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contents  2

meson spectroscopy

r e ce n t  pe da gog i c  r e v i e w

resonances, scattering, elastic phase-shifts

lattice QCD

discrete spectrum, finite volume, computing the spectrum

elastic scattering

lattice QCD phase-shift results

coupled-channel scattering

mapping the discrete spectrum to the t-matrix

lattice QCD calculation results

the complex energy plane

rigorously determining resonances

I gave similar lectures at a school 
“Scattering from the Lattice:  
Applications to Phenomenology and Beyond” 
at HMI Dublin in 2018 

slightly more material in those notes  
(https://indico.cern.ch/event/690702/)

https://indico.cern.ch/event/690702/
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hadron spectroscopy — ‘rigorously’  3

we need to compute scattering amplitudes and see if they resonate

start with the simplest case: elastic scattering …

want to study excited hadrons as they really are — rapidly decaying resonances 

same dynamics that binds them also causes their decay

π

π

π

π

e.g.
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elastic partial-waves & unitarity  4

<latexit sha1_base64="MJTKvWUGlJrweRUxXUtAfhO8BAQ="></latexit>

π

π

π

π

elastic scattering amplitude 
can be expanded in partial-waves

partial-wave 
amplitude

conservation of probability 
a.k.a elastic unitarity 

<latexit sha1_base64="O4zJfOUJcDMg8pC6Ki13w3x4VCc="></latexit>

<latexit sha1_base64="McoK+yCO2WGNKf3tyF7jUTZwqBg="></latexit>

or

‘phase-space’

c.m. momentum

can parameterise elastic scattering  
in terms of a single real parameter

‘phase-shift’

resonances appear in  
a single partial-wave JP 0+ 1− 2+

ℓ 0 1 2 …
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the simplest case: ππ elastic scattering  5

π π

π

p N

π

p N
π
π

s

t

ππ partial-waves 
— project Pℓ(cos θ)

on-shell π exchange 
— extrapolate to t = mπ2

extract from charged pion beams on nucleon targets

i s o s p i n =0

Graye r  1 974

i s o s p i n =2

Cohen  1 972

i s o s p i n =1

Hyams  1 973

physical scattering 
has negative t
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the simplest case: ππ elastic scattering  6

i s o s p i n =0 i s o s p i n =2i s o s p i n =1

a first target: can a first-principles QCD calculation lead to this kind of behaviour ?

a next target: can we understand these behaviours in terms of resonances ?

an ultimate target: can we understand the quark-gluon make-up of these resonances ?
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lattice QCD  7

I’m going to assume you’re familiar with the basic idea: 

discretize the QCD action in Euclidean space-time 
integrate out the quark fields 
sample gauge field configurations according to a probability 

evaluate correlation functions on each configuration in the ensemble

i.e.

parameters: 
— lattice spacing (just assume fine here) 
— lattice volume (very important here!) 
— quark masses (might not take physical values)

<latexit sha1_base64="VLz22YqrLWrlwHxiwc3Cm3tdV00=">AAAB/XicdVDLSsNAFJ3UV62v+Ni5GSyCCwlJiUZ3BTcuK9gHNKFMppN26EwSZiZCDcVfceNCEbf+hzv/xklbRUUPDBzOuZd75oQpo1LZ9rtRWlhcWl4pr1bW1jc2t8ztnZZMMoFJEycsEZ0QScJoTJqKKkY6qSCIh4y0w9FF4bdviJA0ia/VOCUBR4OYRhQjpaWeuYegzxh0/GOfIzUUPI/4pGdWbcs7qZ27DrQt54t4p67nQMeyp6iCORo9883vJzjjJFaYISm7jp2qIEdCUczIpOJnkqQIj9CAdDWNEScyyKfpJ/BQK30YJUK/WMGp+n0jR1zKMQ/1ZBFR/vYK8S+vm6noLMhpnGaKxHh2KMoYVAksqoB9KghWbKwJwoLqrBAPkUBY6cIquoTPn8L/SatmObqZK7dad+d1lME+OABHwAEeqINL0ABNgMEtuAeP4Mm4Mx6MZ+NlNloy5ju74AeM1w8JZ5Tv</latexit>

<latexit sha1_base64="NJlKg1cCPLiPIg5+WLSOJomLgRI=">AAAB/XicdVDLSsNAFJ34rPUVHzs3g0VwISHRSLssuHHhooJ9QBPKZDpJh84kYWYi1FD8FTcuFHHrf7jzb5ykFVT0wMDhnHu5Z06QMiqVbX8YC4tLyyurlbXq+sbm1ra5s9uRSSYwaeOEJaIXIEkYjUlbUcVILxUE8YCRbjC+KPzuLRGSJvGNmqTE5yiKaUgxUloamPtX0Isi6HgnHkdqJHge8unArNmW03DPHBfallsvWEncc8eGjmWXqIE5WgPz3RsmOOMkVpghKfuOnSo/R0JRzMi06mWSpAiPUUT6msaIE+nnZfopPNLKEIaJ0C9WsFS/b+SISznhgZ4sIsrfXiH+5fUzFTb8nMZppkiMZ4fCjEGVwKIKOKSCYMUmmiAsqM4K8QgJhJUurKpL+Pop/J90Ti1Hd3Xt1pruvI4KOACH4Bg4oA6a4BK0QBtgcAcewBN4Nu6NR+PFeJ2NLhjznT3wA8bbJ84YlMk=</latexit>
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energy eigenstates of the QCD Hamiltonian ?  8

embedded within two-point correlation functions
<latexit sha1_base64="eycWobQLyrb97AVgi2CJTosYqXY="></latexit>

e.g. we expect the pion to be a QCD eigenstate with E = mπ (in the rest frame)

<latexit sha1_base64="eycWobQLyrb97AVgi2CJTosYqXY="></latexit>

compute

operator with pion quantum numbers

( color singlet, isospin=1, JP= 0− )

constructed from quark, gluon fields

<latexit sha1_base64="+SRgKvqeCecerOWw8sXAGW60p0M="></latexit> lowest energy eigenstate will be the pion

examine the time-dependence of the correlation function …
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computing the pion mass  9

<latexit sha1_base64="eycWobQLyrb97AVgi2CJTosYqXY="></latexit>

e.g. compute with

requires evaluation of averaged over gauge-field configurations

 0  5  10  15  20  25  30  35  40  45
 0.03

 0.04

 0.05

 0.06

 0  5  10  15  20  25  30  35  40

e f f e c t i v e  ma s s  p l o tc o r r e l a t i o n  f un c t i on

relatively straightforward to determine the ‘ground-state’ mass …

propagator

notice, not a  
‘pure’ pion until t ~ 20
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energy eigenstates of the QCD Hamiltonian ?  10

<latexit sha1_base64="+SRgKvqeCecerOWw8sXAGW60p0M="></latexit>

what about ‘excited’ eigenstates ?

they’re present in the sum:

but why did we assume a discrete spectrum of states ?

for scattering, the spectrum should be continuous !

in fact the assumption of a discrete spectrum is correct …
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scattering  11

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

solve the Schrödinger equation

R−R
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scattering  12

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

E

bound 
states

scattering 
continuum

solve the Schrödinger equation

R−R
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scattering  13

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

E

bound 
states

scattering 
continuum

solve the Schrödinger equation

R

continuous 
momentum

−R
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scattering  14

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z  
interacting through a finite-range potential V(z)

V(z)

z

E

bound 
states

scattering 
continuum

solve the Schrödinger equation

R

phase-shift

E

resonance

−R

E
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scattering  15

phase-shift

E

δ(E)

E

δ(E)

E

δ(E)

‘weak’ attraction ‘weak’ repulsion resonance

90°

generally, consider 
S-matrix

elastic scattering
e.g.
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‘scattering’ in a finite-volume  16

now put the system in a ‘box’ — periodic boundary condition at z = ±L/2

V(z)

z

E

L/2−L/2

momentum quantization condition

discrete 
spectrum
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3+1 dim quantum field theory result  17

for elastic scattering in a cube the corresponding relationship is in the simplest case of  
a single partial wave 
being non-zeroLü s che r  1 986

…

known function expressing the 
‘kinematics’ of the finite-volume
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 0  0.5 1.0  1.5  2.52.0 3.0  3.5 4.0  4.5

e.g.

many subsequent works 
see the RMP for a complete list

will present some  
complications later …

so find the intersections of this curve with 
<latexit sha1_base64="EatgrVVpaYcIoWYpumonnHgAZ08=">AAAB9XicbZDLSgMxFIYz9VbrrerSTbAIdVNmRNBlUQSXFewFOmPJZNI2NJMMyRmlDH0PNy4Uceu7uPNtTNtZaOsPgY//nMM5+cNEcAOu++0UVlbX1jeKm6Wt7Z3dvfL+QcuoVFPWpEoo3QmJYYJL1gQOgnUSzUgcCtYOR9fTevuRacOVvIdxwoKYDCTvc0rAWg8+VYD9iAkg1ZvTXrni1tyZ8DJ4OVRQrkav/OVHiqYxk0AFMabruQkEGdHAqWCTkp8alhA6IgPWtShJzEyQza6e4BPrRLivtH0S8Mz9PZGR2JhxHNrOmMDQLNam5n+1bgr9yyDjMkmBSTpf1E8FBoWnEeCIa0ZBjC0Qqrm9FdMh0YSCDapkQ/AWv7wMrbOaZ/nuvFK/yuMooiN0jKrIQxeojm5RAzURRRo9o1f05jw5L8678zFvLTj5zCH6I+fzB2JlkcQ=</latexit>
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no interaction  18
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no interaction — in a moving frame  19
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weak attraction  20
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weak repulsion  21
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an elastic resonance  22
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elastic resonance  23
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an elastic resonance — finite-volume mapping  24
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an elastic resonance — finite-volume mapping  25
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provides much more information
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job of lattice QCD: determine the discrete spectrum  26

we need to reliably determine excited state spectra in multiple volumes / in moving frames

spectrum information is in two-point correlation functions 
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two-point correlation functions & the excited spectrum  27

conceptually straightforward, consider a single correlation function

provided the ‘overlaps’ are non-zero, every state in the spectrum contributes

in practice fitting to a sum of exponentials is unreliable:

— overlaps for some states might be very small (operator dependent) 
— don’t know how many states required in the sum 
— (nearly) degenerate states can’t be distinguished by t-dependence alone 
— limited number of timeslices & statistical noise

a more powerful approach makes use of a basis of operators & linear algebra …

fit to a sum of exponentials ?
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‘variational’ approach  28

try to build an ‘optimum’ operator for state n as a linear superposition in some basis of operators

with the εm as small as possible

corresponding correlation function would be

and we want to minimize this, by varying the vi

need to avoid the trivial minimum vi = 0 ⇒ constrain normalization

e.g. N = 1
implement constraint via a Lagrange multiplier

⇒ minimize

which leads to a generalized eigenvalue problem for v

nth eigenvalue
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job of lattice QCD: determine the discrete spectrum  29

we need to reliably determine excited state spectra in multiple volumes / in moving frames

spectrum information is in two-point correlation functions 

but what operators     should we consider ? must be constructed  
out of quark/gluon fields

easiest constructions with meson quantum numbers — fermion bilinears well motivated by  
success of quark model 

‘looks’ like a qq system
_

Wick 
contractions

‘annihilation’ 
required for isospin=0

quark propagation from t to t 
⇒ matrix inversions on many t 
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job of lattice QCD: determine the discrete spectrum  30

easiest constructions with meson quantum numbers — fermion bilinears

but can also construct operators with more quark fields

e.g. ‘local’ tetraquark operators

e.g. ‘meson-meson’-like operators

schematic 
Wick 
contractions

‘annihilation’  
generally 
required

and can clearly include still more quark fields ad infinitum …

… is there some organizing principle  
which suggests what operator basis we should use ?
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the non-interacting spectrum as an operator basis guide  31
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e.g. narrow resonance (in rest frame)

suppose we want to determine all states up to 1500 MeV on a 3 fm lattice

we might try an operator basis featuring ‘meson-meson’-like operators 
with back-to-back momentum up to [111]

plus a set of ψΓψ operators 
_

‘look like’ the expected 
meson-meson basis states

‘look like’ a 
qq-like basis state

_
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isospin=1 T1− irrep spectrum  32

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

variational analysis of 30×30 correlation matrix: 3×ππ, 26×ψΓψ, 1×KK
__

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )
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ππ I=1 JP=1− scattering  33
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… and in moving frames …  34
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… giving a phase-shift  35
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some technical stuff — rotational symmetry  36

a finite cubic lattice has a smaller rotational symmetry group than an infinite continuum

back in 3D — irreducible representations of the reduced symmetry group contain multiple spins

for non-zero momentum it’s even worse  
— in continuum have little group, those rotations which don’t change p

simpler example of the problem: a rotationally symmetric two-dim system

now considered on a square grid — minimum rotation is by π/2

m and m+4n transform the same !

cubic 
symmetry

subduction 

PRD 8 5  0 1 4 5 0 7  ( 2 0 1 2 )

⇒ label by helicity

can subduce helicity states into irreps of the reduced cubic symmetry
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some technical stuff — rotational symmetry  37

reduction of rotational symmetry is an important feature of the quantization condition too

for elastic scattering, what we previously presented as 

should actually be 

which when subduced becomes

features all ℓ subduced into irrep Λ

what allows us to make progress is that at energies not too far from threshold

so higher angular momenta are naturally suppressed

in practice, truncate at some ℓmax …

n = embedding of ℓ into Λ 
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some technical stuff — ‘meson-meson’-like operators  38

what actually goes into a ‘ππ’-like operator ?

one option for construction is to use  
products of single-meson operators in lattice irreps
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ππ isospin=2 — mπ~391 MeV  39
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ππ isospin=1 — mπ~236 MeV, mπ~391 MeV  40
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you saw this earlier …

and a similar calculation  
at a heavier pion mass
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ππ isospin=1 — mπ~236 MeV, mπ~391 MeV  41
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ππ isospin=0  42
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ππ isospin=0  43
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coupled-channel scattering  45

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements

e.g. in coupled ππ, KK scattering 
_

more convenient to work with t-matrix typically in partial-waves

in time-reversal invariant theories, t is symmetric ⇒                  complex numbers at each energy?

conservation of probability, a.k.a. unitarity is an important constraint 

completeness of 
outgoing states

sum over channels 
kinematically open

or

⇒                  real numbers at each energy
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two-channel scattering  46

elastic form regained if η→1

a common parameterization uses two phase-shifts, δ1, δ2, and an inelastiticity, η  

channel coupling given by η≠1
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ππ, KK, ηη S-wave scattering  47

_

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

ππ KK
_

ηη
ππ
KK

_

ηη

experimentally  
quite difficult to fill out 
the whole matrix

normalization of ππ→KK 
also slightly uncertain …

_

isolating kaon exchange hard 
& η beams don’t exist
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coupled-channel scattering — a simple resonance model  48

Flatté form — coupled-channel generalisation of Breit-Wigner mπ = 300 MeV 
mK = 500 MeV
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coupled-channel scattering in a finite-volume  49

the quantization condition generalizes to 

diagonal in angular momentum space 
— ℓ good q.n. in infinite-volume

dense in channel space 
— infinite-volume dynamics mixes channels

e.g. in A1+ irrep (ℓ = 0, 4 …)

diagonal in channel space 
— no dynamics

dense in angular momentum 
— cubic symmetry lives here
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coupled-channel scattering in a finite-volume  50

the quantization condition generalizes to 

can also be expressed as

which exposes the role of unitarity

the quantization condition is a single real condition:

the zeroes E=En(L) of the function

correspond to the spectrum in an L×L×L volume
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zeroes of the determinant  51
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e.g. previously presented two-channel Flatté form — [000] A1+ irrep in L=2.4 fm box
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finite-volume spectrum  53
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finite-volume approach  54
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finite-volume approach  55
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but in a lattice QCD calculation 
we have the inverse problem … ?
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finite-volume approach  56

position of each energy level depends upon all elements of the t-matrix

at E = En(L)  
is one equation in three unknowns …
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parameterizing the t-matrix  57

a solution is to propose that different energies are not unrelated — parameterize

then can use many energy levels to constrain the parameters by minimising a 

energy levels solving

for 

inverse 
data 
covariance
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parameterizing the t-matrix  58

a solution is to propose that different energies are not unrelated — parameterize

need to ensure multi-channel unitarity

— K-matrix approach 

with

simplest choice has 

a more sophisticated approach =  
“Chew-Mandelstam” phase-space

K(E) should be a real symmetric matrix for reasons you’ll see later,  
better to parameterize in terms of s = E2

e.g. gives the Flatté form
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ππ, KK, ηη S-wave scattering  59

_

ππ
KK

_

ηη

ππ→ππ

ππ→KK
_

ππ→ηη

explore this non-trivial system … 
… at a higher quark mass …
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ππ, KK, ηη scattering with mπ~391 MeV  60

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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ππ, KK, ηη scattering with mπ~391 MeV  61

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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what t-matrix gives these spectra ?
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ππ, KK, ηη scattering with mπ~391 MeV  62

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

not obvious what amplitude parameterization likely to describe the spectra well — try many …
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e.g.

{ a … h }  are free parameters
be s t  f i t  t o  l a t t i c e  s pec t r a

<latexit sha1_base64="ELj4c9TIn145VclqHcSfEnYvPV0="></latexit>

with Chew-Mandelstam phase-space
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e.g.

{ a … h }  are free parameters
S -wave  amp l i t ude s
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e.g.

{ a … h }  are free parameters
S -wave  S -ma t r i x  d i a gona l s
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e.g.

{ a … h }  are free parameters
ππ→ππ  A r ga n d  d i a g r a m

-0.5 0.5

0.5
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not obvious what amplitude parameterization likely to describe the spectra well — try many …
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va r i a t i o n  w i t h  pa r a me t e r i z a t i o n

K-1 as matrix of polynomials, 
K as matrix of polynomials, 
K as pole plus matrix of polynomials, 
simple versus Chew-Mandelstam phase-space …

keep choices that can describe 
spectra with good 
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_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )
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s c a t t e r i n g  a mp l i t u de  ‘ p r e d i c t i o n ’

… but what do we do with this ?  
… is this strange energy dependence due to resonances ?

ππ→ππ

ππ→KK
_

ππ→ηη

‘ a na l o gou s ’  e xpe r imen ta l  d a t a
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also computed spectra for irreps with lowest subduced spin J=2

no operators  
looking like  
these included

WARNING:
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? a couple of avoided level crossings ?
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e.g. parameterize coupled D-wave t-matrix with 
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be s t  f i t  t o  l a t t i c e  s pec t r a

and the simple phase-space
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e.g. parameterize coupled D-wave t-matrix with 

D -wave  amp l i t ude s

and the simple phase-space
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… and varying the particular choice of parameterization …

D -wave  amp l i t ude s
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D -wave  amp l i t ude s
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 0.4
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‘looks like’ two resonances 
— lighter one has larger width, big coupling to ππ 
— heavier one has smaller width, big coupling to KK

_

… there must be a more rigorous way to know the resonance content ?



Jozef Dudek

hadron spectrum collaboration
hadspec.org

rigorous resonance determination ?
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scattering amplitudes are measured for real energies above threshold

ππ→ππ

ππ→KK
_

ππ→ηη

E

and we’ve seen that lattice calculations  
can lead to something similar 
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does it make sense to consider how the amplitude behaves ‘elsewhere’ 
— below threshold ? 
— for complex values of E ?

Re[E]

Im[E]

complex variable theory tells us that  
singularities (poles, cuts) 
‘control’ the behaviour of functions 

— what singularities can our amplitudes have ?

?

?
?
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unitarity gives us one guaranteed singularity — a branch cut starting at threshold

Re[s]

Im[s]

e.g. elastic partial-wave case:

square root branch cut

function is discontinuous  
across the real axis

has an immediate consequence  
— the complex plane must be multi-sheeted

4m2
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Riemann sheet structure  78

Re[s]

Im[s]

4m2 ‘physical’ sheet

‘unphysical’ sheet

upper 
half-plane

lower 
half-plane

sheets can be characterised by the sign of Im[k]

physical sheet = sheet I  = Im[k] > 0

unphysical sheet = sheet II = Im[k] < 0
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scattering amplitudes can have pole singularities only in certain locations

real energy axis, below threshold on physical sheet Re[s]

Im[s]

4m2

corresponds to a stable bound-state

off the real axis, on the unphysical sheet Re[s]

Im[s]

4m2

(in complex conjugate pairs)

corresponds to a resonance

real energy axis, below threshold on unphysical sheet Re[s]

Im[s]

4m2

corresponds to a virtual bound-state
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scattering amplitudes can have pole singularities only in certain locations

not allowed: poles off the real axis 
   on the physical sheet Re[s]

Im[s]

4m2

would violate causality
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a bound-state pole  81

famous example is the  
deuteron at NN threshold

Re[s]

Im[s]

will strongly enhance scattering at threshold
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600 800 1000 1200 1400

50
25

100

150

E

Re[E]Im[E]

an isolated pole on the unphysical sheet will produce a bump on the real axis

— the classic resonance signature

close to the pole

600 800 1000 1200 1400

90

0

180
δ
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no nearby poles

ππ  i s o s p i n=2

-30

-25

-20

-15

-10

-5

 0
 0.1  0.2  0.3  0.4

weak and repulsive interaction

PRD 8 6  0 3 4 0 3 1  ( 2 0 1 2 )  

mπ~391 MeV
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ππ  i s o s p i n=1
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a single isolated pole

a narrow resonance

pole position independent 
of parameterization details
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ππ  i s o s p i n=1
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mπ ~ 524 MeV
mπ ~ 391 MeV

mπ ~ 236 MeV

mπ ~ 702 MeV

mρ
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evolution with changing quark mass
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mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0
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mπ~236 MeV — a resonance pole
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coupled-channels  87

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels (ππ, KK)
_
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coupled-channels  88

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet II sheet III

sheet I

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −
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coupled-channels  89

Re[s]

Im[s]

for each new channel, each sheet splits in two ⇒ 2N sheets for N channels

e.g. two channels

sheet IV sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

sheet I
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Re[s]

Im[s]

sheet I

Im[ kππ ] Im[ kKK ]

+ +
sheet II − +
sheet III − −
sheet IV + −

Im[ kKK ]

Re[ kKK ]

sheet I 
upper half-plane

sheet II 
lower half-plane

sheet III 
lower half-plane

sheet IV 
upper half-plane
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pole position can be interpreted as mass and width
<latexit sha1_base64="e8/YyTjO6mjammJTMaQxF3eyb8M="></latexit>
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pole residue factorizes into a product of resonance couplings 
to the various decay channels
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as we’ve seen a single resonance can be responsible 
for poles on more than one sheet  

— often only one is close enough to physical scattering to have a large effect

near the complex pole, s0
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_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

S -wave  amp l i t ude s
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S -wave  amp l i t ude s
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S -wave  amp l i t ude s

 0.2

 0.4

 0.6

 0.8

 0.14  0.16  0.18 0.20  0.22  0.24

 0.2

 0.14  0.16  0.18 0.20  0.22  0.24

po l e  s i n gu l a r i t i e s

-0.08

-0.06

-0.04

-0.02

 0.02

 0.04

 0.06

 0.08

-0.08 -0.06 -0.04 -0.02  0.02  0.04  0.06  0.08

III

IV III
with Chew-Mandelstam phase-space

-0.06

-0.04

-0.02

 0

 0.02

 0.04

 0.06

 0.12  0.14  0.16  0.18 0.20  0.22  0.24



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

ππ, KK, ηη scattering with mπ~391 MeV  98

_
PRD  9 7  0 5 4 5 1 3  ( 2 0 1 8 )

S -wave  amp l i t ude s po l e  s i n gu l a r i t i e s
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S -wave  amp l i t ude s  &  po l e s

summary, including spread over parameterizations in pole uncertainty
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singularity structure from lattice calculations — elastic  100

mπ~391 MeV — a bound-state pole

ππ  i s o s p i n=0
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πη, KK scattering with mπ~391 MeV  101

_
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πη, KK scattering with mπ~391 MeV  102
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πη, KK scattering with mπ~391 MeV  103

_
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πη, KK scattering with mπ~391 MeV  104
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f0, a0 similarities ?  105
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masses similar widths a little different

but channel couplings quite similar ?
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main difference is the larger phase-space for ππ compared to πη

can explore the effect using the simple Flatté amplitude

Flatté denominator

has zeros at
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ππ, KK, ηη scattering with mπ~391 MeV  106

_
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D -wave  amp l i t ude s
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ππ, KK, ηη scattering with mπ~391 MeV  107

_
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couplings at the poles  108
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ππ, KK, ηη scattering with mπ~391 MeV  109

_
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πω scattering  110

except at very low quark masses, the ω is a stable meson

the non-zero spin of the ω introduces new features, e.g.
<latexit sha1_base64="FAQEwdZImWY+todYd7V6nCuBMYc="></latexit>
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in two partial-waves

expect a b1 resonance

in the quark model it’s the ud(1P1) state
_
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πω scattering  111

at mπ~391 MeV, the ω is a stable meson
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πω/πφ scattering  112
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nothing in πφ  
— no low-lying “Zs”
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where are the limitations ?  113

three-body and higher channels…

πη

KK
_

πππ
? ? ?

all the complications 
of infinite-volume  
three-body (+ more?)

E

finite-volume formalism(s) for three-body  
under development, first applications appearing



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

physical pion masses = low-lying multipion channels  114

πη

KK
_

πππ

E

πη

KK
_

πππ

E

πη

KK
_

πππ

E
mπ ~ 391 MeV mπ < 391 MeV mπ → phys
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hadron spectrum collaboration  115

hadron spectrum collaboration
hadspec.org
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meson spectroscopy theory | 3 May 2019 | PANDA/GlueX, GWU

Dπ, Dη, DsK scattering  118
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_

manifests as a bound-state at threshold
<latexit sha1_base64="3aMIHYbd3aKjdoQxat+Z3yFMF9U="></latexit>

c.f. Ds(2317)
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Luescher finite-volume functions  119

“spinless” Luescher functionsto respect the lattice symmetries,  
need to subduce into irreducible representations
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operator basis  120

operator basis:     ‘single-meson’                +     ‘meson-meson’

[ 0 00 ]  A 1+  2 4 3

op e r a t o r  b a s i s
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at mπ = 0.069 
at mK = 0.097 
at mη = 0.104
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sampling the whole 
lattice volume

prefer to use  
optimized single-meson operators …



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

 121

0.10

0.12

0.14

0.16

0.18

0.20

0.22

 16  20  24



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

I=0 ππ Wick contraction contributions  122
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πη/KK extras — Jost  123
_
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f2 resonances — decay couplings & OZI  124
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couplings from pole residue

zero in ‘OZI’ limit  
— requires ss annihilation

_

OZI ‘allowed’

OZI ‘forbidden’
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an elastic resonance — the ρ in ππ — lattice QCD  125

480

600

720

840

960

3.6 fm

[ 0 0 0 ] [ 1 00 ] [ 1 10 ] [ 1 11 ] [ 2 00 ]

 0

 30

 60

 90

 120

 150

 180

0.08 0.10 0.12 0.14 0.16

s c a t t e r i n g  ph a se - s h i f t

mπ ~ 236 MeVPRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )

& other irreps

800

900

1000

1100

1.9 fm
2.4 fm
2.9 fm

[ 0 0 0 ] [ 1 00 ] [ 1 10 ] [ 1 11 ] [ 2 00 ]

& other irreps

PRD 8 7  0 3 4 5 0 5  ( 2 0 1 3 ) mπ ~ 391 MeV

600 720 840 960480

s c a t t e r i n g  ph a se - s h i f t

 0

 30

 60

 90

 120

 150

 180

 0.14  0.15  0.16  0.17  0.18  0.19800 850 900 950 1000 1050

E / MeV

E / MeV

E / MeV

E / MeV4.3mπL



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

an elastic resonance — the ρ in ππ — lattice QCD  126
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Weinberg compositeness criterion — σ at mπ~391 MeV  127
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with corrections whose size is set by  
the range of the interaction

Z=1 compact state 
Z=0 a ππ molecule

relates scattering length, effective range  
to compositeness measure, Z
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σ→ππ coupling from the pole residue  128
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resonance becomes a virtual bound state 
near mπ~350 MeV … 

… then a bound state near mπ~420 MeV

“the exact mπ value when  
this happens is not very reliable” 

PRD 8 1  0 5 4 0 3 5  ( 2 0 1 0 )

J.R. Pelaez …
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coupling resonances to currents  130

0
0

0

0.08

2.5

0.16

0.24

0.2 0.4 0.6 0.8

0 0.2 0.4 0.6 0.8

−2.5

2.0 2.1 2.32.2 2.4 2.5

2.0 2.1 2.32.2 2.4 2.5

2.0

0

0
50
100

4.0

6.0

534 pt

4 pt

0.7 0.8 0.9 1.0 1.1
0

5

10

15

π

π
γ*

γ*

π

π

π
<latexit sha1_base64="bAyOHKTOI6C2O67ktXIscwaccMU=">AAACBXicbVDLSsNAFJ3UV62vqEtdDBahgpSkFHRZEcFlC/YBTQyT6aQdOpmEmYlQQjZu/BU3LhRx6z+482+ctF1o62EGDufcy733+DGjUlnWt1FYWV1b3yhulra2d3b3zP2DjowSgUkbRywSPR9JwignbUUVI71YEBT6jHT98XXudx+IkDTid2oSEzdEQ04DipHSkmceOyFSI4xYepVVbrzUial+2Tls3dfOPLNsVa0p4DKx56QM5mh65pcziHASEq4wQ1L2bStWboqEopiRrOQkksQIj9GQ9DXlKCTSTadXZPBUKwMYREJ/ruBU/d2RolDKSejrynxnuejl4n9eP1HBpZtSHieKcDwbFCQMqgjmkcABFQQrNtEEYUH1rhCPkEBY6eBKOgR78eRl0qlVbatqt+rlRn0eRxEcgRNQATa4AA1wC5qgDTB4BM/gFbwZT8aL8W58zEoLxrznEPyB8fkDMgeXqA==</latexit>

<latexit sha1_base64="s3HOf57taoueriEEm/e9Q0sP5Dc=">AAAB+nicbVDLSgMxFL1TX7W+prp0EyxC3ZQZKeiyIIrLCvYB7TBk0kwbmskMSUYpYz/FjQtF3Pol7vwb03YW2npIuIdz7iU3J0g4U9pxvq3C2vrG5lZxu7Szu7d/YJcP2ypOJaEtEvNYdgOsKGeCtjTTnHYTSXEUcNoJxlczv/NApWKxuNeThHoRHgoWMoK1kXy7fOP3E1a99jNTzJme+XbFqTlzoFXi5qQCOZq+/dUfxCSNqNCEY6V6rpNoL8NSM8LptNRPFU0wGeMh7RkqcESVl81Xn6JTowxQGEtzhUZz9fdEhiOlJlFgOiOsR2rZm4n/eb1Uh5dexkSSairI4qEw5UjHaJYDGjBJieYTQzCRzOyKyAhLTLRJq2RCcJe/vEra5zXXqbl39UqjnsdRhGM4gSq4cAENuIUmtIDAIzzDK7xZT9aL9W59LFoLVj5zBH9gff4AhqyTeA==</latexit>

Feng et al | u,d,s | mπ~290 MeV

PRD 9 7  0 5 4 5 1 3  ( 2 0 1 8 )

γ *  →  ππ

2.5 3.0 3.5 4.0

Eππ / GeV

Eππ / mπ

Bulava et al | u,d,s | mπ~280 MeV

con f .  p r o c .  LAT  ‘ 1 5

γ *π  →  ππ

Briceno et al | u,d,s | mπ~391 MeV
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meson spectrum ‘ignoring’ decays  131
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‘ignoring’ here is not a controlled approximation

PRD  8 8  0 9 4 5 0 5  ( 2 0 1 3 )
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charmonium  132

JHEP 1207 126 (2012)

• two ‘super’-multiplets of hybrid mesons
this work lead by our 
Dublin collaborators
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‘qualitative’ picture of the charmonium spectrum  133JH EP  1 6 1 2  0 8 9  ( 2 0 1 6 )
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a ‘minimal’ model of hybrid mesons  134PRD  8 4  0 7 4 0 2 3  ( 2 0 1 1 )
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a ‘minimal’ model of hybrid mesons  135

hybrid meson model

‘chromo-magnetic’ excitation 

different to the flux-tube model (now disfavored)

PRD  8 4  0 7 4 0 2 3  ( 2 0 1 1 )

 🧨  we now know the lowest hybrid meson content of QCD 
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chromo-magnetic gluonic excitation  136

• lightest set of hybrid mesons appear to contain a 1+− gluonic excitation

quarks in  
an S-wave

quarks in  
a P-wave

1000

1500

CHARMONIUM HYBRIDS

- 1+− in a Coulomb-gauge approach

- bag model also has 1+− lowest in energy

• some models have similar systematics



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

excited baryons  137

PRD84 074508 (2011)
PRD85 054016 (2012)

• a ‘super’-multiplet of hybrid baryons

spectrum from large basis of baryon operators 
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chromo-magnetic excitation  138

• subtract the ‘quark mass’ contribution

0.5
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1.5

2.0
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1.0

1.5

2.0

SU(3)F point
common energy scale of 
chromomagnetic gluonic excitation

lowest gluonic excitation in QCD now determined ?
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1−− operator overlaps  139

• consider the relative size of operator overlaps
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operator overlaps — πη/KK  140
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‘annihilation’ contributions  141

-100

 0

 100

 200

 300

 0  5  10  15  20  25  30

-1
 0
 1

<latexit sha1_base64="ViY0+pIMAkuHWNPfTKiVUqhvwz0="></latexit>

 0

 20

 40

 60

 80

 100

 0  5  10  15  20  25  30

-1
 0
 1

<latexit sha1_base64="K59guEaAH04s1g4Sc8CLRjfl3k4="></latexit>

-2

 0

 2

 4

 6

 8

 10

 0  5  10  15  20  25  30

-1
 0
 1

<latexit sha1_base64="p6c8r5Cvnps3M7cQ0nxJaXh+Ojk="></latexit>

<latexit sha1_base64="xpoLoTG0pav+ElvVihTBbGyR3uA="></latexit>

<latexit sha1_base64="xpoLoTG0pav+ElvVihTBbGyR3uA="></latexit>

<latexit sha1_base64="ezAUFSky1DvWVxLUL+svPuPAob8="></latexit>

PRD  8 8  0 9 4 5 0 5  ( 2 0 1 3 )



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

πK elastic scattering at four light quark masses  142
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πK elastic scattering at four light quark masses  143
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πK elastic scattering at four light quark masses  144
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πK elastic scattering at four light quark masses  145
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spin-scattering — πρ isospin=2  146

rather heavy quarks here (mu=md=ms)

mπ~700 MeV, mρ~1020 MeV

JH EP  0 7  0 4 3  ( 2 0 1 8 )

this ρ is stable 
against decay

π

ρ ρ

π

ρ has J=1 

<latexit sha1_base64="DafN/TAz/YxPGWV5F+H5Q3kdmB4="></latexit>

coupled 3S1/3D1 scattering system

more partial wave possibilities  
from coupling ρ-spin to  
orbital angular momentum
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tetraquark operators  147

generic local diquark operator

generic local tetraquark operator

(+ C/G-parity symmetrisation …)

color reps.

spins JP = 0±, 1±

no assumptions made at this point about good/bad diquarks

( diquark construction just makes fermion antisymmetry manifest )

spins J ≤ 2

smeared quark fields, but otherwise local,  
certainly not sampling the whole lattice volume
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tetraquarks ?  148
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truly flavor-exotic hadrons  149

one recent observation in lattice QCD that has a good chance of being robust:

a double-bottom bound-state
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Leskovec et al (2018)

Junnarkar et al (2018)
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see Eichten & Quigg (2017) for heavy quark symmetry argument

and probably a strange partner
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see Kim Maltman’s parallel talk for more details
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binding energy with changing heavy quark mass  150
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just tetraquark operators,  
no meson-meson,  
so not reliable when close to threshold
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Francis et al (2018)
lighter than bottomheavier than bottom
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what happens for ccud ?  151
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decreasing  
heavy quark mass ?

?
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thr.

charm over here
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direct calculation of ccud  152
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no obvious sign of a narrow resonance …

JH EP  1 7 1 1  0 3 3  ( 2 0 1 7 )

mπ ~ 390 MeV,  
L ~ 2 fm
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direct calculation of ccud  153
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tetraquark operators  
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just tetraquark ops

JH EP  1 7 1 1  0 3 3  ( 2 0 1 7 )

mπ ~ 390 MeV,  
L ~ 2 fm

BE CAREFUL WITH SMALL OPERATOR BASES !

completely misleading spectrum
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producing meson resonances  154

B,D, 
J/ψ …

p
p
_

π,K

p N p N

γ

e−

e+e+

e−

π,K,p

p

heavy flavour decays
peripheral meson  
hadroproduction

peripheral meson  
photoproduction

e+e− annihilationtwo photon fusion central production

pp annihilation
_

e.g. LHCb

e.g. COMPASS e.g. GlueX

e.g. BES III

e.g. Belle e.g. WA102

e.g. Crystal Barrel

many decades of accumulated data …

some example processes:
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‘straightforward’ coupled-channel resonances  155
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‘straightforward’ coupled-channel resonances  156

same ‘bump’ appears in multiple different processes …

π

Pb Pb

π
π
π

π

η

π

p

K
K

p

pdg  s ummary  en t r y

… due to same a2 resonance
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the experimental excited meson spectrum  157

pdg  me son  l i s t i n g s

pdg . l b l . g o v
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hadron spectroscopy  158

the canonical view of the meson spectrum  
provided by the      constituent quark model

q

q
_

light mesons charmonium

gets the gross features of the spectrum right …

but treats excited hadrons as essentially stable
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hadron spectroscopy  159

is there more than this ?

the canonical view of the meson spectrum  
provided by the      constituent quark model

q

q
_

light mesons charmonium

gets the gross features of the spectrum right …

why doesn’t QCD have meson states where the gluonic field is ‘active’ ?

glueballs = states where quarks are not required

hybrids = states where quark colour neutralized by gluonic field

lattice QCD can be used to study such speculations rigorously … 

but treats excited hadrons as essentially stable
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what happens if we vary the operator basis ?  160

0.10

0.15

0.20

mπ = 0.039
mK = 0.083

L ~ 3.8 fm

exclude the 
KK operator

_ exclude all 
meson-meson

exclude 
all ψΓψ

_

PRD 9 2  0 9 4 5 0 2  ( 2 0 1 5 )
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what’s happening here ?  161

focus on the lowest two states
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an avoided level crossing
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what’s happening here ?  162
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think about this as a two-state problem

imagine we could turn off the coupling so  
a ‘bound-state’ and a ‘meson-meson’ state were eigenstates

with the coupling turned on, the eigenstates are admixtures

with operators that ‘look-like’             and               in the basis, the variational method separates       , 

GEVP eigenvectors will find the rotation 

and the principal correlators
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what’s happening here ?  163
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think about this as a two-state problem

imagine we could turn off the coupling so  
a ‘bound-state’ and a ‘meson-meson’ state were eigenstates

with the coupling turned on, the eigenstates are admixtures

now suppose we used only the      operators 

then and there’ll be two energies present …

… and they’re very hard to separate
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what’s happening here ?  164

it looks like this is what’s happening

exclude all 
meson-meson

fitting gives a crude average of E1, E2
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two-state admixture  165
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two-state admixture  166
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two-state admixture  167
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operator types ?  168

volume dependence !

‘meson-meson’-like

‘single-meson’-like

this explanation requires ‘single-meson’-like operators  
to have negligible overlap onto ‘meson-meson’ basis states …  

… why would that be ?

samples the whole volume of the lattice

samples a single point (translated)

interesting side note:  
tetraquark operators won’t work well for interpolating  
meson-meson components — wrong volume sampling

so: ‘looks-like’ = ‘has the same volume sampling as’
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how bad is it really to get the wrong energies ?  169

exclude all 
meson-meson
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energy dependence of the 
phase-shift makes no sense

but each energy within 
the width of the resonance … ?
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Chew-Mandelstam phase-space  170

• equal mass case

subtracting at 
threshold

• unequal mass case
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below closed thresholds  171

• multiple possible scattering channels (still just spin-0—spin-0)

- the quantisation condition is

e.g.

- must we include all possible channels ?

no, only channels which are kinematically open, or 
close to opening

e.g. two-channels, S-wave

well below  
threshold 2 elastic  

condition
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varying the bilinear operator basis  172

• varying the ψΓψ content of the operator basis

0.19

0.20

0.21

0.22

0.23

8 ops

17 ops

20 ops

13 ops

24 ops
_

3× ππ ops
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left-hand cuts  173

Re[s]

Im[s]

4m2

a very simple-minded toy model illustrating a left-hand cut:

suppose there is a t-channel  
stable meson exchange
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S-wave 
partial-wave 
projection
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log branch cut from 4m2−M2

left-hand cuts are effect of  
scattering in crossed-channels

right-hand cut is due to unitarity
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left-hand cuts  174

Re[s]

Im[s]

4m2

more generally unitarity in the t-channel  
ensures there will be a left-hand cut in partial-wave amplitudes 

left-hand cuts are effect of  
scattering in crossed-channels

right-hand cut is due to unitarity
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where left-hand cuts don’t matter  175

Re[s]

Im[s]

a narrow resonance (like the ρ)
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where left-hand cuts don’t matter  176

Re[s]

Im[s]

a narrow resonance (like the ρ)

far from the LH cut

very close to the pole
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where left-hand cuts matter (maybe ?)  177

Re[s]

Im[s]

broad resonance (like the σ)

pole and cut are equally close !
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big scatter — no left-hand cut constraint  178

ππ  i s o s p i n=0
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limited energy region about KK threshold  179
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Jost functions — controlling the pole content  180
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standard text size 20 pt
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template ⇔ scattering amplitudes  181
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f0(980) as a dip in elastic scattering  182

ππ→ππ

ππ→KK
_

ππ→ηη



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

f0(980) as a peak in “ss” production  183

1.0

  → J/ψ  π +π −0
s

_
B

b

s

c

c
_

s
s_

2.0 3.0

LHCb  2012

0.5 1.0 1.5

ππ

KK
_

J/ψ→φ (ππ , KK )

0.5 1.0 1.5

BES  I I  2 0 0 5

_

_

note the rapid turn-on  
of KK at threshold

_

_

not partial-wave  
projected

not partial-wave  
projected
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f0(980) as ?  184
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S—wave ππ production  185
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becoming significant, 
f0(980) dip less pronounced

σ no longer large, 
f0(980) starting to be a peak ?
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Breit-Wigner pole is on the unphysical sheet  186
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causality and analyticity  187
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causality and analyticity  188
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causality and analyticity  189
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poles in two-channel scattering  190
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poles in two-channel scattering  191
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poles in two-channel scattering  192
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poles in two-channel scattering  193
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path-integrals in quantum mechanics  194

e.g. a free particle moving between a  
 fixed initial position (xi,ti)  
 and a  
 fixed final position (xf,tf)

SPACE-TIME DIAGRAM
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path-integrals in quantum mechanics  195

th
e c

las
sic

al 
pa

th

= the path of  
   minimum action

e.g. a free particle moving between a  
 fixed initial position (xi,ti)  
 and a  
 fixed final position (xf,tf)

the action

SPACE-TIME DIAGRAM
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‘sum’ over  
all paths

path-integrals in quantum mechanics  196

e.g. a free particle moving between a  
 fixed initial position (xi,ti)  
 and a  
 fixed final position (xf,tf)

quantum  
mechanical 
amplitude

… the usual rules of  
quantum mechanics follow … 

SPACE-TIME DIAGRAM
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path-integrals in quantum field theory  197

consider a scalar field theory
REAL SCALAR FIELD LAGRANGIAN

‘sum’ over all 
field configurations

e.g. in one-dimension 

x

φ(x)

can define a path integral

with action
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path-integrals in quantum field theory  198

consider a scalar field theory
REAL SCALAR FIELD LAGRANGIAN

can define a path integral

with action

‘sum’ over all 
field configurations

and correspondingly correlation functions
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lattice quantum field theory  199

a concrete meaning for                      

comes from considering the fields on a space-time grid

do an integral over all 
values the field can take 
at each point on the grid

x

e.g. in one-dimension 

φ(x)
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lattice quantum field theory  200

a concrete meaning for                      

comes from considering the fields on a space-time grid

do an integral over all 
values the field can take 
at each point on the grid

e.g. in one-dimension 

x

φ(x)
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lattice quantum field theory  201

a concrete meaning for                      

comes from considering the fields on a space-time grid

do an integral over all 
values the field can take 
at each point on the grid

e.g. in one-dimension 

x

φ(x)
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lattice quantum field theory  202

a concrete meaning for                      

comes from considering the fields on a space-time grid

do an integral over all 
values the field can take 
at each point on the grid

e.g. in one-dimension 

x

φ(x)
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lattice quantum field theory  203

a concrete meaning for                      

comes from considering the fields on a space-time grid

SPACE-TIME GRID

do an integral over all 
values the field can take 
at each point on the grid
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euclidean quantum field theory  204

now make a transform to an imaginary time variable

then the argument of the exponential becomes

and the integrand transforms

EUCLIDEAN PATH INTEGRAL
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computational approach  205

EUCLIDEAN PATH INTEGRAL

probability for a field configuration

importance sampled Monte Carlo

generate field configurations (on the space-time grid) according to the 
probability above

obtain an ensemble of configurations



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

computing observables  206

an observable function of the field (e.g. a correlation function)

can now be estimated as an average over the ensemble

and the uncertainty due to the finite ensemble  
can be estimated via the variance on the mean

ENSEMBLE MEAN & ERROR
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two-point correlation functions  207

consider

and since time evolution 
in Euclidean time is

we have

now let’s assume the 
Hamiltonian has a complete 
set of discrete eigenstates

and thus
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what about QCD ?  208
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quantum chromodynamics  209

gauge theory with SU(3) ‘color’ symmetry

QCD LAGRANGIAN

gauge 
covariant 

derivative

field 
strength 

tensor

QCD FIELDS

quark 
field

Dirac spin index 
α = 1…4

color index 
i = 1…3

gluon 
field

traceless 
matrix in  
color space

Lorentz vector
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quantum chromodynamics  210

gauge theory with SU(3) ‘color’ symmetry

QCD LAGRANGIAN

gauge 
covariant 

derivative

field 
strength 

tensor

relativistic fermions

massless gluons

gluon self interactions

,

color vector current
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QCD on a lattice  211

the QCD action in Euclidean space-time reads

and we’d like to discretize this on a hypercubic grid

e.g.

derivatives can be constructed as finite differences

but what shall we do with the gluon fields … ?

quark fields take (spinor) values on the sites of the grid
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‘parallel transporters’ & gauge invariance  212

in the continuum theory - consider a quark-antiquark 
field pair separated by some distance

the combination                                   is not gauge-invariant
can perform different  
local gauge transformations 
at x and y

a gauge-invariant combination is 

‘Wilson line’  
transports the color
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gauge links  213

shortest path between 
neighboring sites = a ‘link’

SU(3) matrix on each 
link of the lattice

on the lattice - can only make hops  
to neighboring sites
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lattice QCD action  214

gauge invariant version of a finite difference:

… using constructions like these can build discretized actions …
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integrating out the quarks  215

it’s possible to perform exactly the fermion integration in the path integral

can treat this as the 
probability for configuration



meson resonances in lattice QCD | Oct 2019 | SFB School 2019

integrating out the quarks  216

what happens to correlation functions ?

correlation between  
a quark field at x of color i and spin α  
and  
a quark field at y of color j and spin β 

the probability distribution

will need to compute 
this on every configuration
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a simple meson correlation function  217

consider an actually useful correlation function

pseudoscalar  
quantum numbers

projected into  
zero momentum

linear system  
of the form Ax=b
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a simple meson correlation function  218

consider an actually useful correlation function

pseudoscalar  
quantum numbers

projected into  
zero momentum

linear system  
of the form Ax=b

in fact there are much better ways to 
compute hadron correlation functions 
… smearing the quark fields … 
… distillation … PRD80 054506 (2009)
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the approximations  219

of course we are making approximations in order to make this practical

a > 0 the lattice spacing plays multiple roles:

it’s a momentum/energy cutoff 

it appears as a scale when computing  
dimensionfull quantities

its size controls discretization errors

we calculate in a finite volumeL < ∞
provided                  the effects are manageable 

in fact we’ll use the finite volume as a tool
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the approximations  220

of course we are making approximations in order to make this practical

calculating                       

or                     takes a lot of computer power

and the amount increases dramatically as the quark mass reduces

in principal all these are controlled approximations  
that can be overcome

e.g. compute at multiple a values and extrapolate

most current calculations use  
heavier than physical quarks


