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The Three-Loop Equal-Mass Banana Integral
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There are then four master integrals, e.g.
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Why Study the Three-Loop Banana Integral?

Simplest example of Feynman integral beyond elliptic: K3 surface

Already well studied in the past:

Leading term in € [Bloch, Kerr, Vanhove, 1406.2664]

e-factorized form [Primo, Tancredi, 1704.05465] / \
— N
S

Master integrals in D=2 in terms of eMPLs I [Broedel, Dunhr, Dulat, Marzucca, Penante, 1907.03787] ] ®

/
DEQ with meromorphic modular forms [Broedel, Duhr, Matthes, 2109.15251] \\ /

Part of larger [-Loop banana program [Bsnisch, Duhr, Klemm, Nega, Safari; Kreimer; Forum, von Hippel]

See also talks by Matt, Christoph, Mathieu

Equal-mass case closely connected to sunrise integral



The Banana: A Symmetric Square

Picard-Fuchs operator of Banana

d” 3 3 3 1 d* Tr° — 687 +64 d 1

L3 = | | | | | .
ST ded |z 2(w—4)  2(x—16)| d2? 22 (x—4)(z —16)dz = 22 (z — 16)

With solutions Lsgw; = 0 where w; = MaxCut(11111)|% on three independent contours ~;

L3 IS @ symmetric square (verril, 96; Joyce, 72’

There exists an operator

d* |1 1 1 1d (x — 8)

LQ:dqﬂ I K I 2 (x —4) I 2(x—16) | dx I dz (x —4) (x — 16)

with solutions %01, ¢2, Lyp; =0 such that Wi & <¢%7 wlw% ¢§>



Sunrise in Disguise
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Picard-Fuchs operator of sunrise integral L5""



Transformation to Sunrise

We are interested inz € R+ ™

Im z
A

y = %[10—x—\/4—x\/16—xj

S ——
S ——

Im y

" Rew (vy=1) (-9 —

r = — » 3

(Pseudo-) threshold x = 4, 16 mapped to y = = 3

Re y



The Elliptic Curve

Roots:

defines elliptic curve

Periods:

v* = (u—up) (u—u2) (u—us) (u — us)

where - (ug — uq) (ug — uso)

Associated to congruence subgroup I7;(6)

—>» Sunrise in terms of modular forms of [';(6)

For Banana, elliptic curve not degenerate at (pseudo-) threshold y = £ 3!

—>» Might expect meromorphic modular forms of I';(6), with poles at y = ® 3



Path z € R+ 40" crosses branch cut
of elliptic integral twice

Take discontinuities into account:
() =i (38
VRN )

if <0 or 16+ 8v3 <z,

if 0<ax<16+ 8V3.

O — OO =
—_ O = O
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Natural variable: 7 =

0.9 |

—0.9 ¢

1st crossing
x =0

Branch cut
of K(k)

~» Re k?

2nd crossing

r =16 + 83



Kinematic Maps
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Obtaind/ = Al

Wishlist:
» A independent of

A consisting of (meromorphic) modular forms
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Again, the look to the Sunrise

sun 2
177 = €% 1110,
/I8
sun __ 2
57 =¢ ?unfln,

1 d
ISUH — ISU.H FSUH ISUH
5 Imie dr 2 * ’

Making the Ansatz

0 0 0
IeadS 'to d /o = () Jsun A organised by modular weight
UE —

v A independent of €

n, : Modular forms of I';(6) of weight k, independent of € |
v A consists of modular forms
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Banana Ansatz

Analogous Ansatz for 1 =& Ti110,

three-loop banana: o T2
12 — & _111117

w&_/
1 d

[o = I Fasl

5 2mie dT 2 + F322,

1 d
Iy = — I3 + Fyolo 4 Fys3ls.
2mie dr

Making no assumptions for w and 7

Requiring dI = €Al constrains form of w, J, F3,, F 4y, Fys

d_x
dr

12



Eliminating Non-Factorized Pieces



Eliminating Non-Factorized Pieces

Remove £ from A, »:

ng:()
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Eliminating Non-Factorized Pieces

Remove &' from A, ;-

dlnJ dhnw 2(z?— 152 + 32)
de  dr = x(x—4)(xz— 16)
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Eliminating Non-Factorized Pieces

dl = I
| Asn Asn Ass Asy
Ag1 Ago A4,3 Ay
Remove €~ ! from A4,3 (plus previous):
| | (x — 8)

= (

1 w1 (1 dw>2 2 (2 — 152 4 32) 1 dw

wdr2 2 \wdzr) z(x—-4)(x—16)wdr 2z (z—4)(z— 16)
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Eliminating Non-Factorized Pieces

Remove ¢~ from A, »:

d2F32

dx?

dx

2 (333 — 3022 + 2281 — 64()) dln w

' dln w | 2 (x2 — 15x—|—32)_
r(r—4)(x— 16)

Ao A1z Aig
Aso Aszs Azg 7
Aso Ass Asg
Ago Assz Asg
dF32 | 3J (x — 10) dlnw
de  2mi| (z—4)(z—16) ( dx

(z® — 2822 + 168z — 384)

v (x—4)° (z — 16)°

dx
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Eliminating Non-Factorized Pieces

dl = ¢ I
Asq1 Ase Aszs Asy
Asq1 Aso Asz Ay
Remove € from Ay
dF42 dF32 3J 2 (QZ‘ — 10) dF32
3F 32 - —
dx dx 211 (x — 4) (x — 16) dx
3J [ 2(@—10) dnw 2 (2® - 302 + 228z — 640)
2mi | (¢ —4) (¢ —16) dz  g(z—4)°(z - 16)’
J? [ (11z +16) dlnw (11z — 14)

(2mi)” | 22 (z —16) dx 2 (x —4) (x —16)
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Eliminating Non-Factorized Pieces

dl = ¢ I
Asq1 Ase Aszs Asy
A1 Aso Ass Asa
Remove € from A, :
dFys . dFs; 3J |  2(x—10) dhhw 2(z® — 3022 + 228z — 640)

dx de — 2mi | (x —4)(x —16) dzx v (z—4)° (2 — 16)°
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Solution for Normalisation w

First constraint is just Picard-Fuchs operator

ng:()

Symmetric
ys.quareg wW; € <¢%7 ¢1¢27 ¢§>

Second constraint is non-linear

(z —8)
2¢ (r — 4) (z — 16)

= (

1d?w 1 (1dw\”®  2(2®—152+432) 1 dw
wdr? 2 r(r—4)(r—16) w dx

20

w dx



Next, Fix Kinematic Variable 7

With w = 97 the constraint for 7 is

dlnJ B dln w | 2(m2—15:1;—|—32)

dr dx r(r—4)(x — 16)
SUIl )
As hoped, satisfied by T = % = 2 J— Wl
1

d d
k Wronskian W = 11 —1)y — 1) %%

dx
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Constraints for f,, [, [ 43

Remaining differential equations are fulfilled for

Fs» = [ (x —Wi)(fx_—lff)i) W (%f

P2 w2 (z + 8)% (v — 8z + 64) (ﬁf

822 (x—4) (z —16)> W2 \

i (z — 10) i\
s = _2. 4) (x — 16) W <?)

3
F42:§

All depend on one additional function £,
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F5 has to satisfy

d* F | 2 (332 — 15x 32)
dx? r(r—4)(zr—16)

. (dl§$¢1>_ dFy  wi(z—8)(z+8)° (@?Y

) d.CL‘ ,5132 (aj — 4)3 (:13 — 16)3 W

Solution: lterated integral of meromorphic modular form of weight 6!

2m) /dﬁ/ah2 364 (4 )((121)3 <%>

ﬁ,—/
ge

Properties:
» ¢ expansion of g, has only integer coefficients

g coefficient of g, divisible by n*
e Carrying out integration, F’, has simple poles at x = 4, 16
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dl = cAl

with
0 0 0 0
- 0 —J2.a— J2u 1 0
A=2 / / dr.
i 0 fab —fa.a + 2f20 1 !
J4a fe fap —J2,a — f2,b
~~ - ~ -
Holomorphic Meromorphic

Alphabet: A = {1, f2.4, f2.b, f4,a) fap, f6 } -

Letters are all (meromorphic) modular forms, except f2.5!

k— Just F,

24



Basis of Modular Forms

Two classes Holomorphic: b, = im bi =y ;
: 1 1 1
Meromorphic: 03 = —3) = b_3 = o+ 3)

k Poles corresponding to j

(pseudo-)threshold

Can use these to express all modular forms appearing

1 1 2

sample: Jo.o =\ o1+ 2716 ) 2w
NP L9 6 24 7 [y
167 "3 T2 7y -3 y13|\x

1 5 9
— Eb% — 3bob1 + §b(2) — 6bobs — 24bob_3.

25
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Letter fz,b is not a modular form, but iterated integral of one: non-trivial transformation under I, (6)
Path decomposition gives us

(f2,6127)(7) = f2,6(T)
C 1 C 2 1
§ I(1.1.qg: 18 I(1.1.1.q¢:
cT + d 271 (1,1, 96:7) + <C7-+d> (277)° (1,1,1,96;7)

3
C 1
—24 I(1,1,1,1,96;7

<CT+CZ> (2772')3 ( 965 7)

01,6 27Ti06
(ct+d)°  c(er +d)°

Constants: Cig = I(l,g(j;z‘oo,g)
C

Co = I (go:ioo, - )
C

Singularities obstruct simple evaluation

D E.qg. Cig =05
| Py (7) ale=1/60 ¢ _ 16206 42

Defining “Quasi-Eichler” of weight k, depth p:

(cr + d)F ™o

fz,b transforms “Quasi-Eichler” of modular weight 2 and depth 3
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Solution for Master Integrals

Initial condition of ;111 Inlimit 1/ — 0 from Mellin-Barnes representation
Master integrals to arbitrary power in € as iterated integrals over 11, f2.a, fo.0, fa,as fap, f6}

2
37

i

4
LY = 2G A+ T (L1, fagT)

e.qg., with I, = ¢ I1111 = 83[2(3) -+ 8412(4) —+ (9(85)

\ Holomorphic, agrees with [Bloch, Kerr, Vanhove]
4 [11 ) _
3C3 r) n(q) — I (fo.a;7) — I (for; )| + Cn® (@) — I (1,1, foa, fa.a;7)
— 1 (17 f2,a7 17 f4,a; T) — 1 (f2,a7 17 17 f47a; T) —1 (]‘7 1’ vab’ f4,a; T)

+ 2](1,]02,5, 1,f4,a;’7') — I(fQ,b) 1, 1af4,a§7_)

Y = 2¢

Obtained explicit expressions for all master integrals up to €°

All integrals have uniform length
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Numeric Verification

Numeric evaluation via g-expansion

Singularities limit radius of convergence

Comparison against SecDhec

I,, order g

—20 —10 10 20 30 40 50
: : : i : : 5‘ : i : : : : i : : : : i : : : : i
00n 00 m gt mpp m p¢m e w368 9P * g

+ —10
0.&.
“0
*0
~.
g -
1 _20 ..”.
%,~
S
— g-exp. Re m*"'w
....... q_exp. Im “'u..'.“
Yoy
o SecDec Re 1 —30 ",
o,
«  SecDec Im s,

Y

Only f, ,, therefore holomorphic
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— g-exp. Re
------- q_eXp. Im

e SecDec Re
=  SecDec Im
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L,, order *

) / Outside convergence radius
2

v

*...000.
Y AR ALY
R 20 & U Rdbtlinil el b 22

Radius of convergence
of g expansion

' 10

Also meromorphic f5 ., f> ,




Summary

v Differential equation in e-factorised form

v Meromorphic modular form...

? ...except for F,
7 What about four loop?
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