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The Three-Loop Equal-Mass Banana Integral
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There are then four master integrals, e.g.
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Why Study the Three-Loop Banana Integral?

Leading term in  [Bloch, Kerr, Vanhove, 1406.2664]
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-factorized form [Primo, Tancredi, 1704.05465] <latexit sha1_base64="4qCNmFR7AwmIH9gLjcppr6vh7eM="></latexit>"

DEQ with meromorphic modular forms [Broedel, Duhr, Matthes, 2109.15251]

Part of larger -Loop banana program [Bönisch, Duhr, Klemm, Nega, Safari; Kreimer; Forum, von Hippel]
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l

Simplest example of Feynman integral beyond elliptic: K3 surface

Already well studied in the past:

Equal-mass case closely connected to sunrise integral

Master integrals in D=2 in terms of eMPLs  [Broedel, Duhr, Dulat, Marzucca, Penante, 1907.03787]Γ̃

See also talks by Matt, Christoph, Mathieu
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The Banana: A Symmetric Square

Picard-Fuchs operator of Banana

 is a symmetric square [Verrill, 96’; Joyce, 72’]L3
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Sunrise in Disguise
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Transformation to Sunrise

(Pseudo-) threshold  mapped to  x = 4, 16 y = ± 3

4 16
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Im x

We are interested in 
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The Elliptic Curve

For Banana, elliptic curve not degenerate at (pseudo-) threshold !y = ± 3

Associated to congruence subgroup Γ1(6)

Roots:

Periods:
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Branch cut 

of K(k)
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 of elliptic integral twice 
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Kinematic Maps
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Obtain 
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Again, the look to the Sunrise

Making the Ansatz
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Eliminating Non-Factorized Pieces
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Eliminating Non-Factorized Pieces
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Eliminating Non-Factorized Pieces
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All depend on one additional function F2

Constraints for , , F32 F42 F43

<latexit sha1_base64="7uQj0KCDSVh/ipD1oefYAXIp6t4="></latexit>

F32 = F2 �
⇡i (x� 10)

(x� 4) (x� 16)W

✓
 1

⇡

◆2

<latexit sha1_base64="uweAa75WfKcEkQsT6lL9NANpGB8="></latexit>

F42 =
3

2
F 2
2 +

⇡2 (x+ 8)2
�
x2 � 8x+ 64

�

8x2 (x� 4)2 (x� 16)2 W 2

✓
 1

⇡

◆4

<latexit sha1_base64="lVlrIZgQAmgGxHgK90oX8W1tE4E="></latexit>

F43 = �2F2 �
⇡i (x� 10)

(x� 4) (x� 16)W

✓
 1

⇡

◆2

Remaining differential equations are fulfilled for

22



Solution: Iterated integral of meromorphic modular form of weight 6!
<latexit sha1_base64="AVqdcrq75LA/eFkoBNu6N5VDgRQ="></latexit>

F2 = (2⇡i)2
⌧Z

i1

d⌧1

⌧1Z

i1

d⌧2
x (x� 8) (x+ 8)3

864 (4� x)
3
2 (16� x)

3
2

✓
 1

⇡

◆6

<latexit sha1_base64="8HpxZh/Wx2JC4/+cutgUWl4wPlU="></latexit>| {z }
g6

Properties:

•  expansion of  has only integer coefficients

•  coefficient of  divisible by 

• Carrying out integration,  has simple poles at 

q g6
qn g6 n2

F2 x = 4, 16

 has to satisfyF2
<latexit sha1_base64="mxD1pJocLbk5WOem8jHvkF8CrkA="></latexit>

d2F2

dx2
+

"
2
�
x2 � 15x+ 32

�

x (x� 4) (x� 16)
+ 2

✓
d ln 1

dx

◆#
dF2

dx
=

⇡i (x� 8) (x+ 8)3

x2 (x� 4)3 (x� 16)3 W

✓
 1

⇡

◆2
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<latexit sha1_base64="Q1FZOX+cRyIgT/JxBcTOanA+a4w="></latexit>

A = {1, f2,a, f2,b, f4,a, f4,b, f6} .Alphabet:

<latexit sha1_base64="KH8+zFhEnJVAtrcBBQ46YvWT0gY="></latexit>

dI = "AI

<latexit sha1_base64="LQe6C8EJty9raB1uPzgk9chjtSc="></latexit>

A = 2⇡i

0

BB@

0 0 0 0
0 �f2,a � f2,b 1 0
0 f4,b �f2,a + 2f2,b 1

f4,a f6 f4,b �f2,a � f2,b

1

CCA d⌧.

Holomorphic Meromorphic

with

Letters are all (meromorphic) modular forms, except 
<latexit sha1_base64="URYGaPSrt48D8Xy//RG6OoRErTk="></latexit>

f2,b !
Just F2
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Basis of Modular Forms
Two classes Holomorphic:

<latexit sha1_base64="wLco3hSP/GcoTQI2khhLfYVMb3s="></latexit>

b0 =
 sun
1

⇡

<latexit sha1_base64="m5mFS9JVVBcCEbpjuA+NOh8hPLo="></latexit>

b1 = y
 sun
1

⇡

Meromorphic:
<latexit sha1_base64="GXLe2GxxEZAuGrtmuP9izKZJZvk="></latexit>

b�3 =
1

(y + 3)

 sun
1

⇡

<latexit sha1_base64="hNsvKTIceyt5Z/jUzjxT28TLJCE="></latexit>

b3 =
1

(y � 3)

 sun
1

⇡

Can use these to express all modular forms appearing

Poles corresponding to 

(pseudo-)threshold

<latexit sha1_base64="uFB1xkYpU6jBx9B2JjDUh3kiiMw="></latexit>

f2,a =

✓
1

x� 4
+

1

x� 16

◆
 2
1

2⇡iW

=


1

6
y2 � 5

3
y +

9

2
� 6

y � 3
� 24

y + 3

�✓
 sun
1

⇡

◆2

=
1

6
b21 �

5

3
b0b1 +

9

2
b20 � 6b0b3 � 24b0b�3.

Example:
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 transforms “Quasi-Eichler” of modular weight 2 and depth 3f2,b

<latexit sha1_base64="PJgDm+hFMZmKkcxzPDI+T8pyYk4="></latexit>

(f2,b|2�)(⌧) = f2,b(⌧)

�6
c

c⌧ + d

1

2⇡i
I (1, 1, g6; ⌧) + 18

✓
c

c⌧ + d

◆2 1

(2⇡i)2
I (1, 1, 1, g6; ⌧)

�24

✓
c

c⌧ + d

◆3 1

(2⇡i)3
I (1, 1, 1, 1, g6; ⌧)

+
C1,6

(c⌧ + d)2
� 2⇡iC6

c (c⌧ + d)3

Letter  is not a modular form, but iterated integral of one: non-trivial transformation under f2,b Γ1(6)
Path decomposition gives us

Defining “Quasi-Eichler” of weight k, depth p:
<latexit sha1_base64="lBmCP7wym70dns3g7FFSY92jQig="></latexit>

(f |k�)(⌧) = f(⌧)+
pX

j=1

✓
c

c⌧ + d

◆j

fj(⌧)+
P�(⌧)

(c⌧ + d)p

Constants:
<latexit sha1_base64="XiPeqByHScu+CTHheLzPLjSKZhs="></latexit>

C1,6 = I
⇣
1, g6; i1,

a

c

⌘

<latexit sha1_base64="ltjE4FIRFDA0Vv0YiWvdI4l1Anw="></latexit>

C6 = I
⇣
g6; i1,

a

c

⌘

Singularities obstruct simple evaluation

E.g. 

:a /c = 1/6

<latexit sha1_base64="U4ffweEls4LbpBd+DJZmOuYjYLQ="></latexit>

C6 =
1620⇣3
⇡4

� i
42

⇡

<latexit sha1_base64="DKmYxexEOXjJ2DrU/KEuRwHXlZQ="></latexit>

C1,6 = 5
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Solution for Master Integrals

<latexit sha1_base64="tYiZW9gpIkkqV9JZR+d8COm9LZM="></latexit>

I(4)2 = 2⇣4 +
4

3
⇣3


11

2
ln (q̄)� I (f2,a; ⌧)� I (f2,b; ⌧)

�
+ ⇣2 ln

2 (q̄)� I (1, 1, f2,a, f4,a; ⌧)

� I (1, f2,a, 1, f4,a; ⌧)� I (f2,a, 1, 1, f4,a; ⌧)� I (1, 1, f2,b, f4,a; ⌧)

+ 2I (1, f2,b, 1, f4,a; ⌧)� I (f2,b, 1, 1, f4,a; ⌧)

<latexit sha1_base64="J9UFOc3nW/l/IBpxU87HlX7hiGg="></latexit>

I2 = "3
⇡2

 2
1

I1111 = "3I(3)2 + "4I(4)2 +O("5)e.g., with 

All integrals have uniform length
Obtained explicit expressions for all master integrals up to  

<latexit sha1_base64="FF8P6KNeRdhsVI4kyYzcCbzkBIc="></latexit>

"6

Initial condition of <latexit sha1_base64="m9AzIK/aM9B0RbHh5Ll12H4lrds="></latexit>

I1111 in limit from Mellin-Barnes representation 
<latexit sha1_base64="jUi0baYQgZb87Hjd3q7MV5cD0Oc="></latexit>

1/x ! 0

<latexit sha1_base64="0snl0LwmEn06gWAoVKMoDppfNwY="></latexit>

I(3)2 =
4

3
⇣3 + I (1, 1, f4,a; ⌧)

Holomorphic, agrees with [Bloch, Kerr, Vanhove]

Master integrals to arbitrary power in  as iterated integrals over <latexit sha1_base64="WxqVZhIgUnMi3M7yCujoP03072U="></latexit>"
<latexit sha1_base64="/xstXlVXQkrBXYtjnWsiPzp4xvM="></latexit>

{1, f2,a, f2,b, f4,a, f4,b, f6}
<latexit sha1_base64="4vHKlWDtKJvBZbHaQwYGn8+c60s="></latexit>

I (f1, ..., fn; ⌧) = (2⇡i)n
⌧Z

i1

d⌧1...

⌧n�1Z

i1

d⌧n f1 (⌧1) ...fn (⌧n)
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Numeric Verification
Numeric evaluation via -expansionq

Comparison against SecDec

Singularities limit radius of convergence

−20 −10 10 20 30 40 50

−30

−20

−10

10

x

I
(3)
2

q-exp. Re

q-exp. Im

SecDec Re

SecDec Im

, order I2

<latexit sha1_base64="mF9Y57lgPcrCB5DyYRCRX/oWCsI="></latexit>

"3

Only , therefore holomorphicf4,a

−20 −10 10 20 30 40 50

−50

50

100

150

200

250

x

I
(4)
2

q-exp. Re

q-exp. Im

SecDec Re

SecDec Im

, order I2
<latexit sha1_base64="fVW3cFWTTKwj8rHhqF9pO/2pKnY="></latexit>

"4

Also meromorphic , f2,a f2,b

�1 �0.5 0.5 1

�1

�0.5

0.5

1

Re q

Im q

Radius of convergence

of  expansion q

Outside convergence radius
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Summary

29

✓Differential equation in -factorised form


✓Meromorphic modular form…

ε

? …except for 


? What about four loop?

F2
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