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Motivation

• Exploit ”microscopic” dualities within AdS/CFT

(pertaining to underlying psu(2,2|4) integrable super spin chain)

• Overlaps between spin chain eigenstates and Matrix Product States 

or  Valence Bond States encode information about correlation fcts.

in AdS/CFT  (1-pt fcts, 3-pt fcts and others)

• The same type of overlaps are interesting for the study of quantum 

quenches in stat. mech.

• Fermionic dualities allow one to move between different  Dynkin

diagrams of the underlying super Lie algebra

• Bosonic dualities complete the possible set of dualities (QQ-system)

• Duality relations might constrain overlap formulas



Plan of the talk

I. Overlaps and AdS/dCFT

II. The Structure of overlap formulas

III. Fermionic duality relations for overlaps 

IV. Bosonic duality relations for overlaps

V. Future directions



AdS/CFT

N = 4 SYM in 4D  ! IIB strings on AdS5 ⇥ S5

AdS/dCFT

Conformal operators  ! String states
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Eigenstates of integrable super spin chain:
Minahan & Zarembo ‘02
Beisert, C.K. Staudacher ‘03
Beisert & Staudacher ‘ 04, ‘05

Maldacena ‘98
Gubser, Klebanov

& Polyakov ’98
Witten ‘98

Karch & Randall ‘01

De Leeuw, C.K.
Zarembo ‘15

Jiang, Komatsu
Vescovi ‘19



<latexit sha1_base64="8JOIvdhLQDJUJcvOgruTdHE8Cp0="></latexit>

H =
LX

n=1

(1� Pn,n+1)

<latexit sha1_base64="9kkgUqHuAI+VBSJETIkZxd3I1GE="></latexit>

hu|ui / detG, Gkj =
@�k

@uj

<latexit sha1_base64="0NL+O9RgTfsWQuicOr+EyTDJ6yM="></latexit>

Gaudin matrix

<latexit sha1_base64="RcmMGWCw0URlQlFxEryM/Nob/J8="></latexit>

Bethe equations

<latexit sha1_base64="5es60tupgTsmElYlWY+kgcxI83E="></latexit>

Example: SU(2) Heisenberg spin-1/2 chain

<latexit sha1_base64="xWgNxuZh4Z1kG2j5klzzcnEUIG0="></latexit>

|{ui}Ki=1i ⌘ |ui: Eigenstates with K excitations where

<latexit sha1_base64="W1kBLMA3Js/7VNDyYwYQ61C3zXg=">  tS+qT2pfVd7Xjus+Rs/b/y68fvGH/Vf6r/V/6z/Vbq+c6fCfFFbe+p//wdaNhWt</latexit>

Encodes conformal single trace operators built from two complex
fields X (vacuum) and Y (excitations)

<latexit sha1_base64="jN57/Oh5IAgm6oTGOpocPro5Xj4="></latexit>

Baxter polynomials (Q-functions):

<latexit sha1_base64="JDzFV2QL9iz3DBe6pvxpMziwYRo="></latexit>
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(u� uj), Q✓(u) = uL

<latexit sha1_base64="Z4F1eLM/813Bc98s6yjL1fW6EVc="></latexit>
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<latexit sha1_base64="lcK7rfoOAm18yNxKmyAx22mMATY="></latexit>

hB|ui computable in closed form
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|Bi = |MPSi =
X

{si}

Tr(ts1 . . . tsL)|s1 . . . sLi
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Matrix product states
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Valence Bond States
<latexit sha1_base64="PvM0B5qJHu/kE2wq5+d+qBVCN7Q="></latexit>

|VBSi = |Ki⌦L
2 , K =

X

s1,s2

Ks1,s2 |s1s2i

<latexit sha1_base64="f7DaI/jM8tRuLkCg37n4PEXdR3s="></latexit>

Integrability understood in a scattering picture

Bethe eigenstate of integrable spin chain

Ghoshal &
Zamolodchikov ‘94
Piroli, Pozsgay
Vernier ‘17

<latexit sha1_base64="HqN1mRwDxXL4qWw2JGKnMXRN33k="></latexit>

Q2n+1|Bi = 0
Conserved parity-odd charges of spin chain

<latexit sha1_base64="Zi05u/gq9R5VquCiPRJFMrr5sxs="></latexit>

Integrable boundary states |Bi in AdS/dCFT



Motivation
(i) Fullfilled for all cases where closed overlap formula is known

(ii) Discrete version of integrable boundary state condition

p

-p

Pure reflection
+BYB for reflection matrix

-p
p

Entangled (p,-p) pairs
+BYB for initial state

Initial state

Boundary

Wick rotation

Piroli, Pozsgay
Vernier ‘17

Ghoshal, 
Zamolodchikov ‘93
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AdS/dCFT set-up
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Gauge Theory
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String Theory

<latexit sha1_base64="8gf4Uon8w0jIXYsOfSBdqYoJs5A="></latexit>

�cl
i =

1

x3

✓
(ti)k⇥k 0
0 0

◆
, i = 1, 2, 3
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For x3 > 0:

<latexit sha1_base64="Wcs+Rts+oayisRWV6bT5BjoYhP4="></latexit>

where ti, i = 1, 2, 3 constitute a k-dimensional irreducible
representation of su(2)

<latexit sha1_base64="gzHCF1LZa7kkvElMNUIQAdC4TnU="></latexit>

Constable, Myers
& Tafjord ’99

�i,  ↵, Aµ

i = 1, . . . 6, ↵ = 1, . . . , 4, µ = 1, . . . 4
<latexit sha1_base64="KWQ8wljFx0GdqURjqPdOnKw1RN4="></latexit>

Gaiotto & Witten, ‘08

<latexit sha1_base64="s5y4R5mOD3AX142tpeoNJFQ8I9k="></latexit>

Karch &
Randall ’01



One-point functions and MPS

Due to vevs scalar operators can have non-zero 1-pt fcts at tree-level

hO
bulk
� (x)i =

C

|x3|
�

Cardy ´84

McAvity & Osborn ’95

hO�(x)i = (Tr(�i1 . . .�i�) + . . .) |�i!�cl
i =

ti
x3

<latexit sha1_base64="pnp4KCpjhSRxtK1MJggL+hEhvTM="></latexit>

Matrix Product State associated with the defect: 

|MPSki =
X

~i

tr[tii . . . tiL ]|�i1 . . .�iLi,
<latexit sha1_base64="2vTYbJYLarmDSjfkH2TRoGUyjo0="></latexit>

Object to calculate:
<latexit sha1_base64="HU6DFCh4TRmrRSmQ4GZXOQ7bp/U="></latexit>

Ck (u) =
hMPSk |ui
hu |u i

1
2

deLeeuw, C.K.
& Zarembo ‘15,

O�(x) ⇠ eigenstate of integrable SO(6) spin chain
<latexit sha1_base64="E3Bwa/Na6kIz0wBd2ikNXTSIRUw="></latexit>

Tr(�i1�i2 . . .�iL) ⇠ |si1si2 . . . siLi
<latexit sha1_base64="vsnqlOpPHPldGeoX6yMG/HJSKzw="></latexit>

Minahan & 

Zarembo ’02

Bethe eigenstate



<latexit sha1_base64="5nT28VVlapTDLHGjnQC7tRcTBf4="></latexit>

Quantum fields

One-point functions and VBS

For k = 1: No vevs
<latexit sha1_base64="4h7ccTNkjS891LPmZ0S7Pllryrk=">AAAB+3icdVDLSgMxFM3UV62vWpdugq3gasiMrbaCUBTElVSwD2hLyaSZNjQzGZJMsZT+ihsXirj1R9z5N6YPQUXP6nDOvdxzjxdxpjRCH1ZiaXlldS25ntrY3NreSe9makrEktAqEVzIhocV5SykVc00p41IUhx4nNa9weXUrw+pVEyEd3oU0XaAeyHzGcHaSJ105kpImBucO7kzeCPgkA5VJ51FNnKLhbwLke0WUMkpGVJATukkDx0bzZAFC1Q66fdWV5A4oKEmHCvVdFCk22MsNSOcTlKtWNEIkwHu0aahIQ6oao9n2Sfw0Chd6JsUvgg1nKnfN8Y4UGoUeGYywLqvfntT8S+vGWu/2B6zMIo1Dcn8kB9zqAWcFgG7TFKi+cgQTCQzWSHpY4mJNnWlTAlfn8L/Sc21nWPbvXWz5YtFHUmwDw7AEXDAKSiDa1ABVUDAPXgAT+DZmliP1ov1Oh9NWIudPfAD1tsn2meTDA==</latexit>

For complex scalars (X = �1 + i�4, etc.)
<latexit sha1_base64="jDa8WyQklNRxR3ILTodnAzXX/Ns="></latexit>

Boundary conditions
(supersymmetric)

<latexit sha1_base64="MWnwFAh2clBbFfs56+6p4Ep8pUA="></latexit>

1 N � 1

Aµ,�i, ↵ =

2

664

x y y y
y z z z
y z z z
y z z z

3

775

<latexit sha1_base64="TgJ+0ATnVR6PbZKkb3Ahy44FljU="></latexit>

Gaiotto & Witten, ‘08

<latexit sha1_base64="v7haCaRtNimxnB5yO/n10ZvO8Ys="></latexit>

⌦
X1a(x)Xb1(y)

↵
=

g2YM�ab

4⇡2|x̄� y|2
<latexit sha1_base64="irI1gT0SDlWwNmXX6xQdTdF3iWI=">AAACA3icdVBNS0JBFJ1nX2ZfVrvaDElgYDJPzWwRSG1aGuQHqDzmjfN0cN4HM/NCeQht+ittWhTRtj/Rrn/T+DSoqAMXDufcy7332AFnUiH0YSQWFpeWV5KrqbX1jc2t9PZOQ/qhILROfO6Llo0l5cyjdcUUp61AUOzanDbt4eXUb95SIZnv3ahxQLsu7nvMYQQrLVnpvY6NRTSanGdHFsqNLFNXIXc8sopHVjqD8ifIPCsjiPIoRkwqZtGE5lzJgDlqVvq90/NJ6FJPEY6lbJsoUN0IC8UIp5NUJ5Q0wGSI+7StqYddKrtR/MMEHmqlBx1f6PIUjNXvExF2pRy7tu50sRrI395U/Mtrh8qpdCPmBaGiHpktckIOlQ+ngcAeE5QoPtYEE8H0rZAMsMBE6dhSOoSvT+H/pFHIm+V86bqUqV7M40iCfXAAssAEp6AKrkAN1AEBd+ABPIFn4954NF6M11lrwpjP7IIfMN4+AaLSljw=</latexit>

x̄ = (x0, x1, x2,�x3)

<latexit sha1_base64="i21RnZ1dJGXeEHVBQf/oKtxchQs="></latexit>

h 1a
↵ (x) b1

� (y)i = g2YM

8⇡2
✏↵� �

ab · x̄3 � y3
|x̄� y|4 .

<latexit sha1_base64="Kykv9NmOFgETSf8CQnSBFCxH6hE=">AAAB9HicdVDLSsNAFJ3UV62vqks3g0VwFSZVa90VBXFZwT6gDWUynbRDZzJxZlIood/hxoUibv0Yd/6NSRpBRc/qcM693HOPF3KmDUIfVmFpeWV1rbhe2tjc2t4p7+61tYwUoS0iuVRdD2vKWUBbhhlOu6GiWHicdrzJVep3plRpJoM7MwupK/AoYD4j2CSSey0V9KkSCdelQbmC7DPkXNQQRDbKkJG6c+JAJ1cqIEdzUH7vDyWJBA0M4VjrnoNC48ZYGUY4nZf6kaYhJhM8or2EBlhQ7cZZ6Dk8SpQh9NMAMjAwU79vxFhoPRNeMimwGevfXir+5fUi49fdmAVhZGhAFof8iEMjYdoAHDJFieGzhGCiWJIVkjFWmJikp7SEr0/h/6RdtZ2afXpbrTQu8zqK4AAcgmPggHPQADegCVqAgHvwAJ7AszW1Hq0X63UxWrDynX3wA9bbJ11Mkdk=</latexit>

For fermions

<latexit sha1_base64="sVb7+UDAHAG+E6O66TGaEHcyic4="></latexit>

One-point functions require Wick contractions



Leading for large-N Sub-leading for large-N

Feynman diagrams

C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="e6WCiW5rXc+6KabzRvjy6h+Lp+k=">AAAB/HicdVDLSgMxFM3UV62v0S7dBIvgasgMHW13RTfurGAf0A4lk2ba2MyDJCMMpf6KGxeKuPVD3Pk3ZtoKKnogcDjnXnLP8RPOpELowyisrK6tbxQ3S1vbO7t75v5BW8apILRFYh6Lro8l5SyiLcUUp91EUBz6nHb8yUXud+6okCyOblSWUC/Eo4gFjGClpYFZvvJvKVFQxZBgTlKOFR2YFWQhp+ZWHYgsx0V1u66Ji+z6aRXaFpqjApZoDsz3/jAmaUgjRTiWsmejRHlTLBQjnM5K/VTSBJMJHtGephEOqfSm8+Nn8FgrQxjEQr9Iwbn6fWOKQymz0NeTIVZj+dvLxb+8XqqCmjdlUZIqGpHFR0HK86h5E3DIhE7OM00wEUzfCskYC0yU7qukS/hKCv8nbceyXQtdO5XG+bKOIjgER+AE2OAMNMAlaIIWICADD+AJPBv3xqPxYrwuRgvGcqcMfsB4+wTCNpTb</latexit>

Object to calculate Ck=1 =
hVBS|ui
hu|ui1/2

<latexit sha1_base64="2cKzj+UtkEfNJte4NdfjMj16+yg="></latexit>

hVBS| = (hXX|+ h 1 2|� h 2 1|)⌦L/2,
<latexit sha1_base64="H9mwIzTbz5diivQ1+3W2P1Er4SM="></latexit>

Ck=1 =
Q1(0)Q2(0)

Q1

�
i
2

� SDetG
<latexit sha1_base64="pTnveSW/FqF67wzsdXUhdOzTi08="></latexit>

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦
<latexit sha1_base64="1X96VS8ErRiVz3anRK0ueKFfYrU="></latexit>

1

<latexit sha1_base64="LfLThYoJxGDeedOTEXBOltTGUf0=">AAACAHicdVDLTgIxFO3gC/E16sKFm0ZigpvJDAGEHdGNS4zySICQTinQ0GknbcdIRjb+ihsXGuPWz3Dn31hgTNToSZqcnHNvbs/xQ0aVdt0PK7W0vLK6ll7PbGxube/Yu3sNJSKJSR0LJmTLR4owykldU81IK5QEBT4jTX98PvObN0QqKvi1noSkG6AhpwOKkTZSzz6AV/Vc/s47gZ3AF7cxVARrIac9O+s67hzQdfJFt1KekaLrVUoe9BIrCxLUevZ7py9wFBCuMUNKtT031N0YSU0xI9NMJ1IkRHiMhqRtKEcBUd14HmAKj43ShwMhzeMaztXvGzEKlJoEvpkMkB6p395M/MtrR3pQ7saUh5EmHC8ODSIGtYCzNmCfSpOXTQxBWFLzV4hHSCKsTWcZU8JXUvg/aeQdr+QULgvZ6llSRxocgiOQAx44BVVwAWqgDjCYggfwBJ6te+vRerFeF6MpK9nZBz9gvX0CQKGVmg==</latexit>

SU(2|1) sector



<latexit sha1_base64="JeE4OZxqrtD3oZY+gNmyi/L7Vig="></latexit>

Integrable overlaps and the Gaudin determinant

<latexit sha1_base64="jKtWfKPbKkEhg2gI+13j3Y6ztXA="></latexit>

Q̂2n+1|Bi = 0 =)

<latexit sha1_base64="HW5SXG8bOj+Flwa6NWL2g1yEMYs="></latexit>

=) auxiliary roots paired {vi,�vi}Kv
i=1 possibly plus {0}

<latexit sha1_base64="Me1wNhtEOwSiMEkEPCAi0wZ7yrQ="></latexit>

hB|ui 6= 0 i↵ momentum carrying roots are paired {ui,�ui}Ku
i=1

<latexit sha1_base64="A1IJSL9BrV+dd5/zKh7WMRjfYVQ="></latexit>

Gaudin matrix has block structure
<latexit sha1_base64="P3c+HDHRwk1bL/6ofteElPVn+/c="></latexit>

detG =

����
A B
B A

���� =
����
A+B B
B +A A

���� =
����
A+B B

0 A�B

���� = det(A+B) · det(A�B)

<latexit sha1_base64="e6IXpnDdQkgS/og4kIJ2VJotDk0="></latexit>

Quantity entering overlap formulas
<latexit sha1_base64="jNek9ol/V3aqr1w7zgB3S9+/zzs="></latexit>

SDetG =
detG+

detG�
⌘ D

<latexit sha1_base64="+YThH/pAXbxvTpuRdn2q81cSVs0="></latexit>

= detG+ · detG�

<latexit sha1_base64="dR6UCrQmzT32xWdcUGW5RP/vsvY="></latexit>

(excluding singular cases)

C.K., Müller,
Zarembo ‘20

Poszgay 13, 
Brockmann et al
‘14



<latexit sha1_base64="epmU0OFoe5BGBklVE92zH+XEfQA=">AAACBXicdVDLSgMxFM34rPVVdamLYBFcDZmh1XZX7EZ3ldpaqKVk0ts2NJMZkoxQSjdu/BU3LhRx6z+4829MH4KKHggczjmXm3uCWHBtCPlwFhaXlldWU2vp9Y3Nre3Mzm5dR4liUGORiFQjoBoEl1Az3AhoxApoGAi4DgbliX99C0rzSF6ZYQytkPYk73JGjZXamYMLaaCnqM3jahKDwtWYS1zuUy51O5MlLvEL+ZyPievnSdErWpInXvEkhz2XTJFFc1TamfebTsSSEKRhgmrd9EhsWiOqDGcCxumbRENM2YD2oGmppCHo1mh6xRgfWaWDu5GyTxo8Vb9PjGio9TAMbDKkpq9/exPxL6+ZmG6hNeIyTgxINlvUTQQ2EZ5UgjtcATNiaAllitu/YtanijJji0vbEr4uxf+Tuu96eZdc+tnS2byOFNpHh+gYeegUldA5qqAaYugOPaAn9OzcO4/Oi/M6iy4485k99APO2yc62Jhp</latexit>

Integrable Super Spin Chains

<latexit sha1_base64="WmLyhD+ux/Ju/B1ZMCQfFuQAK0o=">AAAB9XicdVDLSgMxFM3UV62vqks3wSK4GjNjW1uhUC2IG6WifUBbSyZN29DMgySjlKH/4caFIm79F3f+jelDUNEDFw7n3Mu99zgBZ1Ih9GHE5uYXFpfiy4mV1bX1jeTmVlX6oSC0Qnzui7qDJeXMoxXFFKf1QFDsOpzWnEFp7NfuqJDM927UMKAtF/c81mUEKy3dnnSuD0pnN8fwsnBRSLeTKWQiO5dJ2xCZdgblrbwmGWTls2lomWiCFJih3E6+Nzs+CV3qKcKxlA0LBaoVYaEY4XSUaIaSBpgMcI82NPWwS2Urmlw9gnta6cCuL3R5Ck7U7xMRdqUcuo7udLHqy9/eWPzLa4Sqm2tFzAtCRT0yXdQNOVQ+HEcAO0xQovhQE0wE07dC0scCE6WDSugQvj6F/5OqbVpZ8/DKThVPZ3HEwQ7YBfvAAkegCM5BGVQAAQI8gCfwbNwbj8aL8TptjRmzmW3wA8bbJx0FkPs=</latexit>

AdS/CFT: N=M=4

<latexit sha1_base64="LMCo1zWFErzng80AbtcTkzdNcw8=">AAAB83icdVDJSgNBEO1xjXGLevTSMQgeZOgZk5h4CnrxGMEskBlCT6eTtOlZ6EUIQ37DiwdFvPoz3vwbO4ugog8KHu9VUVUvSDiTCqEPa2l5ZXVtPbOR3dza3tnN7e03ZawFoQ0S81i0AywpZxFtKKY4bSeC4jDgtBWMrqZ+654KyeLoVo0T6od4ELE+I1gZydPdFJ/eTby8l7/o5grIRm6lVHQhst0SqjpVQ0rIqZaL0LHRDAWwQL2be/d6MdEhjRThWMqOgxLlp1goRjidZD0taYLJCA9ox9AIh1T66ezmCTw2Sg/2Y2EqUnCmfp9IcSjlOAxMZ4jVUP72puJfXkerfsVPWZRoRSMyX9TXHKoYTgOAPSYoUXxsCCaCmVshGWKBiTIxZU0IX5/C/0nTtZ2yfXZTLNQuF3FkwCE4AifAAeegBq5BHTQAAQl4AE/g2dLWo/Vivc5bl6zFzAH4AevtE0zXkTk=</latexit>ua,j:
<latexit sha1_base64="NiXsgd3HCebaLM9+9cBMD6VOaWk="></latexit>

a = 1, . . . # of nodes in Dynkin diagram
<latexit sha1_base64="P3YlsQXzifxZWup51dhWqkEtJfg="></latexit>

j = 1, . . . ,Ka (# of roots of type a)

<latexit sha1_base64="fJcT5NitY++67yRo03ItdumBjR4="></latexit>

Gaj,bk =
@�a,j

@ub,k

Bethe equations

(�1)Fa+1 =

 
ua,j � iqa

2

ua,j +
iqa
2

!LY

b,k

ua,j � ub,k + iMab
2

ua,j � ub,k � iMab
2

⌘ e i�a,j

<latexit sha1_base64="Nhg6AHhiW0M8j8VpyCIcme1extA="></latexit>

<latexit sha1_base64="P7MXY3plN7WTqI35iViQGkwdBk0="></latexit>

hVBS|ui2

hu|ui =
Y

a

Qna

j=1 Qa(
isa,j

2 )
Qma

k=1 Qa(
ira,k

2 )
SDetG

Saleur ‘99



For N = 4 SYM, # di↵erent choices of Q-functions = 28
<latexit sha1_base64="T7K9J9zVX2qOGbD7PXL2h3hfd+g="></latexit>

Many equivalent ways of writing the Bethe equations
<latexit sha1_base64="nJUvRPmNf6tdQRpiygnWzTbij1w="></latexit>

Q-functions and QSC optimal language for the spectral problem
<latexit sha1_base64="haHwIkPl9ujW8iiPWEYiXyt+Wi4="></latexit>

Connected via dualities

• Fermionic

• Bosonic
<latexit sha1_base64="GF+JhZ0n5wvQzlSfy0NJcCT8P3o="></latexit>

How does the Gaudin matrix fit into this?
<latexit sha1_base64="T5Gj85IGBRqSaMhxvwXZa3yTOLg="></latexit>

QQ-system
<latexit sha1_base64="wGU5ya8DgKnw+SkttQkWrLx1Wdo=">AAAB8HicdVDLSgMxFM3UV62vqks3wSK4cciMrba7ohuXLdiHtEPJpJk2NJkZkowwDP0KNy4UcevnuPNvTB+Cih64cDjnXu69x485UxqhDyu3srq2vpHfLGxt7+zuFfcP2ipKJKEtEvFIdn2sKGchbWmmOe3GkmLhc9rxJ9czv3NPpWJReKvTmHoCj0IWMIK1ke6azTOVKk3FoFhCNnKrlbILke1WUM2pGVJBTu2iDB0bzVECSzQGxff+MCKJoKEmHCvVc1CsvQxLzQin00I/UTTGZIJHtGdoiAVVXjY/eApPjDKEQSRNhRrO1e8TGRZKpcI3nQLrsfrtzcS/vF6ig6qXsTBONA3JYlGQcKgjOPseDpmkRPPUEEwkM7dCMsYSE20yKpgQvj6F/5O2azvnttt0S/WrZRx5cASOwSlwwCWogxvQAC1AgAAP4Ak8W9J6tF6s10VrzlrOHIIfsN4+AQkdkJI=</latexit>

<latexit sha1_base64="puPb4kvWps57PQTnPoA/4rapEKk="></latexit>

(Change of
Dynkin diagram)

Tsuboi ´98 Gromov, Kazakov,
Leurent, Volin ’14



<latexit sha1_base64="dVtYBD32NF/GY3Biu3IZUEL7TR0="></latexit>

q =


1
0

�

Example: SU(2|1) super spin chain
<latexit sha1_base64="aOEDp0K7CJN3/EST2XSHGG6ZySs=">AAACDHicdVDLSgMxFM34rPVVdekm2Ap1U2ZGqq2rogguFa0ttKVk0lsbmsmEJCOW6ge48VfcuFDErR/gzr8xUyuo6IHA4Zx7uTknkJxp47rvzsTk1PTMbGouPb+wuLScWVk911GsKFRpxCNVD4gGzgRUDTMc6lIBCQMOtaB/kPi1S1CaReLMDCS0QnIhWJdRYqzUzmQPr0goOezh3Gk17197WzmsYwkKa8kEpj3Ckim34I6A3YJfdMulhBRdr7zjYW9sZdEYx+3MW7MT0TgEYSgnWjc8V5rWkCjDKIebdDPWIAntkwtoWCpICLo1HIW5wZtW6eBupOwTBo/U7xtDEmo9CAM7GRLT07+9RPzLa8SmW2oNmZCxAUE/D3Vjjk2Ek2Zwhymghg8sIVQx+9ckviLU2P7StoSvpPh/cu4XvO2Cf+JnK/vjOlJoHW2gPPLQLqqgI3SMqoiiW3SPHtGTc+c8OM/Oy+fohDPeWUM/4Lx+ACBXmcs=</latexit>

Cartan matrix
<latexit sha1_base64="rPt7JgSxqlEU0IeIqwznTwPk+nI=">AAAB9HicdVDLSgMxFL1TX7W+qi7dBIvgasiMrbY7sRuXFawV2kEyaaYNzWTGJFMsxe9w40IRt36MO//G9CGo6IHA4Zx7k5MTpoJrg/GHk1tYXFpeya8W1tY3NreK2ztXOskUZU2aiERdh0QzwSVrGm4Eu04VI3EoWCsc1Cd+a8iU5om8NKOUBTHpSR5xSoyVgjpRhkgUE6P43U2xhF3sVytlH2HXr+CaV7Okgr3acRl5Lp6iBHM0borvnW5Cs5hJQwXRuu3h1ARjeyengt0XOplmKaED0mNtSyWJmQ7G09D36MAqXRQlyh5p0FT9vjEmsdajOLSTNl5f//Ym4l9eOzNRNRhzmWaGSTp7KMoEMgmaNIC6XDFqxMgSQhW3WRHtE0WosT0VbAlfP0X/kyvf9Y5c/8IvnZ7N68jDHuzDIXhwAqdwDg1oAoVbeIAneHaGzqPz4rzORnPOfGcXfsB5+wQa55JU</latexit>

Dynkin label
<latexit sha1_base64="+1OnkF/wJMSQH4POhlqy5WauENQ=">AAAB83icdVDLSgNBEJyNrxhfUY9eBoPgaZldE01uQT14jGAekIQwO+kkQ2Znl5lZYQn5DS8eFPHqz3jzb5w8BBUtaCiquunuCmLBtSHkw8msrK6tb2Q3c1vbO7t7+f2Dho4SxaDOIhGpVkA1CC6hbrgR0IoV0DAQ0AzGVzO/eQ9K80jemTSGbkiHkg84o8ZKnetUjrnEggYgevkCcYlfLhV9TFy/RCpexZIS8SrnRey5ZI4CWqLWy793+hFLQpCGCap12yOx6U6oMpwJmOY6iYaYsjEdQttSSUPQ3cn85ik+sUofDyJlSxo8V79PTGiodRoGtjOkZqR/ezPxL6+dmEG5O+EyTgxItlg0SAQ2EZ4FgPtcATMitYQyxe2tmI2ooszYmHI2hK9P8f+k4bvemevf+oXq5TKOLDpCx+gUeegCVdENqqE6YihGD+gJPTuJ8+i8OK+L1oyznDlEP+C8fQIuVpHJ</latexit>

<latexit sha1_base64="dKs7kOKsuWGsM1ay+bnW7tcaVNU=">AAAB+3icdVDLTgIxFO3gC/E14tJNIzFxNemMgLAjuHGJiTwSIKRTCjR02knbMRDCr7hxoTFu/RF3/o3lYaJGT3KTk3Puzb33hDFn2iD04aQ2Nre2d9K7mb39g8Mj9zjb0DJRhNaJ5FK1QqwpZ4LWDTOctmJFcRRy2gzH1wu/eU+VZlLcmWlMuxEeCjZgBBsr9dxsFU8MVTCWfCpkxDDXPTeHPBSUCvkAIi8ooLJftqSA/HIxD30PLZEDa9R67nunL0kSUWEIx1q3fRSb7gwrwwin80wn0TTGZIyHtG2pwBHV3dny9jk8t0ofDqSyJQxcqt8nZjjSehqFtjPCZqR/ewvxL6+dmEGpO2MiTgwVZLVokHBoJFwEAftMUWL41BJMFLO3QjLCChMbh87YEL4+hf+TRuD5Re/yNshVqus40uAUnIEL4IMrUAE3oAbqgIAJeABP4NmZO4/Oi/O6ak0565kT8APO2ye7TZTq</latexit>

Baxter polynomials
<latexit sha1_base64="Y0kvRYgn64/bZrbeUMH5xs2Cow8="></latexit>

Q1(u) =
K1Y

i=1

(u� ui), Q2(u) =
K2Y

j=1

(v � vj), Q✓ = uL

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦
<latexit sha1_base64="1X96VS8ErRiVz3anRK0ueKFfYrU="></latexit>

1
<latexit sha1_base64="0j5RJxsEHzGlezRTqtVPlWFEPno="></latexit>

M =


2 �1
�1 0

�
,

<latexit sha1_base64="kbaTkz60p8OZRXDiD2DkQDbKiPw="></latexit>

Vacuum: | 1 1 . . .i, Excitations at level 1 and 2:  2, X



<latexit sha1_base64="G2qJo0AKVM7gAw0rkq985D/uM8Q="></latexit>

Ex: SU(2|1)
<latexit sha1_base64="4H/w0mVZ8awdelZTcdic7KQlfKg="></latexit>

Fermionic Duality:
<latexit sha1_base64="dVtYBD32NF/GY3Biu3IZUEL7TR0="></latexit>

q =


1
0

�
<latexit sha1_base64="0j5RJxsEHzGlezRTqtVPlWFEPno="></latexit>

M =


2 �1
�1 0

�
,

<latexit sha1_base64="1WpgXqu8IRE9l80c1KugNXohoSI="></latexit>�!

<latexit sha1_base64="1WpgXqu8IRE9l80c1KugNXohoSI="></latexit>�!

<latexit sha1_base64="GYiT8H1p1LwBFVsLsYp9OVX1nx4="></latexit>

Q±(u) ⌘ Q(u± i

2
)

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦

<latexit sha1_base64="Rw5MYPtzua3wBj6Tn3vxtyiJTVY="></latexit>

1 =
Q�

1 (vk)

Q+
1 (vk)

<latexit sha1_base64="IymwfUn/KV5CJi7pIVUPMUXq9j8="></latexit>

�1 =
Q++

1 (uk)

Q��
1 (uk)

· Q
�
2 (uk)

Q+
2 (uk)

✓
Q�

✓ (uk)

Q+
✓ (uk)

◆L <latexit sha1_base64="ryDtWsVRLI36JYtslNJlTs52Yt8="></latexit>

eQ+
2 (uk)

eQ�
2 (uk)

✓
Q�

✓ (uk)

Q+
✓ (uk)

◆L

= 1

<latexit sha1_base64="n4h5V3+mxhmuvgmNNcDCaYcKO7E="></latexit>

Q�
1 (v)�Q+

1 (v) = Q2(v) · eQ2(v)
<latexit sha1_base64="BlERv3Xyeu4rHIFscdDQYrY4etI="></latexit>

�!

<latexit sha1_base64="BlERv3Xyeu4rHIFscdDQYrY4etI="></latexit> �!

<latexit sha1_base64="Ct7+b+6LdpCLpIc+FLoNPmGKjU8=">AAAB+nicdVDLSsNAFJ34rPXV6tLNYCO4CkmLte6KbgQ3FewD2hAm00k7dpIJM5NKif0UNy4UceuXuPNvnLYRVPTAhcM593LvPX7MqFS2/WEsLa+srq3nNvKbW9s7u4XiXkvyRGDSxJxx0fGRJIxGpKmoYqQTC4JCn5G2P7qY+e0xEZLy6EZNYuKGaBDRgGKktOQViuaVVzah4FxJaI69W9MrlGzrxHbOqja0LXuOOak5FQc6mVICGRpe4b3X5zgJSaQwQ1J2HTtWboqEopiRab6XSBIjPEID0tU0QiGRbjo/fQqPtNKHARe6IgXn6veJFIVSTkJfd4ZIDeVvbyb+5XUTFdTclEZxokiEF4uChEHF4SwH2KeCYMUmmiAsqL4V4iESCCudVl6H8PUp/J+0ypZTtSrX5VL9PIsjBw7AITgGDjgFdXAJGqAJMLgDD+AJPBv3xqPxYrwuWpeMbGYf/IDx9gkZ+pKf</latexit>

K2 roots vj

<latexit sha1_base64="flXsbobOkTuker19XHXIyysYNzg="></latexit>

eK2 = K1 �K2 � 1 roots ṽj

<latexit sha1_base64="oGN+3HDlsMSCvPLOWHT8N56rGXc="></latexit>

Change of variables (from vj to ṽj)

<latexit sha1_base64="ob2WtaIsnDTAnzrwutc79rqdjMk=">AAACIHicdVDLSgMxFM3UV62vqks3wVZw4zDTYlt3RTcuXFSwD+iUkknTNjSTDElGLMN8iht/xY0LRXSnX2P6EFTsCYHDOfdy7z1+yKjSjvNhpZaWV1bX0uuZjc2t7Z3s7l5DiUhiUseCCdnykSKMclLXVDPSCiVBgc9I0x9dTPzmLZGKCn6jxyHpBGjAaZ9ipI3UzZZjL/DFXexdITkgMO8JTQOi8klyAs1b6HazOcc+ddyzkgMd25liSipu0YXuXMmBOWrd7LvXEzgKCNeYIaXarhPqToykppiRJONFioQIj9CAtA3lyMzpxNMDE3hklB7sC2k+13Cq/uyIUaDUOPBNZYD0UP31JuJ/XjvS/UonpjyMNOF4NqgfMagFnKQFe1QSrNnYEIQlNbtCPEQSYW0yzZgQvi+Fi0mjYLslu3hdyFXP53GkwQE4BMfABWVQBZegBuoAg3vwCJ7Bi/VgPVmv1tusNGXNe/bBL1ifXypPovw=</latexit>⌦- - -⌦

Beisert, Kazakov, ,
Sakai, Zarembo ‘05



<latexit sha1_base64="ISzyRfnMr1roc1vtC4mgqNqBTxQ="></latexit>

Transformation formula: Ex: SU(2|1)

<latexit sha1_base64="mPtjWnAatYYPlIJt+L8WZqhz/XE="></latexit>

eD = K1
eQ2(0)Q2(0)

Q1( i
2 )

D
<latexit sha1_base64="Z2+rYZrJhPsw7uZQczEMkteW4Yk="></latexit>

Found numerically
<latexit sha1_base64="pCCZoU/XVFXye5R2wTvRHSnGMRo="></latexit>

Analytical proof in progress

C.K., Müller,
Zarembo ‘20

de Leeuw, Ipsen, C.K.,
Vardinghus, Wilhelm 17

Q+
1 (u)�Q�

1 (u) = iK1 uQ2(u) eQ2(u), with reduced Baxter polynomials
<latexit sha1_base64="iQPRYCuLonJdcS95xmXpoogKnOk="></latexit>

K1, K2 even =) fK2 = K1 �K2 � 1 odd, i.e. ṽ’s contain a single zero
<latexit sha1_base64="PDwPssTk09xvluOtBp2UAYe2Q+8="></latexit>

<latexit sha1_base64="SGWvNfUY9/+lhNqCZAfS5Hw1j38="></latexit>

�——⌦ <latexit sha1_base64="q/7z4CKoWbeHYmngOcWooIj2STE="></latexit>⌦- - -⌦
<latexit sha1_base64="+NoRyzabQFAJlKzLbNI0vxPjSGQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpiEpNb0IvgJaJZIBlCT6cnadKz0N0jhCGf4MWDIl79Im/+jZ1FUNEHBY/3qqiq58WCK43xh5VZWV1b38hu5ra2d3b38vsHLRUlkrImjUQkOx5RTPCQNTXXgnViyUjgCdb2xpczv33PpOJReKcnMXMDMgy5zynRRrq97jv9fAHbuFgtl4oI28Uyrjk1Q8rYqVVKyLHxHAVYotHPv/cGEU0CFmoqiFJdB8faTYnUnAo2zfUSxWJCx2TIuoaGJGDKTeenTtGJUQbIj6SpUKO5+n0iJYFSk8AznQHRI/Xbm4l/ed1E+1U35WGcaBbSxSI/EUhHaPY3GnDJqBYTQwiV3NyK6IhIQrVJJ2dC+PoU/U9aRdup2Gc3pUL9YhlHFo7gGE7BgXOowxU0oAkUhvAAT/BsCevRerFeF60ZazlzCD9gvX0CMa2Nww==</latexit>

K1
<latexit sha1_base64="+NoRyzabQFAJlKzLbNI0vxPjSGQ=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnpiEpNb0IvgJaJZIBlCT6cnadKz0N0jhCGf4MWDIl79Im/+jZ1FUNEHBY/3qqiq58WCK43xh5VZWV1b38hu5ra2d3b38vsHLRUlkrImjUQkOx5RTPCQNTXXgnViyUjgCdb2xpczv33PpOJReKcnMXMDMgy5zynRRrq97jv9fAHbuFgtl4oI28Uyrjk1Q8rYqVVKyLHxHAVYotHPv/cGEU0CFmoqiFJdB8faTYnUnAo2zfUSxWJCx2TIuoaGJGDKTeenTtGJUQbIj6SpUKO5+n0iJYFSk8AznQHRI/Xbm4l/ed1E+1U35WGcaBbSxSI/EUhHaPY3GnDJqBYTQwiV3NyK6IhIQrVJJ2dC+PoU/U9aRdup2Gc3pUL9YhlHFo7gGE7BgXOowxU0oAkUhvAAT/BsCevRerFeF60ZazlzCD9gvX0CMa2Nww==</latexit>

K1
<latexit sha1_base64="OOVv3fuqjMkvIq110umeMXWerJE=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnrGJCa3oBfBS0SzQDKEnk4nadKz0N0jhCGf4MWDIl79Im/+jZ1FUNEHBY/3qqiq58eCK43xh5VZWV1b38hu5ra2d3b38vsHTRUlkrIGjUQk2z5RTPCQNTTXgrVjyUjgC9byx5czv3XPpOJReKcnMfMCMgz5gFOijXR73XN7+QK2sVspFV2EbbeEq07VkBJ2quUicmw8RwGWqPfy791+RJOAhZoKolTHwbH2UiI1p4JNc91EsZjQMRmyjqEhCZjy0vmpU3RilD4aRNJUqNFc/T6RkkCpSeCbzoDokfrtzcS/vE6iBxUv5WGcaBbSxaJBIpCO0Oxv1OeSUS0mhhAqubkV0RGRhGqTTs6E8PUp+p80Xdsp22c3xULtYhlHFo7gGE7BgXOowRXUoQEUhvAAT/BsCevRerFeF60ZazlzCD9gvX0CMzGNxA==</latexit>

K2

<latexit sha1_base64="54oJFy8qFUolbe0IRsmbR2Ef8lc=">AAAB+HicdVDJSgNBEO2JW4xb1KOXxiB4GnrGRJNb0IvgJYJZIAmhp6eSNOlZ6O5R4pAv8eJBEa9+ijf/xs4iqOiDgsd7VVTV82LBlSbkw8osLa+srmXXcxubW9s7+d29hooSyaDOIhHJlkcVCB5CXXMtoBVLoIEnoOmNLqZ+8xak4lF4o8cxdAM6CHmfM6qN1MvvdO64D5oLH9KrSc/t5QvEJm65VHQxsd0SqTgVQ0rEqZwWsWOTGQpogVov/97xI5YEEGomqFJth8S6m1KpORMwyXUSBTFlIzqAtqEhDUB109nhE3xkFB/3I2kq1Himfp9IaaDUOPBMZ0D1UP32puJfXjvR/XI35WGcaAjZfFE/EVhHeJoC9rkEpsXYEMokN7diNqSSMm2yypkQvj7F/5OGazun9sl1sVA9X8SRRQfoEB0jB52hKrpENVRHDCXoAT2hZ+veerRerNd5a8ZazOyjH7DePgE7q5N8</latexit>

eK2



<latexit sha1_base64="H/7n7/OAD/No5qYs0/TL05Qzv8s="></latexit>

Fermionic dualities in general

<latexit sha1_base64="czW9gd+6MH358sc8rOEOB9Unz/E="></latexit>2

4
0
V
0

3

5 �!

2

4
V ± 1
�V
V ⌥ 1

3

5 <latexit sha1_base64="5hwHWIzHm1WZyrQKfnuCkQiCMec="></latexit>

for



<latexit sha1_base64="MVr9tFdTXGhUSi6riRzbBP/y9SI="></latexit>

Kl

<latexit sha1_base64="7AtTEuEZ19zjLB5RTG2yvu1agPE="></latexit>

Km
<latexit sha1_base64="B4KRbCjKZCF9FStoOHKRgi93IZc="></latexit>

Kr
<latexit sha1_base64="iZqE+X0w3xbDw4xKGpGpiXk4ozM="></latexit>

M =

2

4
⌘2 ⌘1 0
⌘1 0 �⌘1
0 �⌘1 ⌘3

3

5 , q =

2

4
Vl

0
Vr

3

5 ,
⌘1 2 {�1,+1}
⌘2 2 {0,�2⌘1}
⌘3 2 {0, 2⌘1}

,

<latexit sha1_base64="T9RQuBcUqzxdPIO8mkw7z0E1p84="></latexit>

Kl,Kr,Km all even =) eKm = Kl +Kr �Km � 1 odd
<latexit sha1_base64="WDvTiiH5VZ6ZUCcYLmiS/lQ2PBg="></latexit>

Q�
l Q

+
r �Q+

l Q
�
r = i⌘1(Kr �Kl)uQm

eQm ,
C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="xplgwNFujzZ5uu74BjAbKf7UjJI=">AAASXHicpVjtb9vGGVe7b </latexit>

Dualizing a non-momentum-carrying node

<latexit sha1_base64="HJIQnvNcLbmylqVAW9+Hw+dIyXs="></latexit>

eD = JD = (�⌘1)
Kl⌘Kr

1 (⌘1Kr � ⌘1Kl)
Qm(0) eQm(0)

Ql

�
i
2

�
Qr

�
i
2

� D
<latexit sha1_base64="VvYEtxw/iq36oPoz10OOjFx1LfE="></latexit>

Found numerically
Analytical proof
in progress

<latexit sha1_base64="teDEz+bgcUPaKN0hCAvn658LIwg="></latexit>

Kl,Kr even, Km odd
<latexit sha1_base64="pxRVRaO1PUZUdFZGtJZVrr9AqIk="></latexit>

eD = (�J)�1 D ,



<latexit sha1_base64="9JYTV8nXisnssRcEZWc5fBFcMG8="></latexit>

Dualizing a momentum-carrying node

<latexit sha1_base64="MVr9tFdTXGhUSi6riRzbBP/y9SI="></latexit>

Kl

<latexit sha1_base64="7AtTEuEZ19zjLB5RTG2yvu1agPE="></latexit>

Km
<latexit sha1_base64="B4KRbCjKZCF9FStoOHKRgi93IZc="></latexit>

Kr
<latexit sha1_base64="a3kpkkOYP2ZEyd2/tfTeztJ74pY="></latexit>

M =

2

4
⌘2 ⌘1 0
⌘1 0 �⌘1
0 �⌘1 ⌘3

3

5 , q =

2

4
0
V
0

3

5 ,
⌘1 2 {�1,+1}
⌘2 2 {0,�2⌘1}
⌘3 2 {0, 2⌘1}

<latexit sha1_base64="jPwQRGRvK5dDe5a4nls1xc5fmoE="></latexit>�
u+ V i

2

�L
Q�

l Q
+
r �

�
u� V i

2

�L
Q+

l Q
�
r = i(V L� ⌘1Kl + ⌘1Kr)uQm

eQm,

<latexit sha1_base64="P+LlMdz37XMwFSafuYZv6R/lrAs="></latexit>

eD =

✓
2i

V

◆L

(V L� ⌘1Kl + ⌘1Kr)
Qm(0) eQm(0)

Ql

�
i
2

�
Qr

�
i
2

� D ,

<latexit sha1_base64="ju2W7+oAMDT465RgM9QThtiFS64="></latexit>

Kl,Kr,Km, L all even =) eKm = L+Kl +Kr �Km � 1 odd

<latexit sha1_base64="VvYEtxw/iq36oPoz10OOjFx1LfE="></latexit>

Found numerically
Analytical proof
in progress

<latexit sha1_base64="FufVa9JaCllaOJL6Oo5I3aRhT2M="></latexit>

NB: Kr odd or Kl odd requires regularization

C.K., Müller,
Zarembo ‘20



<latexit sha1_base64="bRDhNRxkWGDMXwe/ONDowrpFLEQ="></latexit>

Covariance of overlap formulas very constraining (fully constraining?)

<latexit sha1_base64="Uz+E56KFcBwfrGKeWGmUgorp1RY="></latexit>

Dualizing overlap formulas I
<latexit sha1_base64="0ArTnSdB9jbGQepy59e4ZZPu+zM="></latexit>

eD /
eQa(0)Qa(0)

Qa�1

�
i
2

�
Qa+1

�
i
2

� D
C.K., Müller,
Zarembo ‘20



<latexit sha1_base64="UJm9PJeIVRPjXmwGljkcgbbX1FM="></latexit>

PSU(2, 2|4) overlap formula, alternating grading Gombor & 
Bajnok ‘20

<latexit sha1_base64="mYU9g9OvpeUp1uj8MMnhQsVUkTw="></latexit>

PSU(2, 2|4) overlap formula, beauty grading
<latexit sha1_base64="doQhRzptB1gFc73ekv8MqzufFmU="></latexit>

Agrees with field theory result in SO(6) sector

C.K., Müller,
Zarembo ‘20

<latexit sha1_base64="EX9pQginnAlSM5qL98hkKxVzjv8="></latexit>

Has exactly the prescribed covariance properties

De leeuw., C.K.
Linardopoulos ‘18



<latexit sha1_base64="LBkgEPGfV/G4GqA6gRTCVfcuyzU="></latexit>

Fermionic Duality considered so far:

<latexit sha1_base64="hi+7Xbs7dU1nJzrTU18U478Z/iY="></latexit>

�——⌦ <latexit sha1_base64="ABGGjl8Y3fLFaylwAt3j5tFh8y8="></latexit>�! <latexit sha1_base64="RiOb5f+G+J+nhOO08EAqgOjDRmI="></latexit>⌦�� ⌦
<latexit sha1_base64="QQBKs/wvLHLOKAvB8LVP9Rn25yM="></latexit>

Q12|;Q1|1 = Q+
12|1Q

�
1|; �Q�

12|1Q
+
1|; = Q�

1|; �Q+
1|;

<latexit sha1_base64="6qPknj+EN8iV5fbSnCaBvzZsAm0="></latexit>

Q;|; = uL, Q12|1 = 1

<latexit sha1_base64="Fb7SOFBiEQk2rWGdEficrl3Vvik="></latexit>

Q+
1|;Q

�
2|; �Q�

1|;Q
+
2|; = Q;|;Q12|;

<latexit sha1_base64="hi+7Xbs7dU1nJzrTU18U478Z/iY="></latexit>

�——⌦ <latexit sha1_base64="ABGGjl8Y3fLFaylwAt3j5tFh8y8="></latexit>�!

Tsuboi ‘98



<latexit sha1_base64="FQxnN3WWuPT79+03G9mT1fWpbG8="></latexit>

Bosonic Dualities: A warm-up example: SU(2)

<latexit sha1_base64="hCAS48f9e021KNjSyZA9bDnt7H0="></latexit>

Q; = uL

<latexit sha1_base64="m6XubybfcCCe8DDF1ocdyTmsu40="></latexit>

Q12 = 1

<latexit sha1_base64="vgBp/zuleKz5/7ZHA7QD/HqIO5o="></latexit>

Q1
<latexit sha1_base64="GfLFZM3dJWJHnQyTMo/lkLuWTe4="></latexit>

Q2 = eQ1

<latexit sha1_base64="EEldtoZ3SY1v2oU3vl9ElbThY5M="></latexit>

Q+
1
eQ�
1 �Q�

1
eQ+
1 = uL

<latexit sha1_base64="Ol8uTF11Nka2dGH5tAQa7EL5foU="></latexit>

Bosonic duality eqn.

<latexit sha1_base64="yIlaqFf0mhVmrIQxrycKUjp55GQ="></latexit>

After regularization:
<latexit sha1_base64="iTGm7vB/N/kk5tnw+72AxTPeXT0="></latexit>

Roots at 0,± i
2 left out in eQ

<latexit sha1_base64="I15lDi0dhFg28bkgjqalGaSQq0M=">AAAB/HicdVDLSgNBEJz1GeMr6tHLYBAEcZmNiSYHQfQi6EHBxECyhNnZTjI4+2BmVlmW+CtePCji1Q/x5t84iRFUtKChqOqmu8uLBVeakHdrYnJqemY2N5efX1hcWi6srDZUlEgGdRaJSDY9qkDwEOqaawHNWAINPAFX3vXx0L+6Aal4FF7qNAY3oL2Qdzmj2kidwlr7lvugufAhOx0cnO2cbjudQpHYpFStlEuY2KUKqTk1QyrEqe2VsWOTEYpojPNO4a3tRywJINRMUKVaDom1m1GpORMwyLcTBTFl17QHLUNDGoBys9HxA7xpFB93I2kq1Hikfp/IaKBUGnimM6C6r357Q/Evr5XobtXNeBgnGkL2uaibCKwjPEwC+1wC0yI1hDLJza2Y9amkTJu88iaEr0/x/6RRsp09e/eiXDw8GseRQ+toA20hB+2jQ3SCzlEdMZSie/SInqw768F6tl4+Wyes8cwa+gHr9QMeM5Rw</latexit>

eK = L�K + 1

<latexit sha1_base64="6tIATdGyg4i8NjtpS3wYhMEEv/4="></latexit>

Dual roots at 0,± i
2 call for regularization of detG

<latexit sha1_base64="6nlJCo0Hh1lv6/Tui7v5wkhV5Pg="></latexit>

eD = AL/2�K
Q(0) eQ(i/2)

Q(i/2) eQ(0)
D, An =

(2nn!)4

2 (2n)! (2n+ 1)!

<latexit sha1_base64="trrUtGMQCJElxjvX2jqyk6pGU+8="></latexit>

Overlaps with VBS Duality invariant

C.K., Müller,
Zarembo ‘21



<latexit sha1_base64="kPHziEcv80yyfNwjDp16hdhj7e4="></latexit>

Bosonic dualities in general

<latexit sha1_base64="C9ZKiF5jR5kesQHEyiHIOfmAKBQ="> </latexit>

• Momentum carrying bosonic node

<latexit sha1_base64="T9M0zBhZXc1sobcECyeei0YDzOo="></latexit>

• Non-momentum carrying bosonic node

<latexit sha1_base64="UN1h41/NEjgBCLzqOAWne7ixLbw="></latexit>

eD = A(L+Kr+Kl)/2�Km

Qm(0) eQm(i/2)

Qm

�
i
2

� eQm (0)
D

<latexit sha1_base64="eqzss3g//MrJ7w03SuPfdSvSCJ4="></latexit>

eD = A(Kr+Kl)/2�Km

Qm(0) eQm(i/2)

Qm

�
i
2

� eQm (0)
D

<latexit sha1_base64="aKSEmwfdFaYK1lXU9fjD2U7cois="></latexit>m
<latexit sha1_base64="Fp3CdCriVBBaxdtxvDAvGxYyOG8="></latexit>

l
<latexit sha1_base64="JaiVkYbDobv/+mtGlqK6YQlLeJk="></latexit>r

<latexit sha1_base64="XHPnPhFzvazTlDmxdRgUEm/0dq0="></latexit>

• Involve a bosonic node and its neighbours only

• Do not change the Dynkin diagram or the Dynkin labels

<latexit sha1_base64="KJNNmOm727rxJyO/FLqVdSCBOss="></latexit>

• Overlaps in the scalar SO(6) sector invariant (up to pre-factor)

<latexit sha1_base64="taTtaZzNT0pcLFf6oD83JATGKXA="></latexit>

• Transformation formula only involves Qm and eQm
C.K., Müller,
Zarembo ‘21



Future Directions
• Analytical proof of the duality transformation formulas

Easy to state --- difficult to prove

• Understand the pre-factors in the transformation formulas

• Express the overlaps entirely in terms of Q-functions 
and treat the overlaps by means of the Quantum Spectral Curve

• Use duality formulas to constrain unknown overlap formulas

• Classify all integrable boundary states in AdS/CFT

Summary
• We have exhausted all fermionic and bosonic spin chain dualities

and found their implications for overlap formulas.



Thank you


