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⇒ We want to compute scaltering amplitude
with external gluon and quark states !

⇒ We only know how to do that in

Perturbation Theory (PT ) :

⇒ Eeg . 2-to-2 scaltering of quarks :

A
←

+#ÄH .
. .

←
+

→#
Tree - Level 1- Loop 2- Loops 3 - Loops
EASY NOT EASY HARD VERY HARD



2. Feynman Integrals
-

• Beyond Free - Level ,we need To Compute
integrals .

•

F-xamplet.at d
"
K

A - f- •RIP} k
'
(ktpj ( ktpetpaj

=
?

P
,-1%+13=0

IV.B. : In general, such integrals diuerge and
need to be regularised .



⇒ What does this integral evaluateto ?
⇒ Lorentz invariance : Function of ratios :

u . Pip; „ = Pipi
⇒ Is it a simple rational funtion of
a and v ?

⇒ No ! → Unitarity :

Disc - Iii

Intermediate Particle on - shell
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Polyloglarithm) :

Lin ( x ) = /
✗

¥ Lin
-dt) Link) = - logo - x)

0

Thesen are all examples of

Iterated integrals



Goal of this lecture :

Review / olefine / study iteratod integrals
that show

up in multiloop computation:
• Multiple polylogs
• elliptic multiple pdylogs
• iterated integrals of modular forms

N :B . Strong over / ap /connections with lectures

by Ruth Britta & Erik Panzer
.



Multiple polylogarithms

Glan . . . , an ; x ) = Älter Glas . . . . .an ; t ) In -- weight]
NB : Jf an --0 , the integral diverges

n> tangential base point [See Erik 's lecture)

→This leaks to the "rule
"
:

Gl ×) = !! log
"

×



• APIs contain log and Lin as special cases :

Glaiz ) = logll - E) ato

G liz / = - Lin / z )

GKY.EE#iz)--HVSp.ylz )
• Up to weiyht 3, all MPLS can be expressed

interims of classical polylogsandlog
→ Fail from weight 4 .



•MRS are example s of iterated integrals
→ They have all properties of iterated integrals
→ In particular they forma shuffle algebra
Example :

Glaiz) Glbiz) - Gla.biz) -161ha ,
-

z )

Glajz) Glbicizl-Glaibcizl-Glbie.ci?-)-cGlbiiaiz)

Gla .biz/GkHiz)--Glaibic,diz-ItGla,cib,dizI-Gla,c,d,biz)tGlc,aib
, dizl-Glcia.d.biz )

+ Glad
,aihiz)



Prospect : The maltiplication of MPLS

preserves the weight .

An =
"

- vector
space spannend by all MPLS

of weightn
"

A. = Q

A- = ⑤ An =
"

Q - vector space of all MPLS
"

n >O

A is graded algebra!
[ Am • An C- Amin



3.LT/necoacti-Aisanalgebra:vect.sp.withmuHipl . µ : 1-④d-→ A

Associatiityco-A-socitiityd-xoAE-l-A.itA A- 1- ④A
a b④ C

"⑦ id (ab)④c | A ! ↳Axoidfidxp µ
" A ④A 1- ④1- ④A

d-④ d- → A
a④ Ibo) (ab)c-- albc)

• A is a coalgebrai.vect.sp.withcoprod.at A : A-→ d-⑦A

• Bialgebra /Hopf algebra : 1- (a.b) (a) • Alb)



• MPLS form a Shuffle algebra .

• MPLS form a Hopf algebra [GONCHAROD

Exampte: 1- ( logx ) = 1-④ logx + lag ✗ ④ 1-

Allgxlogy) = 1.④ llagxlogy) + logx logy
+ logyxocogx + llogxlogy ) -01

(Lisi ) ) = 1④ Lid) - logle - x)④ logx +Liek)④ 1-

(Link)) - 1④ Link) + Link)④1 + in
- •↳④GER!

k --1



n-1

(Link) -LEE +E4ü!Ä
t.in/1)=3n1x03n3nx01 . . - ④0--0

= %Al3nI--1xO3n-3ni0@3iE3.i
-
-¥. → 34--7-3?

→ A- (3) = f- A-(3)

=t¥q
? ? ?



weneed 3.④ 3<=0

1) Work
"

mod #
"

: 3
>

= = 0 mod T

2) Work "

modi
"

only in second entry

[Brown]
This give s

:

A / 3) = 3. ④ 1, Als " ) =3"④ 1- . . _ .

( it ) = i#④ 1-
in

= logtttio)



Technica.in/-erlude-
[Brown ]A : A→ A ④ H

Ffmod +
"

A : Coaction A : comodule

A :X→ H ④H

A : Coproduct H : Hopf algebra



Symbots
Recep : Coaction : Decompose an MPL

into MPLS of lowerweights.cc#e: ( Lid)) = 1④ Liz (x) + Lizcx) ④ 1

2 (o, 2) (2,0)

- Eagle - x) ④ lag ×
( 1,1 )

(Lig ( ✗D= Li> (x) ④ 1+1④ Lis (× )
3 ( 3,0 ) (0,3 )

+ Liz (x) ④ logx - ¥ Coyle - x)④ logik
(2,1 ) (1,2)



Symbol = (1,1, . . . , 1) part of the
coaction

uns
"

Invariant
"

attached To a poly / 09
Examptes : I flog × ) = logx → ×

Sflizcx)) = - logo -x) ④ logx → - U -×>④×

5 /Link )) = - Eagle - x)④ logxxo . . -④ lag×

→ - (e -x) ④ ✗④
. .
- ④ ✗



• Properties of I are inherited from coaction :

• . . ④ (a.b)④ . . .

=
. . - ④a④ . .

. + . . . ④ b . . .

[ logla . b) = logatlogb]
• e.⑦ (-1-1)×0 . . . = 0 [ lag (-1-1)=0 mod T]

513N ) = 0 [ AIS ) --1×0%+3×01 ]
↳ no non- trivial
decom position

3 ( F - G) = Shuffle of SCF ) and SCG )
E. g : 3(logxlogy) = ✗⑦yt Y ④ ✗



Consider a Rational function with po /es
at most at ✗ = an . .

.

>
a c- £

.

Plx)
Rlx ) =

/ -de)
"
. . . (x-am)

"m Mit IN ,

P -_ pdynomia /

How can we compute /Rund × ?
• Step 1 : Partial fractioning
m> only consider ✗

&

, ÷ß ,
£70



• Step 2 : Compute primitives

fdxx " = ÷ ✗
k -11

¥ in

| ß
=

loglx -ai ) ,
k =L



Conclusion :

* (Ru) dx only invdves rational functions

and logarithms .

* If you iterate this (e.g. by integral- ing over
a)
, you get rational functions

,

logarithms , and dilogarithms .

*
• • es



Geometrieat pioture .

* Consider Riemann sphere with the points
de) . . . / an ,

• Memoiren
✗%

* tleromorphie functions on iFEP
"

/ {an . _

,
am

,
-}

✗ a
,

✗
= Rational functions with pdes at mostat a

, . . .. /am

* MPLS : A-rise from itcrafed integrations
on EP

"

/{an , . . . , am, -}



We can repeat this constructions with other
"

geometrie spaces
"

,
e.g

'

.

✗de
✗

i.IT uns
.

E-
×

✗

Punctured sphere Panotured Torus
Torus = Elliptic Curve



Elliptic carves

Consider 2 - dimensional complex Space with

coordinates (Ky) .

m> Consider hyperSurface
Y
' =P
,
( x) = (x - ae ) . .

.

(x - au)
N -
B : Can always changecoordinatess.li . an =?
m> Everything also apple.es to cabics .



⇐"""" """° """ """" "" "
"

,

→ We can draw the real point
y

<→ : ÷



⇐"""" """° "" """"" "" "
"

,

→ We can draw the real point
y For ever y ✗ f- ai

,
there are 2

alues of y ( related by ya -y)

%

. (\; ÷
•

%



⇐"""" """° """ "" "" "" "
"

„

m> We can draw the real point
Y For euery (✗%) 9. t . ✗ =/ ai , ✗ is a

good Coordinator
.

\ (KH )

y
: : ÷<



⇐"""" """"° """ "" "" "" "
"

,

→ We can draw the real point
Y For euery (✗%) 9. t . ✗ =/ ai , ✗ is a

good Coordinator
.

a;
= Branch

"" "* )
""

\; ÷ ÷
Around a; , ✗ is not a good
Coordinator



Picture in the Complex × -plane :

=/ (X -a.) ( x -g) ( x -a, ) (X -au )
Branch cats

Emu
Going around

" sina.ae?a.ng..:iin:OGoingarond2ai 's
Sign of T does not Charge

Sign
☒⇒ -

%
,



+r
- r

„my
NN

My
☒

&

EE
&

{; Torus !



* tleromorphic functions on on elliptic curve :

m> Rational functions in (Ky)

→ Subject to the constraint y?- Puk) .
B. (x ) + Pecx) ÜF)n> Rcx ) =

④ (×) -10,6)¥,
= Re (×) -1 Rzcx )

m) fdxRex) = fdx Rik) + |#Rzlx)
- -
As before : New piecerationale (og 's



Partial fractioning → only nee d to consider

✗
m

÷
F Ylx- c )

* Here : Cubic case (easier towrite formular ) :

Y! ( x -an) (x -a) ( × -as)
in -1

↳ (Y X"
"

) = ! € C-e)eselae.az/a3)l2m-l-tY-e=0Elem.Symmefricpolynomial
So = | , S, = antust ag, Sz= andztdnagtaza } 93=999



m-l

2. (Y ×"
"

) = ! ¥
.

C-e) eselae.a.ie} ) (2m -e- e)¥
→ Acting with fdx gives recursion of
depth 3 for f# ×

"

→ Can express at / such integrals interims of
3of them :

¥ "

¥ ¥
,



* Similar reasoniny can be applied to y÷jm .

* All integrals can be reduced to

¥ +0¥ d- d-
Ylx- c) ×- c

Differential 2nd Kind ctaiof 1st Kind (pde with 3rd Kind
(no pole ) Vanishing Res) ( Pole with Residence)

4) = EH) :

fa%FEf.IE#--
""" login)



Summary
fdx

* Riemann sphere → rational
, log

Iteated rational
, MPLS

* Elliptic Curve

rational Ruy), lag , K, E , ITIterated
→ rational Rlx

>y) , tlpls , elliptic MPLS



Corollary :

- MPLS are a sabsef of EMPLS

* G (aelxiy ) , . . - an (× , y ) ; 2- (x, y )) are EMPLS

Proof : Differentiale and integrale
back

.



Example : The I - loop equal -muss Sunrise :

m

oik dieP
m P

= / µ .my/ei-ni)(lk+e-pi-m)m

•

= - | die DX
,
DX
,
Scl - ×
,)

5- ( ✗e) ✗„× })
0

5- = ( -f) × , ✗< ×} -1m
'

( ×
, -1×2-1×3 ) / Xnxixax } -1×2×3)

With ×,
= Yu - x) , we get

t =
"%-p

'

)

mj-pf.MY lag ✗ "
" t -1++4+14

y:p, (×,
✗ U-x) ttt - 4-+ 1) y



t =
"X-p')

m.L-p.fi?;-fogxU-*t+t+lt+NYyz=pa(×,✗ (1-✗Ittt - 4-+ 1) y

aalt)= EU - Fp) aalt) = ! (1+5-9)

a
>
H) -_ EU - FF)

anltl-EH-F-s-ie.ir#.s---u-.E-
→ Integral can be done interims of etlpls !
N .
B. : Kinematics t determines

"

shape
"

of ellipticcarre .



Interlude : Cons ;der the circle y? 1- ×
'

y ,
Local coordinate = angle -0

Map : [0,25L → circle
'°

>
× ⑦-

✗ = sin -0

✗ = ( sin -0)
"

-
-

casoniConstrainty? 1- ×' ←DEA for Sin
→ inverse function

-0=1 :# =/ ¥



The Torus
ä: - -g- - - :

¥
.

:
→

,
Wi = periods .

→ we can Rescue (we ,w, )→ (lit )
n> Consider the lattice : 1=2+0TZ

Torus = %



tleromorphic functions on a Torus

Jef : An elliptic function is a meromorphic
Function that is doably periodic :

f- (z) = f- ( 2- + 1) = f- (zit)

: Example of such a function ?
Does it e.✗ ist at all ?



Assam e for now that it ex ists
. . .

Claiml : #(poles in ☐ ) > 1-
(counted with multiplicities) , or it is constont .

Chaim 2 : #(pdes in ☐ ) =#Heroes in A)
Profi Home work

Hint : Consider / flzidz and | dz

☐ ☐



Example of an elliptic function :

Weierstrass P - function

Plz;) = # + [
(min) c-2%:o)

(HÄTT -÷ü)
-

✓ required
2 pdes periodicity for Convergence

ptz-ul-plz.li)



Other examples . p
'

, p
"

, p;. . .

Theorem : There are gag , E
¢ ist

.

p
' 2

= 4ps - Gap - Gs
Theorem : F- very elliptic function is a

rational function in pand p !



*consider the
map :

% → ä

2- 1- (Ky) = (pcz ), plz ))

The image of Q/✗ in ①
' satisfies

Y? pizf-4pcz-P-gjpczl-gj-4i-g.iq
,

→ elliptic curve!
NB : Forevery elliptic curve we can Chargecooodinates Sil .

y ?_ 4×3 - g.<×
-

gg .



N
.B. : ZEN → ✗ =

,
because pcz) has

a pole at z.CA!

Differentials :

# = DIEL, = FEET = dz !

= Plz) dz = dz ( ⇐ + ¥ + OLE ))
w

double pole without residuen



* Inverse Map ×. -

cf
. definition

„%) → Zo = | mod N ( of are sin ! )
00

Jndeed
, with ×; Plz;) , °

✗o to

f. ¥ = f.dz = -2
.

- O = Zo !
✗



The Kronecker Function

O-ilo.ci/Q(z-x,-u )Def :
FIz.at) =

- ilziu ) (✗E)

= ? -4g
"

'Er)

④ Hit) -_ 2iqksinl.it ) (e-g) (te
""

;)
je

✗ ( 1- e-
"

izqj)



Properties
1) g

'"

(z ,
-c) = 1 & g

""

( - z ;) =L- 1)
"

g
"

(ZF)

2) Jzg
"

(ZH) = - ßCZ , c- ) + constant

3) g
">

( zu) = polynomial in g
'"

, p , p !

E.g
:

g
" "
(t
,

-

u ) = G- g
">

(z.it - { pczic)
-

+ E) ' IE
4) g
"
(ziu) has a Simple pole for ZEN

&
"

(z ,) has a Simple pole for 2- c- A- IR



5) Mixed - feat equations
III Zg

">

(z
,

-c) = n . Jzg
">

(7)

6) Fay identity (~ partial fractioning)
g
""
( zeig

""
(z
, ;) = - C- 1)

""

g
""""

(Z, -Zeit)

+ € ( nein
-1 (nz- r ) (nein)

µ ,
ne -e) J (4- ZHG (z

, ;)

+ E (
""e- a

no ne -e)&
"-"

(Zeitz ;-) g
"""
( z
,;)

Zz = × - cecf ÷ü, =#÷ + Ja ¥ E. = × -b



Elliptic MPLS ni EIN , Zi C- £ / ZEE

[ (
" "k

.

z
Z1

- - -

zq I IT)
2-

nk
= fdz' g""(z '- zu ,) [ (¥ - - -

za ;
z :o)

0

N .B. : * All properties of iterated integrals
hold

* singular ity at zu → tangential boese -point
(See Erik's lecture )



*what has this to do with 0¥
, y¥→ ?

* het to be s . t
.
< = pczc ; -c) .

±yµ
"" it nesidue ! plz

, ;-)

✗ (✗-c )
= dz-

Plz:c) - plzc;)- = f- (Z )

• Zeroes of flz) : fcz) ⇒⇒ Jtlzrü) = ✗
⇐> z = o mod N

→ J 2 Zeroes
, and so 2 pdes !

• Po /es of f : 2- = ± Zomod N



We have

Plz ,-c) =P ( ±Zeit ) + pl± Zeit ) ( 2- =, 2-c) + . . .

=p / Zeit ) ± p
'

/ zc , t ) ( 2- =, zu) t . . .

m.IE?-,--+-dz- + . . .

2- F Zu

→ Simple pole with residae ± l at 2- = ± Zc



Consider

f- (z) = flz) - ( g
">
( Z - Zeit) - g

" >
( 2- + Zc

,
c- ))

FEE
-

- Fit . . -
n> f- (z) is elliptic and has no poles .

um> f- ( z) = constant

fein f- (z) = 2g
")
( zo ,) + bin flz) = 2g

""
(za ,)

z→ o

zü
DIE
y ( ×. c)

= dz ( &
"

( z - z
. /
i ) - g
"

/2-+ Zeit ) - 2g
">

(zit))



Dictionary

= dz ( g
""

( z - z
. ,
i ) - g
"

/z-iz.ie ) - 2g
"

(Zeit))
¥7 = dz (g"" (z - Zeit) + g" " ( 2- +zc ,i) - 2g"(Z,d)
0¥ = dz = dz

g
"
(z
,
t )

+0¥ = ßH ,) dz = - dz Jzg
"
( ZH )



Summary :

Iterated integrals on Riemann sphere :

MPLS

• Iterated integrals on elliptic Curve :

EMPLS

• ? ? ?
Kinematics t → shape of curve →im

> Iterated integrals in t ?



The moduli
space of elliptic carves

I I

Q : - on can we dassify
"

elliptic cannes with
different

"

shapes
"

?

Elliptic curve % → Lattice A-wie-0%2

i.
-÷! :-. - -÷;;/ I

i :

÷: - ÷: :-.
. -

÷
. . . . . Gil :[HI:)

• ;
i

s.. . -
-

I
- -

i

"

- - _
.
. .

.

Wr



When do Iwc , we ) and ( wi
,
wi ) generale the

some lattice N ?

(E) = (
ab

c d) ( % ) ab , c.dez

and I :& ) incredible ⇒ detl! !) -_ ± 1- !
→ det = - I Changes oriental- ion

, so we

can restriuttodet.tt

→ ( :& ) c- SLK , 2)



c- =¥ and c-
'

= E- olefine the some

elliptic Curve iff c-
'

= for

some ( ! ! ) ESL / 2,2) !

n> Moduli space of elliptic carves
=

Sag YH

IH : { c- c- E : Jmt > o}



What does sllz.INT
"

Cook like
"

?

F- (! ! )
Tt = Ttt ~domain of SLK)

s .-1: :)
"

"""

- 1 n
)



In applications , one encounters subgroaps T
of SLCZ , Z ) [of Finite index] .

m> Particular /y important :
T is Congruence sabgroups of level N if

TI MN) = { (%, / c- Suze) :(! ! )- (E) modw}

Example s :

•
(N) = {(9) c- SLM) : c -_ Omod N}

F. (N ) = { (! !) c- Sllz,) :c --0mmol Markt modw }

N . B : SHZ , 2) = Ttt)
,
Sunrise ← MI6) .



General fact : Jf TESLCI ,Z) is a subgroup [of

finite index]
,
then Yr : = PUH is a (non-compact]

Riemann Surface .

Example :
µ,

= EP
"

/ {×} = E

Yala = %;!%?I
"

[asp off
"

: {quivalence classes of
action of T on Q u {•} .



Meromorphic functions on Yr ?
in> Hust be invariant under T

.

Modular function : tleromorphic function on
IH invariant under r :

flr.u-t.tk) , v-r.la?i)c-r-g.u--.:E!,-J
Modular functions are not enough
for Feynman integrals!



Modular forms : A modular form ofweightk
fort is a function f://t-cs.io .

1) fis kolomozphic on IH

2) f is holomorphic at the casps ( see Kater ]
3) flr.ci/=lct+dPfli),v-g-- (!!) ET.

Variant s :
• Mero morphic modular form : only 3)

.

• Weekly - holomorphic MF : 1) & }), but with

po / es at the cusps .



Let Malt) be the E - rector space of modular

farms of weight k for T, and

Mdr) :-. ⑤Mdr)
k

V. (r ) is an algebra .

Properties :

1) dim Malt) < • [we can constructions
explizit basis !]

2) dim Malt) = 0 for k < 0 and Mdr) = E.
3) Jf -Her, dimttglr) - o for oddk .



Example : Modular from for T -- SLC ? I ) :

Define : Gatt ) :-. [ (mttn)
- k

k 71
.

(min )E){0,0}

Homework : • Show that 3) Golds
.

•Deduce Gatt) -- O for kodd .

Proposition : For Levon and k 74
, Gqli) is a

modular form of weiyht k for SH?E) .



k dimllpdr ) basis

2 O -

4 1 G
,

6 1 GG
8 1 Gg -_ 4- G!
10 1- Geö -71646,
12 2 Gezi :-, G? -1%36;

A : -_ÄH,> G!
÷:)



Proposition : µ
.
/Sue , 2) = ① [ Gu , Gs)

There are similar descriptions for other
T ( such that Yr has genus o)



Fourier (
"

q
"

- ) expansions
het T be a congruene

sub
group of

level N
.

Check that T
"
= (! ! ) c- T !

dat f- c- Malt ) .

f- (T
"
. c- ) = f ( c- + N) = (O - c-+e)

"

f- (i) = f- (i)

→ f is periodic with period N

→
Fourier expansion !



Fourier /y
- expansion :

a-Hit/N
= [ an %5- (t ) = [ an e

n ¥
• Holomorphicity : an -

- o for n <0.
• Notation :

q = e
""

%,
= q
""

q - expansions a.How as to evaluate

modular forms numerical/y !
Convergence ? [We only disuss F- SCHIEB



Convergence ? Let c- = ✗ + iy , y >
0

.

q = et
""

= e-
"Yeziiix

• Jf y = Jmt DA
, Iq / << 1 → fast Convergence

• Jf Y -

_ Jmt << 1, Iq / = 1m> slow convergence
But : For everyt , there is t

'

c- fundamental
domain and ft SLK, 2) s.t.T-y.it)
and Imt ' > 5% !

→ Trans form : flü) =/cit d)
"

FIEL
fast Convergence



Iterated integrals of modular forms :

het f
"
. . .

, fp le modular forms of wight
Ke
,
. .

. ikp for T . +

Ilfe , . . . , fpjt ) : = Gott ' fett ') I /tz , -„fp;)
in

NB : If a.Ifp) -1-0 , then the integral divergesat io
→ tangential base - point !



-

Example Gatt ) > 23g t.%aa.no "

q - e
""

c- = logq dü =

q

1- (Gaii / = / %Ä Ggelq )
i:

q

=/ ¥4 . - + f!!¥, [a.„ q 'n = 1

i.
= "

er ¥. Ggg +§ !;÷„ qn → 9- series

+ lag 's !



• Relation t.tl Pls the MPLS ?

Assame all f; have weight 2 ( n ,- =L) .

• Jf % has genus O , then Ilfa , .-Api )
can be expressed interims of MPLS

• Jf % has genus 1 , then Ilfa , .-Api )
can be expressed interims of EMPLS



• Consi der g
'" (Et + it ) , 1.SEI, NEIN.

This is a modular form for MN) !
• A point 2- = Tut -1£ is Called a Torsion point
of order N .

• One can show :

If all Zi are Torsion point of ordern
then Ff" -

. . nk
.

z
Zi . . . Zpzl Kerl) Caribe express ed

interims of iteratcd integrals of modular
farms for TIN) .



MPLS (all ordens in c)
°
- t least I Zero mass MPLS (all c)
• 3 son - tera masses : EMPLS (alla)
• 3 equal masses : I. I mod-Form /alle)

MLG)
• At least 2 zero masses : MPLS (alle)
• 1 zero mass : EMPLS (alle ? )
equal musses : IIMF for MLG)

• h non -Zero masses → Ca /abi -Yan 2- fold
equal masses : D=2 IIMF farin /6)

EMPLS
D= 2-2C MERO MORPHIC IIHF


