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Christoph’s talk:

= B

Next Goal: Understand fishnet integrals from a geometric viewpoint




Massless Fishnet Integrals — General definition UN.VERS.TAT"

dual position space Feynman rules:
(Position space, D real dimensions)

| | _ | 1
- G RN

v = D /4 for conformal fishnet integrals

Fishnet integral:
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Random example Three-loop traintrack
. . xt
to dual position space: P =& — & 3 Conformal inversion: z* +— —



Massless Fishnet Integrals — Existing results in 4 dimensions i
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One loop: 1

Bloch-Wigner Dilogarithm ~ Vol( ’A‘ )
[Davydychev, Delbourgo; 1997] V A Xk

X;

Two loops:
Elliptic Polylogarithms

[Kristensson, Wilhelm, Zhang; 2021]

One parameter:
Basso Dixon formula:

Recursive relations for all-loop 4-point fishnets in terms of ladders
[Basso, Dixon; 2017]

Can we understand fishnet integrals from a geometric viewpoint?
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Massless Fishnet Integrals — Existing results in 2 dimensions UN.VERS.TAT"

One parameter:

’ > Recursive relations for all-loop 4-point fishnet integrals in 2 dimensions
[Derkachov, Kazakov, Olivucci; 2019]

Can we understand fishnet integrals in 2 dimensions from a geometric viewpoint?
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Goal: Understand 2D fishnet integrals from a geometric viewpoint

Massless fishnet integrals in 2 dimensions and their symmetries
Question 1: Can we relate fishnet integrals and Calabi-Yau geometries”?

Question 2: Is there a connection between the symmetries of fishnet integrals and these geometries?

Question 3: Can we interpret fishnet integrals as volumes of Calabi-Yau |-folds?

Dictionary



Massless, conformal fishnet integrals in 2 dimensions

Feynman rules:
(D=2, v; = ;)

Fishnet integrals:
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Three-loop traintrack
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Massless 2D fishnet integrals — Symmetries "

' dz; Ada; 1 | _ 1 _
fo(o) = (H o ) Polz.a) Wih Folwa) = L= m)| =)

j=1

Symmetries:

1. Permutation symmetries of the graph

2. Yangian invariance



Massless 2D fishnet integrals — Symmetries: Permutation symmetry UN.VERS.TAT"

[

_ dz; N\ d, L ith Pg(x,a) = T; — X, T; — a;
IG(a)—/@ (H - ) Yo e with Pc(z,a) E[( ) E[( )

7=1

Permutation Symmetries:

The topology of the graph GG defines a subgroup of permutations Sg € S,
that exchanges the external points while leaving the value of the integral invariant:

IG(U(Q)) — IG(Q) forall 0 € S¢;

Example: The three-loop traintrack integral




Massless 2D fishnet integrals — Symmetries: Yangian invariance UN.VERS.TAT"

Level-0 Yangian constraints Level-1 Yangian constraints

D = —ixtor — A
K k K n k—1

- Pl = —ipt
— Ja’ : a k k _ C
kzz:l L with Jk = K]'l: — (QZUZCIZZ 77'LW i) 8k,y B QZAkQBZ fBC L L J Jk —I— Z S]

k=1 1
LYY =ixh 0y — iz} 0, J=

conformal cross-ratios

Set of partial differential equations:
]G(Q) — VG(Q)Qb(Zl,Zz, .. ) g k

PDE;jx¢p =0 1<j<k<n
prefactor conformally-invariant function

[Corcoran, Loebbert, Miczajka; 2021]
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Massless fishnet integrals — The one-loop box "

d2y

: (&1 — az)(&g — &4)
'y —a1|ly — as| |y — as| |y —as] With 2 =

(a1 —a3)(az — ay)

4 1
— [K(Z)K(l — Z) -+ K(Z)K(l — Z)] [Corcoran, Loebbert, Miczajka; 2021]

T las — ag4l|lar — as] \ /

periods of the torus — a Calabi-Yau 1-fold

X

D=4 a1—+—a3 ~ é\fol(){)

= Could we write the higher-loop fishnet integrals in terms of periods of Calabi-Yau |-folds?
Monodromy invariance?

= |s there a volume interpretation for general fishnets?
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Question 1: Can we relate fishnet integrals and Calabi-Yau geometries?
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Question 1 — Can we relate fishnet integrals and Calabi-Yau geometries? UN.VERS.TAT"

with Pg(z,a) = H(CI% — ;) H(iﬁ’z - a;)

Calabi-Yau geometry

Calabi-Yau I-fold defined by * = Pg(z, a).

— Differential form: Q = —£ 5(2) \

Elliptic curve defined by 3* = f(x).

d
— Differential form: w = ar

Y

—— Periods: /w and /w
o B

\/PG (27 Q)

. holomorphic measure on
—— Periods: 1I; the projective base space

Ic(a) N/ QAQ~IITXII
M

G 13



Question 1

Question: Can we relate fishnet integrals and Calabi-Yau geometries?

Ia(a) ~ /M QAQ~ TSI ~ e K
G

Claim:

A fishnet integral is related to the Kahler potential K (z)of a specific
Calabi-Yau geometry defined by P (2, a).
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Question 1 — Computing fishnet integrals via the Kahler potential —

Vector of periods Hf,; : Solutions of the Picard-Fuchs ideal

®a

Ic(a) ~ o OANQ~TITTEIT ~e &
G

v

Intersection matrix : Obtained from Griffiths transversality
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Question 2:
Is there a connection between the of fishnet integrals and their related
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Question 2 — Connection between the symmetries of fishnet integrals and their related geometries? v
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Torus: 0 "

Legendre-family of elliptic curves: y* = z(x — 1)(z — 2) with periods /a o and 5 Y

1 2
—— Picard-Fuchs differential operator: Lz = 0> — 2 (6’ + 5) with 6 = 20,

Calabi-Yau I-fold:
Family of Calabi-Yau |-folds defined by y* = Pg(z, a) with periods / (2

L'

—— Picard-Fuchs differential operators:
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Question 2 — Connection between the symmetries of fishnet integrals and their related geometries? UN.VERS.TAT"

Ia(a) = Va(a)pa(a) ~TITSI ~ e &

/ T

\

Picard-Fuchs ideal from the symmetries ?

—»>

Yangian symmetry Y (sl5(R)): Differential operators L from the holomorphic part of the Yangian invariance:
Log(z) =0 = TIITXS(LII) =0

Permutation symmetries S¢ C 5,,: Additional differential operators o - Lwitho € Sg: (o - L)II =0

Ys(slo(R)) = Sa - Y (sla(R)) >~ Picard-Fuchs ideal

We find empirically that Ys(sl>(IR))generates the Picard Fuchs ideal of the integral.
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Question 2 — Connection between the symmetries of fishnet integrals and their related geometries? "

Question 2:
Is there a connection between the of fishnet integrals and their related ?

Ig(a) = Vg(a)da(a) ~ TSN ~ e

— T
\ /

Picard-Fuchs ideal from the symmetries !

The ideal of differential operators generated by S - Y (sla(R))is equivalent the Picard Fuchs ideal of the periods on Mg .
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Results — List va
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 One-parameter traintracks up to 5 loops ( agree with known result [Derkachov, Kazakov, Olivucci; 2018 )

* Fully general 2-loop traintrack ( new result, agrees with numerical evaluation )
* Fully general 3-loop traintrack ( new result, agrees with numerical evaluation )

e Relations between fishnet operators

|=2




Results — One-parameter traintracks (ladder integrals) and elliptic curves UN.VERS.TAT"

1-loop ladder

[Derkachov, Kazakov, Olivucci; 2018 | Corcoran, Loebbert, Miczajka; 2021]

|

0 O
<
I(a) ~ —— (K(2)K(1 — 2) + K(1 - 2)K(2))
a12||ass)

2-loop ladder
1 1

0 X0
2 2

1

I>(a)

~ (K K+ K K.)? with Ki=K ([ (1+vI—2)
la12||ass||as4] 2

22



Results — One-parameter traintracks (ladder integrals) and elliptic curves UN.VERS.TAT"

2-loop ladder

1 1

& s

1

ai2]|azal|az4]

I2(a) ~

(K+F_ -+ K_F+)2 with K+ = K (% (1 T \/1 — Z))

Every Calabi-Yau operator of degree three is equivalent to the symmetric square of a Calabi-Yau operator of degree two.
—— The solutions space of the Picard-Fuchs operators for the periods in the two-loop fishnet is spanned by(K_2H KiK_, K%) .

[Michael Bogner; 2013 ]

n-loop ladder with n > 2

It is not possible to express the periods in terms of elliptic integrals anymore but in terms of Hadamard products of elliptic functions.

Symmetric square: For a differential operator Lo = @3 + a0, +b: L3 =0,Ls + 2als + 2(n — 1)b0o,

23



Question 3:
Can we interpret fishnet integrals as volumes of Calabi-Yau |-folds?

-~ VOIQ
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Question 3 — Can we interpret fishnet integrals as volumes of Calabi-Yau I-folds?

There is no canonical metric on the Calabi-Yau (Mg, 2).

'

Consider the mirror (W¢g, w) with the classical volume:

Interpretation of the fishnet integral as a classical volume of the mirror Calabi-Yau: only for 1=1,2.
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Question 3 — Can we interpret fishnet integrals as volumes of Calabi-Yau I-folds?

Interpretation of the fishnet integral as the quantum volume of a mirror Calabi-Yau.

'

Defined by three axioms:

 The quantum volume is a positive real quantity.
» The quantum volume extends uniquely over the moduli space of the Calabi-Yau M¢ .

 The quantum volume approaches the classical volume at the MUM-point.

Ig(a) ~ IITXII ~ Volg(Wg)
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Summary - Dictionary

I-loop fishnet integral Calabi-Yau I-fold
z _
LLi—y dri A dZ; Calabi-Yau I-fold defined by 4> = P (z, a)
Pg(z,a)l
Ys(slb(R)) = S - Y(sla(R)) Picard-Fuchs ideal

Lz N d 1 e
Ig(a) :/ccz (H 927T ]) |Pa(z,a) {VOIQ(WG)

=1
\_ Wa = mirror of Mg
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