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Current status
of the Standard Model (SM)

D. Nomura (IUHW/KEK) g-2 theory 30 August 2021 5/58



LHC data vs Standard Model
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CMS PreliminaryJune 2021

All results at: http://cern.ch/go/pNj7
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Theory prediction

Fig. from CMS TWiki

LHC cross section data agree very well the SM
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Unitarity of CKM matrix

Fig. from Particle Data Book, 2020

ρ̄ ≡ −Re
[
(VudV

∗
ub)/(VcdV

∗
cb)
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η̄ ≡ −Im
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∗
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∗
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]

Data on CP violation support the SM, too.
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Electroweak precision data vs SM

Fig. from Particle Data Book, 2020
Precision measurements at ∼ MZ agree

very well with the SM prediction.
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Although the SM is such a successful
theory, nobody believes that it is the
ultimate theory.

Because...
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What the SM cannot explain
Why 3 generations? Why SU(3)C × SU(2)L × U(1)Y ?
Many (19) free parameters

gauge couplings g
′
, g, gs

vacuum expectation value (VEV) v

Higgs boson mass mH

lepton masses me,mµ,mτ

quark masses mu,md,ms,mc,mb,mt

quark mixing angles ϕ1, ϕ2, ϕ3

CKM phase δ

(QCD θ-angle θ̄)

Neutrino masses & mixing matrix
Why θ̄ ≲ 2 × 10−10? (strong CP problem)
Why mweak ≪ mGUT? (gauge hierarchy problem)
Dark matter & dark energy
Origin of the baryon number
Gravity

...
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To solve these problems, new physics
beyond the SM should exist.

It might exist at the TeV scale,
because....
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Hierarchy Problem in the Standard Model

.

.

t W H

Radiative corrections to m2
H diverges as ∼ Λ2. ⇔

Physical Higgs mass ∼ m2
weak. (Fine-tuning necessary if

Λ ≫ mweak)
In SUSY Standard Models this is automatically solved
since (softly broken) SUSY ensures the cancellation of
the quad. divergences. For example,
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Gauge coupling unification:

SUSY particles change the ’running’ of the gauge
couplings above mSUSY. Gauge unification also
explains why the electric charges are quantized.
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Muon g-2: Hint of new physics?
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Fig. from Phys. Rev. Lett. 126 (2021) 141801 [arXiv:2104.03281]

4.2 σ discrepancy in (g-2)µ: new physics?
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Many physicists thought that the LHC would
discover new particles beyond the SM, once it
started operation.

But the reality is ...
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Model Signature
∫
L dt [fb−1] Mass limit Reference
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q̃q̃, q̃→qχ̃
0
1

0 e, µ 2-6 jets Emiss
T 139 m(χ̃

0
1)<400 GeV 2010.142931.85q̃ [1×, 8× Degen.] 1.0q̃ [1×, 8× Degen.]

mono-jet 1-3 jets Emiss
T 36.1 m(q̃)-m(χ̃

0
1)=5 GeV 2102.108740.9q̃ [8× Degen.]

g̃g̃, g̃→qq̄χ̃
0
1

0 e, µ 2-6 jets Emiss
T 139 m(χ̃

0
1)=0 GeV 2010.142932.3g̃

m(χ̃
0
1)=1000 GeV 2010.142931.15-1.95g̃̃g Forbidden

g̃g̃, g̃→qq̄Wχ̃
0
1

1 e, µ 2-6 jets 139 m(χ̃
0
1)<600 GeV 2101.016292.2g̃

g̃g̃, g̃→qq̄(ℓℓ)χ̃
0
1

ee, µµ 2 jets Emiss
T 36.1 m(g̃)-m(χ̃

0
1 )=50 GeV 1805.113811.2g̃

g̃g̃, g̃→qqWZχ̃
0
1

0 e, µ 7-11 jets Emiss
T 139 m(χ̃

0
1) <600 GeV 2008.060321.97g̃

SS e, µ 6 jets 139 m(g̃)-m(χ̃
0
1)=200 GeV 1909.084571.15g̃

g̃g̃, g̃→tt̄χ̃
0
1

0-1 e, µ 3 b Emiss
T 79.8 m(χ̃

0
1)<200 GeV ATLAS-CONF-2018-0412.25g̃

SS e, µ 6 jets 139 m(g̃)-m(χ̃
0
1)=300 GeV 1909.084571.25g̃

b̃1b̃1 0 e, µ 2 b Emiss
T 139 m(χ̃

0
1)<400 GeV 2101.125271.255b̃1

10 GeV<∆m(b̃1,χ̃
0
1)<20 GeV 2101.125270.68b̃1

b̃1b̃1, b̃1→bχ̃
0
2 → bhχ̃

0
1

0 e, µ 6 b Emiss
T 139 ∆m(χ̃

0
2 , χ̃

0
1)=130 GeV, m(χ̃

0
1)=100 GeV 1908.031220.23-1.35b̃1b̃1 Forbidden

2 τ 2 b Emiss
T 139 ∆m(χ̃

0
2 , χ̃

0
1)=130 GeV, m(χ̃

0
1)=0 GeV ATLAS-CONF-2020-0310.13-0.85b̃1b̃1

t̃1 t̃1, t̃1→tχ̃
0
1

0-1 e, µ ≥ 1 jet Emiss
T 139 m(χ̃

0
1)=1 GeV 2004.14060,2012.037991.25t̃1

t̃1 t̃1, t̃1→Wbχ̃
0
1

1 e, µ 3 jets/1 b Emiss
T 139 m(χ̃

0
1)=500 GeV 2012.037990.65t̃1t̃1 Forbidden

t̃1 t̃1, t̃1→τ̃1bν, τ̃1→τG̃ 1-2 τ 2 jets/1 b Emiss
T 139 m(τ̃1)=800 GeV ATLAS-CONF-2021-0081.4t̃1t̃1 Forbidden

t̃1 t̃1, t̃1→cχ̃
0
1 / c̃c̃, c̃→cχ̃

0
1

0 e, µ 2 c Emiss
T 36.1 m(χ̃

0
1)=0 GeV 1805.016490.85c̃

0 e, µ mono-jet Emiss
T 139 m(t̃1,c̃)-m(χ̃

0
1)=5 GeV 2102.108740.55t̃1

t̃1 t̃1, t̃1→tχ̃
0
2, χ̃

0
2→Z/hχ̃

0
1

1-2 e, µ 1-4 b Emiss
T 139 m(χ̃

0
2)=500 GeV 2006.058800.067-1.18t̃1

t̃2 t̃2, t̃2→t̃1 + Z 3 e, µ 1 b Emiss
T 139 m(χ̃

0
1)=360 GeV, m(t̃1)-m(χ̃

0
1)= 40 GeV 2006.058800.86t̃2t̃2 Forbidden

χ̃±
1
χ̃0

2 via WZ Multiple ℓ/jets Emiss
T 139 m(χ̃

0
1)=0, wino-bino 2106.01676, ATLAS-CONF-2021-0220.96χ̃±

1 /
χ̃0

2
ee, µµ ≥ 1 jet Emiss

T 139 m(χ̃
±
1 )-m(χ̃

0
1 )=5 GeV, wino-bino 1911.126060.205χ̃±

1 /
χ̃0

2

χ̃±
1
χ̃∓

1 via WW 2 e, µ Emiss
T 139 m(χ̃

0
1)=0, wino-bino 1908.082150.42χ̃±

1

χ̃±
1
χ̃0

2 via Wh Multiple ℓ/jets Emiss
T 139 m(χ̃

0
1)=70 GeV, wino-bino 2004.10894, ATLAS-CONF-2021-0221.06χ̃±

1 /
χ̃0

2
χ̃±

1 /
χ̃0

2 Forbidden

χ̃±
1
χ̃∓

1 via ℓ̃L/ν̃ 2 e, µ Emiss
T 139 m(ℓ̃,ν̃)=0.5(m(χ̃

±
1 )+m(χ̃

0
1)) 1908.082151.0χ̃±

1

τ̃τ̃, τ̃→τχ̃0
1 2 τ Emiss

T 139 m(χ̃
0
1)=0 1911.066600.12-0.39τ̃ [τ̃L, τ̃R,L] 0.16-0.3τ̃ [τ̃L, τ̃R,L]

ℓ̃L,R ℓ̃L,R, ℓ̃→ℓχ̃0
1

2 e, µ 0 jets Emiss
T 139 m(χ̃

0
1)=0 1908.082150.7ℓ̃

ee, µµ ≥ 1 jet Emiss
T 139 m(ℓ̃)-m(χ̃

0
1)=10 GeV 1911.126060.256ℓ̃

H̃H̃, H̃→hG̃/ZG̃ 0 e, µ ≥ 3 b Emiss
T 36.1 BR(χ̃

0
1 → hG̃)=1 1806.040300.29-0.88H̃ 0.13-0.23H̃

4 e, µ 0 jets Emiss
T 139 BR(χ̃

0
1 → ZG̃)=1 2103.116840.55H̃

0 e, µ ≥ 2 large jets Emiss
T 139 BR(χ̃

0
1 → ZG̃)=1 ATLAS-CONF-2021-0220.45-0.93H̃

Direct χ̃
+

1
χ̃−

1 prod., long-lived χ̃
±
1 Disapp. trk 1 jet Emiss

T 139 Pure Wino ATLAS-CONF-2021-0150.66χ̃±
1

Pure higgsino ATLAS-CONF-2021-0150.21χ̃±
1

Stable g̃ R-hadron Multiple 36.1 1902.01636,1808.040952.0g̃

Metastable g̃ R-hadron, g̃→qqχ̃
0
1

Multiple 36.1 m(χ̃
0
1)=100 GeV 1710.04901,1808.040952.4g̃ [τ( g̃) =10 ns, 0.2 ns] 2.05g̃ [τ( g̃) =10 ns, 0.2 ns]

ℓ̃ℓ̃, ℓ̃→ℓG̃ Displ. lep Emiss
T 139 τ(ℓ̃) = 0.1 ns 2011.078120.7ẽ, µ̃

τ(ℓ̃) = 0.1 ns 2011.078120.34τ̃

χ̃±
1
χ̃∓

1 /χ̃
0
1 , χ̃

±
1→Zℓ→ℓℓℓ 3 e, µ 139 Pure Wino 2011.105431.05χ̃∓

1 /
χ̃0

1 [BR(Zτ)=1, BR(Ze)=1] 0.625χ̃∓
1 /
χ̃0

1 [BR(Zτ)=1, BR(Ze)=1]

χ̃±
1
χ̃∓

1 /χ̃
0
2 → WW/Zℓℓℓℓνν 4 e, µ 0 jets Emiss

T 139 m(χ̃
0
1)=200 GeV 2103.116841.55χ̃±

1 /
χ̃0

2 [λi33 , 0, λ12k , 0] 0.95χ̃±
1 /
χ̃0

2 [λi33 , 0, λ12k , 0]

g̃g̃, g̃→qqχ̃
0
1, χ̃

0
1 → qqq 4-5 large jets 36.1 Large λ′′

112 1804.035681.9g̃ [m(χ̃
0

1)=200 GeV, 1100 GeV] 1.3g̃ [m(χ̃
0

1)=200 GeV, 1100 GeV]

t̃t̃, t̃→tχ̃
0
1, χ̃

0
1 → tbs Multiple 36.1 m(χ̃

0
1)=200 GeV, bino-like ATLAS-CONF-2018-0031.05t̃ [λ′′

323
=2e-4, 1e-2] 0.55t̃ [λ′′

323
=2e-4, 1e-2]

t̃t̃, t̃→bχ̃
±
1 , χ̃

±
1 → bbs ≥ 4b 139 m(χ̃

±
1 )=500 GeV 2010.010150.95t̃̃t Forbidden

t̃1 t̃1, t̃1→bs 2 jets + 2 b 36.7 1710.071710.61t̃1 [qq, bs] 0.42t̃1 [qq, bs]

t̃1 t̃1, t̃1→qℓ 2 e, µ 2 b 36.1 BR(t̃1→be/bµ)>20% 1710.055440.4-1.45t̃1

1 µ DV 136 BR(t̃1→qµ)=100%, cosθt=1 2003.119561.6t̃1 [1e-10< λ′
23k
<1e-8, 3e-10< λ′

23k
<3e-9] 1.0t̃1 [1e-10< λ′

23k
<1e-8, 3e-10< λ′

23k
<3e-9]

χ̃±
1 /χ̃

0
2/χ̃

0
1, χ̃0

1,2
→tbs, χ̃

+

1→bbs 1-2 e, µ ≥6 jets 139 Pure higgsino ATLAS-CONF-2021-0070.2-0.32χ̃0

1

Mass scale [TeV]10−1 1

ATLAS SUSY Searches* - 95% CL Lower Limits
June 2021

ATLAS Preliminary√
s = 13 TeV

*Only a selection of the available mass limits on new states or
phenomena is shown. Many of the limits are based on
simplified models, c.f. refs. for the assumptions made.

Fig. from ATLAS TWiki
No SUSY particles found so far

Current bound from LHC: mSUSY≳≳≳ 1 TeV
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Model ℓ, γ Jets† Emiss

T

∫
L dt[fb−1] Limit Reference
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ADD GKK + g/q 0 e, µ, τ, γ 1 − 4 j Yes 139 n = 2 2102.1087411.2 TeVMD

ADD non-resonant γγ 2 γ − − 36.7 n = 3 HLZ NLO 1707.041478.6 TeVMS

ADD QBH − 2 j − 37.0 n = 6 1703.091278.9 TeVMth

ADD BH multijet − ≥3 j − 3.6 n = 6, MD = 3 TeV, rot BH 1512.025869.55 TeVMth

RS1 GKK → γγ 2 γ − − 139 k/MPl = 0.1 2102.134054.5 TeVGKK mass

Bulk RS GKK →WW /ZZ multi-channel 36.1 k/MPl = 1.0 1808.023802.3 TeVGKK mass

Bulk RS GKK →WV → ℓνqq 1 e, µ 2 j / 1 J Yes 139 k/MPl = 1.0 2004.146362.0 TeVGKK mass

Bulk RS gKK → tt 1 e, µ ≥1 b, ≥1J/2j Yes 36.1 Γ/m = 15% 1804.108233.8 TeVgKK mass

2UED / RPP 1 e, µ ≥2 b, ≥3 j Yes 36.1 Tier (1,1), B(A(1,1) → tt) = 1 1803.096781.8 TeVKK mass

SSM Z ′ → ℓℓ 2 e, µ − − 139 1903.062485.1 TeVZ′ mass

SSM Z ′ → ττ 2 τ − − 36.1 1709.072422.42 TeVZ′ mass

Leptophobic Z ′ → bb − 2 b − 36.1 1805.092992.1 TeVZ′ mass

Leptophobic Z ′ → tt 0 e, µ ≥1 b, ≥2 J Yes 139 Γ/m = 1.2% 2005.051384.1 TeVZ′ mass

SSM W ′ → ℓν 1 e, µ − Yes 139 1906.056096.0 TeVW′ mass

SSM W ′ → τν 1 τ − Yes 139 ATLAS-CONF-2021-0255.0 TeVW′ mass

SSM W ′ → tb − ≥1 b, ≥1 J − 139 ATLAS-CONF-2021-0434.4 TeVW′ mass

HVT W ′ →WZ → ℓνqq model B 1 e, µ 2 j / 1 J Yes 139 gV = 3 2004.146364.3 TeVW′ mass

HVT Z ′ → ZH model B 0-2 e, µ 1-2 b Yes 139 gV = 3 ATLAS-CONF-2020-0433.2 TeVZ′ mass

HVT W ′ →WH model B 0 e, µ ≥1 b, ≥2 J 139 gV = 3 2007.052933.2 TeVW′ mass

LRSM WR → µNR 2 µ 1 J − 80 m(NR) = 0.5 TeV, gL = gR 1904.126795.0 TeVWR mass

CI qqqq − 2 j − 37.0 η−
LL 1703.0912721.8 TeVΛ

CI ℓℓqq 2 e, µ − − 139 η−
LL 2006.1294635.8 TeVΛ

CI eebs 2 e 1 b − 139 g∗ = 1 2105.138471.8 TeVΛ
CI µµbs 2 µ 1 b − 139 g∗ = 1 2105.138472.0 TeVΛ

CI tttt ≥1 e,µ ≥1 b, ≥1 j Yes 36.1 |C4t | = 4π 1811.023052.57 TeVΛ

Axial-vector med. (Dirac DM) 0 e,µ, τ, γ 1 − 4 j Yes 139 gq=0.25, gχ=1, m(χ)=1 GeV 2102.108742.1 TeVmmed

Pseudo-scalar med. (Dirac DM) 0 e,µ, τ, γ 1 − 4 j Yes 139 gq=1, gχ=1, m(χ)=1 GeV 2102.10874376 GeVmmed

Vector med. Z ′-2HDM (Dirac DM) 0 e, µ 2 b Yes 139 tan β=1, gZ =0.8, m(χ)=100 GeV ATLAS-CONF-2021-0063.1 TeVmmed

Pseudo-scalar med. 2HDM+a multi-channel 139 tan β=1, gχ=1, m(χ)=10 GeV ATLAS-CONF-2021-036560 GeVmmed

Scalar reson. φ→ tχ (Dirac DM) 0-1 e, µ 1 b, 0-1 J Yes 36.1 y=0.4, λ=0.2, m(χ)=10 GeV 1812.097433.4 TeVmφ

Scalar LQ 1st gen 2 e ≥2 j Yes 139 β = 1 2006.058721.8 TeVLQ mass

Scalar LQ 2nd gen 2 µ ≥2 j Yes 139 β = 1 2006.058721.7 TeVLQ mass

Scalar LQ 3rd gen 1 τ 2 b Yes 139 B(LQu
3 → bτ) = 1 ATLAS-CONF-2021-0081.2 TeVLQu

3
mass

Scalar LQ 3rd gen 0 e, µ ≥2 j, ≥2 b Yes 139 B(LQu
3 → tν) = 1 2004.140601.24 TeVLQu

3
mass

Scalar LQ 3rd gen ≥2 e, µ, ≥1 τ ≥1 j, ≥1 b − 139 B(LQd
3 → tτ) = 1 2101.115821.43 TeVLQd

3
mass

Scalar LQ 3rd gen 0 e, µ, ≥1 τ 0 − 2 j, 2 b Yes 139 B(LQd
3 → bν) = 1 2101.125271.26 TeVLQd

3
mass

VLQ TT → Zt + X 2e/2µ/≥3e,µ ≥1 b, ≥1 j − 139 SU(2) doublet ATLAS-CONF-2021-0241.4 TeVT mass

VLQ BB →Wt/Zb + X multi-channel 36.1 SU(2) doublet 1808.023431.34 TeVB mass

VLQ T5/3T5/3 |T5/3 →Wt + X 2(SS)/≥3 e,µ ≥1 b, ≥1 j Yes 36.1 B(T5/3 →Wt)= 1, c(T5/3Wt)= 1 1807.118831.64 TeVT5/3 mass

VLQ T → Ht/Zt 1 e, µ ≥1 b, ≥3 j Yes 139 SU(2) singlet, κT = 0.5 ATLAS-CONF-2021-0401.8 TeVT mass

VLQ Y →Wb 1 e, µ ≥1 b, ≥1 j Yes 36.1 B(Y →Wb)= 1, cR (Wb)= 1 1812.073431.85 TeVY mass

VLQ B → Hb 0 e,µ ≥2b, ≥1j, ≥1J − 139 SU(2) doublet, κB= 0.3 ATLAS-CONF-2021-0182.0 TeVB mass

Excited quark q∗ → qg − 2 j − 139 only u∗ and d∗, Λ = m(q∗) 1910.084476.7 TeVq∗ mass

Excited quark q∗ → qγ 1 γ 1 j − 36.7 only u∗ and d∗, Λ = m(q∗) 1709.104405.3 TeVq∗ mass

Excited quark b∗ → bg − 1 b, 1 j − 36.1 1805.092992.6 TeVb∗ mass

Excited lepton ℓ∗ 3 e, µ − − 20.3 Λ = 3.0 TeV 1411.29213.0 TeVℓ∗ mass

Excited lepton ν∗ 3 e,µ, τ − − 20.3 Λ = 1.6 TeV 1411.29211.6 TeVν∗ mass

Type III Seesaw 2,3,4 e, µ ≥2 j Yes 139 ATLAS-CONF-2021-023910 GeVN0 mass
LRSM Majorana ν 2 µ 2 j − 36.1 m(WR ) = 4.1 TeV, gL = gR 1809.111053.2 TeVNR mass

Higgs triplet H±± →W ±W ± 2,3,4 e,µ (SS) various Yes 139 DY production 2101.11961350 GeVH±± mass

Higgs triplet H±± → ℓℓ 2,3,4 e,µ (SS) − − 36.1 DY production 1710.09748870 GeVH±± mass

Higgs triplet H±± → ℓτ 3 e,µ, τ − − 20.3 DY production, B(H±±
L
→ ℓτ) = 1 1411.2921400 GeVH±± mass

Multi-charged particles − − − 36.1 DY production, |q| = 5e 1812.036731.22 TeVmulti-charged particle mass

Magnetic monopoles − − − 34.4 DY production, |g | = 1gD , spin 1/2 1905.101302.37 TeVmonopole mass

Mass scale [TeV]10−1 1 10

√
s = 8 TeV

√
s = 13 TeV

partial data

√
s = 13 TeV

full data

ATLAS Heavy Particle Searches* - 95% CL Upper Exclusion Limits
Status: July 2021

ATLAS Preliminary∫
L dt = (3.6 – 139) fb−1

√
s = 8, 13 TeV

*Only a selection of the available mass limits on new states or phenomena is shown.

†Small-radius (large-radius) jets are denoted by the letter j (J). Fig. from ATLAS TWiki
Situation is similar for non-SUSY new particles

Current bound from LHC: mexotics≳≳≳ 1 TeV
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But the LHC is not almighty.
Not suitable for very precise measurements
due to various uncertainties (pdf, BG, ...)
Limitation on

√
s accessible in the near

future.
=⇒ Important to combine with other methods

e+e− colliders, various precision
measurements (flavor physics, EDM
searches, (g-2)e,µ, 0νββ decay searches...),
dark matter searches, cosmology, ...

=⇒ Precision physics, in particular
the muon g-2, is a good complement
to the LHC.
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Why Muon g-2?

4.2σ Anomaly Reported
Long standing anomaly (∼ 20 yrs), in spite of careful studies
on every aspect.
(→ Major theoretical blunder unlikely.)
Hint of New Physics beyond the Standard Model?

No new physics at the LHC so far
Intensity frontier: more and more important

Long history of research
1st (g − 2)µ exp.: Garwin, Lederman & Weinrich (1957)
Well-established place to search for new physics

Leptonic observable
Experimentally and theoretically clean
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Press Release from Fermilab (7 April 2021)

from Fermilab webpage
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Fermilab Muon g-2 exp 1st Results

17.5 18.0 18.5 19.0 19.5 20.0 20.5 21.0 21.5

4.2

a × 10
9

1165900

Standard Model Experiment
Average

BNL g-2

FNAL g-2

Fig. from Phys. Rev. Lett. 126 (2021) 141801 [arXiv:2104.03281]
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Muon g-2 in the Media
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Magnetic Moment: Definition
Suppose that there is a point particle f at rest in an
external magnetic field B⃗. If the interaction Hamiltonian
Hmdm between f and B⃗ is given by

Hmdm = −µ⃗ · B⃗ ,

then µ⃗ is called the magnetic dipole moment of f .

If f has a non-zero spin s⃗, then µ⃗ ∝ s⃗

Hmdm is P-even and T-even
Its cousins:
EDM d⃗: HEDM = −d⃗ · E⃗ (P-odd, T-odd)
(EDM: electric dipole moment)
anapole a⃗: Hana = −a⃗ · (∇ × B⃗) (P-odd, T-even)
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Muon g-2: introduction
Lepton magnetic moment µ⃗: µ⃗ = g

e

2m
s⃗ s⃗: spin

Anomalous magnetic moment a: a ≡ (g − 2)/2

Historically,

g = 2 at tree level (Dirac, 1928)

a = α/(2π) at 1-loop (QED) (Schwinger, 1947)

Today, still important since...

One of the most precisely measured quantities:

aµ(exp) = 11 659 206.1(4.1) × 10−10 (0.35ppm)

(B. Abi et al., 2021)

Extremely useful in probing/constraining new physics beyond
the SM
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Dipole moments of a spin-1/2 particle
For a spin-1/2 particle f ,

⟨f(p′)|Jem
µ |f(p)⟩ = ūf(p

′)Γµuf(p) ,

Γµ = F1(q
2)γµ +

i

2mf

F2(q
2)σµνq

ν

− F3(q
2)σµνq

νγ5 − F4(q
2)(γµq

2 − 2mfqµ)γ5

There are no other independent form factors of a spin-1/2 particle
other than F1(q

2), . . . , F4(q
2) (See e.g., Nowakowski, Paschos, &

Rodriguez, physics/0402058)

F1(0) = −eQf (electric charge)
F2(0) = −eQfaf (af : anomalous magnetic moment)
F3(0) = df (EDM)
F4(0) = ãf (anapole moment)

If f is a Majorana particle, then F1(q
2) = F2(q

2) = F3(q
2) = 0.
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Breakdown of SM prediction for muon g-2

aµ(exp, BNL) − aµ(SM) = 27.9(7.6) × 10−10 (3.7 σ)
aµ(exp, 2021) − aµ(SM) = 25.1(5.9) × 10−10 (4.2 σ)

HVP: Hadronic Vacuum Polarization contribution
HLbL: Hadronic Light-by-Light contribution

From Table 1 of the White Paper
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QED contribution (1)
QED contribution:
aµ(QED) =

α

2π
+ 0.765857425(17)

(
α

π

)2

+ 24.05050996(32)

(
α

π

)3

+ 130.8796(63)

(
α

π

)4

+ 752.2(1.0)

(
α

π

)5

+ · · ·

= 11658471.892(0.003) × 10−10 , (numbers from PDG 2020)

where the uncertainty is dominated by that of α.
5-loop calculation! (Aoyama, Hayakawa, Kinoshita & Nio)
The 4-loop corrections ≃ 38 × 10−10 ≃ O(aµ(exp) − aµ(SM)).
The 4-loop contribution now fully cross-checked by another
group. Mass-independent part by S. Laporta (Phys.Lett. B772
(2017) 232), and mass-dependent part by A. Kurz et al (Nucl.
Phys. B879 (2014) 1; Phys. Rev. D92 (2015) 073019; ibid. D93
(2016) 053017)
The 5-loop contribution very small
(≃ 0.5 × 10−10 ≪ aµ(exp) − aµ(SM))
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QED contribution (2)
QED contribution to the electron g − 2:

ae(QED) =
α

2π
− (0.32847844400 . . .)

(
α

π

)2

+ (1.181234017 . . .)

(
α

π

)3

− 1.91206(84)

(
α

π

)4

+ 7.79(34)

(
α

π

)5

+ · · ·

(coefficients from CODATA 2014)

QED contributions to the muon g − 2:

aµ(QED) =
α

2π
+ 0.765857425(17)

(
α

π

)2

+ 24.05050996(32)

(
α

π

)3

+ 130.8796(63)

(
α

π

)4

+ 752.2(1.0)

(
α

π

)5

+ · · ·

(coefficients from PDG 2020)

At higher orders, the coefficients of aµ(QED) are much
larger than those of ae(QED). This happens because ....
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QED contribution

! What distinguishes ae(QED) and aµ(QED) is the mass-dependent
component.

! Light lepton loop contribution yields large logarithmic enhancement involving
a factor ln (me/mµ).

! Vacuum polarization loop:

2

3
ln(mµ/me)−

5

9
≃ 3.

µ

e

! Light-by-light scattering loop:

2

3
π2 ln(mµ/me) ≃ 35.

6th-order l-by-l effect is important.
c.f. Aldins, Kinoshita, Brodsky, Dufner, PRL8, 441 (1969)

µ

e

! Therefore, the sets of diagrams giving the leading contribution can be
identified and were evaluated in the earlier stage.
The entire contribution including non-leading diagrams have been evaluated.
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the	  logarithmic	  enhancement	  	  
	  	  	  note:	  	  It	  does	  not	  exist	  for	  the	  lightest	  lepton,	  electron.	  
Two	  sources	  of	  the	  logarithm	  
1.  Charge	  renormaliza-on	  of	  the	  vacuum-‐polariza-on(VP)	  func-on	  
	  	  	  	  	  	  	  2nd-‐order	  VP	  arises	  
	  
	  	  	  	  	  	  	  	  	  
	  	  	  	  	  	  	  “Renormaliza-on	  Group”	  es-mate	  
2.	  	  	  Light-‐by-‐light	  scajering	  diagram	  	  
	  
	  	  	  	  
	  
　　　　Coulomb	  photon	  loops	  provide	  the	  factor	  π2	

logarithmic	  enhancement	  in	  muon	  g-‐2	

z1a9e = 1 − q(1)

zrest = q(1)

z1a = z1a9e q(2)

z9e = z1a9e− z1a

z2b3c4d = zrest q(3)

z5678 = zrest− z2b3c4d

z2b = z2b3c4d q(4)

z3c4d = z2b3c4d− z2b

z3c = z3c4d q(5)

z4d = z3c4d− z3c

z56 = z5678 q(6)

z78 = z5678− z56

aµ(QED2012,Rb) = 116 584 718 951 (9)(19)(7)(77)× 10−14

aµ(QED2012, ae) = 116 584 718 846 (9)(19)(7)(30)× 10−14

aµ(QED2015,Rb) = 116 584 718 935 (9)(18)(7)(77)× 10−14

aµ(QED2015, ae) = 116 584 718 843 (9)(18)(7)(29)× 10−14

ln(mµ/me) ≈ 5.3

11
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2

3
ln(mµ/me)−

5

9
∼ 3

2

3
π2ln(mµ/me) ∼ 35

11

2

3
π2 ln(mµ/me) ∼ 35

A(8)
2 (mµ/me) analytic numerical

I(a) 7.745136 7.74547(42)

I(b+c) 9.2054(60) 9.20632(71)

I(d) −0.2303(24) −0.22982(37)

II(a) −2.77885 −2.77888(38)

II(b+c) −13.895796(13) −13.89457(88)

III 19.800(22) 19.7934(27)

IV(a) 123.78(22) 123.78551(44)

IV(b) −0.38(8) −0.4170(37)

IV(c) 2.94(30) 2.9072(44)

IV(d) −4.32(30) −4.43243(58)

A(8)
2 (mµ/me)

[analytic] = 132.86(48)

[numerical] = 132.6852(60)

A(10)
2 (mµ/me) analytic numerical

I(a) 20.142 813 20.142 93(23)

I(b) 27.690 061 27.690 38(30)

I(c) 4.742 149 4.742 12(14)

I(d+e) 6.241 470 6.243 32(101)(7)

I(e) −1.211 249 −1.208 41(70)

I(f+g+h) 4.446 8(+6)(−4) 4.446 68(9)(23)(59)

I(i) 0.0746(+8)(−19) 0.087 1(59)

I(j) −1.2469(+4)(−3) −1.247 26(12)

A(10)
2 (mµ/me) = 742.18(87)

12
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10th-‐order	  contribu-on	

12,672	  Feynman	  vertex	  diagrams	  contribute	  to	  the	  10th	  order	  .	  
They	  are	  classified	  into	  32	  gauge-‐invariant	  subsets	  over	  6	  sets.	

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

No	  mass-‐
dependence	

LO	  
contribu-on	  	
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I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  The	  Leading	  Order(LO)	  contribu-on:	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  6th-‐order	  light-‐by-‐light	  x	  	  two	  2nd-‐order	  vp’s	  
	  
	  	  	  	  es-mate	  	  	  	  	  	  20	  	  x	  	  3^2	  x	  6	  ways	  	  	  ~	  	  1080	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  l-‐by-‐l	  	  	  	  2	  vp	  
	  	  	  	  Actually,	  	  its	  contribu-on	  is	  	  542.760	  ±　0.099	  	  >	  	  (α/π)-‐1	  	  	  ~430	  
	  	  Can	  also	  pick	  up	  the	  NLO	  diagrams:	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  …….	  	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  	  	  The	  numerical	  results	  are	  consistent	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  with	  the	  renormaliza-on	  group	  es-mate	  	  	  	  	  
The	  total	  of	  31	  subsets	  of	  the	  mass-‐dependent	  10th-‐order	  	  term	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  

	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  
	  	  

10th-‐order	  leading	  term	  of	  A2
(10)	

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k)

I(a) I(b) I(c) I(d) I(e)

I(f) I(g) I(h) I(i) I(j)

II(a) II(b) II(c) II(d) II(e)

II(f) III(a) III(b) III(c) IV

V VI(a) VI(b) VI(c) VI(d) VI(e)

VI(f) VI(g) VI(h) VI(i) VI(j) VI(k) A.	  L.	  Kataev,	  
PRD74(2006)073011	  
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3
π2ln(mµ/me) ∼ 35
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A(8)
2 (mµ/me) = 132.6852 (60)

A(8)
2 (mµ/mτ ) = 0.042 34 (12)

A(8)
3 (mµ/me,mµ/mτ ) = 0.062 72 (4)

A(10)
2 (mµ/me) = 742.18 (87)

A(10)
2 (mµ/mτ ) = −0.068 (5)

A(10)
3 (mµ/me,mµ/mτ ) = 2.011 (10)

13

Summary	  of	  8th	  and	  10th-‐order	  QED	  to	  muon	  g-‐2	

	  
	  
	  
	  
	  
	  
	  
	  
	  
Rough	  es-mate	  of	  the	  12th-‐order	  contribu-on:	  
	  	  	  6th-‐order	  light-‐by-‐light	  x	  	  three	  2nd-‐order	  vp	  	  x	  10	  ways	  	  
	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  	  ~	  20	  x	  3^3	  x	  10	  (α/π)6	  	  ~5,000	  (α/π)6	  	  ~	  	  0.08	  x	  10-‐11	  

Recall	  the	  aimed	  goal	  of	  the	  on-‐going	  experiments	  ~	  12	  x	  10-‐11	  
	  	  	  	  	  	  
	

QED	  contribu-ons	  to	  
the	  muon	  g-‐2	  is	  now	  
firmly	  established.	  
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Electroweak Contribution
Electroweak (EW) contribution:

aµ(EW) = 19.48 × 10−10︸ ︷︷ ︸
1-loop

+(−4.12(10) × 10−10)︸ ︷︷ ︸
2-loop

+ O(10−12)︸ ︷︷ ︸
3-loop leading log

= 15.36(10) × 10−10 , (Number taken from PDG 2020)
where the uncertainty mainly comes from quark loops.

1-loop result published by many groups
(Bardeen-Gastmans-Lautrup, Altarelli-Cabibbo-Maiani,
Jackiw-Weinberg, Bars-Yoshimura, Fujikawa-Lee-Sanda) in
1972, and now a textbook exercise (Peskin & Schroeder’s
textbook, Problems 6.3 (Higgs) and 21.1 (W,Z))
2-loop contribution (∼ 1700 diagrams in the ’t Hooft-Feynman
gauge) enhanced by ln(mZ/mµ) and also by a factor of O(10),

aµ(EW, 2-loop) ≃ −10

(
α

π

)
aµ(EW, 1-loop)

(
ln

mZ

mµ

+ 1

)
,

where the factor of 10 appears since many “order one”
diagrams accidentally add up. (Czarnecki-Krause-Marciano)
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Hadronic Contributions
There are several hadronic contributions:
. .

. .

had.

LO

µ

had.

NLO

µ
γ

had.

l-by-l

µ

LO HVP NLO HVP HLbL

LO HVP: Leading Order Hadronic Vacuum Polarization Contribution
NLO HVP: Next-to-Leading Order HVP Contribution
HLbL: Hadronic Light-by-Light Scattering Contribution

NNLO HVP Contributions HLbL NLO Contrib.
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LO Hadronic Vacuum Polarization Contribution

The diagram to be evaluated:

.

.

.

.

had.

µ

pQCD not useful. Use the dispersion
relation and the optical theorem.

.

.

.

.

had.

=
∫

ds

π(s−q2)
Im

had.

2 Im

had.

=
∑

dΦ

∫ 2

had.

ahad,LOµ =
m2

µ

12π3

∫ ∞

sth

ds
1

s
K̂(s)σhad(s)
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2
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K
(s

) 
R

(s
) 

× 
1
0

1
0

0.2 –0.2 1 10√
s (GeV)

• Weight function K̂(s)/s = O(1)/s
=⇒ Lower energies more important
=⇒ π+π− channel: 73% of total ahad,LOµ
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Table from A. Keshavarzi, DN, & T. Teubner (KNT), Phys. Rev. D97 (2018) 114025

Breakdown of contributions
to aµ(HVP) from
various hadronic final states

KNT have included new data sets
from ∼ 30 papers,
in addition to those included
in the HLMNT11 analysis

KNT have included ∼ 30 hadronic
final states

At 2 ≲ √
s ≲ 11 GeV,

we use inclusively measured data

At higher energies ≳ 11 GeV,
we use pQCD

D. Nomura (IUHW/KEK) g-2 theory 30 August 2021 36/58



Vacuum Polarization Corrections to σ(e+e− → hadrons)
Optical Theorem:

Experimentally observed cross section:

To evaluate aLO, had
µ , we need to subtract the vacuum

polarization (VP) contribution.

It is straightforward to subtract the leptonic part of the
VP, but the hadronic part is non-trivial: we need to do
this recursively by using hadronic data, which introduces
uncertainty.
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Final State Radiation Corrections to σ(e+e− → hadrons)

Optical Theorem:

To evaluate aLO, hadµ , by definition, we use the hadronic cross sections
which include all the Final State Radiations (FSR).

In real experiments, people often impose cuts on the final state
photons and/or miss photons in the final states. So we have to add
back those missed photons, which introduces uncertainties.
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Data Combination
To evaluate the vacuum polarization contribution, we have to
combine lots of experimental data.

To do so, we usually construct a χ2 function and find the value of
R(s) at each bin which minimizes χ2.

Naively, the χ2 function defined as

χ2({Ri}) ≡
Nexp∑
n=1

Nbin∑
i=1

Nbin∑
j=1

(R
(n)
i − Ri)(V

−1
n )ij(R

(n)
j − Rj) ,

where Vn is the cov. matrix of the n-th exp.,

Vn,ij =

{
(δR

(n)
i,stat)

2 + (δR
(n)
i,sys)

2 (for i = j)

(δR
(n)
i,sys)(δR

(n)
j,sys) (for i ̸= j)

may seem OK, but when there are non-negligible normalization
uncertainties in the data, we have to be more careful.
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χ2 vs normalization error: d’Agostini bias
G. D’Agostini, Nucl. Instrum. Meth. A346 (1994) 306

We first consider an observable x whose true value is 1.
Suppose that there is an experiment which measures x
and whose normalization uncertainty is 10%.
Now, assume that this experiment measured x twice:

1st result: 0.9 ± 0.1stat ± 10%syst ,

2nd result: 1.1 ± 0.1stat ± 10%syst .

Taking the systematic errors 0.09 and 0.11, respectively,
the covariance matrix and the χ2 function are

(cov.) =
(
0.12 + 0.092 0.09 · 0.11
0.09 · 0.11 0.12 + 0.112

)
,

χ2 =
(
x − 0.9 x − 1.1

)
(cov.)−1

(
x − 0.9
x − 1.1

)
.

χ2 takes its minimum at x = 0.98: Biased downwards!
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d’Agostini bias (2): improvement by iterations
What was wrong? In the previous page,

1st result: 0.9 ± 0.1stat ± 10%syst ,

2nd result: 1.1 ± 0.1stat ± 10%syst .

we took the syst. errors 0.09 and 0.11, respectively,
which made the downward bias. Instead, we should take
10% of some estimator x̄ as the syst. errors. Then,

(cov.) =
(
0.12 + (0.1x̄)2 (0.1x̄)2

(0.1x̄)2 0.12 + (0.1x̄)2

)
,

χ2 =
(
x − 0.9 x − 1.1

)
(cov.)−1

(
x − 0.9
x − 1.1

)
.

χ2 takes its minimum at x = 1.00: Unbiased!
In more general cases, we use iterations: we find an
estimator for the next round of iteration by
χ2-minimization. R.D.Ball et al, JHEP 1005 (2010) 075.
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π+π− data from CMD-2 and SND

e+e− → π+π− data

Fig. 2 of White Paper

CMD-2 data SND data
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π+π− data from KLOE

Fig. 3 of White Paper
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π+π− data from BaBar

Fig. 4 of White Paper
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π+π− data from BESIII and CLEO-c

Fig. 5 of White Paper

BESIII data CLEO-c data
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π+π− data: comparison

Fig. 13 of White Paper
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π+π− data: comparison

Fig. 14 of White Paper
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aµ from π+π− data: comparison

Fig. 15 of White Paper
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π+π− channel: ACD vs CHS vs DHMZ vs KNT
π+π− Contribution to aµ(HVP LO): Table 6 of White Paper

ACD18: B. Ananthanarayan et al, PRD 98 (2018) 114015
CHS19: G. Colangelo et al, JHEP 02 (2019) 006
DHMZ19: M. Davier et al, EPJC 80 (2020) 241
KNT19: A. Keshavarzi et al, PRD 101 (2020) 014029
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DHMZ vs KNT (table 5 of WP)
Contributions from major channels to aµ(HVP LO):

Difference in the π+π− channel is mainly from the way to combine
the data sets.
KNT19: Global χ2 minimization
DHMZ19: Takes the average of “all but KLOE” and “all but BaBar”

as the mean value, and counts the half of the diff of
the two as an additional systematic uncertainty.
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Comparison with Lattice Results

Talk by A. El-Khadra (U. of Illinois) at Lattice 2021
D. Nomura (IUHW/KEK) g-2 theory 30 August 2021 51/58



Breakdown of SM prediction for muon g-2

aµ(exp, BNL) − aµ(SM) = 27.9(7.6) × 10−10 (3.7 σ)
aµ(exp, 2021) − aµ(SM) = 25.1(5.9) × 10−10 (4.2 σ)

HVP: Hadronic Vacuum Polarization contribution
HLbL: Hadronic Light-by-Light contribution

From Table 1 of the White Paper
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The muon g-2   ⟺   Δα connection

Massimo Passera 
INFN Padova

KEK-PH Lectures and Workshops 
May 11th 2021

Talk by M. Passera at KEK-PH-2021, May 11, 2021
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Precision Electroweak Fit

The electroweak sector of the Standard Model can
be parametrized by 3 parameters, {g, g′, v}.

Instead of {g, g′, v}, we usually choose 3 most
precisely measured quantities {MZ, GF , α(MZ)} as
input, where α(MZ) is the least accurately known.

By using {MZ, GF , α(MZ)} as input, we can
indirectly predict the Higgs boson mass by
comparing observables (such as MW , Br(Z → ff̄),
…) with the SM predictions.

This is possible since the Higgs boson gives a
contribution to these observables through radiative
corrections.
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M Passera    KEK    May 11th 2021 14

�⇥(s) = �⇥(s)

p
s 2 [

p
s0 � �/2,

p
s0 + �/2]

Can Δaμ be due to missing contributions in the hadronic σ(s)? 

An upward shift of  σ(s) also induces an increase of  Δαhad
(5)(MZ). 

Consider: 

and the increase 

ε>0, in the range:

Δαhad
(5) →

aμHLO      →

Missed contributions in the hadronic cross section? Δα

Talk by M. Passera at KEK-PH-2021, May 11, 2021
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M Passera    KEK    May 11th 2021 17
Keshavarzi, Marciano, MP, Sirlin, PRD 2020

Shifts Δσ(s) to fix Δaμ are possible,  
but conflict with the EW fit if  they occur above ~1 GeV 

Muon g-2: connection with the SM Higgs mass (2020) Δα

Talk by M. Passera at KEK-PH-2021, May 11, 2021

D. Nomura (IUHW/KEK) g-2 theory 30 August 2021 56/58



M Passera    KEK    May 11th 2021 19

Shifts below ~1 GeV conflict with the quoted exp. precision of  σ(s)

Keshavarzi, Marciano, MP, Sirlin, PRD 2020 (updated 2021)

How large are the required shifts Δσ(s) ? Δα

Talk by M. Passera at KEK-PH-2021, May 11, 2021
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Summary
SM prediction for (g − 2)µ: 4.2σ deviation from
measured value =⇒ New Physics?
Recent data-driven evaluations of HVP
contributions seem convergent
To better establish the (g − 2)µ anomaly,
better data for e+e− → π+π− welcome
(from BESIII, CMD-3, Belle II, . . .)
In general, lattice results still suffer from large
uncertainties, but the BMW collaboration claim a
smaller uncertainty and a better agreement with
aµ(exp).
(Which is correct, data-driven or BMW?)
The EW precision data seem to favor the
data-driven analysis (although I may be biased...)
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