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DISCLAIMER
Try and set the stage of the many interesting developments of the last year(s)

Just my personal account, clearly biassed by having been educated as (and being still) 
a particle physicist…



FEYNMAN INTEGRALS IN QUANTUM FIELD THEORY

X

p p

Feynman integrals are essential ingredients for physical predictions in QFT

Building blocks for 
Scattering Amplitudes
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tensor decomposition

Scalar Feynman Integrals
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with Si ∈ {ki ⋅ kj, . . . , ki ⋅ pj}



SCALAR FEYNMAN INTEGRALS
From tensor reduction, huge number of scalar integrals (  @ 3 loops ~  integrals!) 

Standard Approach: divide et impera
gg → gg 107



From tensor reduction, huge number of scalar integrals (  @ 3 loops ~  integrals!) 

Standard Approach: divide et impera
gg → gg 107

Integration by parts identities  master integrals→
[Chetyrkin, Tkachov ’81] & many others: most 

recently finite fields, 
intersection theory etc

SCALAR FEYNMAN INTEGRALS
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Coefficients (process-
dependent)

Very complicated rational 
functions, hundreds of 
MBs for complicated 
processes: 

Algebraic Complexity
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N
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Ri(x1, . . . , xr) ℐi(x1, . . . , xn)

Process-independent building 
blocks: Master Integrals

Involved special 
functions with 
complicated mathematical 
properties: 

Analytic complexity

From tensor reduction, huge number of scalar integrals (  @ 3 loops ~  integrals!) 

Standard Approach: divide et impera
gg → gg 107

Coefficients (process-
dependent)

Very complicated rational 
functions, hundreds of 
MBs for complicated 
processes: 

Algebraic Complexity

SCALAR FEYNMAN INTEGRALS



Scattering amplitude has (poles and) branch cuts — encoded in master integrals!

=
N

∑
i=1

Ri(x1, . . . , xr) ℐi(x1, . . . , xn)

MASTER INTEGRALS: ANALYTIC COMPLEXITY
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Branch-cut structure dictated by causality & unitarity — multivalued functions!

=
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Ri(x1, . . . , xr) ℐi(x1, . . . , xn)

MASTER INTEGRALS: ANALYTIC COMPLEXITY

Scattering amplitude has (poles and) branch cuts — encoded in master integrals!



ANALYTIC CALCULATIONS

Highly non-trivial job to make general statements on analyticity properties of the S-matrix

- effort in the ‘60s to use analyticity properties to make non-perturbative statements:
Landau Equations, Unitarity cuts, 
Dispersion relations etc

- techniques saw resurgence in the past decades, applied to perturbative calculations!

Goal: compute Feynman (master) integrals analytically

“New” technique: differential equations 
inspired by these investigations!
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In which sense do we call this an analytic result?

WHAT DOES IT MEAN TO BE ANALYTIC?
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WHAT DOES IT MEAN TO BE ANALYTIC?

In which sense do we call this an analytic result? Written in terms of known 
functions!

Functional relations under control: 
No hidden zeros! 

 log 1/x + log x = 0

Branch cuts under control,  
log(x ± iϵ) = log x ± iπ
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WHAT DOES IT MEAN TO BE ANALYTIC?

In which sense do we call this an analytic result? Written in terms of known 
functions!

Functional relations under control: 
No hidden zeros! 

 log 1/x + log x = 0

Branch cuts under control,  
log(x ± iϵ) = log x ± iπ

Argument transformation and Series 
expansion for numerical evaluation 

log(1 + x) = x −
x2

2
+

x3

3
−

x4

4
+ O (x5)



WHY IS THIS USEFUL?

One might wonder why this is useful… from the practical point of view of the practitioner particle 
physicist, what we need at the end of a day is a number (a “cross section”) 

In fact, there are many very powerful (semi-) numerical methods that have been developed

1. Sector decomposition 

2. Numerical sol of diff. equations 

3. etc etc



WHY IS THIS USEFUL?

One might wonder why this is useful… from the practical point of view of the practitioner particle 
physicist, what we need at the end of a day is a number (a “cross section”) 

In fact, there are many very powerful (semi-) numerical methods that have been developed

1. Sector decomposition 

2. Numerical sol of diff. equations 

3. etc etc

We analytic people like to claim, analytic calculations give you that, and much more…  

- of course, a chance to obtain more control over (numerical!) cancellations, and therefore precision 
and speed 

- more importantly (from my point of view), we get a glimpse at more general properties of 
amplitudes and get a chance to consider the question: “what structures appear in pQFT?”

A general statement, can help up to compute amplitudes  

( possibly even “without computing them” —> Bootstrap… etc)



WHERE IT ALL BEGAN: THE “DISCOVERY OF SPECIAL FUNCTIONS IN PARTICLE PHYSICS”

The “most famous calculation” in pQFT: the g-2 of the electron
QED Mass-independent term: 2-loop contribution
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= −0.328 478 965 579 . . .

obtained independently by Petermann and Sommerfield in 1957.

(The two-loop coefficient was also computed analytically by Karplus and Kroll in 1950, but

unfortunately their result was wrong)

Stefano Laporta, Climbing the mountain: the electron g-2, Inspired by precision, Bologna, 10 Dec 2021 Page 8
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= +0.50000000...

The “most famous calculation” in pQFT: the g-2 of the electron
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= +0.50000000...

= −0.328478965...

The “most famous calculation” in pQFT: the g-2 of the electron
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QED Mass-independent term: 3-loop contribution
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= 1.181 241 456 587 200 006. . .

• The final analytical expression was obtained by S.L. and Ettore Remiddi in 1996.

• Ettore Remiddi begun the analytical calculation of C3 in 1969. I joined him and his group in

Bologna in 1989 as a graduate student.

• In 1989 there were 21 diagrams (3groups) still not known analytically. It took us 7 years to complete

the analytical calculations.
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QED Mass-independent term: 4-loop contribution
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891 diagrams

C4 =
-1.9122457649264455741526471674398300540608733906587253451713298480060384439806517061427608927000036315

8375584153314732700563785149128545391902804327050273822304345578957045562729309941296699760277782211578

4720339064151908166527097970867438115012155147972274322164273431927975958607405005783738496070187432831

4024838025192249460742298558930463506140492252663431094424000235635688128062064549401322497759430042928

8836761748899236915180878086989705263578533753776964117024536196013497574494361268486175162606832387186

7473038315059627418780153055148794005369777983694642786843269184311758895811597435669504330483490736134

2658649953116387811743475385423488364085584441882237217456706871041823307430517443055739459611715508589

6114899526126606124699407311840392747234002346496953173548258481799822409737371077365740464513521123091

2425281111372153021544537210148111211598489708842232798797204842014451228284515165852365617865945926009

9173303172130286546721234534050034910470072892448720061604426132544906900043191519823004748818149431103

84953782994062967586787538524978194698979313216219797575067670114290489796208505... (S.L. 2017)

• This extremely high precision of the result was needed to fit analytically a (very complex) analytical ansatz to

the numerical values by using the PSLQ algorithm.
• The successful fit is a strong reliability test of the result.
• 1100 digits is the final total precision; some intermediate fits needed up to 9600 digits of precision
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QED Mass-independent term: 5-loop contribution
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12672 diagrams

C5 = 6.737(159) (Kinoshita et al. 2019)

• Obtained by MonteCarlo numerical integration.

• There is a independent value for the contribution from the subset of all the diagrams without

electron loops (Volkov 2019) which disagrees with the corresponding partial result from

Kinoshita’s group.

• An independent calculation is therefore very desiderable. But it would need an huge

computing power.
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= +0.50000000...

= −0.328478965...

= +1.181241456...

= −1.912245764...

= +6.737(159)

The “most famous calculation” in pQFT: the g-2 of the electron

} Impressive numerical 
calculations by Kinoshita et allots of Feynman diagrams



WHERE IT ALL BEGAN: THE “DISCOVERY OF SPECIAL FUNCTIONS IN PARTICLE PHYSICS”
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= −0.328 478 965 579 . . .

obtained independently by Petermann and Sommerfield in 1957.

(The two-loop coefficient was also computed analytically by Karplus and Kroll in 1950, but

unfortunately their result was wrong)
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QED Mass-independent term: 3-loop contribution
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• The final analytical expression was obtained by S.L. and Ettore Remiddi in 1996.

• Ettore Remiddi begun the analytical calculation of C3 in 1969. I joined him and his group in

Bologna in 1989 as a graduate student.

• In 1989 there were 21 diagrams (3groups) still not known analytically. It took us 7 years to complete

the analytical calculations.
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QED Mass-independent term: 1-loop contribution
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As numbers, they don’t say much 
(except that the perturbative series seems to 
converge nicely once multiplied by 1/137 :-))

QED Mass-independent term: 4-loop contribution

aQED
e = C1

(α

π

)

+ C2

(α

π

)2
+ C3

(α

π

)3
+ C4

(α

π

)4
+ C5

(α

π

)5
+ . . .

891 diagrams

C4 =
-1.9122457649264455741526471674398300540608733906587253451713298480060384439806517061427608927000036315

8375584153314732700563785149128545391902804327050273822304345578957045562729309941296699760277782211578

4720339064151908166527097970867438115012155147972274322164273431927975958607405005783738496070187432831

4024838025192249460742298558930463506140492252663431094424000235635688128062064549401322497759430042928

8836761748899236915180878086989705263578533753776964117024536196013497574494361268486175162606832387186

7473038315059627418780153055148794005369777983694642786843269184311758895811597435669504330483490736134

2658649953116387811743475385423488364085584441882237217456706871041823307430517443055739459611715508589
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2425281111372153021544537210148111211598489708842232798797204842014451228284515165852365617865945926009

9173303172130286546721234534050034910470072892448720061604426132544906900043191519823004748818149431103

84953782994062967586787538524978194698979313216219797575067670114290489796208505... (S.L. 2017)

• This extremely high precision of the result was needed to fit analytically a (very complex) analytical ansatz to

the numerical values by using the PSLQ algorithm.
• The successful fit is a strong reliability test of the result.
• 1100 digits is the final total precision; some intermediate fits needed up to 9600 digits of precision
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QED Mass-independent term: 5-loop contribution
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C5 = 6.737(159) (Kinoshita et al. 2019)

• Obtained by MonteCarlo numerical integration.

• There is a independent value for the contribution from the subset of all the diagrams without

electron loops (Volkov 2019) which disagrees with the corresponding partial result from

Kinoshita’s group.

• An independent calculation is therefore very desiderable. But it would need an huge

computing power.
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= −0.328 478 965 579 . . .

obtained independently by Petermann and Sommerfield in 1957.

(The two-loop coefficient was also computed analytically by Karplus and Kroll in 1950, but

unfortunately their result was wrong)
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QED Mass-independent term: 2-loop contribution
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QED Mass-independent term: 3-loop contribution
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• The final analytical expression was obtained by S.L. and Ettore Remiddi in 1996.

• Ettore Remiddi begun the analytical calculation of C3 in 1969. I joined him and his group in

Bologna in 1989 as a graduate student.

• In 1989 there were 21 diagrams (3groups) still not known analytically. It took us 7 years to complete

the analytical calculations.
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QED Mass-independent term: 1-loop contribution
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But if we look at analytic results, some sort of pattern seems to emerge: 

rational numbers, Riemann zeta values, …, in general multiple polylogarithms evaluated at special (rational) points
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QED Mass-independent term: 3-loop contribution
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• The final analytical expression was obtained by S.L. and Ettore Remiddi in 1996.

• Ettore Remiddi begun the analytical calculation of C3 in 1969. I joined him and his group in

Bologna in 1989 as a graduate student.

• In 1989 there were 21 diagrams (3groups) still not known analytically. It took us 7 years to complete

the analytical calculations.
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[Schwinger ’48]

The “most famous calculation” in pQFT: the g-2 of the electron
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The physicists approach (most of the times :-)): from specific to general

g-2 @ 3 loops one of many calculations in pQFT exhibiting clear iterated patterns

by the program. In the end the answer is expressed in terms of S-functions at infinity which are
maximally of weight 5 and hence they can be substituted from the tables. The final result is:

∫ 1

0
dx

ln(x) ln2(1−x) ln(1+x)

x
= −

3

8
ζ2ζ3 −

2

3
ζ2 ln3(2) +

7

4
ζ3 ln2(2) −

7

2
ζ5

+4 ln(2) Li4(1/2) +
2

15
ln5(2) + 4 Li5 (1/2) (64)

Similarly one obtains

∫ 1

0
dx

ln(x) ln2(1−x) ln2(1+x)

x
= −

1

2
ζ2 ln4(2) −

129

140
ζ3
2 +

7

6
ζ3 ln3(2)

−
37

16
ζ2
3 −

31

8
ζ5 ln(2) + 8 ln(2) Li5(1/2) + 4 ln2(2) Li4(1/2)

+
1

9
ln6(2) + 8 Li6(1/2) + 2 S−5,−1(∞) (65)

and the even more difficult integral

∫ 1

0
dx

ln(1−x)Li2(
1+x
2 )Li3(

1−x
1+x )

1+x
= −

7

4
ζ2ζ3 ln2(2) −

5673

448
ζ2ζ5 − 5ζ2 ln(2) Li4(1/2) −

17

120
ζ2 ln5(2)

−5ζ2Li5(1/2) +
1517

1120
ζ2
2ζ3 +

5

6
ζ2
2 ln3(2) −

1

84
ζ3
2 ln(2)

−
7

96
ζ3 ln4(2) −

3

4
ζ3Li4(1/2) −

1563

448
ζ2
3 ln(2) −

93

32
ζ5 ln2(2)

+
74415

1792
ζ7 − 18 ln(2) Li6(1/2) −

43

14
ln(2) S−5,−1(∞)

−6 ln2(2) Li5(1/2) − ln3(2) Li4(1/2) −
1

84
ln7(2)

−24 Li7(1/2) −
45

7
S−5,1,1(∞) +

32

7
S5,−1,−1(∞) (66)

As one can see, this technique allows the evaluation of whole classes of integrals that go considerably
beyond the integrals in ref [14].

Another application of the techniques of the previous sections concerns the evaluation of cer-
tain classes of Feynman diagrams. When one tries to evaluate moments of structure functions in
perturbative QCD one has Feynman diagrams which contain the momenta P and Q. Assuming
that the partons are massless one has that P 2 = 0 and because all dimensions are pulled out of
the integral in the form of powers of Q2, there is only a single dimensionless kinematic variable left
which is x = 2P·Q/Q2. The power series expansion in terms of P before integration corresponds to
the expansion in terms of Mellin moments of the complete function after integration. The complete
functions have been calculated for the two loop level [15] but for the three loop level the calculation
could only be done for a small number of fixed moments 2, 4, 6, 8 and in one case also 10 [16]. To
evaluate all these moments requires that the expansion in P should be in terms of a symbolic power
N . This will introduce sums and these sums will be expressed in terms of harmonic series. After all
integrals have been done all attention has to be focussed on the summations and it is actually for
this purpose that the program SUMMER has been developed. By now a general two loop program
has been constructed [17] and studies are on their way to create a three loop program. It should be
noted that in the two loop program no series at infinity can occur. This puts a restriction on the
functions that can occur in x-space. They have to appear in such linear combinations that all the
constants (with the exception of ζ3 which comes from expansions of the Γ-function) should cancel
in the Mellin transform.
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2 ln(2)

−
7

96
ζ3 ln4(2) −

3

4
ζ3Li4(1/2) −

1563

448
ζ2
3 ln(2) −

93

32
ζ5 ln2(2)

+
74415

1792
ζ7 − 18 ln(2) Li6(1/2) −

43

14
ln(2) S−5,−1(∞)

−6 ln2(2) Li5(1/2) − ln3(2) Li4(1/2) −
1

84
ln7(2)

−24 Li7(1/2) −
45

7
S−5,1,1(∞) +

32

7
S5,−1,−1(∞) (66)

As one can see, this technique allows the evaluation of whole classes of integrals that go considerably
beyond the integrals in ref [14].

Another application of the techniques of the previous sections concerns the evaluation of cer-
tain classes of Feynman diagrams. When one tries to evaluate moments of structure functions in
perturbative QCD one has Feynman diagrams which contain the momenta P and Q. Assuming
that the partons are massless one has that P 2 = 0 and because all dimensions are pulled out of
the integral in the form of powers of Q2, there is only a single dimensionless kinematic variable left
which is x = 2P·Q/Q2. The power series expansion in terms of P before integration corresponds to
the expansion in terms of Mellin moments of the complete function after integration. The complete
functions have been calculated for the two loop level [15] but for the three loop level the calculation
could only be done for a small number of fixed moments 2, 4, 6, 8 and in one case also 10 [16]. To
evaluate all these moments requires that the expansion in P should be in terms of a symbolic power
N . This will introduce sums and these sums will be expressed in terms of harmonic series. After all
integrals have been done all attention has to be focussed on the summations and it is actually for
this purpose that the program SUMMER has been developed. By now a general two loop program
has been constructed [17] and studies are on their way to create a three loop program. It should be
noted that in the two loop program no series at infinity can occur. This puts a restriction on the
functions that can occur in x-space. They have to appear in such linear combinations that all the
constants (with the exception of ζ3 which comes from expansions of the Γ-function) should cancel
in the Mellin transform.
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Harmonic Sums

1 Introduction

The computation of Feynman diagrams has confronted physicists with classes of integrals that are
usually hard to be evaluated, both analytically and numerically. Also the newer techniques applied
in the more popular computer algebra packages do not offer much relief. Therefore it is good to
occasionally study some alternative methods to come to a result. In the case of the computation
of structure functions in deep inelastic scattering one is often interested in their Mellin moments.
Each individual moment can be computed directly in ways that are much easier than computing
the whole structure function and taking its moments afterwards. There exist however also instances
in the literature in which all moments were evaluated in a symbolic way [1] [2] [3] [4]. Once all
positive even moments are known, one can reconstruct the complete structure functions. Hence such
calculations contain the full information and are in principle as valuable as the direct evaluation
of the complete integrals. In these calculations the integrals become much simpler at the cost of
having to do a number of symbolic sums over harmonic series. The draw-back of the method is
that although much effort has been put in improving techniques of integration over the past years,
very little is known about these classes of sums. A short introduction is given for instance in
ref [5]. In addition such calculations are of a nature that one needs to do them usually by means
of a computer algebra program. This means that when algorithms are developed, they should be
suitable for implementation in the language of such programs.

This paper describes a framework in which such calculations can be done. As such it gives a
consistent notation that is suited for a computer program. It shows a number of sums that can
be handled to any level of complexity and describes an implementation of them in the language
of the program FORM [6]. Then the formalism is applied to the problem of Mellin transforms of
a class of functions that traditionally occurs in the calculation of Feynman diagrams. This in its
turn needs harmonic series in infinity and hence there is a section on this special case. Next the
problem of the inverse Mellin transform is dealt with. With the results of the series at infinity one
can suddenly evaluate a whole class of integrals symbolicaly. This is explained in the next section
where some examples are given.

The paper is finished with a number of appendices. They describe the details of some of the
algorithms and their implementation. Additionally there is an appendix with lists of symbolic sums
that are not directly treated by the ‘general’ algorithms. These sums were obtained during various
phases of the project and many of them do not seem to occur in the literature.

2 Notations

The notation that is used for the various functions and series in this paper is closely related to how
useful it can be for a computer program. This notation stays as closely as possible to existing ones.
The harmonic series is defined by

Sm(n) =
n∑

i=1

1

im
(1)

S−m(n) =
n∑

i=1

(−1)i

im
(2)

in which m > 0. One can define higher harmonic series by

Sm,j1,···,jp(n) =
n∑

i=1

1

im
Sj1,···,jp(i) (3)

1

Harmonic Polylogarithms

2 Definitions.

The harmonic polylogarithms of weight w and argument x are identified by a set of w indices,

grouped into a w-dimensional vector !mw and are indicated by H(!mw;x).

More explicitly, for w = 1 one defines

H(0;x) = ln x ,

H(1;x) =
∫ x

0

dx′

1 − x′
= − ln(1 − x) ,

H(−1;x) =
∫ x

0

dx′

1 + x′
= ln(1 + x) . (1)

For their derivatives, one has
d

dx
H(a;x) = f(a;x) , (2)

where the index a can take the 3 values 0,+1,−1 and the 3 rational fractions f(a;x) are given by

f(0;x) =
1

x
,

f(1;x) =
1

1 − x
,

f(−1;x) =
1

1 + x
. (3)

Note the (minor) asymmetry of Eq.(1), in contrast with the higher symmetry of Eq.(2).

For w > 1, let us elaborate slightly the notation for the w-dimensional vectors !mw. Quite in

general, let us write

!mw = (a, !mw−1) , (4)

where a = mw is the leftmost index (taking of course one of the three values 0, 1,−1), and !mw−1

stands for the vector of the remaining (w − 1) components. Further, !0w will be the vector whose

w components are all equal to the index 0. The harmonic polylogarithms of weight w are then

defined as follows:

H(!0w;x) =
1

w!
lnw x , (5)

while, if !mw "= !0w

H(!mw;x) =
∫ x

0
dx′ f(a;x′) H(!mw−1;x

′) . (6)

Quite in general the derivatives can be written in the compact form

d

dx
H(!mw;x) = f(a;x)H(!mw−1;x) , (7)

where, again, a = mw is the leftmost component of !mw.
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Technology developed to perform integrals in g-2, deep inelastic scattering, Drell Yan integrals etc



SPECIAL FUNCTIONS IN PARTICLE PHYSICS: MULTIPLE POLYLOGARITHMS

HPLs and Harmonic Sums found immediate applications in numerous problems in particle physics

The natural instinct for generalisation lead physicists to (re-)discover multiple polylogarithms

G(c1, c2, ..., cn, x) =

Z x

0

dt1
t1 � c1

G(c2, ..., cn, t1)

=

Z x

0

dt1
t1 � c1

Z t1

0

dt2
t2 � c2

...

Z tn�1

0

dtn
tn � cn
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To study their algebraic and analytic properties, and use them to devise algorithms for their 
numerical evaluation [Vollinga, Weinzierl ’04]

Connection to “pure math”: properties of multiple polylogarithms can be derived starting from 
their Hopf Algebra - The symbol map 

- Coaction and coproduct

[Goncharov, Spradlin, Volovich ’10; Duhr, Gangl, Rhodes ’11]

[Duhr ’12]

The natural instinct for generalisation lead physicists to (re-)discover multiple polylogarithms
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This was only the beginning … just discovering the entrance of the rabbit hole!

The natural instinct for generalisation lead physicists to (re-)discover multiple polylogarithms

Connection to “pure math”: properties of multiple polylogarithms can be derived starting from 
their Hopf Algebra



HYPERLOGARITHMS: RATIONAL FUNCTIONS ON THE RIEMANN SPHERE

In fact, multiply polylogarithms had been known for more than a century already to mathematicians

1840 E.E. Kummer, Über die Transcendenten, welche aus wiederholten Integrationen rationaler Formeln entstehen
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In fact, multiply polylogarithms had been known for more than a century already to mathematicians

1840 E.E. Kummer, Über die Transcendenten, welche aus wiederholten Integrationen rationaler Formeln entstehen

R(z) =
P (z)

Q(z)

⇢
P (z) = anzn + ...+ 1
Q(z) = bmzm + ...+ 1
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A rational function has no branch cuts

But it has poles

Origin “0”

Point “at ”∞

Modern point of view: Iterated integrations of rational functions on the Riemann sphere (genus 0)



Z
dxR(x) =

Z
dx

p(x)

q(x)
⇠

⇢Z
dx xn ,

Z
dx

(x� c)k

�
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I

�c

dx

x� c
= 2⇡i !
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Residue non zero  multivalued function→

Z
dx

(x� c)k
= � 1

k � 1

1

(x� c)k�1
, k > 1
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Z
dx

x� c
= log (x� c)
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Given any rational function R(x), by factorising poles and partial fractioning we get

HYPERLOGARITHMS: RATIONAL FUNCTIONS ON THE RIEMANN SPHERE

Modern point of view: the algebra generated by MPLs on the field of rational functions with a set 
of singularities on the Riemann sphere is closed under differentiation and integration

[Goncharov;  Brown; …]



Realising profound connection with old and new mathematics very appealing “conceptually” 

How useful could this be to go beyond?

ONE STEP FURTHER: THE SUNRISE INTEGRAL AND THE “ELLIPTIC WORLD”



Electron self-energy in QED @ 2 loops   [first computation attempted in 1961 by A. Sabry]
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Electron self-energy in QED @ 2 loops   [first computation attempted in 1961 by A. Sabry]

=
1p

(3m�
p
s)(

p
s+m)3

K

✓
16m3ps

(3m�
p
s)(

p
s+m)3

◆
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K(x) =

Z 1

0

dzp
(1� z2)(1� x z2)
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It’s imaginary part “contains” an elliptic integral

The sunrise integral

ONE STEP FURTHER: THE SUNRISE INTEGRAL AND THE “ELLIPTIC WORLD”



Some history and early attempts to understand the sunrise

ONE STEP FURTHER: THE SUNRISE INTEGRAL AND THE “ELLIPTIC WORLD”

1961 1990

Sabry Broadhurst

2005

Laporta, Remiddi
(differential equations)

Pozzorini, Remiddi
(numerical diff equations)

1995

Bauberger, Berends, Bohm, Buza
Bauberger, Bohm

(one-fold integral representation, 
hypergeometric and Lauricella functions)

(dispersion relations)

Caffo, Czyz, Gunia, Remiddi

2009

(numerical diff equations different masses)

From a practical point of view, the problem of calculating the sunrise graph was “solved”



General understanding still missing, and number of examples recognised to involve 
elliptic integrals was growing

ONE STEP FURTHER: THE SUNRISE INTEGRAL AND THE “ELLIPTIC WORLD”

Figure 5. Kite integral with three internal massive propagators with masses m1, m2 and m3.

in D = 2� 2✏. A simpler version of this integral, when all three internal masses have the

same value m1 = m2 = m3 = m, has been computed in the literature in terms of iterated

integrals over products of elliptic integrals and polylogarithms [31] or modular forms [35], in

terms of elliptic generalisations of polylogarithms [35] and finally, more recently, in terms

of the eMPLs considered here [52]. We consider here the more general case with three

di↵erent internal masses. We encode the kinematic dependence is the three dimensionless

ratios

ai = �m
2
i

p2
, i = 1, 2, 3 . (5.2)

We compute the kite integral in the region 0 < p
2
< min(m2

1,m
2
2,m

2
3). The branch points

are complex and given by

~a =
�
a�, a

⇤
�, a+, a

⇤
+

 
, (5.3)

where

a� =
�� +

p
��(↵� + ��)

2(1 + a3)3
, a+ =

�+ � i

p
�+(↵+ + �+)

2(1 + a3)3
,

�+ =
⇣
(
p
a3 � i)2 � a1 + a2

⌘
(
p
a3 � i) (

p
a3 + i)3 ,

�� =
⇣
(
p
a3 + i)2 � a1 + a2

⌘
(
p
a3 � i)3 (

p
a3 + i) ,

↵+ = �2a1
⇣
a2 + (

p
a3 � i)2

⌘
, ↵� = �2a1

⇣
a2 + (

p
a3 + i)2

⌘
, (5.4)

�+ = a
2
1 +

⇣
a2 � (

p
a3 � i)2

⌘2
, �� = a

2
1 +

⇣
a2 � (

p
a3 + i)2

⌘2
,

�+ = � (
p
a3 � i)2 (

p
a3 + i)6 , �� = (

p
a3 � i)6 (

p
a3 + i)2 .

As in the previous applications for three-point functions, the kite integral can be computed

in terms of a pure combination of eMPLs of uniform weight three. In order to arrive at

the final expressions, we make use of the following relations valid for the kinematic region

– 25 –

p1

p2

Z ′m

m

Figure 1: Feynman diagram for the annihilation of a pair of massless fermions with the
exchange of two massive quanta with equal mass m. The thin lines represent the massless
fermions, while the thick lines represent the massive quanta. The outgoing dashed line
represents the probe (for instance a Z ′).

4 Reduction to Master Integrals

By standard decomposition into invariant form factors and rotation of the scalar products,
one can show that the computation of the two equal-mass crossed ladder diagram (see fig. 1)
is equivalent to the computation of the following independent scalar amplitudes:

F (n1, n2, n3, n4, n5, n6, s) =

∫

Sr

P n1

1 P n2

2 P n3

3 P n4

4 P n5

5 P n6

6

DDk1DDk2, (16)

where D is the space-time dimension, the scalar product is defined as

a · b ≡ !a ·!b − a0 b0, (17)

the loop measure is

DDk ≡
1

Γ(3−D/2)

dDk

4πD/2
, (18)

with Γ(z) the Euler Gamma function. We consider a routing of the loop momenta kµ
1 and

kν
2 which results in the following denominators:

P1 = k2
1 + m2, (19)

P2 = k2
2 + m2, (20)

P3 = (p1 − k1)
2 , (21)

P4 = (p2 − k2)
2 , (22)

P5 = (p1 − k1 + k2)
2 , (23)

P6 = (p2 + k1 − k2)
2 , (24)

and the following irreducible numerator (scalar product):

S = p2 · k1 . (25)

The indices of the denominators are assumed to be all positive2, ni > 0 while the index of
the scalar product can be positive or zero, r ≥ 0.

2 If ni ≤ 0 for some i we have a sub-topology in which line i is shrinked to a point.
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mmm

(d) (e)
Figure 1. The integral B(s, t,m2) in eq. (2.11). Thick lines denote massive propagators.

The number n of integrations is called the length of the iterated integral. In general, this

integral will not be homotopy-invariant, but it will depend on the details of the path �.

There is a necessary and su�cient condition, often called the integrability condition, for a

combination of iterated integrals to be homotopy-invariant [5]. The details of this criterion

are not important in the following. Here it su�ces to say that it is always satisfied for

the solutions in eq. (2.7). The corresponding Chen iterated integrals as then multi-valued

functions of the end point (x, y) of the path �, where the multi-valuedness only comes from

choosing two non-homotopic paths from (x0, y0) to (x, y).

The master integrals g(x, y; ✏) can be expressed at every order in terms of Chen-iterated

integrals where the one-forms are logarithmic one-forms !i = d logRi and the arguments

Ri run over the letters, i.e., the arguments of the logarithms, in eq. (2.4). The coe�cient

of ✏n in the path-ordered exponential in eq. (2.7) only involves iterated integrals of length

n. Chen iterated integrals are a very general class of functions, and it can be useful to

express the results in terms of a class of functions that are well-studied in the literature.

In ref. [1] it was shown that up to length four (which is su�cient if we are interested in

results in four dimensions) all the master integrals but one can be expressed in terms of

multiple polylogarithms (MPLs). MPLs are defined by the iterated integrals [6–8]

Ga1,...,an(x) = G(a1, . . . , an;x) =

Z x

0

dt

t� a1
G(a2, . . . , an; t) , (2.9)

and the recursion starts with G(;x) ⌘ 1. In the special case where all the ai’s are zero, we

define

G(0, . . . , 0| {z }
n times

;x) =
1

n!
logn x . (2.10)

The only master integral in four dimensions that the authors of ref. [1] were not able

to express in terms of MPLs is (see fig. 1),

B(s, t,m2) = G0,1,1,0,1,1,1,0,0(s, t,m
2;D) (2.11)

=
e2�E✏

⇡D

Z
dDk1 dDk2

[(k1 + p1 + p2)2 �m2][k2
2 �m2](k1 + p1)2(k1 � k2)2(k2 � p3)2

.

If we write

B(s, t,m2) =
1

4
p
(�s� t)(4m2 � s� t)

eB(x, y) +O(✏) , (2.12)
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CHANGING THE GEOMETRY: FROM GENUS 0 TO GENUS 1

Elliptic curves ~ complex Tori  repeat construction of MPLs on genus 1 surface→

y(z) =
p
(1� z2)(k2 � z2) with k2 =

1

x
> 1
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(ii) Some of the literature uses a more restrictive definition of the term multi-valued function,
not including things such as

p
z. But this need not concern us, as we shall not really be

using multi-valued functions in the course.

The Riemann surface S = {(z, w) 2 C2
| z = w2

} is identified with the complex w-plane by
projection. It is then clear what a holomorphic function on S should be: an analytic function
of w, regarded as a function on S. We won’t be so lucky in general, in the sense that Riemann
surfaces will not be identifiable with their w- or z-projections. However, a class of greatest
importance for us, that of non-singular Riemann surfaces, is defined by the following property:

1.5 Moral definition: A Riemann surface S in C2 is non-singular if each point (z0, w0) has
the property that

• either the projection to the z-plane

• or the projection to the w-plane

• or both

can be used to identify a neighbourhood of (z0, w0) on S homeomorphically with a disc in the
z-plane around z0, or with a disc in the w-plane around w0.

We can then use this identification to define what it means for a function on S to be holomorphic
near (z0, w0).

1.6 Remark. We allowed concrete Riemann surfaces to be singular. In the literature, that is
usually disallowed (and our singular Riemann surfaces are called analytic sets). We are mostly
concerned with non-sigular surfaces, so this will not cause trouble.

An interesting example

Let us conclude the lecture with an example of a Riemann surface with an interesting shape,
which cannot be identified by projection (or in any other way) with the z-plane or the w-plane.

Start with the function w =
p

(z2 � 1)(z2 � k2) where k 2 C, k 6= ±1, whose graph is the
Riemann surface

T = {(z, w) 2 C2
| w2 = (z2

� 1)(z2
� k2)}.

There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
w = 0. A real snapshot of the graph (when k 2 R) is indicated in Fig. (1.3), where the dotted
lines indicate that the values are imaginary.
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the following picture, representing two planes (ignore the boundaries) joined by two tubes (Fig.
1.5.a).

For another look at this surface, recall that the function

z 7! R2/z

identifies the exterior of the circle |z|  R with the punctured disc {|z| < R | z 6= 0}. (This
identification is even bi-holomorphic, but we don’t care about this yet.) Using that, we can pull
the exteriors of the discs, missing from the picture above, into the picture as punctured discs,
and obtain a torus with two missing points as the definitive form of our Riemann surface (Fig.
1.5.b).

Lecture 2

The example considered at the end of the Lecture 1 raises the first serious questions for the
course, which we plan to address once we define things properly: What shape can a Riemann
surface have? And, how can we tell the topological shape of a Riemann surface, other than by
creative cutting and pasting?

The answer to the first question (which will need some qualification) is that any orientable
surface can be given the structure of a Riemann surface. One answer to the second question, at
least for a large class of surfaces, will be the Riemann-Hurwitz theorem (Lecture 6).

2.1 Remark. Recall that a surface is orientable if there is a continuous choice of clockwise
rotations on it. (A non-orientable surface is the Möbius strip; a compact example without
boundary is the Klein bottle.) Orientability of Riemann surfaces will follow from our desire to
do complex analysis on them; notice that the complex plane carries a natural orientation, in
which multiplication by i is counter-clockwise rotation.

Concrete Riemann Surfaces

Historically, Riemann surfaces arose as graphs of analytic functions, with multiple values, defined
over domains in C. Inspired by this, we now give a precise definition of a concrete Riemann
surface; but we need a preliminary notion.
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[Drawings by C. Teleman, Riemann Surfaces]

Near z = 1, z = 1 + ✏ and the function is expressible as

w =
p

✏(2 + ✏)(1 + ✏ + k)(1 + ✏� k) =
p

✏
p

2 + ✏
p

(1 + k) + ✏
p

(1� k) + ✏.

A choice of sign for
p

2(1 + k)(1� k) leads to a holomorphic function
p

2 + ✏
p

(1 + k) + ✏
p

(1� k) + ✏ for small ✏, so w =
p

✏ ⇥ (a holomorphic function of ✏), and
the qualitative behaviour of the function near w = 1 is like that of

p
✏ =

p
z � 1.

Similarly, w behaves like the square root near �1, ±k. The important thing is that there is no
continuous single-valued choice of w near these points: any choice of w, followed continuously
round any of the four points, leads to the opposite choice upon return.

Defining a continuous branch for the function necessitates some cuts. The simplest way is
to remove the open line segments joining 1 with k and �1 with �k. On the complement of
these segments, we can make a continuous choice of w, which gives an analytic function (for
z 6= ±1,±k). The other ‘branch’ of the graph is obtained by a global change of sign.

Thus, ignoring the cut intervals for a moment, the graph of w breaks up into two pieces, each
of which can be identified, via projection, with the z-plane minus two intervals (Fig. 1.4).

Now over the said intervals, the function also takes two values, except at the endpoints where
those coincide. To understand how to assemble the two branches of the graph, recall that the
value of w jumps to its negative as we cross the cuts. Thus, if we start on the upper sheet and
travel that route, we find ourselves exiting on the lower sheet. Thus,

• the far edges of the cuts on the top sheet must be identified with the near edges of the
cuts on the lower sheet;

• the near edges of the cuts on the top sheet must be identified with the far edges on the
lower sheet;

• matching endpoints are identified;

• there are no other identifications.

A moment’s thought will convince us that we cannot do all this in R3, with the sheets positioned
as depicted, without introducing spurious crossings. To rescue something, we flip the bottom
sheet about the real axis. The matching edges of the cuts are now aligned, and we can perform
the identifications by stretching each of the surfaces around the cut to pull out a tube. We obtain
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We define the two periods as

Some definitions. Take a completely general elliptic curve:

y2 = (x� a1)(x� a2)(x� a3)(x� a4)
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Z a2
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y
= 2 iK(1� �) ,
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Riemann surface

T = {(z, w) 2 C2
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There are two values for w for every value of z, other than z = ±1 and z = ±k, in which cases
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Elliptic curve as algebraic equation Genus one complex surface - Torus

Dual description of the same problem

zx =
c4
!1

Z x

a1

dt

y(t)
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Move between the two using Abel’s Map  

Or its inverse (kappa-function)

y2 = (x� a1)(x� a2)(x� a3)(x� a4)
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ELLIPTIC MULTIPLE POLYLOGARITHMS

G(c1, ..., ck;x) =

Z x

0
dt r(c1, t)G(c2, ..., ck; t) , r(c, t) =

1

t� c
c 2 C
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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Upon total di↵erentiation, MPLs undergo a length drop, and their di↵erential takes a

particularly simple form,

dG(a1, . . . , an; z) =
nX

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai�1 � ai

ai+1 � ai
, (2.5)

where we defined a0 ⌘ 0 and an+1 ⌘ z. Functions whose total di↵erential does not contain

any homogeneous term are referred to as unipotent, and this concept will become important

in the following discussions.

Elliptic generalisations of MPLs are functions which behave like MPLs but accommo-

date (in addition to the kernels 1/(x � a)) functions which are rational in the variables x

and y which define an elliptic curve, i.e. [x, y, 1] 2 CP2 where x and y satisfy a polynomial

equation y
2 = Pn(x) of degree n = 3, 4. For our purposes, we consider only the case with

n = 4 since the n = 3 case can be seen a gauge-fixed version of the former and the examples

we consider arise naturally as square roots of degree-four polynomials. Therefore, we are

interested in iterated integrals of rational functions in the variables (x, y) subject to the

constraint

y
2 = P4(x) = (x� a1)(x� a2)(x� a3)(x� a4) . (2.6)

The elements of the vector ~a ⌘ (a1, a2, a3, a4) are referred to as the branch points of the

elliptic curve. The periods and quasi-periods of the elliptic curve are chosen according to

!1 = 2 c4

Z
a3

a2

dx

y
= 2K(�) ,

!2 = 2 c4

Z
a2

a1

dx

y
= 2iK(1� �) ,

(2.7)

⌘1 = �1

2

Z
a3

a2

dx e�4(x,~a) = E(�)� 2� �

3
K(�) ,

⌘2 = �1

2

Z
a2

a1

dx e�4(x,~a) = �iE(1� �) + i
1 + �

3
K(1� �) ,

(2.8)

where

� =
a14 a23

a13 a24
, c4 =

1

2

p
a13a24 , aij = ai � aj , (2.9)

and K and E denote the complete elliptic integrals of the first and second kind, respectively,

K(�) =

Z 1

0

dtp
(1� t2)(1� �t2)

, E(�) =

Z 1

0
dt

r
1� �t2

1� t2
. (2.10)

The function e�4(x,~a) entering the integrand of the quasi-periods is defined as

e�4(x,~a) ⌘
1

c4 y

⇣
x
2 � s1

2
x+

s2

6

⌘
, (2.11)

where sn ⌘ sn(~a) denotes the n
th elementary symmetric polynomial in the branch points.

The periods and quasi-periods are not independent and satisfy the Legendre relation,

!1 ⌘2 � !2 ⌘1 = �i⇡ . (2.12)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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ELLIPTIC MULTIPLE POLYLOGARITHMS

G(c1, ..., ck;x) =

Z x

0
dt r(c1, t)G(c2, ..., ck; t) , r(c, t) =

1

t� c
c 2 C

<latexit sha1_base64="1vOpckXmaZ0EisFg0tGsOaC4n6A="></latexit><latexit sha1_base64="1vOpckXmaZ0EisFg0tGsOaC4n6A="></latexit><latexit sha1_base64="1vOpckXmaZ0EisFg0tGsOaC4n6A="></latexit><latexit sha1_base64="1vOpckXmaZ0EisFg0tGsOaC4n6A="></latexit>

di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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Upon total di↵erentiation, MPLs undergo a length drop, and their di↵erential takes a

particularly simple form,

dG(a1, . . . , an; z) =
nX

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai�1 � ai

ai+1 � ai
, (2.5)

where we defined a0 ⌘ 0 and an+1 ⌘ z. Functions whose total di↵erential does not contain

any homogeneous term are referred to as unipotent, and this concept will become important

in the following discussions.

Elliptic generalisations of MPLs are functions which behave like MPLs but accommo-

date (in addition to the kernels 1/(x � a)) functions which are rational in the variables x

and y which define an elliptic curve, i.e. [x, y, 1] 2 CP2 where x and y satisfy a polynomial

equation y
2 = Pn(x) of degree n = 3, 4. For our purposes, we consider only the case with

n = 4 since the n = 3 case can be seen a gauge-fixed version of the former and the examples

we consider arise naturally as square roots of degree-four polynomials. Therefore, we are

interested in iterated integrals of rational functions in the variables (x, y) subject to the

constraint

y
2 = P4(x) = (x� a1)(x� a2)(x� a3)(x� a4) . (2.6)

The elements of the vector ~a ⌘ (a1, a2, a3, a4) are referred to as the branch points of the

elliptic curve. The periods and quasi-periods of the elliptic curve are chosen according to

!1 = 2 c4

Z
a3

a2

dx

y
= 2K(�) ,

!2 = 2 c4

Z
a2

a1

dx

y
= 2iK(1� �) ,

(2.7)

⌘1 = �1

2

Z
a3

a2

dx e�4(x,~a) = E(�)� 2� �

3
K(�) ,

⌘2 = �1

2

Z
a2

a1

dx e�4(x,~a) = �iE(1� �) + i
1 + �

3
K(1� �) ,

(2.8)

where

� =
a14 a23

a13 a24
, c4 =

1

2

p
a13a24 , aij = ai � aj , (2.9)

and K and E denote the complete elliptic integrals of the first and second kind, respectively,

K(�) =

Z 1

0

dtp
(1� t2)(1� �t2)

, E(�) =

Z 1

0
dt

r
1� �t2

1� t2
. (2.10)

The function e�4(x,~a) entering the integrand of the quasi-periods is defined as

e�4(x,~a) ⌘
1

c4 y

⇣
x
2 � s1

2
x+

s2

6

⌘
, (2.11)

where sn ⌘ sn(~a) denotes the n
th elementary symmetric polynomial in the branch points.

The periods and quasi-periods are not independent and satisfy the Legendre relation,

!1 ⌘2 � !2 ⌘1 = �i⇡ . (2.12)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.
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ELLIPTIC MULTIPLE POLYLOGARITHMS

G(c1, ..., ck;x) =

Z x

0
dt r(c1, t)G(c2, ..., ck; t) , r(c, t) =

1

t� c
c 2 C
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4
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Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
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dx
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y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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and e�4(x,~a) given in eq. (2.11).

The kernels  n entering the eMPLs in eq. (2.24) are spelled out below for |n| = 0, 1, 2.

Higher values of n do not appear in the present applications since the corresponding func-

tions would satisfy higher-order di↵erential equations. Before writing down the expressions

for the kernels, we introduce some functions which appear as ingredients. The first is the

function Z4(x,~a) defined in eq. (2.25). Likewise, an important element is the image of the

point x = �1 under Abel’s map (2.21),

z⇤ =
c4

!1

Z �1

a1

dx
0

y
. (2.26)

It is possible to represent z⇤ in terms of elliptic integrals. In the situation where all roots

are real and ordered, it is given by [52],

z⇤ = Z⇤(↵,�) ⌘
1

2
� F(

p
↵|�)

2K(�)
, ↵ =

a13

a14
, (2.27)

and for other configuration of the branch points (or complex ones), z⇤ may pick up a minus

sign depending on the conventions for the branches of the square root. Finally, the kernels

entering the pure eMPLs depend on the function G⇤(~a), which is simply the image of the

point z⇤ under g(1) (see eq. (2.23)),

G⇤(~a) ⌘
1

!1
g
(1)(z⇤, ⌧) . (2.28)

As shown in ref. [52], G⇤ can be integrated explicitly in terms of (incomplete) elliptic

integrals of the first and second kind. In the situation where the branch points ~a are real

and ordered according to a1 < a2 < a3 < a4 one finds

G⇤(~a) =

✓
2⌘1
!1

� �

3
+

2

3

◆
F
�p

↵|�
�
� E

�p
↵|�

�
+

r
↵(↵�� 1)

↵� 1
. (2.29)

In the special case where the point z⇤ is of the form3

z⇤ = a+ b ⌧(�) , (2.30)

for a and b constants, then G⇤(~a) admits an even simpler form, namely

G⇤(~a) =
(1� �) [�↵

0(�) + ↵]p
↵(1� ↵)(1� ↵�)

� b
2⇡i

!1
. (2.31)

This follows because eq. (2.27) together with eq. (2.30) imply that ↵ = ↵(�).

At last, we are now ready to write down the expressions for the kernels. For n = 0,

there is only one kernel,

 0(0, x,~a) =
c4

!1 y
. (2.32)

3The situation with a, b 2 Q is common in applications, and a point on the elliptic curve of this form is

called a torsion point.

– 9 –

For n = 1, we have instead four kernels (with c 6= 1)

 1(c, x,~a) =
1

x� c
,

 �1(c, x,~a) =
yc

y(x� c)
+ Z4(c,~a)

c4

y
, (2.33)

 1(1, x,~a) = �Z4(x,~a)
c4

y
,

 �1(1, x,~a) =
x

y
� 1

y
[a1 + 2c4G⇤(~a)] ,

where yc ⌘
p

P4(c). Finally, for n = 2, we have (with c 6= 1),

 2(c, x,~a) =
!1

12(x� c)

h6 (a1 � c)Z4(x,~a)

x� a1
+

6ycZ4(c,~a) (�a1 + 2c� x)

(c� a1)y

� 2(c� x)(yc(3a13a24(Z
(2)
4 (c,~a) + Z

(2)
4 (x,~a)) + a1(2(a2 + a3 + a4)� 3(c+ x))

c4ycy

�a2a3 � (a2 + a3)a4 + 3cx) + 3
p
a13a24(c� a2)

�
c� a3)(c� a4)Z4(c,~a)

�

c4ycy

i
,

 �2(c, x,~a) =
!1

2(x� c)

h�ycZ4(x,~a)

y
+ Z4(c,~a)

✓
c4(c� x)Z4(x,~a)

y
+ 1

◆i
,

 2(1, x,~a) =
1

4

!1

c4y

h
2a13a24Z

(2)
4 (x,~a) + 4c4G⇤(~a) (a1 � x) + a13a24G⇤(~a)

2

+ 2(�a1 + a2 + a3 + a4)x+ a
2
1 � a2a3 � a2a4 � a3a4 � 2x2

i
� 1

2
!1

Z4(x,~a)

a1 � x
,

 �2(1, x,~a) =
!1

2c4

h
1 +

Z4(x,~a) (2c4 (a1 � x) + a13a24G⇤(~a))

2y

i
,

(2.34)

where Z
(2)
4 (x,~a) stands for a degree-two polynomial in Z4(x,~a),

Z
(2)
4 (x,~a) =

1

8
Z4(x,~a)

2 +
(a2 � x) (a3 � x) (a4 � x)Z4(x,~a)

c4x

+
�3a3x� 3a4x� a1 (a2 + a3 + a4 � 3x) + a2 (2a3 + 2a4 � 3x) + 2a3a4 + 3x2

6a13a24
.

(2.35)

We conclude this short exposition of pure eMPLs with a comment: much like with

ordinary MPLs, one can associate a concept of length and of weight to eMPLs and to

quantities which arise from evaluating eMPLs at special points, for example the periods

and quasi-periods of the elliptic curve defined in eqs. (2.7) and (2.8). In summary we have

the values shown in Table 1.

Using the formalism revised in this section, in the rest of this paper we will show

how certain Feynman integrals which evaluate to functions beyond MPLs can be brought

to neat expressions in terms of combinations of pure eMPLs (2.24) of uniform weight by

direct integration of their Feynman parametrisation.
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
n2 ... nk
z2 ... zk ; z

0
, ⌧
�
, (2.22)

where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
(n)(z, ⌧)↵n =

✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1

!1

1

y
, (2.25)
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=
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Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,
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�
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where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein
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↵

X

n�0

g
(n)(z, ⌧)↵n =
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0
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algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4

⌘1
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1

y
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Upon total di↵erentiation, MPLs undergo a length drop, and their di↵erential takes a

particularly simple form,

dG(a1, . . . , an; z) =
nX

i=1

G(a1, . . . , âi, . . . , an; z) d log
ai�1 � ai

ai+1 � ai
, (2.5)

where we defined a0 ⌘ 0 and an+1 ⌘ z. Functions whose total di↵erential does not contain

any homogeneous term are referred to as unipotent, and this concept will become important

in the following discussions.

Elliptic generalisations of MPLs are functions which behave like MPLs but accommo-

date (in addition to the kernels 1/(x � a)) functions which are rational in the variables x

and y which define an elliptic curve, i.e. [x, y, 1] 2 CP2 where x and y satisfy a polynomial

equation y
2 = Pn(x) of degree n = 3, 4. For our purposes, we consider only the case with

n = 4 since the n = 3 case can be seen a gauge-fixed version of the former and the examples

we consider arise naturally as square roots of degree-four polynomials. Therefore, we are

interested in iterated integrals of rational functions in the variables (x, y) subject to the

constraint

y
2 = P4(x) = (x� a1)(x� a2)(x� a3)(x� a4) . (2.6)

The elements of the vector ~a ⌘ (a1, a2, a3, a4) are referred to as the branch points of the

elliptic curve. The periods and quasi-periods of the elliptic curve are chosen according to

!1 = 2 c4

Z
a3

a2

dx

y
= 2K(�) ,

!2 = 2 c4

Z
a2

a1

dx

y
= 2iK(1� �) ,

(2.7)

⌘1 = �1

2

Z
a3

a2

dx e�4(x,~a) = E(�)� 2� �

3
K(�) ,

⌘2 = �1

2

Z
a2

a1

dx e�4(x,~a) = �iE(1� �) + i
1 + �

3
K(1� �) ,

(2.8)

where

� =
a14 a23

a13 a24
, c4 =

1

2

p
a13a24 , aij = ai � aj , (2.9)

and K and E denote the complete elliptic integrals of the first and second kind, respectively,

K(�) =

Z 1

0

dtp
(1� t2)(1� �t2)

, E(�) =

Z 1

0
dt

r
1� �t2

1� t2
. (2.10)

The function e�4(x,~a) entering the integrand of the quasi-periods is defined as

e�4(x,~a) ⌘
1

c4 y

⇣
x
2 � s1

2
x+

s2

6

⌘
, (2.11)

where sn ⌘ sn(~a) denotes the n
th elementary symmetric polynomial in the branch points.

The periods and quasi-periods are not independent and satisfy the Legendre relation,

!1 ⌘2 � !2 ⌘1 = �i⇡ . (2.12)
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Transcendental integration kernels 

Mimic MPLs, only simple poles, 
logarithmic singularities of 

scattering amplitudes



Many interesting problems solved in terms of eMPLs (kite, form factors, many more)

WE KIND OF UNDERSTAND EMPLS…

Are we done, then?

[See Melih’s talk]



BEYOND EMPLS: TOWARDS CALABY YAU GEOMETRIES

K3 and Calabi Yau Geometries

p2 p2

m1

m2

m3

ml+1

Figure 1. The l-loop banana graph with external momentum p and internal masses mi.

the integral only depends on the propagator masses and the dot products between the
external momenta. We refer to these collectively as the scales xk, and we collect them
into the vector x = (xk)1ÆkÆN . By dimensional analysis, the only non-trivial functional
dependence is through the ratios

zk := xk+1/x1 , 1 Æ k < N . (2.2)

It is well known that not all the integrals in this family are independent. We can
use integration-by-parts (IBP) relations to write every member of this family as a linear
combination of a certain set of basis elements, conventionally referred to as master inte-
grals [95, 96]. The basis of master integrals is known to be always finite [97–99]. In the
following it will be useful to group the members of the family into sectors, i.e., integrals that
share the same set of denominators in the integrand in eq. (2.1) (though the denominators
may be raised to di�erent powers). More precisely, consider the map Ë : Zp æ {0, 1}p

which sends ‹ = (‹j)1ÆjÆp to Ë(‹) = (◊(‹j))1ÆjÆp, where ◊(m) denotes the Heaviside step
function:

◊(m) =
I

1 , if m > 0 ,

0 , if m Æ 0 .
(2.3)

We say that I‹(x; D) and I‹Õ(x; D) belong to the same sector if Ë(‹) = Ë(‹ Õ). There is a
natural partial order on sectors, given by Ë(‹) Æ Ë(‹ Õ) if and only if ◊(‹ Õ

i) ≠ ◊(‹i) Ø 0, for
all 1 Æ i Æ p.

We work in dimensional regularization, and each member of this family is interpreted
as a Laurent series in the dimensional regularization parameter ‘ = (D0 ≠ D)/2, with D0

a positive integer, cf., e.g., ref. [100]. For algebraic values of the scales x, the Laurent
coe�cients are periods [1] in the sense of Kontsevich and Zagier [2]. This motivates the
use of techniques from algebraic geometry to compute Feynman integrals. One of the
main goals of this paper is to study how some methods from geometry to compute periods
can be used to compute multi-loop Feynman integrals in dimensional regularization. Our
recurrent example will be a special class of l-loop Feynman integrals in D = 2 ≠ 2‘ with at
most p = l + 1 propagators, known as banana integrals (see figure 1), and the propagators
are given by

Dj = k2

j ≠ m2

j , 1 Æ j Æ l ,

Dl+1 = (k1 + . . . + kl ≠ p)2 ≠ m2

l+1 .
(2.4)
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Multiple elliptic curves

[Bourjaily, He, McLeod, von Hippel, Wilhelm 2018]
[Bourjaily, McLeod, Vergu, Volk, von Hippel, Wilhelm 2019]

[Block, Kerr, Vanhove 2017] [Primo, Tancredi 2017]

[Brödel, Duhr, Dulat, Marzucca, Penante, Tancredi 2019]

[Bönisch, Duhr, Fischback, Klemm, Nega 2021]

p1

p2

p4

p3

1 4 7

3

2

Figure 1: The graph for sector 79. Solid lines correspond to particles of mass m, dashed lines to

massless particles.

We expect that the entries of the differential equation will also show up in other systems of
Feynman integrals. In this sense the differential one-forms appearing in the differential equation

are more universal than the specific Feynman integral we are considering. For this reason our
emphasis is on the entries of the differential equation.

This paper is organised as follows: In the next section we define the Feynman integral, in-

troduce various kinematic variables and review the Kronecker function. In section 3 we define
the master integrals. In section 4 we discuss the entries of the differential equation, which at
most depend only on one elliptic curve. We call these the non-mixed entries. There are four

entries of the differential equation, which depend on both elliptic curves. These are discussed in
section 5. Our conclusions are given in section 6. There are two appendices: Appendix A gives

the expressions for the mixed entries in the (x,y)-coordinates. (These coordinates are defined in
section 2). In appendix B we relate dlog-forms to differential one-forms related to curve (b).

2 Notation and definitions

2.1 Definition of the Feynman integral

We consider the family of two-loop integrals corresponding to the graph shown in fig. 1. The
solid internal lines correspond to propagators with a mass m. The external momenta satisfy

p1 + p2 + p3 + p4 = 0, p2
1 = p2

2 = 0, p2
3 = p2

4 = m2. (1)

We set

s = (p1 + p2)
2 , t = (p2 + p3)

2 . (2)

The graph of fig. 1 is of particular interest as it is one of the simplest examples where the corre-

sponding family of Feynman integrals is associated with two elliptic curves: There is one elliptic

3

[Müller, Weinzierl 2022]
[Adams, Ekta, Weinzierl 2018]

eMPLs are not enough, (not even at 2 loops, at least naively…)

We will here a lot about these exciting advancements in this workshop…

See seminars by Matt, Franziska, Christoph…



THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Henn’s canonical differential equations — paradigm change for MPLs Feynman Integrals

   with   df = ϵ A f A = ∑
i

Ai d log gi

What about Feynman integrals with elliptic (or more general kernels?) 

- is there a concept of transcendental weight? 

- Uniform weight & purity? 

- if so, how is uniform weight connected to structure of differential equations (  dep…)?ϵ

Integrals with unit leading singularities  logarithmic singularities only! 

Natural concept of (uniform) transcendental weight inherited from algebra of MPLs

→

[Brödel, Duhr, Dulat, Penante, Tancredi 2018]



- Sunrise graph & modular forms 

- 3 loop Banana graph

THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Recently progress in finding epsilon-factorised differential equations for some problems

[Adams, Weinzierl 2016]

[Pögel, Wang, Weinzierl 2022]

[See talk by Hjalte for more general considerations]



Recently progress in finding epsilon-factorised differential equations for some problems

THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Special case: univariate problems based on 1 single elliptic curve (sunrise, 3 loop banana, …) 
can sometimes be expressed as iterated integrals over modular forms

4.2 Solution in terms of elliptic polylogarithms

In the previous section, we saw how the banana integral can be expressed in terms

of iterated integrals over the homogeneous solution of the sunrise integral. The

sunrise integral itself has been computed in many di↵erent forms before. Here, we

are particularly interested in the fact that the sunrise integral can also be represented

in terms of elliptic polylogarithms [33]. It is therefore natural to ask the question

whether it is possible to express the banana integral in terms of elliptic polylogarithms

as well. To answer this question, let us recall the definition of the eMPLs as used in

ref. [33] (see also ref. [41]),

�̃ ( n1 ... nk
z1 ... zk ; zk+1, ⌧) =

Z zk+1

0

dw g(n1)(w � z1; ⌧) �̃ ( n2 ... nk
z2 ... zk ;w, ⌧) . (4.13)

Here the integration kernels g(n)(z; ⌧) are related to expansion coe�cients of the

Eisenstein-Kronecker series as defined in ref. [33]. The exact form of these kernels

is immaterial for the following arguments, though it is important to note that for

z = r
N + s

N ⌧ , with r, s 2 Z and N 2 N the integration kernels g can be expressed as

g(n)( r
N + s

N ⌧, ⌧) =
nX

k=0

(2⇡i s
N )k

k!
h(n�k)
N,r,s (⌧) , (4.14)

where the functions h(n�k)
N,r,s , 0  r, s < N , denote modular forms of weight k > 1 for

�(N) (cf. eq. (3.18)) defined as [35]

h(k)
N,r,s(⌧) = �

X

(↵,�)2Z2
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with

can be written as iterated ints of Eisenstein series of Γ(N )

[Adams, Weinzierl 2016]

[Pögel, Wang, Weinzierl 2022]

- Sunrise graph & modular forms 

- 3 loop Banana graph
[See talk by Hjalte for more general considerations]
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di↵erential equation which is identical to the definition of the elliptic curve in eq. (2.6),

namely

(c4
0(z))2 = P4((z)) , (2.20)

and thus one may identify (x, y) $ ((z), c40(z)). The inverse of the -function is known

as Abel’s map, which takes a point (x, y) on the elliptic curve to a point zx on the complex

torus,

zx =
c4

!1

Z
x

a1

dx
0

y
=

p
a13a24

4K(�)

Z
x

a1

dx
0

y
. (2.21)

Since elliptic curves are isomorphic to complex tori, eMPLs can be described as iterated

integrals over functions related to the torus, and were originally defined as such in refs. [25,

68, 69]. In this context, eMPLs are defined as iterated integrals given by

e�( n1 ... nk
z1 ... zk ; z, ⌧) =

Z
z

0
dz

0
g
(n1)(z0 � z1, ⌧) e�

�
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0
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�
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where the integration kernels are the coe�cients in the expansion of theKronecker-Eisenstein

series F (z,↵, ⌧),

F (z,↵, ⌧) =
1

↵

X

n�0

g
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✓
0
1(0, ⌧) ✓1(z + ↵, ⌧)

✓1(z, ⌧) ✓1(↵, ⌧)
, (2.23)

and ✓1(z, ⌧) is the odd Jabobi theta function with ✓
0
1(z, ⌧) denoting a derivative with respect

to its first argument.

The eMPLs (2.22) behave similarly to ordinary MPLs in that they also form a shu✏e

algebra and are unipotent. Moreover, they are pure according to the definition of ref. [52],

namely: A function is called pure if it is unipotent and its total di↵erential involves only

pure functions and one-forms with at most logarithmic singularities.

In the calculation of Feynman integrals that evaluate to functions of the elliptic kind,

the representation of elliptic polylogarithms in terms of a polynomial equation y
2 = P (x)

appears more naturally than the torus picture. Therefore in this paper we use the definition

of pure eMPLs on the elliptic curve recently put forward in ref. [52]. They are defined as

iterated integrals of kernels that are rational functions on the elliptic curve with at most

logarithmic singularities in all variables,

E4( n1 ... nk
c1 ... ck ;x,~a) =

Z
x

0
dt n1(c1, t,~a) E4(

n2 ... nk
c2 ... ck ; t,~a) . (2.24)

In contrast with MPLs, for the elliptic case the requirement that all integrations over

rational functions on the elliptic curve close on the same space of functions put together

with the requirement that all integrals must have at most logarithmic singularities leads

to an infinite tower of independent kernels  n for n 2 Z. This fact can also be seen from

the torus description, where an infinite number of kernels are generated by eq. (2.23).

In particular, the kernels in eq. (2.24) depend on a certain kind of functions which are

themselves transcendental, namely

Z4(x,~a) ⌘
Z

x

a1

dx
0�4(x

0
,~a) , with �4(x,~a) ⌘ e�4(x,~a) + 4c4
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y
, (2.25)
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 determines the shape of the elliptic curveτ( ⃗a )

There is an extra, different dependence on how we move 
along the curve and on punctures

[Duhr, Tancredi 2019]
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Hint: Maximal cuts, leading singularities and independent integration contours

A window on Elliptic Feynman Integrals and beyond

We consider the three-loop two-point integral family defined by

p
m

m
m
m

= Ia1,a2,a3,a4,a5,a6,a7,a8,a9

���
a5,··· ,a9<0

=

Z
D d

k1 D
d
k2D

d
k3 (k2

3 )�a5(k1 · p)�a6(k2 · p)�a7(k3 · p)�a8(k1 · k2)�a9

[k2

1
� m2]a1 [k2

2
� m2]a2 [(k1 � k3)2 � m2]a3 [(k2 � k3 � p)2 � m2]a4

,

Has three master integrals (for simplicity ✏ = (2 � d)/2)

I1(✏; s) =(1 + 2✏)(1 + 3✏)(m2)�2
I1,1,1,1,0,0,0,0,0 ,

I2(✏; s) =(1 + 2✏)(m2)�1
I2,1,1,1,0,0,0,0,0 ,

I3(✏; s) =I2,2,1,1,0,0,0,0,0 ,
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[Bosma, Sogaard, Zhang 2017]
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A window on Elliptic Feynman Integrals and beyond
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A window on Elliptic Feynman Integrals and beyond

We need to find now three independent solutions, i.e. a matrix

G(x) =

0

@
H1(x) J1(x) I1(x)
H2(x) J2(x) I2(x)
H3(x) J3(x) I3(x)

1

A !
d

dx
G(x) = B(x) G(x) .

Or, if our idea is correct, there should exists three independent integration
contours C1, C2 and C3 such that (for ✏ = 0)

G(x) =

0

@
CutC1

(I1(x)) CutC2
(I1(x)) CutC3

(I1(x))
CutC1

(I2(x)) CutC2
(I2(x)) CutC3

(I2(x))
CutC1

(I3(x)) CutC2
(I3(x)) CutC3

(I3(x))

1

A

32 / 49

Define a “solution matrix” from the maximal cuts evaluated along independent integration contours:

( Pairing integrand - contour, see intersection theory etc )

[Bosma, Sogaard, Zhang 2017]

See also talk by Hjalte !

THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Hint: Maximal cuts, leading singularities and independent integration contours

What can we say in general?
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A window on Elliptic Feynman Integrals and beyond

We can perform the same rotation as for the sunrise, but now 3 ⇥ 3
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Then the new basis of master integrals

The new basis defined in this way, presents a remarkable (but obvious) property. It’s maximal
cut, computed along the three independent integration contours, is unity (or zero) by definition.
This can be easily seen as follows. Inverting Eq. (4.14) we have

0
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M1(x)
M2(x)
M3(x)

1

A =
1

W (x)

0

@
I3J2 � I2J3 I1J3 � I3J1 I2J1 � I1J2

H3I2 � H2I3 H1I3 � H3I1 H2I1 � H1I2

H2J3 � H3J2 H3J1 � H1J3 H1J2 � H2J1

1

A

0

@
I1(x)
I2(x)
I3(x)

1

A . (5.29)

Now, from the results of the previous section, we can identify

H1(x) = CutC1(I1(x)) = f
IV
1 (x) ,

J1(x) = CutC2(I1(x)) = f
V
1 (x) ,

I1(x) = CutC3(I1(x)) = f
V
2 (x) (5.30)

where we used the notation CutC(Ij(x)) for the maximal cut of Ij(x) computed along the contour
C, which gives rise to the integration over the corresponding regions discussed above. The remaining
functions can be obtained by di↵erentiating the ones above as in (5.2, 5.3), or alternatively by
computing the maximal cuts of the other two master integrals along the same three contours

H2(x) = CutC1(I2(x)) , J2(x) = CutC2(I2(x)) , I2(x) = CutC3(I2(x))
H3(x) = CutC1(I3(x)) , J3(x) = CutC2(I3(x)) , I3(x) = CutC3(I3(x)) . (5.31)

Using now Eq. (5.29, 5.30, 5.31) we find at once

CutC1(M1(x)) = 1 , CutC2(M1(x)) = 0 , CutC3(M1(x)) = 0 ,

CutC1(M2(x)) = 0 , CutC2(M2(x)) = 1 , CutC3(M2(x)) = 0 ,

CutC1(M3(x)) = 0 , CutC2(M3(x)) = 0 , CutC3(M3(x)) = 1 . (5.32)

This result is important. We can imagine, in fact, to associate to any family of master integrals
which fulfil a set of n (in our case 3) coupled di↵erential equations, a n⇥n matrix whose entries are
given by the maximal cut of the integrals evaluated along the n independent integration contours. For
a generic basis of master integrals, this is by definition the matrix G(x) which solves the homogeneous
system of di↵erential equations. For the rotated basis Mj(x), Eq. (5.32) shows that remarkably this
“matrix of maximal cuts” reduces to the identity matrix.

With this, we can therefore imagine a way to generalize the idea originally presented in [7], where
it was claimed that master integrals with unit leading singularity are expected to fulfil canonical
di↵erential equations. Suppose we are considering a basis of n master integrals which fulfil n coupled
di↵erential equations. In this case, a basis which fulfils ✏-factorized di↵erential equations must have
unit leading singularity in the sense above, i.e. the matrix which contains as entries the maximal
cut of the master integrals evaluated along all independent integration contours must be equal to
the identity matrix. Indeed, it becomes clear that, from a practical point of view, there is no real
di↵erence between finding a basis of unit leading singularity and actually solving the homogeneous
system of di↵erential equations.

5.2 The homogeneous solutions as product of elliptic integrals

We go back now to the explicit form of the homogeneous solution for the three-loop banana graph.
The analysis above has allowed us to determine the three independent solutions in form of two-fold

16

By construction has diagonal matrix of “unit leading singularities” (on the max cut!)

[Bosma, Sogaard, Zhang 2017]

( Pairing integrand - contour, see intersection theory etc )
See also talk by Hjalte !

THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Hint: Maximal cuts, leading singularities and independent integration contours

What can we say in general?



A window on Elliptic Feynman Integrals and beyond

We can perform the same rotation as for the sunrise, but now 3 ⇥ 3
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Basis built using this recipe

THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Fulfils by construction -factorised differential equations, if the basis we started from only 
had linear dependence on 

ϵ
ϵ

   rotating out  as above, becomes   df = B f + ϵ A f B df′ = ϵ G−1AG f′ 
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Basis built using this recipe

THE MISSING LINK: (CANONICAL?) DIFFERENTIAL EQUATIONS

Fulfils by construction -factorised differential equations, if the basis we started from only 
had linear dependence on 

ϵ
ϵ

   rotating out  as above, becomes   df = B f + ϵ A f B df′ = ϵ G−1AG f′ 

- This is true whatever is in the matrix A… in the MPLs case this rotation works in the same 
way, but if done starting from “any A”, then  will in general not be in dlog form!  In 
general more information is needed on singularities of the integrals! 

- Moreover, to the best of my knowledge, it is not even obvious that a basis linear in  exists in 
general beyond 2 or 3 loops! At least, many cases where I don’t know how to find one :-)

G−1AG →

ϵ

BUT Notice:



OPEN QUESTIONS: FROM SPECIAL FUNCTIONS BACK TO FEYNMAN INTEGRALS!

From this perspective, a set of questions that I find particularly interesting: 

- Is there a natural generalisation of  forms for CYs? 

- What “form” are the differential equations for those integrals expected to have? 

- Can we always find differential equations with linear dependence in  when general CY 
geometries are involved? And if so, how restrictive is this requirement? 

- If that is possible, which criterion Feynman integrals/integrands have to satisfy?

d log

ϵ



From experience with MPLs, many things have to come into place at the same time 

- Collect as much data as possible (compute more integrals! :-)) 

- Understanding of mathematical properties of new functions, iterated integrals over 
CY periods and rational functions 

- Generalisation of symbol calculus 

[Forum, von Hippel 2022]

[Brödel, Duhr, Dulat, Penante, Tancredi 2018]

OPEN QUESTIONS: FROM SPECIAL FUNCTIONS BACK TO FEYNMAN INTEGRALS!

[Wilhem, Zhang 2022]
See Chi’s talk

See Christoph’s talk

- Connection to leading singularities…

How do we move forward? 



From experience with MPLs, many things have to come into place at the same time 

- Collect as much data as possible (compute more integrals! :-)) 

- Understanding of mathematical properties of new functions, iterated integrals over 
CY periods and rational functions 

- Generalisation of symbol calculus 

- Connection to leading singularities…

OPEN QUESTIONS: FROM SPECIAL FUNCTIONS BACK TO FEYNMAN INTEGRALS!

I think it’s fair to say that we are witnessing advances in all these directions 

It is very exciting!

[Forum, von Hippel 2022]

[Brödel, Duhr, Dulat, Penante, Tancredi 2018]
[Wilhem, Zhang 2022]

See Christoph’s talk

How do we move forward? 

See Chi’s talk



THE END (OF THIS INVITATION)
Thank you very much for your attention

and looking forward to learn about many of these things during this week!


