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Entanglement in many body systems




Measures of entanglement

A and B are entangled if |[Y,y5) # [Y4) Q |Y5) @
Measures of entanglement:
von Neumann entropy: Entanglement log negativity:
Sy =—=Trpslnp,, Hamiltonian: = ln‘ngB‘
pa = Trg paus H,y= —%lnpA

Contain signatures of quantum critical phenomena, topological order,
information scrambling, ...

Eisert et al (2010), Haag (1992), Li and Haldane (2008), Vidal and Werner (2004)



Entanglement entropy in 1+1D quantum systems

A 1\ B
/ . . .
1D quantum system at T=0 e.g., Ising chain:

Generic behavior H = _ZU Oit1 — Az

for systems in ground state

/ \ Ferromagnet Paramagnet

gapped spectrum gapless spectrum : : - 1 -
Nlng) SANIHIAI O A
¢ = correlation length [, = subsystem size 0 1

Holzhey et al (1994), Cardy and Calabrese (2004), Hastings (2007)



Entanglement entropy in 1+1D conformal-invariant
guantum systems

A B
Entanglement entropy: S, = gln [, + -+, ¢ =central charge
Ising chain: Quantum rotor chain:

H = —z 007 — AZ af H = anz — AZ cos(¢; — diy1)
' ' i i

l l

C = [ni,eiiqu] — ieiid?j 5ij

1
2
gapped gapped gapped c=1

o A - A
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Entanglement entropy in 1+1D conformal-invariant

guantum systems with boundaries
A B

I 04

Entanglement entropy: L=1l,+1lg

So = non-universal
Si,(a,B) = —ln [—sm— + S, + S5+ 5o

a

S¢S =1Ing,,In gg =boundary entropies, a = inherited, f = free (from
entanglement cut)

Easier to extract than conventional thermodynamic quantities like Casimir
energy, impurity free energy, ...

Cardy and Calabrese (2004, 2009), Cardy and Tonni (2016), Affleck and Ludwig (1991)



Entanglement Hamiltonian in 1+1D conformal-
invariant quantum systems with boundaries

A B
a I a
Entanglement Hamiltonian:

4@ ) = — = In pa(@,B) = — =In
a,f) =——Inp,(a,f) =~ ——1In
ala, p o pala, B 27 Tre 27Hap
H,p = boundary CFT Hamiltonian |t_
_ alfT B

Entanglement spectrum obtained from () ()
standard partition function computation - Ly -

Cardy and Tonni (2016), AR et al, J. Stat. Mech (2020)



Entanglement entropy in the critical Ising chain with

boundaries: Results  pyre (= matrix
product state)

Hamiltonian: )
computation
H = _Z 0 Oi41 — Z o + Aoy + 0._1) ol ' '
i i
Neumann (free): 4, = 0, Dirichlet (fixed): 4 < 1 .
Central charge = 1/2 PR
entanglement
Change in boundary entropy: entropy 0.2 1
1 N
AS, ., = Eln ) . eumann

(.) 5(.)0 10.00 15.00
_ r
AR et al, J. Stat. Mech (2020), Affleck and Ludwig (1991) subystem size —



Entanglement spectrum in the critical Ising chain
with boundaries: Results

Boundary states: Partition function (Neumann boundary

condition):
0) = =10) + =€) + =z lo), Y
1 — — i ] 7 = ¢ 2Le
E>_\/_§|O>+E|E>_;|0>’ ZNN—. ‘1<16‘] XYqp,q =e "ot
~ J= €
1_16> =10) — le) E— -

Entanglement spectrum (Neumann):

Le n 1 ) 1 —2L
— (= _1 (h+m)
e(j,n) = 3 +Leff( 3 +hi+n)+ n 2 2 pr(m)e”

k=0,e m=0
degeneracy of e(j,n) = p;(n)

Ishibashi (1988), Cardy (1989), di Francesco et al (1997), AR et al, J. Stat. Mech (2020)



2Aen(j, n)

Entanglement spectrum in the critical Ising chain
with boundaries: DMRG Results

Neumann
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4 4.%.... po(4) =2 o
p(3)=1-....%.
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NIF o

AR et al, J. Stat. Mech (2020)
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Entanglement spectrum in the critical Ising chain
with boundaries: DMRG Results

AEN(O, 1)

. Neumann .
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Dirichlet

2
. 2
p0(5)=3 ......................
2
2
Po(d) =2 ceveneiniiniiiii
. Entire spectrum
.................. Q... p0(3)=2 -
from the ground
............ ®.. py(2)=1 state!
....... . p0(1)= 1
’.po(O)=1
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AR et al, J. Stat. Mech (2020)



Entanglement in the 1+1D free, compact boson CFT

Euclidean action:

= f (8,¢) dxdt,

K = Luttinger parameter, ( “”(O)e_“b(’")) TK/Z R = compactification
radius

Boundary states:
_Indo 1

1 1t
ID(¢y)) = z e RVm e~ %-k% |n, 0) Dirichlet
V2RV 4

k>0

lm(l)oR
/ A
‘N(CbO) R\/—z €+a—’<ak|0,‘m) Neumann

Callan et al (1987), Affleck and Oshikawa (1997) ™ k>0




Entanglement in the free, compact boson CFT:
Results

Euclidean action:

K = Luttinger parameter, (ei"’(o)e—iqb(r)) ~ ,,1:<l/z

Change in boundary entropy from Neumann to Dirichlet:

1 2
ASy_p = =In— degeneracy p(l) = # of

2 K integer partitioning of [
Entanglement spectrum (Neumann): BEr P 5

T (K
en (k1) = ey (0.0) + ( K + z)
p Lege\2 ,

exact form available dim. of primary fields descendant level
AR et al, J Stat. Mech. (2020), see also: Saleur (1998)




Entanglement in the free, compact boson CFT: DMRG
results for the guantum rotor chain

Hamiltonian with nearest-neighbor interaction: [n;, e*i91] = +eti®i g,

H = Zn +eznnl+1 Azcosw)l Bist) 50 | o —— ]
AS=1.175
Free, compact boson forA >1,eK1 - m '
2K
U) 1.0 + -
/
entanglement 4 . ° Neumann '
entropy +  Dirichlet

0.0 -

0 100 200 300 400
r 1
total

/
: system
AR et al, J Stat. Mech. (2020) Chose A, € such that K = 0.192 subsystem size ysize



Entanglement in the free, compact boson CFT: DMRG

results for the guantum rotor chain

Hamiltonian with nearest-neighbor interaction:

H = Z n; + Ez ninjy1 — Az cos(¢; — Pir1)
i i i 8 -

Free, compact bosonford > 1,e K 1 f
i
Entanglement spectrum (Neumann): N;
/UU
m (K

— 2 rescaled
N (k' l) —EN (O'O) t Leff (2 k= + l) entanglement

energies

AR et al, J Stat. Mech. (2020)
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Non-generic behavior,
characteristic of an integrable model

p(5) =7
p(4)=5
p(3)=3
p(2) =2
p(l) =1
p(0) =1



Entanglement in the free, compact boson CFT: DMRG
results for the guantum rotor chain

Hamiltonian with nearest-neighbor interaction: [n;, e*i91] = +eti®i g,

H = znlz T EzninHl - Az cos(¢; — Pir1) g - _
i i i

Free, compact bosonford > 1,e K 1 6 - soe®

—_

%%4- ............. PO pg(4)=2

Wwlw
. . i Qlq e D - p0(3)=2
Entanglement spectrum (Dirichlet): o doans po(2)=1
/ T 0% 1)= 1
rescaled 0 4o Pol0) =1
n entanglement

2Leff energies

ep(n) = &p(0) +

AR et al, J Stat. Mech. (2020) Chose 4, € such that K = 0.192



Entanglement in 1+1D C

A

-Ts perturbed by a primary

-

eld

a —I\0 a

$

Hamiltonian:
H = HCFT +/1'fdxCD

Entanglement entropy:

S, =—In¢ +
A_6n€

e.g., Ising chain with A # 1.

H:—ZO' al+1—/12

Entanglement Hamiltonian:
e_anCD,B

1
}[A(CK :B) ~ —%IDT e_anCDB

¢ = central charge, ¢ = correlation length

Entanglement gap: € ~ 1/Iné

Peschel (1999, 2001), Cho et al (2017) does not require lattice integrability!



Entanglement spectrum of the guantum sine-
Gordon model : DMRG results

Hamiltonian with nearest-neighbor interaction:

H=H,+H ' !

Ho = Z n; + EZ NNy — AZ cos(¢; — ¢it1) =7 iz
l l L .

Free, compact bosonforA > 1,e K 1 s @ w=1077
y A~ 1.0
, Predicted degeneracies: . ©
H" = —HZ COSs @; 1,1,1,2,2,3,4,... NONN
L 0 Sn 10

Lattice integrable regularization: XYZ spin-chain AR et al, Nucl. Phys. B (2021)



The XYZ regularization of the quantum sine-Gordon
model

Baxter’s XYZ spin—chaLin
1 X X y Y Z __Z
Hyyz = ) []in 011 tJyoi 07, +],0; Ui+1] Jx > 1y 2 A
i=1

iBé
XYZ to sine-Gordon operator mapping: o7 ~ e 2
Relation to eight-vertex model parameters (in the principal regime):

S

]x ]x e

2Vk 1 -T2 1 [1-T
1-|-—k — A2 FZ,—i Sl’l(l'/L k) —

\ A% — \/EN1+F

Baxter (1982), Luther (1975), Lukyanov (1997, 2003)



The XYZ regularization of the quantum sine-Gordon
model

Baxter’s XYZ spin—chaLin
1
Hyyz = —EZ[]ininﬁ1 +J,07 07 +J,070f1],Jx > |, = |/
i=1

Relation to eight-vertex model parameters (in the principal regime):

o Jy A = Jz Entanglement spectrum
I obtained from corner
transfer matrix spectrum,
 _ level spacing:
AT e O e ks
—_— = , — L SNNUIA, — R
1+k (A%2-T7 \/E\J1+F EXYZ 1(k)

Baxter (1982) AR et al, Nucl. Phys. B (2021)



Entanglement spectrum of the quantum sine-Gordon
model : DMRG vs corner transfer matrix results

Jy=0.999937,/,=0.981

25 1

20' DOOOOOOE

15 - oo

-
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5 1T e

L 2
’1 exyz = entanglement gap

O -

0 20 40
iIndex (n)
AR et al, Nucl. Phys. B (2021)



Entanglement spectrum for integrable vs non-
integrable regularizations

25 1

8 * L
20 0000000 ! 2 ¢ ¢
00000 6
. L J
15 - seeee .’
N - s4 .
101 oo 3 - ¢ Quantum rotor T
XYZ (Integrable) _
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5 - R
1.
 J
O . 0 = "
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0 20 40 n
iIndex (n)

AR et al, Nucl. Phys. B (2021)
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The free, compact boson CFT with  ©
superconducting guantum electronic circuits

Quantum circuit

l

H = 52 NNy — /12 cos(¢; — Pit1)

Free, compact bosonford > 1,e K 1
AR et al, J. Stat. Mech. (2020)



Where are the experiments?

Devoret group (Yale, 2009): &
N =43
Esteve group (Saclay, 2013):

Gershenson group N ~ 100

(Rutgers, 2012): N =6, 24

i)

Manucharyan group (Maryland, 2018, 2019):
N ~ 33000

Roch group (Grenoble, 2019): N ~ 1500 < 10 mm

Probing strongly-interacting

qguantum field theories
Early experiments: Delft (1990-s) 25



Quantum circuits as analog free boson QFT simulators

D
H "Iml“II"IIIIIIIIIIIIIIIllllllllllllllllllllIlllllllllllllllll 0

Maryland group (2018, 2019): N ~ 33000
Grenoble group (2019): N ~ 1500

Quantum circuit Quantum circuit

4 N O B

More interesting field theories with quantum circuits:
AR and H. Saleur, Phys. Rev. B (2019), AR et al, Nucl. Phys. B (2021) 26



Johannes Hauschild (UC Berkeley)

Tha nk You! Frank Pollmann (TU Munich)
Hubert Saleur (CEA Saclay)




