may result in a short- or long-
lived neutron star remnant that could emit gravitational
waves following the merger [184–190]. The ringdown of
a black hole formed after the coalescence could also produce
gravitational waves, at frequencies around 6 kHz, but the
reduced interferometer response at high frequencies makes
their observation unfeasible. Consequently, searches have
been made for short (tens of ms) and intermediate duration
(≤ 500 s) gravitational-wave signals from a neutron star
remnant at frequencies up to 4 kHz [75,191,192]. For the
latter, the data examined start at the time of the coalescence
and extend to the end of the observing run on August 25,
2017. With the time scales and methods considered so far
[193], there is no evidence of a postmerger signal of

FIG. 5. Probability density for the tidal deformability parameters of the high and low mass components inferred from the detected
signals using the post-Newtonian model. Contours enclosing 90% and 50% of the probability density are overlaid (dashed lines). The
diagonal dashed line indicates the Λ1 ¼ Λ2 boundary. The Λ1 and Λ2 parameters characterize the size of the tidally induced mass
deformations of each star and are proportional to k2ðR=mÞ5. Constraints are shown for the high-spin scenario jχj ≤ 0.89 (left panel) and
for the low-spin jχj ≤ 0.05 (right panel). As a comparison, we plot predictions for tidal deformability given by a set of representative
equations of state [156–160] (shaded filled regions), with labels following [161], all of which support stars of 2.01M⊙. Under the
assumption that both components are neutron stars, we apply the function ΛðmÞ prescribed by that equation of state to the 90% most
probable region of the component mass posterior distributions shown in Fig. 4. EOS that produce less compact stars, such as MS1 and
MS1b, predict Λ values outside our 90% contour.
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GW170817  
rules out very large  
neutron star radii! 

Neutron Stars must 
be compact 
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Fig. 2 Scaled gravitational wave signal from the late inspiral of two equal-mass, non spin-
ning neutron stars for di↵erent values of ⇤̃ using the IMRPhenomD NRTidalv2 [95,96] waveform
model. We plot the plus polarization in the time domain in the top panel, and the real part
of the plus polarization in the bottom panel. Since we employ an analytic model, waveforms
have been terminated at the peak of the time domain waveform amplitude, sometimes used
to approximately signify the merger.

Besides tidal interactions in the binary, the equation of state also a↵ects
the quadrupole-monopole, or self-spin, term which is a 2PN phase correction.
This e↵ect is caused by the fact that the shape of the neutron star is deformed
under its own spin, resulting in a spin-induced quadrupole moment. The de-
gree of deformation depends on the equation of state of the star; the leading
order e↵ect and its first correction have been computed in [103, 104]. Despite
being formally a lower order term, the self-spin contribution to the gravita-
tional wave phase is smaller than the tidal deformability contribution, and can
be neglected unless the neutron star is rotating significantly [105]. The spin-
induced quadrupole (and the resulting self-spin term) can be approximately
calculated given the tidal deformability of the star in a way that is approxi-
mately agnostic about the underlying equation of state, through the Love-Q
relation [106,107]. Waveform models can, therefore, include the self-spin term
directly without the need of additional binary parameters [108,109].

Finally, it is worth remembering that Eq. (7) does not include a number
of point-particle terms that are represented by the ellipses. Those terms are of
lower or the same post-Newtonian order as the tidal terms of interest here and
they have fully been computed up to the term proportional to u

7 [21]. Though
smaller in magnitude than the tidal terms, their absence could lead to biases
when measuring the tidal e↵ects from a gravitational wave signal [91, 110].
However, as already mentioned most waveform models in use are constructed
from a baseline binary black hole model on top of which tidal e↵ects have been
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The Equation of State of Neutron-Rich Matter

0 1 2 3 4
ρ/ρ

0

-20

0

20

40

60

80

100

E
/A

-M
(M

eV
)

Symmetric Nuclear Matter

P
=

0

0 0.5 1 1.5 2
ρ/ρ

0

0

20

40

60

80

S(
ρ)

(M
eV

)

ρ/ρ
0
∼2/3

L~PPNM

Symmetry Energy

Equation of state: textbook examples 
Non-interacting classical gas 
high temperature, low density limit

Non-interacting (UR) quantum gas 
high density, low temperature limit
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P (n, T =0) ⇡ n4/3 $ P (E) = 1
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E

Equation of state of neutron-rich matter:  
NON-textbook example

Strongly-interacting quantum fluid  
 high density, low temperature limit
Two “quantum liquids” in µ-equilibrium
Charge-neutral system (neutralizing leptons)
Density dependence and isospin asymmetry  
of the EOS poorly constrained 
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Neutron Stars: Unique Cosmic Laboratories
Neutron stars are the remnants of massive stellar explosions 
 Satisfy the TOV equations: Newtonian Gravity to Einstein Gravity
Only Physics that the TOV equation is sensitive to: Equation of State 

Increase from 0.7/ 2 Msun transfers ownership to Nuclear Physics!

Status before GW170817 
 

Many nuclear models that account for 
the properties of finite nuclei yield 

enormous variations in the prediction of 
neutron-star radii and maximum mass 

Only observational constraint in the 
form of two neutron stars with a mass  

in the vicinity of 2Msun 

Neutron Stars as Nuclear Physics Gold Mines
Neutron Stars are the remnants of massive stellar explosions

Are bound by gravity NOT by the strong force
Satisfy the Tolman-Oppenheimer-Volkoff equation (vesc/c⇠1/2)

Only Physics sensitive to: Equation of state of neutron-rich matter
EOS must span about 11 orders of magnitude in baryon density

Increase from 0.7!2M� must be explained by Nuclear Physics!

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryondensity of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.746 0.15)3 1015 g cm23, or ,10ns.
Evolutionary models resulting in companion masses.0.4M[ gen-

erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period.8ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exoticmatter; green, strange quarkmatter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.976 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases themaximum possiblemass for each EOS. For a 3.15-ms spin period,
this is a=2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
observational constraints2. GR, general relativity; P, spin period.
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 GW170817: first detection of Gravitational  
 Waves from a binary neutron-star merger 
    (obtained a wealth of information!) 
 GW190425: second detection of BNS 
    (Hanford offline; no sky localization) 
 GW190814: BNS or NSBH merger? 
    (2.6 Msun heaviest NS or lightest BH?) 

 J0740+6620: Most massive star (2019) 
    (2.14 Msun — Thankful Cromartie et al)  
 J0030+0451: NICER aboard the ISS (2019)  
   (First ever mass-radius determination) 

 PREX-II: Neutron-skin thickness of 208Pb 
   (Just announced at DNP meeting!)

GW

EM

Terrestrial experiments

ultimate determination of the neutron-skin 
thickness of 208Pb 

(some people call it „P2“)

P2:
measurement of the weak mixing angle:
10000 hours (= 417 days)
measurement of the weak charge of 12C
2500 hours (= 105 days)

The Quest for the EOS: Status After GW170817

Powerful synergy 
developing  

between terrestrial 
experiments, 

electromagnetic 
observations,  

and gravitational-
wave detections: 

A brand new era of  
Multimessenger 

Astronomy!

Heaven and Earth



Status After GW170817: The start of a golden era

Tantalizing Possibility
• Laboratory Experiments suggest large neutron radii for Pb 
• Gravitational Waves suggest small stellar radii 
• Electromagnetic Observations suggest large stellar masses 

Exciting possibility: If all are confirmed, this tension may be evidence of a 
softening/stiffening of the EOS (phase transition?)
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Neutron Stars as Nuclear Physics Gold Mines
Neutron Stars are the remnants of massive stellar explosions

Are bound by gravity NOT by the strong force
Satisfy the Tolman-Oppenheimer-Volkoff equation (vesc/c⇠1/2)

Only Physics sensitive to: Equation of state of neutron-rich matter
EOS must span about 11 orders of magnitude in baryon density

Increase from 0.7!2M� must be explained by Nuclear Physics!

common feature of models that include the appearance of ‘exotic’
hadronic matter such as hyperons4,5 or kaon condensates3 at densities
of a few times the nuclear saturation density (ns), for example models
GS1 and GM3 in Fig. 3. Almost all such EOSs are ruled out by our
results. Our mass measurement does not rule out condensed quark
matter as a component of the neutron star interior6,21, but it strongly
constrains quark matter model parameters12. For the range of allowed
EOS lines presented in Fig. 3, typical values for the physical parameters
of J1614-2230 are a central baryondensity of between 2ns and 5ns and a
radius of between 11 and 15 km, which is only 2–3 times the
Schwarzschild radius for a 1.97M[ star. It has been proposed that
the Tolman VII EOS-independent analytic solution of Einstein’s
equations marks an upper limit on the ultimate density of observable
cold matter22. If this argument is correct, it follows that our mass mea-
surement sets an upper limit on this maximum density of
(3.746 0.15)3 1015 g cm23, or ,10ns.
Evolutionary models resulting in companion masses.0.4M[ gen-

erally predict that the neutron star accretes only a few hundredths of a
solar mass of material, and result in a mildly recycled pulsar23, that is
one with a spin period.8ms. A few models resulting in orbital para-
meters similar to those of J1614-223023,24 predict that the neutron star
could accrete up to 0.2M[, which is still significantly less than the
>0.6M[ needed to bring a neutron star formed at 1.4M[ up to the
observed mass of J1614-2230. A possible explanation is that some
neutron stars are formed massive (,1.9M[). Alternatively, the trans-
fer of mass from the companion may be more efficient than current
models predict. This suggests that systems with shorter initial orbital
periods and lower companion masses—those that produce the vast
majority of the fully recycled millisecond pulsar population23—may
experience even greater amounts of mass transfer. In either case, our
mass measurement for J1614-2230 suggests that many other milli-
second pulsars may also have masses much greater than 1.4M[.
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12. Özel, F., Psaltis, D., Ransom, S., Demorest, P. & Alford, M. The massive pulsar PSR
J161422230: linking quantum chromodynamics, gamma-ray bursts, and
gravitational wave astronomy. Astrophys. J. (in the press).

13. Hobbs, G. B., Edwards, R. T. & Manchester, R. N. TEMPO2, a new pulsar-timing
package - I. An overview.Mon. Not. R. Astron. Soc. 369, 655–672 (2006).

14. Damour, T. & Deruelle, N. General relativistic celestial mechanics of binary
systems. II. The post-Newtonian timing formula. Ann. Inst. Henri Poincaré Phys.
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Figure 3 | Neutron star mass–radius diagram. The plot shows non-rotating
mass versus physical radius for several typical EOSs27: blue, nucleons; pink,
nucleons plus exoticmatter; green, strange quarkmatter. The horizontal bands
show the observational constraint from our J1614-2230 mass measurement of
(1.976 0.04)M[, similar measurements for two other millisecond pulsars8,28

and the range of observed masses for double neutron star binaries2. Any EOS
line that does not intersect the J1614-2230 band is ruled out by this
measurement. In particular, most EOS curves involving exotic matter, such as
kaon condensates or hyperons, tend to predict maximum masses well below
2.0M[ and are therefore ruled out. Including the effect of neutron star rotation
increases themaximum possiblemass for each EOS. For a 3.15-ms spin period,
this is a=2% correction29 and does not significantly alter our conclusions. The
grey regions show parameter space that is ruled out by other theoretical or
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The Nuclear Equation of State Density Ladder
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The cosmic ladder has “rungs” of objects 
with certain properties that let astronomers 

confidently measure their distance. 
Jumping to each subsequent rung relies on 

methods for measuring objects that are 
ever farther away, the next step often 

piggybacking on the previous one

Nuclear EOS Density Ladder 
 

The EOS ladder has “rungs” of objects with 
certain properties that let scientists 

confidently measure the EOS. Jumping to 
each subsequent rung relies on methods 

for measuring objects that are ever denser, 
the next step often piggybacking on the 

previous one
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Heaven and Earth 
Laboratory Constraints on the EOS

Laboratory experiments constrain the EOS of pure  
neutron matter around saturation density: PPNM=L

Although a fundamental parameter of the EOS, L is not 
a physical observable — yet is strongly correlated to one: 
   the neutron-rich skin of a heavy nucleus such as 208Pb

Parity-violating elastic electron scattering is the cleanest 
experimental tool to measure the neutron radius of lead 
(PREX, PREX-II, and MREX)
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MREX will provide the 
most stringent constraint  
on the EOS of neutron-rich 
matter at saturation density
An additional measurement 
can also constrain the entire 
baryon density of 208Pb and 
provide unique insights into 
the saturation mechanism
MREX will provide 
fundamental anchors for 
future campaigns at FRIB 
and other future exotic 
beam facilities 

The Future: MREX 
A Highly Compelling Science Case



Anatomy of a self-consistent Covariant DFT calculation
The Hohenberg-Kohn Theorem: The ground state energy  
can be obtained variationally: the density that minimizes  

the total energy is the exact ground state density


Ground state properties (charge and weak charge 
densities) emerge from functional minimization
Collective excitations (e.g., electric dipole response) 
is the consistent linear response of the ground state 
to a small perturbation

Consistent response of the mean−field ground state

σ,ω,γ= + hnhp p n

0

Nuclear Polarization in the "NO−SEA" approximation

= + +

Self−consistent mean−field ground state

= +

N NN

N
σ,ω,ρ,γ = +

0

Nucleon self−energy in the "NO−SEA" approximation

σ,ω,ρ,γ σ,ω,ρ,γ σ,ω,ρ,γ
N h n

Covariant Density Functional Theory



Electric Dipole Response
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IVGDR: The quintessential  
nuclear excitation

Out-of-phase oscillation of neutrons vs protons 
      Symmetry energy acts as restoring force 

Energy weighted sum rule largely model independent 
Inverse energy weighted sum strongly correlated to L 
   Important contribution from Pygmy resonance 

High quality data from RCNP, GSI, HIGS, … 
    On a variety of nuclei such as Pb, Sn, Ni, Ca, … 
    hopefully in the future along isotopic chains     
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Electric Dipole Polarizability aD

The Isovector Giant Dipole Resonance in 208Pb
JP et al., PRC85, 041302 (2012); Roca-Maza et al., PRC88, 024316 (2013)

IVGDR: Coherent oscillations of protons against neutrons
Nuclear symmetry energy acts as
restoring force for this mode

Energy weighted sum rule largely model independent ⇠NZ/A

Electric dipole polarizability (IEWSR) sensitive to L: ↵DJ⇠a+bL

Electric dipole polarizability a powerful complement to neutron skin
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Electric dipole polarizability a powerful electroweak complement to Rskin 
   Important contribution from Pygmy resonance  (inverse energy weighted sum) 
 Low-energy strength of relevance to (n,g) reactions in stellar environments



PREX-II Constraints on the  
EOS of Neutron Rich Matter
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IVGDR: Coherent oscillations of protons against neutrons
Nuclear symmetry energy acts as
restoring force for this mode

Energy weighted sum rule largely model independent ⇠NZ/A

Electric dipole polarizability (IEWSR) sensitive to L: ↵DJ⇠a+bL

Electric dipole polarizability a powerful complement to neutron skin
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RCNP: Electric Dipole 
Polarizability of 208Pb

Some slight tension between PREX-II and 
 RCNP — yet PREX-II error still a bit too large!



Electric Dipole Polarizability of  
Unstable Neutron-Rich Nuclei

Most stringent constraint on EOS of neutron-rich matter from nuclei  
with huge skins — preferably along long isotopic chains (e.g., tin)

relativistic Coulomb excitation code and adopting parame-
ters of their strength distribution from data systematics [1],
were subtracted from the Coulomb cross sections prior to
converting into photo-neutron cross sections. In the top
right panel, a photo-neutron spectrum of the heaviest stable
tin isotope, 124Sn, measured in a real-photon absorption
experiment [17] is shown for comparison. The differences
between stable and radioactive tin isotopes at excitation
energies around 10 MeV are evident.

In order to extract quantitative information, a Lorentzian
distribution of photo-neutron cross section was tentatively
adopted to account for the GDR and a Gaussian (or alter-
natively a Lorentzian) distribution for the apparent low-
lying component; below, for convenience, the latter is
denoted as PDR. The two distributions are then trans-
formed back to the energy-differential Coulomb cross
section, folded with the detector response, and their pa-
rameters are found by !2 minimization against the experi-
mental data. In this way, positions, widths, and integrated
cross sections of both the PDR and GDR peaks are found.
The results of this procedure are shown in Fig. 2. The low-
energy shoulder of the GDR distribution in part arises be-
cause of the rapidly increasing flux of virtual photons to-
wards lower energies, but in part is also of an instrumental
nature due to the limited reconstruction efficiency (see
above) for the two-neutron decay channel; the latter effect

forms about 15% of the cross section observed around the
PDR.

A summary of the deduced PDR and GDR parameters is
given in Table I; data for the most neutron-rich stable tin
isotope, 124Sn, taken from [18] are added for comparison.
Deduced parameters for the PDR and GDR peaks are
quoted, i.e., peak energy !Emax", width (FWHM) and the
integral over the photo-neutron cross section !R"#". The
parameters for the PDR did not change significantly if
adopting either a Gaussian or a Lorentzian distribution.
Because of the finite energy resolution, only an upper limit
for the PDR width could be deduced. The errors as quoted
in Table I include the correlations among all fitted parame-
ters. As far as the giant dipole resonance parameters are
concerned, within error bars no significant deviations from
those known for the stable tin isotopes or stable isotopes in
the same mass region [1,18] are observed. The essential
difference compared to the dipole strength distribution of
the stable isotopes is manifested in the appearance of a
low-lying component as already noticed. The integrated
PDR cross section corresponds to 7(3)% and 4(3)% of the
value of the Thomas-Reiche-Kuhn energy-weighted sum
rule (EWSR) for 130Sn and 132Sn, respectively. The respec-
tive B!E1" " values amount to 3.2 and 1:9 e2 fm2 or to 4.3
and 2.7 Weisskopf units (W.u.), the latter calculated for a
neutron transition (for the definition of W.u. adopted here
see [1]). Having in mind the well-known strong suppres-
sion, compared to the Weisskopf estimate, of E1 single-
particle transitions, such large B!E1" values indicate that
the observed low-lying strength is either composed out of a
large number of single-particle transitions in a rather nar-
row energy interval or involves a coherent superposition of
transitions forming a new collective mode.

It should be remembered that the dipole strength is
measured only above the one-neutron separation threshold,
and thus only part of the low-lying strength may be covered
in the present experiment. In fact, recent real-photon mea-
surements on stable N # 82 isotones [10] revealed a con-
centration of E1 strength in bound states below the neutron
threshold, spread over excitation energies between 5.5 and
8 MeV. The integrated strength exhausts, however, less
than 1% of the EWSR. Real-photon scattering experiments
to bound states of the stable isotopes 116;124Sn uncovered a
concentration of E1 strength around 6.5 MeV with B!E1"
values, however, of only 0.20 and 0:35 e2 fm2, respectively
[19]. The QRPA calculations by Tsoneva et al. [4], which

TABLE I. Summary of the parameters deduced for the PDR
and GDR peaks. The parameters for 124Sn are from [18].

PDR GDR
Emax

[MeV]
FWHM
[MeV]

R
"#

[mb MeV]
Emax

[MeV]
FWHM
[MeV]

R
"#

[mb MeV]

124Sn $ $ $ $ $ $ $ $ $ 15.3 4.8 2080
130Sn 10.1(7) <3:4 130(55) 15.9(5) 4.8(1.7) 2680(410)
132Sn 9.8(7) <2:5 75(57) 16.1(7) 4.7(2.1) 2330(590)

FIG. 2 (color online). Left panels: energy differential, with
respect to excitation energy E%, electromagnetic dissociation
cross sections measured in 130Sn and 132Sn. Arrows indicate
the neutron-separation thresholds. Corresponding right panels:
deduced photo-neutron cross sections. The curves represent
fitted Gaussian (blue dashed line) and Lorentzian (green dash-
dotted line) distributions, assigned to the PDR (centroid indi-
cated by an arrow) and GDR, respectively, and their sum (red
solid line), after folding with the detector response. Top right
panel: photo-neutron cross section in the stable 124Sn isotope
measured in a real-photon absorption experiment; the solid red
line represents a Lorentzian distribution [17].

PRL 95, 132501 (2005) P H Y S I C A L R E V I E W L E T T E R S week ending
23 SEPTEMBER 2005

132501-3

GSI: Adrich et al
PRL95, 132501 (2005)
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FIG. 3. Distribution of isovector dipole
strength for all neutron-even tin isotopes from
116Sn to 130Sn at a momentum transfer of q =
0.018 fm−1. All calculations include a small
artificial width of η = 0.5 MeV and use the
FSUGold parameter set [38].

of the nonspectral character of our calculation, particle-escape
widths are computed exactly within the model.

The large collective structure in the ω ∼ 15−16 MeV
region corresponds to the quintessential nuclear mode: the
isovector giant dipole resonance (GDR). For medium-to-heavy
nuclei, this collective vibration represents a coherent oscilla-
tion of all protons against all neutrons and is well-developed
along the whole isotopic chain [48,49]. As is characteristic
of these collective excitations, a large fraction of the energy-
weighted sum rule is exhausted by this one resonance. But not
all! The development of low-energy (ω ∼ 7−9 MeV) dipole
strength with increasing neutron number is clearly discerned
in Figs. 2 and 3. The progressive addition of “valence”
neutrons—those occupying the 1g7/2, 2d5/2, 2d3/2, 3s1/2, and
1h11/2 orbitals (in that precise order)—results in a well-
developed, albeit small, low-energy resonance. This oscillation
of the excess neutrons—the neutron skin—against the isospin-
symmetric core has been dubbed the PDR. In addition to
the full distribution of isovector dipole strength, some of its
moments have been tabulated in Table III. To do so, an ad
hoc division was made at 10 MeV—with the PDR comprising
the 5- to 10-MeV low-energy region and the GDR the 10- to
25-MeV high-energy region. Note that only PDR moments that
account for at least 1% of the energy-weighted sum rule are
tabulated.

We now turn to the first of the two questions posed
in the Introduction: is there a strong correlation between
the development of a neutron skin and the emergence of
low-energy isovector dipole strength in the tin isotopes? To
answer this question we have plotted in Fig. 4 the fraction of the
energy-weighted sum rule contained in the PDR relative to that
located in the GDR region [M1 ≡ m1(PDR)/m1(GDR)] as a
function of the neutron skin (Rn − Rp). The same information
may be found in tabular form in Tables I and III. Note that
for those light isotopes for which the neutron skin is negative,
M1 is (as expected) vanishingly small. Figure 4 displays a

strong (almost linear) correlation between M1 and Rn − Rp

for A ! 120. This lends support to the picture of the pygmy
dipole resonance as an oscillation of the excess neutrons
in the skin against the isospin-symmetric core. Yet as the
neutron skin continues to increase in going from 120Sn to
132Sn, a mild anticorrelation actually develops. To elucidate
these correlations it is useful to call on the single-particle (or
mean-field) response.

The mean-field (or single-particle) isovector dipole re-
sponse of both 120Sn and 132Sn are displayed on the left-hand
panel of Fig. 5. To resolve most individual particle-hole
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FIG. 4. (Color online) Fraction of the energy-weighted sum rule
contained in the low-energy region (5−10 MeV) relative to that in the
high-energy region (10−25 MeV) as a function of the neutron skin
of the various Sn-isotopes.
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FIG. 2. Distribution of isovector dipole
strength for all neutron-even tin isotopes from
100Sn to 114Sn at a momentum transfer of q =
0.018 fm−1. All calculations include a small
artificial width of η = 0.5 MeV and use the
FSUGold parameter set [38].

follows:

"αβ(x, y) =
∫ ∞

−∞

dω

2π
e−iω(x0−y0)"αβ(x, y; ω). (5)

The isovector dipole response, denoted henceforth as
SL(q,ω), may now be extracted from the imaginary part of
a suitable polarization tensor. That is,

SL(q,ω) = − 1
π

#"00
33(q, q; ω), (6)

where the above labels refer to the isovector-timelike operator
of Eq. (4) and "00

33(q, q′; ω) denotes the Fourier transform
of "00

33(x, y; ω). Such an operator is capable of exciting all
natural-parity states. To isolate the isovector dipole response
one must project out the (J π = 1−; T = 1) component of the
polarization tensor. Thus, a transition operator of the following
form is used:

D̂0
1µ;3(q, r) = j1(qr)Y1µ(r̂)γ 0τ3 −→

(qr&1)

1
3qrY1µ(r̂)γ 0τ3. (7)

In the mean-field approximation the nuclear polarization
tensor may be written exclusively in terms of the nucleon
mean-field propagator GMF(x, y) as follows:

i"
αβ
MF(x, y) = Tr[)αGMF(x, y))βGMF(y, x)], (8)

where the nucleon propagator G
αβ
MF is defined, in analogy to

Eq. (2), as a time-ordered product of two nucleon fields

iG
αβ
MF(x, y) = 〈*0|T [ψα(x)ψ̄β(y)]|*0〉. (9)

What defines the mean-field propagator is the replacement
of the exact ground state of the system ,0 by its mean-
field approximation *0. In the mean-field approximation the
spectral content of the polarization tensor is both simple
and illuminating [47]. The polarization tensor is an analytic
function of the excitation energy ω—except for simple poles

located at the one-particle–one-hole excitations of the mean-
field system, with the residues at the individual poles yielding
the transition form-factors.

To build collectivity into the nuclear response, all single-
particle excitations of the same spin and parity must be mixed
via a residual particle-hole interaction. The collective response
of the system to an external perturbation is then obtained as a
solution of the following set of RPA (Dyson’s) equations [47]:

"
αβ
RPA(q, q′; ω) = "

αβ
MF(q, q′; ω) +

∫
d3k

(2π )3

d3k′

(2π )3

×"αλ
MF(q, k; ω)Vλσ (k, k′; ω)

×"
σβ
RPA(k′, q′; ω), (10)

where Vλσ (k, k′; ω) is the (momentum-space) residual
particle-hole interaction. It should be stressed that to preserve
important symmetries of the problem, the residual interaction
must be consistent with the interaction used to generate the
mean-field ground state [39,45]. Note that as certain symme-
tries of the infinite system are broken in the finite nucleus,
the above set of integral equations becomes a complicated
one. For example, the lack of translational invariance induces
the mixing between various Lorentz structures (e.g., timelike
and spacelike). Further, as the mean-field ground state is not
isospin symmetric, isoscalar and isovector modes will also get
mixed.

III. RESULTS

We start this section by displaying in Figs. 2 and 3 the
distribution of isovector dipole strength for various members of
the Sn-isotopic chain. (The distribution of strength in 132Sn is
shown in Fig. 7). In all cases the nuclear response is reported at
the small momentum transfer of q = 0.018 fm−1 and includes
a small artificial width of η = 0.5 MeV. An artificial width is
included to resolve individual bound-state transitions; because

044325-4



Electric Dipole Polarizability of  
Unstable Neutron-Rich Nuclei

Most stringent constraint on EOS of neutron-rich matter from nuclei  
with huge skins — preferably along long isotopic chains (e.g., tin)
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relativistic Coulomb excitation code and adopting parame-
ters of their strength distribution from data systematics [1],
were subtracted from the Coulomb cross sections prior to
converting into photo-neutron cross sections. In the top
right panel, a photo-neutron spectrum of the heaviest stable
tin isotope, 124Sn, measured in a real-photon absorption
experiment [17] is shown for comparison. The differences
between stable and radioactive tin isotopes at excitation
energies around 10 MeV are evident.

In order to extract quantitative information, a Lorentzian
distribution of photo-neutron cross section was tentatively
adopted to account for the GDR and a Gaussian (or alter-
natively a Lorentzian) distribution for the apparent low-
lying component; below, for convenience, the latter is
denoted as PDR. The two distributions are then trans-
formed back to the energy-differential Coulomb cross
section, folded with the detector response, and their pa-
rameters are found by !2 minimization against the experi-
mental data. In this way, positions, widths, and integrated
cross sections of both the PDR and GDR peaks are found.
The results of this procedure are shown in Fig. 2. The low-
energy shoulder of the GDR distribution in part arises be-
cause of the rapidly increasing flux of virtual photons to-
wards lower energies, but in part is also of an instrumental
nature due to the limited reconstruction efficiency (see
above) for the two-neutron decay channel; the latter effect

forms about 15% of the cross section observed around the
PDR.

A summary of the deduced PDR and GDR parameters is
given in Table I; data for the most neutron-rich stable tin
isotope, 124Sn, taken from [18] are added for comparison.
Deduced parameters for the PDR and GDR peaks are
quoted, i.e., peak energy !Emax", width (FWHM) and the
integral over the photo-neutron cross section !R"#". The
parameters for the PDR did not change significantly if
adopting either a Gaussian or a Lorentzian distribution.
Because of the finite energy resolution, only an upper limit
for the PDR width could be deduced. The errors as quoted
in Table I include the correlations among all fitted parame-
ters. As far as the giant dipole resonance parameters are
concerned, within error bars no significant deviations from
those known for the stable tin isotopes or stable isotopes in
the same mass region [1,18] are observed. The essential
difference compared to the dipole strength distribution of
the stable isotopes is manifested in the appearance of a
low-lying component as already noticed. The integrated
PDR cross section corresponds to 7(3)% and 4(3)% of the
value of the Thomas-Reiche-Kuhn energy-weighted sum
rule (EWSR) for 130Sn and 132Sn, respectively. The respec-
tive B!E1" " values amount to 3.2 and 1:9 e2 fm2 or to 4.3
and 2.7 Weisskopf units (W.u.), the latter calculated for a
neutron transition (for the definition of W.u. adopted here
see [1]). Having in mind the well-known strong suppres-
sion, compared to the Weisskopf estimate, of E1 single-
particle transitions, such large B!E1" values indicate that
the observed low-lying strength is either composed out of a
large number of single-particle transitions in a rather nar-
row energy interval or involves a coherent superposition of
transitions forming a new collective mode.

It should be remembered that the dipole strength is
measured only above the one-neutron separation threshold,
and thus only part of the low-lying strength may be covered
in the present experiment. In fact, recent real-photon mea-
surements on stable N # 82 isotones [10] revealed a con-
centration of E1 strength in bound states below the neutron
threshold, spread over excitation energies between 5.5 and
8 MeV. The integrated strength exhausts, however, less
than 1% of the EWSR. Real-photon scattering experiments
to bound states of the stable isotopes 116;124Sn uncovered a
concentration of E1 strength around 6.5 MeV with B!E1"
values, however, of only 0.20 and 0:35 e2 fm2, respectively
[19]. The QRPA calculations by Tsoneva et al. [4], which

TABLE I. Summary of the parameters deduced for the PDR
and GDR peaks. The parameters for 124Sn are from [18].

PDR GDR
Emax

[MeV]
FWHM
[MeV]

R
"#

[mb MeV]
Emax

[MeV]
FWHM
[MeV]

R
"#

[mb MeV]

124Sn $ $ $ $ $ $ $ $ $ 15.3 4.8 2080
130Sn 10.1(7) <3:4 130(55) 15.9(5) 4.8(1.7) 2680(410)
132Sn 9.8(7) <2:5 75(57) 16.1(7) 4.7(2.1) 2330(590)

FIG. 2 (color online). Left panels: energy differential, with
respect to excitation energy E%, electromagnetic dissociation
cross sections measured in 130Sn and 132Sn. Arrows indicate
the neutron-separation thresholds. Corresponding right panels:
deduced photo-neutron cross sections. The curves represent
fitted Gaussian (blue dashed line) and Lorentzian (green dash-
dotted line) distributions, assigned to the PDR (centroid indi-
cated by an arrow) and GDR, respectively, and their sum (red
solid line), after folding with the detector response. Top right
panel: photo-neutron cross section in the stable 124Sn isotope
measured in a real-photon absorption experiment; the solid red
line represents a Lorentzian distribution [17].
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That is why you play the game … 
because often the underdog wins! 
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Nuclear Physics is paramount in the quest for  
the EOS of neutron-rich matter in the new era  
of gravitational-wave astronomy (“first rung”  
in the density ladder)
Electroweak measurements — PV e-scattering 
and photoabsorption experiments — the cleanest 
tools that inform the EOS
Mainz may play a leadership role in both efforts!

A few concluding remarks … 


