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Next Goal: Understand fishnet integrals from a geometric viewpoint

Christoph’s talk: 
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   Massless Fishnet Integrals — General definition

to                                   :
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Fishnet integral:

Random example                 
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   Massless Fishnet Integrals — Existing results in 4 dimensions

Can we understand fishnet integrals from a geometric viewpoint?

Two loops: 
Elliptic Polylogarithms
[Kristensson, Wilhelm, Zhang; 2021]

One loop: 
Bloch-Wigner Dilogarithm
[Davydychev, Delbourgo; 1997]
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One parameter: 
Basso Dixon formula: 

Recursive relations for all-loop 4-point fishnets in terms of ladders
[Basso, Dixon; 2017]
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   Massless Fishnet Integrals — Existing results in 2 dimensions
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One parameter: 
Recursive relations for all-loop 4-point fishnet integrals in 2 dimensions
[Derkachov, Kazakov, Olivucci; 2019]

Can we understand fishnet integrals in 2 dimensions from a geometric viewpoint?

5



   Outline

Introduction: Massless fishnet integrals in 2 dimensions and their symmetries  

Question 1: Can we relate fishnet integrals and Calabi-Yau geometries?


Question 2: Is there a connection between the symmetries of fishnet integrals and these geometries?


Results 
 
Question 3: Can we interpret fishnet integrals as volumes of Calabi-Yau l-folds?  

Summary: Dictionary 

Goal: Understand 2D fishnet integrals from a geometric viewpoint
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   Massless, conformal fishnet integrals in 2 dimensions
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with
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1. Permutation symmetries of the graph 

2. Yangian invariance


Symmetries:

   Massless 2D fishnet integrals — Symmetries
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Example: The three-loop traintrack integral

The topology of the graph     defines a subgroup of permutations      

that exchanges the external points while leaving the value of the integral invariant:
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   Massless 2D fishnet integrals — Symmetries: Permutation symmetry
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Level-0 Yangian constraints Level-1 Yangian constraints
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[Corcoran, Loebbert, Miczajka; 2021]

   Massless 2D fishnet integrals — Symmetries: Yangian invariance 
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   Massless fishnet integrals — The one-loop box

➡ Could we write the higher-loop fishnet integrals in terms of periods of Calabi-Yau l-folds?  
  Monodromy invariance? 

➡ Is there a volume interpretation for general fishnets?

[Corcoran, Loebbert, Miczajka; 2021]
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Question 1: Can we relate fishnet integrals and Calabi-Yau geometries?

12



   Question 1 — Can we relate fishnet integrals and Calabi-Yau geometries?

<latexit sha1_base64="/CKZtw5/lAFW77mjDXzowARA1ps="></latexit>

IG(a) ⇠
Z

MG

⌦ ^ ⌦̄ ⇠ ⇧+⌃⇧

<latexit sha1_base64="0jEceuYzxLlO+abwbtWsV6cWPo8="></latexit>↵

<latexit sha1_base64="+1AqR4MeJFxIlrBAHqbeq5ol0Uk="></latexit>

�

Torus

Elliptic curve defined by                    .
<latexit sha1_base64="F9HAy23WSLoNuJ8Xpca7G7atuIQ="></latexit>

y2 = f(x)

Differential form:  
<latexit sha1_base64="AbIhNihniNcORwwSDKM0LBMfsCI="></latexit>

! =
dx

y
=

dxp
f(x)

Periods:           and     
<latexit sha1_base64="hukplh/AMWwKg3YkQ95ZmkoBC/8="></latexit>Z

↵
!

<latexit sha1_base64="LtLwFHilN9Wzx4HMobUQ1L4oegY="></latexit>Z

�
!

Calabi-Yau geometry

Calabi-Yau l-fold defined by                      .                            
<latexit sha1_base64="FSTKkDyCgsXOdh9ujkxmcq6SfI4="></latexit>

y2 = PG(x, a)

Differential form:  

Periods:  
<latexit sha1_base64="0krwQGwIIcllHMJ5cjoywGYI7KQ="></latexit>Z

�i

⌦<latexit sha1_base64="cSrx69q7XtM9dCd+ifaUVvSEzoo="></latexit>=

<latexit sha1_base64="xZQmtJEUtQWusp8htf8VzDNIqN8="></latexit>

⌦ =
µB(x)p
PG(x, a)

<latexit sha1_base64="0m89WKRFQmRoXbFIEeaYM2ozBt8="></latexit>

⇧i

holomorphic measure on 

the projective base space

with

<latexit sha1_base64="QUzh+aq0FyazEbAA5Eg/5OA6jLE="></latexit>

IG(a) =

Z

Cl

0

@
lY

j=1

dx̄j ^ dxj

2⇡

1

A 1p
PG(x, a)

p
PG(x̄, a)

<latexit sha1_base64="AzuYucCOf0OrBHJN9fQJBXPPHQY="></latexit>

PG(x, a) =

2

4
Y

i,j

(xi � xj)

3

5

2

4
Y

i,j

(xi � aj)

3

5
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   Question 1

Question: Can we relate fishnet integrals and Calabi-Yau geometries?

<latexit sha1_base64="TBrX5H6IjF8AFXC+GoHWBruPGcw="></latexit>

IG(a) ⇠
Z

MG

⌦ ^ ⌦̄ ⇠ ⇧+⌃⇧ ⇠ e�K

Claim:  
A fishnet integral is related to the Kähler potential         of a specific 
Calabi-Yau geometry defined by              .  

<latexit sha1_base64="XxQ++rnl7+IZJZepMmHRPf6thH0="></latexit>

K(z)
<latexit sha1_base64="esM8Jwhyj6Xos9yG0YtpsvUH024="></latexit>

PG(x, a)
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   Question 1 — Computing fishnet integrals via the Kähler potential

<latexit sha1_base64="TBrX5H6IjF8AFXC+GoHWBruPGcw="></latexit>

IG(a) ⇠
Z

MG

⌦ ^ ⌦̄ ⇠ ⇧+⌃⇧ ⇠ e�K

Vector of periods        :  Solutions of the Picard-Fuchs ideal 
<latexit sha1_base64="VEWTR45IHolN5KpOBD4HZX9o/kY="></latexit>

⇧i

Intersection matrix :  Obtained from Griffiths transversality 
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Question 2:  
Is there a connection between the symmetries of fishnet integrals and their related geometries?

16



   Question 2 — Connection between the symmetries of fishnet integrals and their related geometries?

Torus: 
Legendre-family of elliptic curves:                               with periods             and 

 
                                        Picard-Fuchs differential operator: 

<latexit sha1_base64="w8mdGnAwm+JNe1IGzJMbxf63qBo="></latexit>

y2 = x(x� 1)(x� z)

<latexit sha1_base64="ALtt3SV9rMds7i0AphlcVFh2xqM="></latexit>Z

↵

dx

y

<latexit sha1_base64="e1eKN9gXs1AjPvIl4o78vD+3iys="></latexit>Z

�

dx

y
<latexit sha1_base64="loy9WNBud/20Mr4/afyAkzvikRU="></latexit>

LLeg = ✓2 � z

✓
✓ +

1

2

◆2

with ✓ = z@z

Family of Calabi-Yau l-folds defined by                       with periods


                                        Picard-Fuchs differential operators: ?? — Non-trivial! 

Calabi-Yau l-fold: 
<latexit sha1_base64="0krwQGwIIcllHMJ5cjoywGYI7KQ="></latexit>Z

�i

⌦
<latexit sha1_base64="FSTKkDyCgsXOdh9ujkxmcq6SfI4="></latexit>

y2 = PG(x, a)
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   Question 2 — Connection between the symmetries of fishnet integrals and their related geometries?

<latexit sha1_base64="mFKJkJOaDtrOQsA7zaw8VLpCMA4="></latexit>

(� · L)⇧ = 0

Physics Geometry

Picard-Fuchs ideal from the symmetries ?

<latexit sha1_base64="kdJvtULGPQY7VqpyJSLNly4E/Ig="></latexit>

IG(a) = VG(a)�G(a) ⇠ ⇧+⌃⇧ ⇠ e�K

Permutation symmetries               :

Yangian symmetry                 : 
<latexit sha1_base64="0s7dM9S5tB93R7AbvLg2bcQiw60="></latexit>

L�G(z) = 0
<latexit sha1_base64="gQps+DmygZw+L6Y9YlvB3S2/0wU="></latexit>)

<latexit sha1_base64="6xo/sk6x2IKTI9G+x2EZXho+RG4="></latexit>

� · L
<latexit sha1_base64="C59LP/XsWhPQ9vo1NptP7teVvUY="></latexit>

� 2 SG
<latexit sha1_base64="jXryYGbtHhD5FmaAaDDZgJU1p2g="></latexit>

SG ⇢ Sn

<latexit sha1_base64="NAQQBwIYuksed++ja4VKOkhXX4g="></latexit>

⇧+⌃(L⇧) = 0
Differential operators L from the holomorphic part of the Yangian invariance: 

Additional differential operators         with             :       

Picard-Fuchs ideal
<latexit sha1_base64="0zF/wDszlwPDJiZnc6YKAbADdDY="></latexit>

YS(sl2(R)) = SG · Y (sl2(R))

We find empirically that                     generates the Picard Fuchs ideal of the integral.
<latexit sha1_base64="3BfFRSWM20n+c6afCD2O8W2xxFo="></latexit>

YS(sl2(R))

<latexit sha1_base64="Gefv8bu4NWKk5qSOC+rl6aznt2o="></latexit>

Y (sl2(R))
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   Question 2 — Connection between the symmetries of fishnet integrals and their related geometries?

Question 2:  
Is there a connection between the symmetries of fishnet integrals and their related geometries?

The ideal of differential operators generated by                         is equivalent the Picard Fuchs ideal of the periods on        .
<latexit sha1_base64="SCtxWe9XdSZkLnXfmY0moRw3GHk="></latexit>

SG · Y (sl2(R))
<latexit sha1_base64="djiGfwrouOLihqvaxCBxM6R1n00="></latexit>

MG

Physics Geometry

Picard-Fuchs ideal from the symmetries !

<latexit sha1_base64="kdJvtULGPQY7VqpyJSLNly4E/Ig="></latexit>

IG(a) = VG(a)�G(a) ⇠ ⇧+⌃⇧ ⇠ e�K
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Results
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One-parameter traintracks up to 5 loops ( agree with known result                                           ) 

Fully general 2-loop traintrack ( new result, agrees with numerical evaluation )

Fully general 3-loop traintrack ( new result, agrees with numerical evaluation ) 

Relations between fishnet operators 

[Derkachov, Kazakov, Olivucci; 2018 ]

   Results — List

l=2

l=3
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1-loop ladder 

2-loop ladder 

[Derkachov, Kazakov, Olivucci; 2018 | Corcoran, Loebbert, Miczajka; 2021]

0

1

<latexit sha1_base64="NkaG6yO84wWH4UQ2nhan1+1mGSs="></latexit>1

<latexit sha1_base64="wgeLJYSxt6N+r4rYrhcoivK8je4="></latexit>z

1 1

<latexit sha1_base64="NkaG6yO84wWH4UQ2nhan1+1mGSs="></latexit>1

<latexit sha1_base64="wgeLJYSxt6N+r4rYrhcoivK8je4="></latexit>z<latexit sha1_base64="wgeLJYSxt6N+r4rYrhcoivK8je4="></latexit>z

0

   Results — One-parameter traintracks (ladder integrals) and elliptic curves

22

<latexit sha1_base64="CT5cH47Nx4P53C8iF+0zLjNqlH4="></latexit>

I1(a) ⇠
1

|a12||a34|
(K(z)K(1� z̄) +K(1� z)K(z̄))

<latexit sha1_base64="NANgRjZdFObJZKhOnrkrCtpYZQc="></latexit>

K± = K

✓
1

2

�
1±

p
1� z

�◆
with

<latexit sha1_base64="XC4tlHf0tLcHY9iCsA9hkuaucO0="></latexit>

I2(a) ⇠
1

|a12||a34||a24|
(K+K� +K�K+)

2



2-loop ladder 
1 1

<latexit sha1_base64="NkaG6yO84wWH4UQ2nhan1+1mGSs="></latexit>1

<latexit sha1_base64="wgeLJYSxt6N+r4rYrhcoivK8je4="></latexit>z<latexit sha1_base64="wgeLJYSxt6N+r4rYrhcoivK8je4="></latexit>z

0

   Results — One-parameter traintracks (ladder integrals) and elliptic curves

For a differential operator                                      :
<latexit sha1_base64="AoT9XezGO3PPTR6Xbe91xyf+dKQ="></latexit>

L2 = @2
z + a@z + b

<latexit sha1_base64="myRuwEULnlK4tXYqyhCwisnP7FA="></latexit>

L3 = @zL2 + 2aL2 + 2(n� 1)b@zSymmetric square:

Every Calabi-Yau operator of degree three is equivalent to the symmetric square of a Calabi-Yau operator of degree two. 

The solutions space of the Picard-Fuchs operators for the periods in the two-loop fishnet is spanned by                                .                               

<latexit sha1_base64="y92x1gBDLr+CO/BcEha6SigVpco="></latexit>

(K2
+,K+K�,K

2
�)

[Michael Bogner; 2013 ]

n-loop ladder with n > 2 

It is not possible to express the periods in terms of elliptic integrals anymore but in terms of Hadamard products of elliptic functions. 
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<latexit sha1_base64="NANgRjZdFObJZKhOnrkrCtpYZQc="></latexit>

K± = K

✓
1

2

�
1±

p
1� z

�◆
with

<latexit sha1_base64="XC4tlHf0tLcHY9iCsA9hkuaucO0="></latexit>

I2(a) ⇠
1

|a12||a34||a24|
(K+K� +K�K+)
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Question 3:  
Can we interpret fishnet integrals as volumes of Calabi-Yau l-folds?

<latexit sha1_base64="J1zp1KRz0FQuAO+0YWJD64NMX9c="></latexit>⌘<latexit sha1_base64="IVcK1u6sSV/D/hEY6syzeD4yGsU="></latexit>

VolQ
⇣
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   Question 3 — Can we interpret fishnet integrals as volumes of Calabi-Yau l-folds?

There is no canonical metric on the Calabi-Yau              . 
<latexit sha1_base64="YAdthfElXQnYrVTbDnSYL7eGQjA="></latexit>

(MG,⌦)

<latexit sha1_base64="AODAngoONi3JIZG1gGJoLDx4Uz8="></latexit>

(WG,!)Consider the mirror                with the classical volume:

Interpretation of the fishnet integral as a classical volume of the mirror Calabi-Yau: only for l=1,2. 

<latexit sha1_base64="lljgEBFySwRrk6UVnR+XplVErjc="></latexit>

Volclas(WG) =

Z

WG

!l

l!
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   Question 3 — Can we interpret fishnet integrals as volumes of Calabi-Yau l-folds?

Interpretation of the fishnet integral as the quantum volume of a mirror Calabi-Yau.

Defined by three axioms: 

• The quantum volume is a positive real quantity.  

• The quantum volume extends uniquely over the moduli space of the Calabi-Yau         . 

• The quantum volume approaches the classical volume at the MUM-point.

<latexit sha1_base64="yylLknO7bqbYCn8SLFHWz7PkFKU="></latexit>

MG

<latexit sha1_base64="G4+m0lo8AID6AiIoQKckqsFQ7Dw="></latexit>

IG(a) ⇠ ⇧+⌃⇧ ⇠ VolQ(WG)
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   Summary - Dictionary 

l-loop fishnet integral Calabi-Yau l-fold

<latexit sha1_base64="mA9I6bbhm1QA9n7TYyHhLEMhZBA="></latexit>Ql
i=1 dxi ^ dx̄i

|PG(x, a)|
Calabi-Yau l-fold defined by                                                  

<latexit sha1_base64="FSTKkDyCgsXOdh9ujkxmcq6SfI4="></latexit>

y2 = PG(x, a)

Picard-Fuchs ideal 

<latexit sha1_base64="pYzcapx2le3YNKKeYA8TPJ+xoIE="></latexit>

IG(a) =

Z

Cl

0

@
lY

j=1

dx̄j ^ dxj

2⇡

1

A 1

|PG(x, a)|
<latexit sha1_base64="QD1jOlxT4FDcdMsLuSwyv1G+gSg="></latexit>

WG
<latexit sha1_base64="yylLknO7bqbYCn8SLFHWz7PkFKU="></latexit>

MG

<latexit sha1_base64="EZob3/CT6rbGdpX+CEAIaIa5MEA="></latexit>

e�K

<latexit sha1_base64="Mu/xYHTpEfytMHg9a6TaCY8C6Ds="></latexit>

VolQ(WG){
= mirror of 

<latexit sha1_base64="aQqlGp95bzgmnPTKvlZGB9W4j/A="></latexit>

YS(sl2(R)) = SG · Y (sl2(R))
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