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rigorously determining resonances S (publened 16 Aprl 2018)

The vast majority of hadrons observed in nature are not stable under the strong interaction; rather
they are resonances whose existence is deduced from enhancements in the energy dependence of
scattering amplitudes. The study of hadron resonances offers a window into the workings of quantum
chromodynamics (QCD) in the low-energy nonperturbative region, and in addition many probes of

I gave S] m] l,a r lectu reS at a SC h OOl the limits of the electroweak sector of the standard model consider processes which feature hadron

¢ S tt o f t h L tt o resonances. From a theoretical standpoint, this is a challenging field: the same dynamics that binds
° . . . .

quarks and gluons into hadron resonances also controls their decay into lighter hadrons, so a complete

Ca. er:l ng rom e a lce ¢ ’ approach to QCD is required. Presently, lattice QCD is the only available tool that provides the

required nonperturbative evaluation of hadron observables. This article reviews progress in the study

Ap p ll Catl o n S to P h e n O m e n o logy a n d Beyo n d of few-hadron reactions in which resonances and bound states appear using lattice QCD techniques.

. . The leading approach is described that takes advantage of the periodic finite spatial volume used

at HMI Du b l] n ] n 201 8 in lattice QCD calculations to extract scattering amplitudes from the discrete spectrum of QCD

eigenstates in a box. An explanation is given of how from explicit lattice QCD calculations one can
rigorously garner information about a variety of resonance properties, including their masses, widths,
decay couplings, and form factors. The challenges which currently limit the field are discussed along

slightly more material in those notes with the steps being taken (0 esolve them.
(https://indico.cern.ch/event/690702/) DOL: 10.1103RevModPhys 90025001
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https://indico.cern.ch/event/690702/

hadron spectroscopy — ‘rigorously’ 3

want to study excited hadrons as they really are — rapidly decaying resonances

same dynamics that binds them also causes their decay

we need to compute scattering amplitudes and see if they resonate

start with the simplest case: elastic scattering ...

e.g
- (/\) .
Tt \/ Tt
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elastic partial-waves & unitarity

7\
n’ T[ . . .
elastic scattering amplitude B
o ( ) o can be expanded in partial-waves t(E,cos0) = %:(26 T D@'PE(COS )
4 partial-wave
;l_g . ]t(E,cos 9)‘2 amplitude
resonances appear in ¢ 0 1 2
a single partial-wave Jpoot 17 2
conservation of probability Im t,(E) = p(E)‘tg(E)‘Z or Im 1 — p(E)
a.k.a elastic unitarity te(E)
2k(F)

‘Phase-space’ p(FE) = —

c.m. momentum k(E) = 1/ E2 — 4m?

can parameterise elastic scattering t(E) = 1 ¢ (E) ginls,(E
in terms of a single real parameter p(E)

‘phase-shift’
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the simplest case: mrt elastic scattering 5

extract from charged pion beams on nucleon targets
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physical scattering
has negative t

it partial-waves
— project Pe(cos 0)
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the simplest case: mrt elastic scattering 6
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a first target: can a first-principles QCD calculation lead to this kind of behaviour ?

a next target: can we understand these behaviours in terms of resonances ?

an ultimate target: can we understand the quark-gluon make-up of these resonances ?
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lattice QCD

7/
I’m going to assume you’re familiar with the basic idea:
discretize the QCD action in Euclidean space-time i.e. Py Myy xt[U] Vst
integrate out the quark fields
sample gauge field configurations according to a probability det M[U]e™® U]
parameters:
— lattice spacing (just assume fine here) R
— lattice volume (very important here!) Ny
— quark masses (might not take physical values) ::
K A
\\ L]
L~
i:i: /;/ ]
NN LA 1V
h & /;/ajj‘(
;ﬁj T a < 1fm
L>1fm %

evaluate correlation functions on each configuration in the ensemble
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energy eigenstates of the QCD Hamiltonian ? 8

embedded within two-point correlation functions  C;;(t) = (0|O;(¢) O}(O)\O}

e.g. we expect the pion to be a QCD eigenstate with E = my (in the rest frame)

compute C;;(t) = (0|0, (¢ m\())

operator with pion quantum numbers
( color singlet, isospin=1, JP=0-)
constructed from quark, gluon fields

Oi (t) = th OZ(O) e_Ht

L= [m){n]

= >~ 24 (0]0,(0) ) (|0 (0)]0)

n lowest energy elgenstate will be the pion

examine the time-dependence of the correlation function ...
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computing the pion mass

:<0]Oi( \0) with  O(t Z e'P ﬂx,t75dx,t

e.g. compute Cj;(?)

averaged over gauge-field configurations

propagator Q=M1
L;x’f/ J\[x’f’ xt {U] Uxf

requires evaluation of  tr [Q(y%)xt v QL) 507 }

Q(“)
Q(d)
correlation function effective mass plot
. 5 —llo C(t+ ot)
=) ; 5t 2T C@) :
@) ; :
LT(JDQ) Ei 005t nn
EEEE . notice, not a
E5 = ‘pure’ pion until ¢ ~ 20
BRI LI T3 L1 RIS ITTRALIELE) pHrE o
mﬂ' oo4+ T EEmogoq IOOOOpgpmpOIOOODIO OIoomppom
. . . . . . . . 003r
0 5 10 15 20 25 30 35 40 45 4 0 5 10 15 20 25 30 35 40 ;
C(t) = Wye Fot 1 .
relatively straightforward to determine the ‘ground-state’ mass ...
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energy eigenstates of the QCD Hamiltonian ? 10

what about ‘excited’ eigenstates ?

they’re present in the sum: C;;( Ze £(0]0;(0)[n) (n]|O1(0)|0)

but why did we assume a discrete spectrum of states? 1= ) |n)(n

for scattering, the spectrum should be continuous !

in fact the assumption of a discrete spectrum is correct ...
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scattering 11

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z solve the Schrodinger equation
interacting through a finite-range potential V(z) 1 2
o T V(2)Y(z) = Ey(z)
V(z)
A
> 7
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scattering 12

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z solve the Schrodinger equation
interacting through a finite-range potential V(z) 1 2
3 + V(2)¥(z) = E¢(z)
V(z) E
A A
scattering
continuum
’Z ......................
bound
states
U(|z] > R) ~ cos (plz| +6(p))
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scattering 3

most easily illustrated considering one-dimensional quantum mechanics

imagine two identical bosons separated by a distance z solve the Schrodinger equation
interacting through a finite-range potential V(z) 1 2
3 + V(2)¥(z) = E¢(z)
V(z) E
A A
scattering
continuum
’Z ......................
bound
states
continuous
momentum
$(J2] > R) ~ cos ()] + d(p))
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scattering

14
most easily illustrated considering one-dimensional quantum mechanics
imagine two identical bosons separated by a distance z solve the Schrodinger equation
interacting through a finite-range potential V(z) 1 2
3 + V(2)¥(z) = E¢(z)
V(z) E E
A A A
scattering > resonance
continuum
’Z ...........................................
bound
states
U(J2] > R) ~ cos (p2| +[5(p))
phase-shift
A
i E
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scattering

15

0121 > R) ~ cos (pl2] +{(2])

phase-shift

e.g.
S(E) S(E)
A A

~

E > E
‘\

‘weak’ attraction ‘weak’ repulsion

resonance

generally, consider
S-matrix

‘in> =5 ‘out>

elastic scattering
S(E) . eQz’é(E)
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‘scattering’ in a finite-volume 16

now put the system in a ‘box’ — periodic boundary condition at z = +L/2

(L/2) o (—L/2) momentum quantization condition
(]z] > R) ~ cos (plz| +d(p)) om 2
dw(L/Q) dw( L/2) p=—n——0(p)
dz dz L L
V(z) E
4 4 discrete
: spectrum
>»7 e
L/2 L/2
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 J ff/?son Lab

Jefferson National Accelerator Facility



3+1 dim quantum field theory result

17

for elastic scattering in a cube the corresponding relationship is cot d,(F) = M,(E(L), L)

cot dy(F)

WILLIAM & MARY

M, (E(L)aL)‘

v

Luscher 1986

many subsequent works

see the RMP for a complete list

known function expressing the
‘kinematics’ of the finite-volume

e.g. My

20

15

10

5

0

-5

-10

-15

-20

in the simplest case of
a single partial wave
being non-zero

will present some
complications later ...

0.5 10 1.5 20 25

=== - - —of——— — - - - - =

45 2m

so find the intersections of this curve with cot (E)
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no interaction 18

scattering particles m = 300 MeV
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no interaction — in a moving frame cot 8 (E) = MP (E(L), L) 19
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weak attraction 20
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weak repulsion 21

E /MeV [000] AT
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§10[( ) S ————— _

1600
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an elastic resonance 22

000] Ay 110] A
E/MeV [ ] 1 [ O] 1 50
1600 - < 1600
1400 |- - 1400
1200 - 1200
1000 |- 1000
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2 2
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D(E) = ¢z k(E)
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elastic resonance 23
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an elastic resonance — finite-volume mapping 24

[000] AT [110] A4
1600 1600
1400 1400
1200 1200
1000 1000
800 800
600
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an elastic resonance — finite-volume mapping

25

1600
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1200
1000

800

(3100 S ———— N
] | [ | | | | | | | |

1600
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1000
800
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|
o O
QN <+

determining the moving-frame spectrum
provides much more information
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job of lattice QCD: determine the discrete spectrum 26

we need to reliably determine excited state spectra in multiple volumes / in moving frames

spectrum information is in two-point correlation functions  (0|O;(t) ©;(0)|0) = Z Z} 77 e bt
n
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two-point correlation functions & the excited spectrum 27

conceptually straightforward, consider a single correlation function

(0[0:(t) 0;(0)[0) = 3" 728 Z3* e Bt

provided the ‘overlaps’ Z!' = (0|O;(0)|n) are non-zero, every state in the spectrum contributes

fit to a sum of exponentials ?

in practice fitting to a sum of exponentials is unreliable:

— overlaps for some states might be very small (operator dependent)

— don’t know how many states required in the sum

— (nearly) degenerate states can’t be distinguished by t-dependence alone
— limited number of timeslices & statistical noise

a more powerful approach makes use of a basis of operators & linear algebra ...
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‘variational’ approach 28

try to build an ‘optimum’ operator for state n as a linear superposition in some basis of operators

Q=3 v 0 Q10) = [n) + > em|m) with the &m as small as possible

corresponding correlation function would be  (0](t) QT(0)[0) = e #"" + >~ |em[? e~ P!
m#n

and we want to minimize this, by varying the v;

(o) Q' )]0) =, v 0]0:(t) 0(0)[0) v; =} . v} Cis(t)v;

»J

need to avoid the trivial minimum v; = 0 = constrain normalization Z vy Cij(to)v; =N

e.g. N=1
implement constraint via a Lagrange multiplier

= minimize A = Zz ; U;k Cij (t) v; — )\{Zz ; U;;k C/I:j (to) Vj — 1}

which leads to a generalized eigenvalue problem for v
Ct)v=AC(ty) v

nth eigenvalue
Au(t) ~ emPrltmto)
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job of lattice QCD: determine the discrete spectrum 29

we need to reliably determine excited state spectra in multiple volumes / in moving frames
spectrum information is in two-point correlation functions  (0|O;(t) ©;(0)|0) = Zn Z} 77 e bt

must be constructed

Aear ?
but what operators O should we consider ¢ out of quark/gluon fields

well motivated by

easiest constructions with meson quantum numbers — fermion bilinears T success of quark model

‘looks’ like a gg system

Wick
contractions

‘annihilation’
required for isospin=0

quark propagation from t to t
= matrix inversions on many t
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job of lattice QCD: determine the discrete spectrum 30

easiest constructions with meson quantum numbers — fermion bilinears T

but can also construct operators with more quark fields

e.g. ‘local’ tetraquark operators 11«15

e.g. ‘meson-meson’-like operators Z P )y Tty Z 'Y by Ty,
b y

schematic ‘annihilation’
Wick C generally
contractions required

and can clearly include still more quark fields ad infinitum ...

... 15 there some organizing principle
which suggests what operator basis we should use ?
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the non-interacting spectrum as an operator basis guide 31

e.g. narrow resonance (in rest frame)

1600
1400
1200

1000
800 |- 001], [00-1]

002], [00-2]
111], [1-1-1]

011], [0-1-1]

] T == [000], (000
1.5 20 25 30 35 40

suppose we want to determine all states up to 1500 MeV on a 3 fm lattice

we might try an operator basis featuring ‘meson-meson’-like operators
with back-to-back momentum up to [111]

plus a set of wlry operators
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isospin=1 T4~ irrep spectrum 32

variational analysis of 30x30 correlation matrix: 3xmm, 26x@ly, 1xKK

.S . /
A1) T[1-1-1] ( )
0.20 - ---
K 0011 K [00-1]
o b §
[011] [_0-1_-1] F
0.15 - ( )
7T[001]7T[_00-_1]
0.10 l )
B PRD92 094502 (2015)
mT[= 0-039 L _ 3.8 fm
mg= 0.083
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it [=1 JP=1- scattering  m,=239Mev  ~ (4fm)3 PRD 92 094502 (2015)| 33
022}
0201 \
0.18}
0.16}
—— KK
0.14}
— T
0.12}
0.10} @t Fcm
008k .....,...... .
24 32 40 L/a.
180 [ = = = = = = m o m e
1 0(E) -
t(E) = @8 ( )SIH(S(E) 150 El(
120
2
S 90 -
60 |-
> =
30+
O 1 1 1 1 1
0.0 0.10 0.12 0.14 0.16
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... and in moving frames ... PRD92 094502 (2015) | 34

[OOO] T1_ [100] Aq [1 10] Aq [200] Aq
0.22 022\ 1 0.22 0.22 022F WO
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0.14 0.14 0.14 014\ = 014 _ KA
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.. giving a phase-shift PRD92 094502 (2015) | 35
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some technical stuff — rotational symmetry 36

a finite cubic lattice has a smaller rotational symmetry group than an infinite continuum
simpler example of the problem: a rotationally symmetric two-dim system (r,6) = R,,(r) e

now considered on a square grid — minimum rotation is by /2
m and m+4n transform the same !

back in 3D — irreducible representations of the reduced symmetry group contain multiple spins

cubic A(dim) | Ay(1) T1(3) T5(3) E(2)  Ax(1)
symmetry J|10,4... 1,3,4... 2,34... 24... 3...

subduction |A,p) = Zm 59,2%

J, m>

for non-zero momentum it’s even worse

— in continuum have little group, those rotations which don’t change p = label by helicity

can subduce helicity states into irreps of the reduced cubic symmetry

PRD85 014507 (2012)
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some technical stuff — rotational symmetry 37

reduction of rotational symmetry is an important feature of the quantization condition too

for elastic scattering, what we previously presented as cot §¢(E) = M,(E(L), L)

should actually be 0 = det [cot 8¢ 0.0/ Onom? — /\/lem;g,m,}

which when subduced becomes 0 = det [cot 8¢ 60,00 Oppmr — M. o }

features all € subduced into irrep A

what allows us to make progress is that §,(E) ~ k"1 at energies not too far from threshold

so higher angular momenta are naturally suppressed

in practice, truncate at some €max...
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some technical stuff — ‘meson-meson’-like operators 38

what actually goes into a ‘nirt’-like operator ?

one option for construction is to use

products of single-meson operators in lattice irreps

then each single-meson operator
can be the variationally optimized
one for that p, A

WILLIAM & MARY

effective mass

meson resonances in lattice QCD | Oct 2019 | SFB School 2019

Z Cri@naz—a (P1,P2) |T(P1; A1) (p2; A2)
f)laf)Q v
p1+p2=P

‘lattice’
Clebsch-Gordan
coefficients

[000] A1+ diagonal correlators

; === three basis operators
' = optimized operator

R 3
o= X ¥ x 3 3y x X E 3 z ;Ifififijl%fiﬂﬂgﬁﬂﬂigﬁiﬁ
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it isospin=2 — mq~391 MeV PRD86 034031 (2012) | 39

a;F.. [000] A (100] A, [110] A, [111] A,

ANV

basis of mrt operators only

AN \WEA\Y
AN \ N
\

VYOV W
AW WA AR\
AV OV W
AN WY
VYW
A WA
AN WY
(WY
NN

1\ A\N
AR A\
N\ \

A\

AR Y
ANNY

AN
AN
AN

0.40

0.35

0.30

""" . e -\ A
0.25

& spectra in irreps with lowest ¢=2

K\&@ &Kl (not shown here)

0.20

015F &

[ m] Ik

16 20 24 16 20 24

o° T T T T I
. (a)
10 —
20°+ 2 —
30+ .
N Oo T |l T T(bl) f |
[2e]
. . -5° —
effective range expansion —————+
O’ (c) u
_ 1 1 2 o e
kcotog = =+ 5rok”+ ... “ L d —IXi—d
ol T l—
‘o 1 Npooe (d)
k cot og — 1k i1
04 08 1.2
T T Mass (GeV)
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it isospin=1 — my~236 MeV, mr~391 MeV 40

you saw this earlier ...

180 = = = = = = = m
- PRD92 094502 (2015
P = [000] ’ ( ) B HJL g
IS0F B = oo %@
P = [110] &
120 P =[111] m”
5 P = [200] o
~—
S 90 + =)
60| o
e
30}
<3|
EHi
0 ] n] FH ] b ] ] ]
0.0 0.10 0.12 0.14 0.16 a;Eem
and a similar calculation 180
at a heavier pion mass =T T
150 - L
i
120 P
o '_%é_' L/as [07070]
E 90 |- o 16 [0,0,1]
okl o 20 [0,1,1]
60 | @* A 94 1,1,1]
. [0,0,2]
30+ R
- PRD90 099902 (2014)
O I'_(w_| T T T T T
0.14 0.15 0.16 0.17 0.18 0.19
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it isospin=1 — my~236 MeV, mr~391 MeV 41

you saw this earlier ...

180 - = = = = = = = m o m e e
P = [000] .
IS0 B — (100 B
P = [110]
120
O
~—
s 90 =i
60 - -
&t
30 - Man
0 6 . ; B I‘O l 1.2 ‘ llL l I.G Glo ll8
O ] n] ] ] ] ]
0.0 0.10 0.12 0.14 0.16 o, F._ Hyams 1973
and a similar calculation 8 o
at a heavier pion mass =
150 - T
120 P
) L/as [0,0,0]
= 90t o 16 0,0, 1]
Lo
o 20 0,1,1]
60 + A 24
30+
oL o ™™ . . . .
0.14 0.15 0.16 0.17 0.18 0.19
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it isospin=0 42
Mmpr~391 MeV 180
£, [000] [100] [110] [111] 200] Lol
[ (0 ) S S
1000 { I § i i I 120+
3 < My = 236 MeV
900 - I \ - - -3 ; 5o 90t
800 + L L L E L
o Jorregeme froedinse by
| E _E . i ! [ 7 601
[
600l & 30+
16 20 24 16 20 24 16 20 24 16 20 24 16 20 24
0 O.bl O.b3 O.IOS O.I07 O.I09 O.Il 1 O.I13
k% / GeV?
Mmp~236 MeV
g [000]  [100]  [110]  [111]  [200 0
1000 — b\ \
\ 05l My = 236 MeV
900 | I % %
O
L ~—
800 (IOO 0 : L_ .| 2 &
700f B
o my = 391MeV 3
600l <o -05F
500 - i a1l
................................. ___E____
24 32 40 24 32 40 24 32 40 24 32 40 24 32 40 -0.06 -0.03 0 0.03 0.06 0.09 0.12
k? | GeV?
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it isospin=0

43

180
150
120

5o 90

60

30

4 4
byey w]
o A " V¢7 |
360 Zg This experiment +#¢?vv v ~‘
s A D (different analyses) ?¢¢¢% “
c E |Yv¢ ¢
[ x Protopopescu PR A J
2 - "v_ﬁ%{vw + ------------ -4
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b e
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WILLIAM & MARY

my, = 236 MeV
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0.01 0.03 0.05 0.07 0.09 0.11
k% / GeV?
")
w
w
a I
S 180 +
o
oo i
o
135 ~ ‘
| 3%’
90 L - - ?3%@;8&.-8‘7 -
qov va8£§q o9
45 §o oo L ©
— ; 500 600 700 a0 so0  M(mm) / MeV
300 400
0 0.07 0.18 k2 / GeVz

Jef;?son Lab

OTfiomas Jefferson National Accelerator Facility



coupled-channel scattering
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coupled-channel scattering 45

evolution from scattering ‘in’ state to scattering ‘out’ state given by S-matrix elements 5;; = <out ( | in ]>

— S7T7r T S K
e.g. in coupled nn, KK scattering S = (S i S”ﬁ“i)
KRan PKEKE

, — . B e : . - (£)
more convenient to work with t-matrix S=1+2i/p-t-\/p typically in partial-waves tii (E)

= >N (N + 1) complex numbers at each energy?

l\DlH

in time-reversal invariant theories, t is symmetric

conservation of probability, a.k.a. unitarity is an important constraint
—i- . .
Imt;; = E th Pk ty; sumover channels S S Z n, % ’ out, /<: <Out k ‘ in ]> 0ij
1 . .

kinematically open k

1= Z ’ out, k><out, k ‘
k

or [Tm (¢ (E)),, = —b0, pi(B) O(E — B

= %N(N + 1) real numbers at each energy
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two-channel scattering

46

a common parameterization uses two phase-shifts, 01, 02, and an inelastiticity, n

n e2i(51 ime’iwﬁ—(sz)
S — Z /1 e ,',]2 6i(51—|—52) 77 62i52

1 .
ty = —e' [

(n+1)sindy — 2(n— 1) cos 51}
P1

elastic form regained if n—1

N |

,01,02’7512‘2 =1-—n°

channel coupling given by n=1
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T, KR, nn S-wave scattering 47

2
pip;|tij
T I 1 T 1 1 T T L — T ] ) | ]
T — 11t T
?

experimentally
_ quite difficult to fill out
the whole matrix
) nn KK nn
H B m T
t = O O KK
) O/ nn

4L
» KK
> 1nn

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Je,ff.e- son Lab

OThomas Jefferson National Accelerator Facility



coupled-channel scattering — a simple resonance model 48

Flatté form — coupled-channel generalisation of Breit-Wigner my = 300 MeV
mk = 500 MeV
9i 9;
— B2 —ig{ p1 — g3 po

tij(E) =

2
pips [tis]
05} KK— KK
04 |
03 |
02}
180 5KI_<
0.1
_ 135}
T— 1 nin— KK
0 ' 90 -
600 800 1000 1200 1400 1600 threshold do M
cusp
0 - _________ES.WW
m = 1182 MeV e
600 800 1000 1200 1400 1600
gT[T[ = 296 N\eV 075 T \]/ﬁ
gkk = 592 MeV o050}
| T (2ma)’ 025}
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coupled-channel scattering in a finite-volume 49

the quantization condition generalizes to 0 = det []_ —+ ip -t - (1 -+ ZM)]

e.g.in Aitirrep (€=0,4..)

L(0)4(0) \
0 (0 0 o dense in channel space
2 la2 — infinite-volume dynamics mixes channels
4)  ,(4)
t = tgl tio
0 @
t12 t22

. . , diagonal in angular momentum space
\ : : ) — ¢ good g.n. in infinite-volume

Af Ay
[ (Mg (k1) 0 Mg (k1) 0 \ diagonal in channel space
0 /\/15)401 (k2) 0 /\/15441 (k2) — no dynamics
+ +
M = (Mz:‘ol (k) 0 ) (M::tf (k1) 0 ) e i arol :
A; A a ense in angular momentum
0 Mg (k2) 0 M (k2) — cubic symmetry lives here

\/E2 — 4m%
\/E2 — 4m%

WILLIAM & M ARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jefferson Lab
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coupled-channel scattering in a finite-volume 50

the quantization condition generalizes to 0 = det []_ —+ ip -t - (1 -+ ZM)]

can also be expressedas 0 =det [t~ +ip— M- p)]

which exposes the role of unitarity Im (¢~ '(E)).. = —d;; pi(E) O(E — E™)

Y]

the quantization condition is a single real condition:

the zeroes E=En(L) of the function det [1 +ip(E) - t(E) - (1 +iM(E,L))]

correspond to the spectrum in an LxLxL volume

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jefferson Lab
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zeroes of the determinant 51

, ] , B . _— mz = 300 MeV
e.g. previously presented two-channel Flatte form — [000] A+* irrep in L=2.4 fm box M = 500 MeV
det |1 4+ip(FE)-t(E) - (1 +iM(E,L
1+ip(E) H(E)- (L+IMED)] o o
«® S
O oS
&9 A
Re[det]
- g E / MeV
% : %,
| Im[det]
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zeroes of the determinant

[=2.4 fm
1400 |- \
1000 |- .
B \
800 |-
60—
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finite-volume spectrum

53

1600
1400
1200
1000
300
600

~—-== Flatté mass

—= KK non-interacting

\ nmn non-interacting

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019




finite-volume approach 54

0=det[1+ip-t-(1L+iM)]

2
Pipj‘tij‘
_ (@)
05 | KK— KK
@)
04 |
03 |- 0]
02} o
0.1} o
T — Mt nn— KK
0 I
600 800 1000 1200 1400 1600
O
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finite-volume approach 55

0=det[1+ip-t-(1+iM)]

2
Pipj‘tij‘
_ (@)
05 | KK— KK
@)
04 |
03 |- 0]
02} o
0.1} o
T — Mt nn— KK
0 I
600 800 1000 1200 1400 1600
O

but in a lattice QCD calculation
we have the inverse problem ... 7 J
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finite-volume approach 56

position of each energy level depends upon all elements of the t-matrix

0 Ba(L) = f(L; tr1(En), tra(En), taa(Ey) )

0=det|1+ip-t-(1+iM)|| 2o-l)

is one equation in three unknowns ...

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 /? n La
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parameterizing the t-matrix 57

a solution is to propose that different energies are not unrelated — parameterize t(E;{a;})

then can use many energy levels to constrain the parameters by minimising a x°

({ai}) = 3 (B — B (Ls i) Co b (Bl — B (15 {ai}))

n,n’ - energy levels solving
nta 0=det[1+ip-t-(1+iM)]
covariance for t(E; {ai}>
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parameterizing the t-matrix 58

a solution is to propose that different energies are not unrelated — parameterize t(E;{a;})

need to ensure multi-channel unitarity Im (t7'(E)).. = —d;; pi(E) O(E — E™)

]
— K-matrix approach

t '(E)=K '(F) +I(F) with  Im (I(E)).. = —d;; pi(E)

1]
simplest choice has ReI(E) =0

a more sophisticated approach =
“Chew-Mandelstam” phase-space

K(E) should be a real symmetric matrix for reasons you’ll see later,
better to parameterize in terms of s = E2

e.g. Ky = ”;q;%s gives the Flatte form
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 J ff/?son Lab
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T, KR, nn S-wave scattering 59

2
pip;|tij
T I 1 T 1 1 T T L — T ] 7 | )
T — 11t 1
?

—1
» T
» KK
> nn
explore this non-trivial system ...
.. at a higher quark mass ...
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jef ; son Lab
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 60

[000] Aq+ 243

atE
024
o
022 E
1 E
0.20 | £
0.18 |- ==
=L =
)
Gl
0.16 | —
=
=

0.14 | ~"

E—

—
0.12 | CINE

—

0.10 | ar mn= 0.069
ar mg=0.097
ar mp=0.104

WILLIAM & MARY

operator basis

=
=

77;F¢’uﬁ+dci

‘N
=™
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nn, KK, nn scattering with mz~391 MeV s oeaT Gore] 6

000] AT [1000 A;  [110)A;  [111]A;  [200] 4,

0.24

0.22

0.20

0.18

0.16

0.14

0.12

0.10

what t-matrix gives these spectra ?
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nn, KK, nn scattering with mz~391 MeV s o GoTe] 62

not obvious what amplitude parameterization likely to describe the spectra well — try many ...
a+bs c+ds e
eg. K's)=|c+ds f g
e g h

{a..h} are free parameters . .
best fit to lattice spectra

[000] A [100]A; [110]A;  [111]A;  [200] A
0.24& o= R

m |G i A 2N
022 | % 5 7 i g ! % § ]%t; { - N\ %‘ %
ozogﬁ? L = %’ """""" ni‘ """ §§E
EI O
0.18-} L ! % 5 | Tt N
016+ -

0.14 | i i i i f
"""""""" % %ii ni% i

= % N m| E
0.2L T L i i 5
2
010 — 1 | | — 1 | | — 1 | | — 1 | | — 1 | |
I(s) = _P(S) log [P(S) — 1] 16 20 24 16 20 24 16 20 24 16 20 24 16 20 24
0 p(s) +1 ¢ Mo
Naot 57-8
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 63

at+bs c+ds e
eg. K's)=|c+ds f g
e g h

{a..h} are free parameters ,
S-wave amplitudes

2
pip; [tij
0.8}
0.6 T — T
0.2 o — KK
| | | O | e | | a’t ECIIl
0.14 0.16 0.18 020 0.22 0.24
0.2 nm — KK
L | | e | O":': — 7777 % T

0.14 0.6 018 020 022 024 1177

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 .;gg_n%ﬁgr’r)ati[;a

al Accelerator Facility



64

i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018)

a+bs c+ds e
eg. K's)=|c+ds f g

e g h

{a..h} are free parameters , ,
S-wave S-matrix diagonals

180
135}
; 90 |- Prr,mm
)
z 45 |
'g' O(u O——oO : p— Pnn,mm
-45 B \
90 L o
-135 1 l l l l l PEE.KK
0.14 0.16 0.18 020 022 024 atbem
0 Or | | O—T=CQ I I
qu; 075k T S|
ﬂé" O 50 N |S7T7T,7T7T}
20251 SkrKxK]
s oL
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 65

at+bs c+ds e
eg. K's)=|c+ds f g
e g h

a..h?l are free parameters
{ J P nnm—mnn Argand diagram

. —— —_——
- =~ ~

0.249
/’ 0.259 \

/ 0.254 0.244 0.23 0.234 \

—

I
I
|

0.5

b10.154
0.14919 1 0.159
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 66

not obvious what amplitude parameterization likely to describe the spectra well — try many ...

K-1 as matrix of polynomials,
K as matrix of polynomials,
K as pole plus matrix of polynomials,

simple versus Chew-Mandelstam phase-space ...

keep choices that can describe
spectra with good X

variation with parameterization

2
pip; [tij
0.8}
T —r T
KK - KK
T — KK

V. g, Eom
014 016 018 020 0.22 024 t

o o o @ ©o o oo c ©oo o ooo
© (-] o o (-] o o 000 O OOO o Qo0 o @0 o

0.2 — m — KK
nn — T

| | ~_1|
0.14 0.16 0.18 020 022 024 =1
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i, KK, nn scattering with mz~391 MeV SRD 97 054513 20787 67
scattering amplitude ‘prediction’
2
pipj [tis]
0.8
00 o ‘analogous’ experimental data
04 KK —- KK
2
02U o pip;tij|
. : mm — KK | I 1 | T 1 T | LN T ] T T T
0.14 0.16 0.18 020 022 024 .OF ittt | 4l
_ i | 1
0.2 m — KK 0.8 " b
. | L o m : ‘ ([
0.14 0.16 0.8 020 022 024 177 sk ¢ |
. : H 4
/ \
04} i “ -
0.2+ ! .
o nn—KK
10 Domar o 50080 4 !“
0] a— 1 [ 1 | A I ‘1 lA “'ufl.!!.!_'."
04 06 08 10 12 ___, 1.6
M (GeV) e

... but what do we do with this ?
... 15 this strange energy dependence due to resonances ?

Je,f_g?son Lab

OThomas Jefferson National Accelerator Facility
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i, KK, nn scattering with mz~391 MeV

PRD

97 054513 (2018) 68

also computed spectra for irreps with lowest subduced spin J=2

0.30

0.25

0.20

0.15

0.10

WILLIAM & MARY

000] E

(000] T3

\

100] B,

100] Bs
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- 7T7T7T’7T’thr

WARNING:

no operators
looking like
these included

/\

nmn ‘thr

nmT ’ thr.
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nn, KK, nn scattering with mz~391 MeV S o G| 69

also computed spectra for irreps with lowest subduced spin J=2

AN
o 2oom\ ¢
IT
: -
IT
? a couple of avoided level crossings ?
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 J ff/?son Lab
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i, KK, nn scattering with my~

391 MeV

PRD

97 054513 (2018)

70

e.g. parameterize coupled D-wave t-matrix with

0.30

0.25

0.20

0.15

0.10

WILLIAM & MARY

Kij(s) =

1 1
o5

i

2 2

2) (2
()95)

+ Vij

0
0

o O O
o O O

|

%777,7777)

and the simple phase-space

best fit to lattice spectra

(000 EY  [000] 75" [100] 31 100] B
’_\Iz % \\gg i %* \%n i \ 2 \“3 \%\
=58 o33 T . = o %
I =S n [E %
o
o
i i i 2 28.9
""""""""""""""""""""" Jézof “gp_g P
_1I6 2IO 2I4 _1I6 2IO 2I4 _1I6 2IO 2I4 1I6 2IO 2I4
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 71

(1) (1) (2) (2)

0 0 0
: Lo 9i 9, 9i 9;
e.g. parameterize coupled D-wave t-matrix with  K;;(s) = =—5—— + —5—— + Vi, y=10 0 0
Mims s 00 Y

and the simple phase-space

D-wave amplitudes

2
pip; [tij
1L A _
KK —- KK
0.8 T — 7T
0.6

04}
0.2+

d | | /|—7T7T — KF
0.14 0.18 0.22 0.26 0.30
e o cecs o eo o (y Ecm

0.2 nn—)Kf
| | OJ_C ] ] | |

L— ) — T
0.14 0.18 0.22 0.26 030 »n — nny
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i, KK, nn scattering with mz~391 MeV

72

PRD 97 054513 (2018)

... and varying the particular choice of parameterization ...

D-wave amplitudes

2
PiPj ‘tij|
1L
0.8 T — T
0.6}
04}
02F
d | | == N\ T — KF
0.14 0.18 0.22 0.26 0.3
o e oo o oo o Ecm
0.2 nmm — KK
J-A: | I ol o1 | IR e | T

0.14 0.18 0.22 0.26 0.30 1" = 17
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 73

D-wave amplitudes

pip;|ti; ‘2
1L
0.8F
0.6
04}

0.2}

J | y =
0.14 : : O 30
cecs cowo o (Ut Ecm

0.2 nmm — KK
J-l: ! L ol o— I R e madd
0.14 0.18 0.22 0.26 0.30 "7 — 17

‘looks like’ two resonances
— lighter one has larger width, big coupling to it

— heavier one has smaller width, big coupling to KK
... there must be a more rigorous way to know the resonance content ?
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rigorous resonance determination ?
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singularities in the complex energy plane 75

scattering amplitudes are measured for real energies above threshold

PipPj tz’j|2

O
v
M
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singularities in the complex energy plane 76

does it make sense to consider how the amplitude behaves ‘elsewhere’
— below threshold ?
— for complex values of E ?

Im[E]

A

s

> Re[E]

complex variable theory tells us that
singularities (poles, cuts)
‘control’ the behaviour of functions

— what singularities can our amplitudes have ?
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the unitarity cut 77

unitarity gives us one guaranteed singularity — a branch cut starting at threshold

e.g. elastic partial-wave case: Imt,(s) = p(s) |tg(8)’2 O(s — 4m?)

_ 2k(s) VS — 4m? L square root branch cut

4m? o 0 o
3 AR LA LA DL LLALLL Re[s] function is discontinuous

® \/ across the real axis

te(s +i€) # to(s — ie€)

has an immediate consequence
— the complex plane must be multi-sheeted
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Riemann sheet structure 78

Im[s]
A upper ' lower
half-plane ; half-plane
A2 o o— ‘physical’ sheet
O.MAAAMAMAA.D.DAMAA#} Re S
- 5]
O— ‘unphysical’ sheet
sheets can be characterised by the sign of Im[K]
physical sheet = sheet | =Im[k] >0
unphysical sheet = sheet Il = Im[k] < 0
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pole singularities ? 79

scattering amplitudes can have pole singularities only in certain locations

Im[s]
A
4m?

real energy axis, below threshold on physical sheet R e e S )

corresponds to a stable bound-state

Im[s]

4m?
off the real axis, on the unphysical sheet ORLLLLLLLLLLLLLLLLLL Gy Re[ 5]

(in complex conjugate pairs) °

corresponds to a resonance

Im[s]
A
4m?
real energy axis, below threshold on unphysical sheet O 00000NNNNNLLL Ny Re[s]

corresponds to a virtual bound-state
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pole singularities ? 80

scattering amplitudes can have pole singularities only in certain locations

Im[s]
t 2
not allowed: poles off the real axis 4m
on the physical sheet Re[s]
O
would violate causality
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a bound-state pole 81

will strongly enhance scattering at threshold

Im[s]
A
famous example is the
deuteron at NN threshold
— > Re[s]
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pole on the unphysical sheet 82

an isolated pole on the unphysical sheet will produce a bump on the real axis

— the classic resonance signature

180

90+

600 800 1000 1200 1400

— : ' ' E
600 800 1000 1200 1400
A
Im[E] Re[E]
>
—+25
50+ .
100+
150+ [
close to the pole
1
¢ ~
6(8> So — S
So = (m — i%I‘)2
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singularity structure from lattice calculations — elastic 83

nm isospin=2

mn~3:1 MeV 0.1 ﬁo.lz - 0.3 E 04 k* / GeV? no nearby poles
. EE I Tﬁ?gﬁ weak and repulsive interaction
1ol
j.; -15 ¢+
20l
25+ /=0
30l
PRD86 034031 (2012)
1
kcotdg=— +...

maag = —0.285(6)

so ~ —45m?2
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singularity structure from lattice calculations — elastic 84

nm isospin=1

0

me-236 MeV _}% a single isolated pole
I i
120 j’@ a narrow resonance
120F mn | 008 0.10 0.12 0.14 0.16 Re(ar/50)
S . £ N PN
"g Nr ° 0.01 0
/;DC? E 0.1'28 0.1'2 0.1'30 0.1'31 0.1'32 0.1'33
60 | = > I 0012}
&“j E/ 0.02 20013}
30+ & 003 0014}
- @ PRD92 094502 (2015) 0015}
L il =, L L L 0.04r 0016}
0.08 0.10 0.12 0.14 0.16 pole position independent ool
of parameterization details
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singularity structure from lattice calculations — elastic 85

nm isospin=1

evolution with changing quark mass

180 -
150}
120}
@)
~ 90}
23
ol 800 900 1000 mp
0f ol Q
30t ] Mr ~ 524 MeV My ~ 702 MeV
i mr ~ 391 MeV
PDG - - = Mr = 391 MeV
0 I ] = — ] I =Y 1 1 50 F
400 500 600 700 800 900 1000 £, /MeV
o
100} mr ~ 236 MeV
150} IL expt
I
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singularity structure from lattice calculations — elastic 86

nm isospin=0
mr~391 MeV — a bound-state pole

mr~236 MeV — a resonance pole

051 my = 236 MeV | ¢
> 7
z Bii
~~
B ﬁ
- hys. 236 391
S o L7, T, e Eo /MeV
= o5l 300 500 700 = =391MeV 900
Al > -100 |
1 1 1 1 1 1 2 %_{
006 -003 0 0.03 0.06 0.09 0.12 N Hﬁ
K2/ Gev? K, -200¢ =1l
|
PRL118 022002 (2017) 1 my = 236 MeV
N
-300 | disp.
+ exp.
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coupled-channels 87

for each new channel, each sheet splits in two = 2N sheets for N channels

e.g. two channels (rr, KK)

Im[s]
A

4m7,
OMM.M.Q'&W» Rel[s]
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coupled-channels 88

for each new channel, each sheet splits in two = 2N sheets for N channels

e.g. two channels

Im[s]
4 sheet | Im[ knn ] Im[ Kk ]
sheet | + +
y“?““mm’ Re([s] sheet || - +
sheet I sheet Il sheet |l —_ —_
sheet IV + —
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coupled-channels 89

for each new channel, each sheet splits in two = 2N sheets for N channels

e.g. two channels

Im[s]
A Im[ kne ] IM[ Kkx ]
sheet IV sheet | + +
sheet |

Re[s] sheet || - +

sheet IlI - —

sheet IV - —

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 J ff/?son Lab

Jefferson National Accelerator Facility



coupled-channels 90
Im[s] Im[ knn ] Im[ Kk ]
4 sheet | + +
sheet Il — +
O2annnnlORARRRRRRRRR: . Rels]
sheet Il - -
sheet |V o —
Im[ Kk ]
A
@)
sheet Il sheet |
lower half-plane upper half-plane
O >
Re[ kKK ]

WILLIAM & MARY

sheet IV
upper half-plane

meson resonances in lattice QCD | Oct 2019 | SFB School 2019

sheet IlI

lower half-plane
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two-channel Flatté amplitude 91

os L KK - KK
04
03
02 Tm\— KK
0.1 |-
i — T
0 ]
600 800 1000 1200 1400 1600 400 Wﬂth
k(KK) 300i 0 330 490 "
300
II I
200
200F 100 /‘é\“\&
150 =
400 300 -200 -100 ‘é' 100 200 300
100 = °lll v v v v h
o
S50 :
0 7T,ZT thr. K{‘_( thr. B -100 ¥ °
6Y00 8:)0 1(‘;'00 12IOO 14;00
-50 |- Oy 2200
ol IV 111
o
150 | I 2300 &
-200 |-
~400 +
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a less obviously resonant amplitude

92

1N a b+ cs
K™ (s) = (b—l—cs d—l—es)

with Chew-Mandelstam phase-space

400

300 +

II 200 +

O 1004

) TTTT

S
&

thr.

Q

-400 -300 -200 -100

W — T
0.6
04 E Ed
KK —- KK
0.2
mr — KK
O 1 —d
600 800 1000 1200 1400 1600
k(KK) 300i 0 490
200
150
100
50 o
ﬂ-ﬂ-‘thr KF|thr
0 fp—O0—0 - T Q - T T
600 800 1000 1200 1400
.50
<,II
-100
150
2200
WILLIAM & MARY

-100 $

IV 200 +

-300 +

-400 +

100
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information from the pole 93

near the complex pole, so
C; Cj
Sg — S pole position can be interpreted as mass and width

So = (mR + Z%FR)2

tij(s ~ so) ~

pole residue factorizes into a product of resonance couplings
to the various decay channels

Cﬂ-ﬂ" CKI_{, o o o

as we’ve seen a single resonance can be responsible
for poles on more than one sheet

— often only one is close enough to physical scattering to have a large effect

0s KK — KK e
. 300
200 |-
04 150 f 1 200 I
100 = °III
03 | sof _ opy v 4/‘41”\&&
0 b, KKl 400 -300 200 -100 |7 100 200 300 400
02 L TT\— KF L 600 800 1000 ofoo 1400 . ) ) ) ) ) )
-100 | ° | o
01 — 150k . 2200 &
T — T o v -
0 I 1 300 }
600 800 1000 1200 1400 1600 ol
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complex k-plane 94

slight complication — mapping of ‘distances’ is

rather non-uniform Re(ay/s)
Im(atkgg)s = < = = ¢
0.084:
- ' QT
0.18 . : 2N
0.16-\" ..\ | 0.06+ %
o 0.14-\7 A | '
i Sl %00
® S N Z 008 . ®
©c o o 7000 g 0.02-
O > 0.04 ' ' 5 .
g 0.02 <<= | \e/‘l* ¥ & Re (at kki)
I I I I A | ~l I I
-0.04 O O O Y ' .
—008 006 004 002 0.02 0.04 006 008002
‘ 0.04
-0.02+ ® 0.06
| ‘ 0.08
. ‘ 0.10
-0-04 ® | | " o1
: 0.14
: ; . \ . 0.16
—0'06__ | X \ 0.18
20084
a I L ¥ g 9
should really be using the s-plane rather than the /s plane
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) | 22
S WiEYE B Pl ees pole singularities
2
0.8} o & N @S Re(a¢v/s
S ob——od oty elans)
0.6} I E 0127014 016 018 020 022 024
04k KK - KK C\l -0.02
-0.04}
02 = KK _%_‘
CI | | | O | | a’tECI’Il ‘0.06_
014 016 0.8 020 022 0.4
0.2 nm — KK Im(a’tkaf)
,_[ . ol e T T 0.084
014 0.6 0.8 020 022 o024 1M 8
0.064 7%,
[ 8 |
0.04-

a+bs c+ds e
K '(s)=|c+ds f g
e g h

with Chew-Mandelstam phase-space

WILLIAM & MARY

meson resonances in lattice QCD | Oct 2019 | SFB School 2019

45\“*& 7 Re(akgg)
— —
008-006-004-002 | 002 0.04 0.06 0.08
-0.02-
-0.04 -
v 006 1
-0.08 -
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) | 20
S WiEYE B Pl ees pole singularities
2
pip;s|tis] — o0l &_ .
0.8} E & AN Re(av/s)
: éi 0 Q—cl(\\ &8 | I t
0.6} e = 0. 12 0.14 0. 16 0. 18 020 022 0.24
04k KK - KK C\l -0.02
004}
0.2 ar — KK _%_‘
(;I | | | O | | a’t Ecm ‘0.06_
0.14 016 0.18 020 022 024
0.2 m — KK sheet Il pole couplings
L | | nn — T
O A/Q;E
014 016 0.18 020 022 024 1 Im(ay ¢;)
024+ %Kﬁ
0.1+
nn
FH
: : — Re(as ;)
0.1 0.1 0.2
a+bs c+ds e
—1
K ' (s)=|c+ds f g orl .
€ g h ' >+
with Chew-Mandelstam phase-space
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) | 2/
S-wave amplitudes pole singularities
2
pip;[tij
081 T 002y . &
N $
0.6~ T =TT < 0 Q—CI/\\/\\ | | %l §, IRe(at\/E)
04L KK — KK S 012 0.14 0.16 0.18 020 0.22 0.24
02 & -0.02
’ ar — KK
CI | | | O | | a’t ECII] ‘0.04—
0.14 0.6 0.18 020 022 024
A S L S SR S A Tl -0.06
0.2 nm — KK
L | | nn — T
O A/@E
014 016 018 020 022 024 "1 Im(atk k)
0.08-
8
I 00647, |
0.04
l—}-l 0024
é‘\& ‘\\&\\*" Re (at e K)
] ] ] ] O I of I I
-0.08 -0.06 -0.04 -0.02 002 0.04 0.06 008
a+bs c+ds e -0.02-
-1 .
K '(s)=|c+ds / g -0.04
e g h
IV 0.064 1
with Chew-Mandelstam phase-space
-0.08-
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nn, KK, nn scattering with mz~391 MeV s oI GoTaT 98

S WiEYE B Pl ees pole singularities

Pz‘ﬂ"tz’"Q
I 0.04}
T 002y -
= 0 —o-d I I
= 0.12 0.14 0.16 0.18
© 002}
AN
—— 0,04}
E
o o o o (-] o o o @ o 0 o © oo @ o©oo o o000 _0.06 B
0.2 m — KK
, , o m — T Im (ack g i)
0.14 0.16 0.18 020 022 024 17
8 |
%,
A & Re(aikr
S S (:tKK>
0.08-006-004-002 | 002 004 0.06 0.08
—o- -0.02-
10.04-
|V
10.06-
10.08-
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i, KK, nn scattering with mz~391 MeV 99

summary, including spread over parameterizations in pole uncertainty

S-wave amplitudes & poles

1h JP =0T
m, = 391 MeV
~ 08}
% 0.6 T — T
0.2 = KK
I I Al I

800 1000 1200 1400 Ecy / MeV

HI | O O | |
o mpr
-100 | £
I'r 2200 —{— 2 the fO ( “98()” )
300 1 LK = 1.4(3)
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singularity structure from lattice calculations — elastic

100

0.5

T

nm isospin=0

m, = 236 MeV

k cotdg / GeV
)

05t
1k
-0.06 -0.03 0 0.03 0.06 0.09 0.12
k? | GeV?
PRL118 022002 (2017)
1k JE =0t
my; = 391 MeV
Al 08}
% 06 B T — T
T 04l KK - KK
02} ar — KK
VI | | |
800 1000 1200 1400 Ecm / MeV
Oy T 0—O0n T
o mpR
100 F fo
I'r -200} ,
2300} TR = 14(3)
WILLIAM & MARY

meson resonances in lattice QCD | Oct 2019 | SFB School 2019

mr~391 MeV — a bound-state pole

mr~236 MeV — a resonance pole

hys. 236 391
0 __71-|7r|?h:, I ‘tlhr. : nl_T:-ﬂ-‘thr. EU' l/ Mev
300 500 700 M =391 MeV  9gq
100 |
200 - H:%é +
m, = 236 MeV
- T
-300 | disp.
+ exp.
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rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)] 101

similar calculation in isospin=1, G-parity negative channel

S-wave amplitudes

Pipj|tij\2
0.7
0.6 |
KK - KK
05|
04}
03}
021
0.1}
7 018 0.19 0.20 0.21 0.22 0.23
24 .o . cee - . oo . @t B
20 ° ° ° e o . ° ° o 0 -
16 o . . . . . .
looks very different to isospin=0 case shown before
n JP =07t
o 08k my; = 391 MeV
{Q_i 0-6 I~ T — T
§ 04+ KK - KK
0.2 ar — KK
800 1000 1200 1400 E.p /MeV
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rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)] 102

S-wave amplitudes pole singularities
2
pip;tis| a: Imy/sg . & B
- A N
0.7 N N
IS & &
0 — -0 O :Hﬁi@{ O—t
0.6 0.16 0.20 0.24 a; Rey/sg
KK - KK L
05|
2004 ‘
04 + —— %
™ — TN 7
03| < )]
008 F
021 S L oo1sF
01 i | | A 0:005: /S
012 F S %
\ | 1 _C
T 0.18 0.19 0.20 0.21 0.22 0.23 1 ool |
24 .o . ceoo .o o« o o @t Fiem 1 .
20 . . o o o e oo - cee -0.010p
16 ) o o . ° ° . 0015F . . . . .
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rn, KK scattering with mz~391 MeV PRD 93 094506 (2016)] 103

S-wave amplitudes pole singularities
2
pip;tis| a; Im/so § $
- A N
0.7 N S
IS & &
0 — -0 O :Hﬁi@{ O—t
0.6 - 0.16 0.20 0.24 a; Re /50
osl KK - KK B
-0.04 - ‘
0.4} + S8
0.3 L [ % |
02}
0.1 a¢ Im kKK
T 018 0.19 020 0.21 0.22 0.23 0107
24 oo . coe .o e o oo oo o e Gt Lem
20 . . . ® o . ° . o0 - .
]6 oo o o . . . . 005 ES(\&&
A o
0.10 005 h«@b 0.05 C@\\_ 0.10
% a; Re k5
AV .
0.005f -0.05 %%ﬂ_&
-0.005}F -0.10
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Je,f_a?son Lab

OThomas Jefferson National Accelerator Facility



rn, KK scattering with mz~391 MeV

PRD 93 094506 (2016) 104

S-wave amplitudes & poles

JP =07
0.6F m, = 391 MeV
KK - KK
= 04f
§ ™ — TN
02} B
m™m — KK
O T 1\ T | O
1000 1100 1200 1300 Ecm / MeV
o—! O : —o
Mg
ao
r the o (“980”)
2
CKK
100k = = 1.7(6)
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fo, ao similarities ? 105

masses similar widths a little different
mg(fo) = 1166(45) MeV, I'r(fo) = 181(68) MeV,
mg(ag) = 1177(27) MeV, I'r(ag) = 49(33) MeV.

but channel couplings quite similar ?
lc(ap = KK)| ~ |c(fo = KK)| ~ 850MeV
lc(ag = m)| = |e(fo — 7m)|  ~ 700 MeV.
main difference is the larger phase-space for nm compared to nin
can explore the effect using the simple Flatté amplitude
Flatté denominator  D(s) = mg — s — ig% p1(s) — ig3 p2(s)

has zeros at

. 2
\/sozmoiz‘qzm (ﬁ) &—1 on sheet I, if (2> ﬂ>1 or,
g2 P2

.9 2
So &~ mg £ L9 P2 1 — (&) 2t on sheet 1V, if (9_1) P < 1, and,
2 mg 92/ P2

2

7

So &~ Mo = — 5 92 P2 1+ <ﬂ> P on sheet lll, in all cases,
mo

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jef f/?son Lab

OTHomas Jefferson National Acceler: rator Facility




i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) 106

D-wave amplitudes

2
pipj [tis]
Ir \ Kk — KK bumps are in the three channel region = 8 sheets !
0.8 T — T
0.61 won’t burden you with the sheet details here ...
04}
02}
d 1 1 1 T — KF
0.14 018 022 026 030
o o ceos o e o a¢ Ecm
O'2£ nm — KK
| | OJ—C | | | | | ’]’ITI — T

0.14 0.18 0.22 0.26 030 nny — ny
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i, KK, nn scattering with mz~391 MeV

PRD 97 054513 (2018) |107
D-wave amplitudes
2
pipj [tis]
Ir \ KK — KK bumps are in the three channel region = 8 sheets !
0.8} T — T
0.6 won’t burden you with the sheet details here ...
0.4}
0.2}
d 1 1 1T 7T — KF
0.14 0.18 0.22 0.26 0.30
° ces oo o (Ut Ecm
O.ZJ; m — KK
| ] OJ—C ] ] | | ] ’]’,T] — T
0.14 018 022 026 030 1 — 1y . &
5 &
& | NN | IRG (CLt \/g)
O— oo | |
TS 0.15 0.20 0.25 0.30
< 001 g b
- f2
=
= -0.02
P—.i g 3 ( ) )
~ -0.03 /5 (=, +,+)
IV (+,—,+)
(-,—,-) is ‘closest’ sheet to physical scattering
above all three thresholds
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couplings at the poles 108

Im(at ci)
fa
0054+ 2
nm
: G | - Re(a; ;)
0.05 H%p.os 0.1
KK @4
T
-0.054+
Im(at ci)
fb
0.05+ 2
T
-0.05 0.05 0.1
| il | - Re(as ¢;)
E KK
-0.054+
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i, KK, nn scattering with mz~391 MeV 109

D-wave amplitudes & poles

T JP =2t
o 0.8 My = 391 MeV
‘S
= 0.6}
=~
<
< 04F
T — T
02} — _
KK — KK
ol | r—  —1mm — KK q
summar
800 1000 1200 1400 1600 Ecm /MeV PES /
O T O0—0On T fb T mp f(1270) 16(JPCy = ot(2+ )
‘50 — 2 ﬁ Mass m = 1275.5 + 0.8 MeV
100 S _ o Full width I = 186.7 722 MeV (S = 1.4)
- — KK 92 0 cale factor
FR f2a S TTT 8% f5(1270) DECAY MODES Fraction (I';/T) Consfidclencfe Ieve/l (M:V/c)
'150 B |§| T (842 723 )% S=1.1 623
200 | mtr— 270 (77 T3 y% S—12 563
S Trl 85% KK (46 T32)% S=2.7 404
gKK 12% 2t 2w~ (28 £04)% S=12 560
nn (40 £08 )x10~3 S=2.1 326
470 (3.0 £1.0 )x 1073 565
f5(1525) 16(UPC) =0t + )
Mass m = 1525 + 5 MeV [l
Full width T = 7318 Mev [
f5(1525) DECAY MODES Fraction (I;/T) p (MeV/c)
KK (88.7 £22 )% 581
nn (104 £2.2 )% 530
T (82 +15)x103 750
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nmw scattering 110

except at very low quark masses, the w is a stable meson

°S
the non-zero spin of the w introduces new features, e.g. J© = 1T in two partial-waves <3D1)
1
b1(1235) 16UPC) =1t + )

Mass m = 1229.5 + 3.2 MeV (S = 1.6)
expect a b1 resonance Full width ' = 142 4+ 9 MeV (S = 1.2)

by (1235) DECAY MODES Fraction (I;/T) Confidence level (M:V/c)

wm dominant 348

[D/S amplitude ratio = 0.277 + 0.027]

in the quark model it’s the ud('P1) state
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Tt Scattering PRD100 054506 (2019) | 111

at m~391 MeV, the w is a stable meson

mr~391 MeV finite-volume spectrum

[000] T [001] Ay [011] Ay [111] Ay [002] A

a Ecm
0.29

T
T
T
T
o
T

0.28

T‘PT“,’T’/T‘TIH’.
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7TA'A’V‘thr.

0.26 {2} To11Wo01

ToooP111

N\ T011W000

T

T000® 0o {2} Too1wo11 %

025+ - 0009001 i i =
TO|thr. 5 i T r000b000 T {2} Too1Woo1
70 |ehr. T014000

0.24 - N B % B B } TP00W002

\z\ﬁ\ E T000W111
T000Wo11

023 + - § - - ﬁ\ﬁ\woouﬂom

T
A
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nw/ e scattering PRD100 054506 (2019) | 112
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where are the limitations ? 113

three-body and higher channels...

t’]‘(‘?’],ﬂ‘?’] twn,KK' t7r77,7r7r7r

o p 2  Z— > twn,KK' tKI_(,KK' tK[—{,mm o
all the complications

P TITTIT twn,www tKI_(,WWW t7T7T7T,7T7T7T of infinite-volume
three-body (+ more?)

G
— (twn,ﬂn t7r77,KK>
G ——
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G

finite-volume formalism(s) for three-body
under development, first applications appearing
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physical pion masses = low-lying multipion channels 114
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JHEP 1610 011 (2016) 118

Drt, Dn, DsK scattering
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Luescher finite-volume functions 119
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operator basis 120
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operator basis:  ‘single-meson +  ‘meson-meson’
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nn/ KK extras — Jost

123
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f2 resonances — decay couplings & OZ|

PRD97 054513 (2018)| 124
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an elastic resonance — the p in it — lattice QCD 125

PRD87 034505 (2013) mr ~ 391 MeV
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an elastic resonance — the p in it — lattice QCD 126
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Weinberg compositeness criterion — o at mz~391 MeV 127

relates scattering length, effective range
to compositeness measure, Z

a=—21_Z ! + ...
2 — 7 \/m,€

r—=—2 4 ! + ...
1 —7Z /mye

with corrections whose size is set by
the range of the interaction

/=1 compact state
Z=0 a it molecule

e = 37(5) MeV

a = —0.0071(11) MeV ' = —1.4(2) fm
r = —0.0041(14) MeV ! = —0.8(3) fm

Z ~0.3(1)
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o— it coupling from the pole residue 128
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o pole in unitarized chiral perturbation theory 129

J.R. Pelaez ...
PRD81 054035 (2010)
2
<
o b
S
~—
3
“fit 11”
resonance becomes a virtual bound state fit |
near mr~350 MeV ... !
.. then a bound state near mr~420 MeV u
1.4 F
“the exact mn value when g i
this happens is not very reliable” %: .
—
~—
o)
—

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019

Jeffer NtIAItFIty



coupling resonances to currents

mm
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Briceno et al | u,d,s | m~391 MeV
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meson spectrum ‘ignoring’ decays PRD 88 094505 (2013)] 131

‘ignoring’ here is not a controlled approximation
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charmonium 132

this work lead by our

e two ‘super’-multiplets of hybrid mesons Dublin collaborators
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‘qualitative’ picture of the charmonium spectrum JHEP 1612 089 (2016)] 133
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a ‘minimal’ model of hybrid mesons PRD 84 074023 (2011)] 134
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a ‘minimal’ model of hybrid mesons PRD 84 074023 (2011) | 135

m — m(nc)
I [] I 1
_ .
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hybrid meson model G488 & G8(1+_)
‘chromo-magnetic’ excitation
qq("So) @ GAT7) = 17~ qq(‘P1) @ G177) = (0,1,2)"
qq(*S1) ® G(177) — (0,1,2)" " q7("Po,,2) @ G(177) — (0,17,2%,3) "~

different to the flux-tube model (now disfavored)

& we now know the lowest hybrid meson content of QCD
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chromo-magnetic gluonic excitation

136
o lightest set of hybrid mesons appear to contain a 7+~ gluonic excitation
i ~ 1 | ~* _ ——
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a P-wave

qqs. 3P0,1,2} ch [B}] — (O, 13, 22, 3);};}

e some models have similar systematics

- bag model also has 7+~ lowest in energy

- 1+~ in a Coulomb-gauge approach
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excited baryons 137

e a ‘super’-multiplet of hybrid baryons

N* A*
1+ 3+ 5+ 7+ 1 1+t 3+ 5+ 7+
L2 2 2 2 2 2 2 2
3.0¢ - [ﬁ i B
B -
25; = — = | = —
W) : B - =
~ 2.0¢ |
3 [ |
1.5 i —
= i M ~ 391 MeV
L0y i 16% x 128
~ (2fm)?
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chromo-magnetic excitation 138

. . mes ___
e subtract the ‘quark mass’ contribution 7y~ =M
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1-- operator overlaps 139

e consider the relative size of operator overlaps <‘Il| Oj ‘@>
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operator overlaps — nn/KK
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‘annihilation’ contributions 141

PRD 88 094505 (2013)
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nK elastic scattering at four light quark masses

142

180 P R
o) - Q
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]
1100
Ecm/MeV
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nK elastic scattering at four light quark masses 143
mr[ ~
m = Rey/so/MeV K~ 239 MeV
880 900 920 o, 240 960 284 MeV
| | | /50 = 934(2) MeV | 327 MeV
~ -10 " s = (914(2) — 16(1)) MeV 391 MeV
% V0 = (909(4) — £13(2)) MeV
20 -
@ Lol Vso = (902(2) — £23(2)) MeV
5 30
~
[
[~
0T expt. + UFD [50]
. ¢ VS0 = 893(1) — £56(2) pole
> couplin
& 10f PHng
<
= i . .
E 0.8 «® @@
140 239 284 327 391
m. /MeV
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nK elastic scattering at four light quark masses 144

_ my = 239 MeV
sl L l e e 0ms 0 My ~
st [T |3 " 239 MeV
T — [ 1 284 MeV
T B 327 MeV

o2 __ 391 MeV

-0.02 0.02 0.04 0.06 0.08 0.10 0.12 0.14

m, = 284 MeV
[ mra =0.91(8)
mya =0.79(13) m,r =—0.32(29) [0.84]

2002 002 004 0.06 008 0.10 0.12

my = 327 MeV
mya = 0.78(7)

\FQ i maa = 0.65(14) myr = —1.10(110) [0.95]
I e |

|
-0.02 0.62 0.04 0.06 0.08 0.10 0.12

my, = 391 MeV
mya = 1.29(10)

06 + maa=1.31(11) myr=020(41) [0.43]
- — g%_ KL TJ_— %A
| o 3
L 0{ L{y # ﬂ f
o T 002 00d 006 008 010 2 GeVE
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nK elastic scattering at four light quark masses 145

my = 239 MeV
FEem/ atEem [000]AT [000]7 [000]E* [100] A4 [110] 44 [111] A [200] A4 [100] E [110]B; [110] B2 [111]E5 [200] B2
MeV 0.8 r r r ¢ r r r r \
1000 +
0.16 ¢ < L | L L
900 o
0.14
800
X T T T T e A e S S S
L/as
24 32 32 40
m, = 284 MeV

1200 02¢ \
1100 | 4%7
0.18 |

1000

0.16 |
ko)
900 |
0.14 |
e L e e e R S T B S et EEEEE TR SR
o
‘ s . Las
20 24 24 28
my = 327 MeV
1200 -
S N NG S N S el AN N S N S Sl A S N S :
3
oo St AN N PN NS
018}
1000 -
0.16 |
o
900 |-
e T S ] S ] S
0.14 |

20 24 28 24 28 24 28 24 28 24 28 24 28 24 28 24 28 24 28 24 28 24 28 24 28
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spin-scattering — mp isospin=2 JHEP 07 043 (2018)] 146

Eem — (my+m,) / MeV

P P p has J=1 0 50 100 50 200 250
0.36 0.37 0.38 0.39 0.40 041 ayFem
. N T == 5(°Dy)
more partial wave possibilities
n n from coupling p-spin to T
orbital angular momentum ook
5(%51)
—30
10 +
—(3 3
5 F 6( Sl‘ Dl)
rather heavy quarks here (my=mg=ms) —
0 —0C T 1 1 t t
mr~700 MeV, my~1020 MeV 0o , % % )
ol 0 (°Py)
this p is stable ol
against decay IV * * * * 5(3Py)
ool
20
| [ E— 5P
coupled 351/3D1 scattering system 10
-20r
g _ cos 2€ e2i9s i sin 2€ et(9s+0D) or o, .
~ \lisin 2€ ¢i(9s+9p) cos 2€ 240D ~10F o("Ds)
10
O 3
ol 6("Ds)
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tetraquark operators 147

generic local diquark operator

5}72[;] = (314; 31| Rr) (Fy fo; Fofol| Ff) qZ;fa (CT) qr, 1, color reps. R = 3,6

spins  Jp= 0% 1%

no assumptions made at this point about good/bad diquarks

generic local tetraquark operator

T{gllgj]]F[FlF ] — <J1m1; J2m2|Jm> <R1T1; R27°2|1> <F1f1, F2f2|Ff> };1 }Ell] 5};22[}222]

(+ C/G-parity symmetrisation ...)

spins J <2

smeared quark fields, but otherwise local,
certainly not sampling the whole lattice volume

( diquark construction just makes fermion antisymmetry manifest )
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tetraquarks ? Mr - 391 MeV JHEP 1711 033 (2017)] 148
=1 G=+ JP=%“1+" =1 G=- JP=%“0+"”
o _mm N* N* _ Bl ___gu_ _Em . D*D*
4000 |- oo 1000 | o = W 5 b
Z:? B )
_ B D p JIy
3900 |- = g D D* 3900 |-
B o ol (U]
- ‘P’nc
3800 3800 |~ mm_ e
o DD
3700 3700 -
3600 3600 |-
3500 |- 3500 |-
--. nJ/y
3400 - 3400 -
MME M e "
qqqq qqqq 10 -
3300 -9999 9999
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truly flavor-exotic hadrons see Kim Maltman’s parallel talk for more details 149

one recent observation in lattice QCD that has a good chance of being robust:

a double-bottom bound-state bbid (I=0, JP=1+, lying well below B B* threshold)
and probably a strange partner

S 0.1 0.2 0.3 0.4 m2 / GeV?
% 5 5 5 Junnarkar et al (2018)
e bbsd
= —100 % —
$ L
Lr|q —200 | ;%

Francis et al (2017) ]AE bbud ’ ~ 100 — 200 MeV

Junnarkar et al (2018)
Leskovec et al (2018) |AE(bb3d)| ~ 90 — 120 MeV

see Eichten & Quigg (2017) for heavy quark symmetry argument
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binding energy with changing heavy quark mass 150

charm over here

heavier than bottom lighter than bottom .

Francis et al (2018) < >
0.5 1.0 15 20 M

o QQsd ma

just tetraquark operators,
NO meson-meson,
so not reliable when close to threshold

wl ]

i :
: !
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what happens for ccud ? 151

0 05 1.0 1.5 2.0
T T T T
charm over here
5 :
-100 % @
G
200 %
=300
400 %
o A

7\ £\ >
\J \J
A decreasing virtual
heavy quark mass ? bound
° state
—
- O >
bound thr. A
state ? O
O >
resonance
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direct calculation of ccud JHEP 1711 033 (2017) | 152

tetraquark operators
& meson-meson operators

~ 390 MeV,
L~2fm
4300 [t
— D[*mo] D*[-loo]
4200 — —
T D[100 D" 100
4100
]
DT)OO D>I< 000
4000 —
3900 [ D[OOO] D [000]
— T
no obvious sign of a narrow resonance ...
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direct calculation of ccud JHEP 1711 033 (2017) | 153

tetraquark operators
& meson-meson operators

~ 390 MeV,
L~2fm
4300 [T
D[*1 ]D*[-loo]
- 00
4200 — —
— D100 D* 1100 just tetraquark ops
4100 =
]
DT)OO D>I< 000]
4000 —
] completely misleading spectrum
3900 [ D[OOO] D [000]
[ BE CAREFUL WITH SMALL OPERATOR BASES !
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producing meson resonances

154

some exam ple processes:

peripheral meson
hadroproduction

B,D,

e.g. LHCb

heavy flavour decays

p—O—N
e.g. COMPASS

two photon fusion e*e” annihilation

o
e.g. BES Il
o
e.g. Belle
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019

peripheral meson
photoproduction

e.g. GlueX

central production

,K,p

pp annihilation

=5

e.g. Crystal Barrel

e.g. WA102

many decades of accumulated data ...
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‘straightforward’ coupled-channel resonances 155

same ‘bump’ appears in multiple different processes

™ Pb —mpPb COMPASS

VY TN Belle
= KK p CERN SPS
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‘straightforward’ coupled-channel resonances 156

same ‘bump’ appears in multiple different processes ...

a(1320)
5 i o«
: T T T _
' It I
E m K
— 1

= Pb

R
O

.
OE

Pb P

... due to same a; resonance

- pdg summary entry

- |a2(1320)| 1I6(UPCy =1—(2t )

Mass m = 1318.31'8:2 MeV
Full width ' = 107 £ 5 MeV

a9(1320) DECAY MODES Fraction (I';/T)
37 70.1 +2.7 ) %
™ Pb —mpPb COMPASS (7 (145 £12)% |
W (10.6 £3.2 )%
Il Belle KK (49 £08 )%
T — KKp CERN SPS 1 (958)m (55 £0.9 )x 10>
wty ( 2.91+0.27) x 103
vy (9.4 £0.7 ) x 10_?
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the experimental excited meson spectrum

157

pdg meson listings

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019

LIGHT UNFLAVORED STRANGE CHARMED, STRANGE cT
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1°(S7) 1°() () () [en(15) ot *)
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hadron spectroscopy 158

25+1€J Jre light mesons  charmonium

the canonical view of the meson spectrum

provided by the ¢¢ constituent quark model 'S 0~ T, 10,1 Ne
3Sl 1= P, W, gb J/%D
1P1 17— bl, h1 h.
3I)O,l,Q <07172)++ a’JafJ XeJ
D, 2-+ T2, 12 I«

3l)1,2,3 (17273)__ Py P3, W, W3 ... ¢/

gets the gross features of the spectrum right ...

but treats excited hadrons as essentially stable

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jefa?son Lab

OTfiomas Jefferson National Accelerator Facility




hadron spectroscopy 159

the canonical view of the meson spectrum

provided by the ¢g¢ constituent quark model 'S 0~ T, n,n MNe
3Sl 1= P, W, ¢ J/w
1P1 17— bl, hq h.
3PO,172 (07 172)++ &JafJ XeJ
D, 27+ T2, 12 ?

3D1,2,3 (17273)__ Py P3,W, W3 . .. ¢/

gets the gross features of the spectrum right ...

but treats excited hadrons as essentially stable

is there more than this ?
why doesn’t QCD have meson states where the gluonic field is ‘active’ ?

glueballs = states where quarks are not required

hybrids = states where quark colour neutralized by gluonic field

lattice QCD can be used to study such speculations rigorously ...

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Je ff/ﬁ?sor)tLgA orator Faciy



what happens if we vary the operator basis ? PRD92 094502 (2015) | 160

0.200F — = — E
0.15 F
0.10 - } )
exclude the exclude all exclude
— KK operator meson-meson all wry
mr=0.039
" L~3.8f
mk = 0.083 m
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what’s happening here ? 161

focus on the lowest two states

0.15 [ ( ) 180 - = = = - & & o e e % ______
P = [000]
- 150L 5o w B b 0.14
T[001]T00-1] P = [110] =
g ) 120 P =[111] m“
= - N o P = [200] . 012
E 90
60% 0.10F
0.10 [ \_ J 30F
. m 008F. ., ... . ...
oL iol L L L L
0.08 0.10 0.12 0.14 0.16 a;Eem 30 32 3
an avoided level crossing
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what’s happening here ? 162

7w, L), think about this as a two-state problem
0.14
, L . .
P >0 imagine we could turn off the coupling so
0.12 a ‘bound-state’ and a ‘meson-meson’ state were eigenstates
0.10F p,L>0 }WT’L>O
008F.. ...;-oy--. with the coupling turned on, the eigenstates are admixtures
30 32 34 .
‘E1> = cosf |p, L>O + sin 6 |7T7T, L>0

Ey) = —sinf |p, L) + cosO |mm, L
0 0

p,L), and |rm, L), in the basis, the variational method separates |E; ), |E>)

with operators that ‘look-like’

Cop(t)  Conet)\ _(Z, 0\ [ cosf sing\ (e " 0 (cost —sin@\ (Z, 0
Crrpt) Crrar(t)) 0 Zp, —sinf cosf 0 e~ b2t sinf cosf 0 Z..

0,|0) = Zp‘p7L>0+€‘7T777L>0

Oww‘0> — Z7r7r‘7T7T7L>O p7L>O
GEVP eigenvectors will find the rotation
. A (t) ~ e Frt
and the principal correlators 1(t) ~ e
)\2 (t) ~ €_E2t
meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jm f/ﬁ?sor,)tLé,lA erator Facilty
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what’s happening here ? 163

7w, L), think about this as a two-state problem
0.14
, L . .
P >0 imagine we could turn off the coupling so
0.12 a ‘bound-state’ and a ‘meson-meson’ state were eigenstates
0.10F p,L>0 }WT’L>O
008F.. ...;-oy--. with the coupling turned on, the eigenstates are admixtures

30 32 34

‘E1> = cosf |p, L>O + sin 6 ‘7‘(’7‘(’, L>0

‘E2> — —sin 6

p,L>O + cos 6 ‘7r7r,L>0

now suppose we used only the O, operators

then C(t) oc cos® fe ¥ +sin*fe 2"  and there’ll be two energies present ...

.. and they’re very hard to separate

meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jm f/ﬁ?sor,)tLé,lA erator Facilty
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what’s happening here ? 164

it looks like this is what’s happening

exclude all \ fitting gives a crude average of E1, E
B N J meson-meson
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jef ff/?son Lab
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two-state admixture C(t) = Ae 01250t 4 (1 — A) 0145/ 165
0.16 - 1-A
_____________________________________________ 0.9
0.14 | 0.7
0.5
_____________________________________________ 0.3
Meff 012 0.1
0.10 -
0.18F exclude all
R Sy b meson-meson
0 10 20 30 40 L o6}
0.14}
0.16 -
HEEEEE§§§§§§§§§
0.12}
0.14\
0.10}
Meft ¥ 008} 1 1 1 1
0.12 - 10 15 20 25
0.10 |-
....|....|....|....|....|.t/at
0 50 100 150 200 250
WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 Jefa?son Lab

OTfiomas Jefferson National Accelerator Facility



two-state admixture C(t) = Ae 01250t 4 (1 — A) 0145/ 166
0.16 - 1-A
_____________________________________________ 0.9
0.14 | 0.7
0.5
_____________________________________________ 0.3
Meff 012 0.1
0.10 -
0.18F exclude all
R Sy b meson-meson
0 10 20 30 40 L o6}
0.14}
0.16 -
HEEEEE§§§§§§§§§
0.12}
0.14\
0.10}
Meft ¥ 008} 1 1 1 1
0.12 - 10 15 20 25
0.10 |-
....|....|....|....|....|.t/at
0 50 100 150 200 250
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two-state admixture C(t) = Ae 1B a 4 (1 — A) e 01451/ e 167

0.16 - 1-A
_____________________________________________ 0.9
0.14 | 0.7
_ 0.5
_____________________________________________ 0.3
Meff 012 | 0.1
0.10 |-
0.18F
0 10|"'20'||'30'|'|40t/at0-16- LT
I % = T 5 3o 5 3
= = T s Iszggg iyl
0.16 - 0.14} I . 2§ @ §{
nnnnnngﬁﬁﬁ §§§ %
012_ §§§n§§§§§§§§§&§§
0.14 |
¥ 0.10-
Meff i
0.12 | 0.08 .
5 10 15 20 25
0.10 |
....|....|....|....|....|.t/at
0 50 100 150 200 250
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operator types ? 168

this explanation requires ‘single-meson’-like operators
to have negligible overlap onto ‘meson-meson’ basis states ...

... why would that be ?

volume dependence !

‘meson-meson’-like Z eP* 1) Ty Z ety @EyI"zpy samples the whole volume of the lattice
x y

‘single-meson’-like Zx eF X 4h Dby samples a single point (translated)

so: ‘looks-like’ = ‘has the same volume sampling as’

interesting side note:
tetraquark operators won’t work well for interpolating
meson-meson components — wrong volume sampling

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019 ‘cjrerrfr,,%eﬁgrg,,r)aﬁl.ﬁ;\welerawrFac,-my



how bad is it really to get the wrong energies ? 169

o
exclude all
B ( ) meson-meson
180 - | energy dependence of the
| phase-shift makes no sense
150 -
120}
90}
o
60 |-
. but each energy within
30F @ the width of the resonance ... ?
;{“
O 1 1 1 : 1 1
0.08 0.10 0.12 0.14 0.16 a;E.p,
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Chew-Mandelstam phase-space 170

e equal mass case

I(s) = —C(s)
S OO
C(s) = C(O)+= [ as' \J1—2
() (0)+ T Jsm O
() subtracting at
C(s) =—=1
(8) =" log [ ] threshold ~ C(5m) =0
e unequal mass case L1k
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below closed thresholds 171

e multiple possible scattering channels (still just spin-0—spin-0)
- the quantisation condition is

0 = det [5gn g/n/5“5 + l,Ooc ([X‘[]; (5611 0! T ZMEn K’n’( “))}

- must we include all possible channels ?

no, only channels which are kinematically open, or
close to opening

e.g.

p—K|7[L
s

E < Ethr 0:A /. . I
k = ik MOl,Oll(ZK) T Z
710

e.g. two-channels, S-wave

1 —|—ip1t11(1 —|—Z./\/l1) ipltlz(l —|—i./\/l1)
ipztlz(l + ZMZ) 1+ Z.Pltll(l T ZMZ)

> 1] —I—ip1t11(1 —I—Z./\/ll)
well below

threshold 2 elast!'c.
condition
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varying the bilinear operator basis

172

o varying the wlry content of the operator basis

D __ 3
ar Epe P=[111] A, 24
a u| B u| u|
023+
5 G "
022 F % 'EE
021 F
0.20
m| & | | m|
3x T ops 10T d; = 5 > Es
o) o) o) O
< 2 2 2 2
m, ~ 391 MeV
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left-hand cuts 173

Im[s]
A
left-hand cuts are effect of
scattering in crossed-channels
4m?
R GeLEL PR L OALLALALLLNDLNLDNLNLL S Re[s]

right-hand cut is due to unitarity

a very simple-minded toy model illustrating a left-hand cut:

s{ suppose there is a t-channel \O/ 1

stable meson exchange /O\ f(S, t) ~ F— M2
= S-wave
L partial-wave () ~ /d cosf f(s,t(cosh))
projection
t:—2k2(1—6089) — _ 1 900 ls — (4m2 — M2
§ = 4(m2 + k2) 2k 108 [ ( )}

log branch cut from 4m?2-m2
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left-hand cuts 174

Im[s]
A
left-hand cuts are effect of
scattering in crossed-channels
4m?
R GeLEL PR L OALLALALLLNDLNLDNLNLL S Re[s]

right-hand cut is due to unitarity

more generally unitarity in the t-channel
ensures there will be a left-hand cut in partial-wave amplitudes
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where left-hand cuts don’t matter 175

Im[s]

a narrow resonance (like the p)

—AAAAAAAAAAAAAAAAAAAAD @ AVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVAVERRGY 1Y Y
®
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where left-hand cuts don’t matter 176

Im[s]

a narrow resonance (like the p)

far from the LH cut

¢o

very close to the pole
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where left-hand cuts matter (maybe ?) 177

Im[s]
A

pole and cut are equally close !

>
—AAAAAAAAAALAALAAAAAAD WAM&MAMAM&M_» Re[s]

v

broad resonance (like the o)
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big scatter — no left-hand cut constraint PRLT18 022002 (2017) | 178

nm isospin=0

L O
O

~~

s 0

-

Q

()

S

05+

-0.06 -0.03 0 0.03 0.06 0.09 0.12

k? | GeV?
7_‘_7_‘_|phys. 7_‘_7_(_‘236
0 | 1I:hr. | tlhr. | O'I
300 500 700 900
-100 +

T
200 @Jj | +

| m, = 236 MeV
|
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limited energy region about KK threshold 179

o contributes only a slowly varying ‘background’ in this energy region

0.14 016 018 02() 022 ()24

0.2 .
nmm — KK
|

: L——o0— nn — T
0.14 0.16 0.18 020 022 024

nn — nn . &
< | o—I—o% S Relons)
e 0.12 0.14 0.16 0.18 020 022 0.24
E 002k =y
~ -0.04- |
006k .
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Jost functions — controlling the pole content 180

D(-w™) . §
— § A3
S11 Dw) = o & & Re(a;v/s)
ki + ky ~1 ki —k, @ ' S ' —oO0—4— —
W = 5 = W = 5 = @(a)_l) ke 012 0.14 016 0.18 0.20 022 024
k k V kl - k2 S22 — g(&)) ’ E/ 002
D(—w v -0.04F %
detS = @(( )) -
@ 2006}
: Q |
b 1 & W W
_ b | _ = _
D(w) = exp Z'ybw 3 H (1 wp> (1—|— w*) :
b=1 p=1 P
Re ((1/\/s)
bnfackg)e = = = 2 2
5 008
. . .. , X . Qs
- — = Jost 2 poles S o1\ i
[ . £ 0.10 N
08 ........ K—matrlx = 0.08 ’%ﬁ
/‘ 'I\l ().()§ )_}_{ 002_ ‘ } |
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template < scattering amplitudes 181

standard text size 20 pt

paper references

PRD92 0124567 (2007)

arXiv:1234.56789

loosened figure header

< 1
. p
150 | [000] %@ A t
[100] -
120 [110] H
2=
o [111] o
~—
S 90r 200]
60 | w
.
30}
<]
g
oL o = . | |
0.08 0.10 0.12 0.14 0.16 o, B*
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fo(980) as a dip in elastic scattering 182

2
pips|tiy

1.0

0.8

0.6

04

0.2
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f0o(980) as a peak in “ss” production 183

BO—J/y mHm- J/y—=@(mm,KK)
¢ mn t
e +
° ~ i )
S S 4
{
+ 1 } ++H++ 1
tt H t 4
°. nt P +++|-++++ +++
+ + | I-i- | +;
o ‘o 0.5 1.0 1.5
o. - KR +
. M.." LHCb 2012 +
L Teerei—— +
1.0 2.0 3.0 { ++
My | GeV }
ty + }
++++H++++++ ++++
l | | e

0.5 1.0 1.5
BES 11 2005

note the rapid turn-on
of KK at threshold
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f0(980) as ? 184

pp—p(mm,KK)p m-p—mondn
40 0.01 < —t < 0.10
- T WA102 1999 oooooooooOo OOOOQQO
# T central production at p = 450 GeV OO 5 O Q
+ o) Q
. Y S-wave o 3 ETP
: Q
" projected | | | | | }% §q QQQQ?@
., 04 06 08 10 12 14 16 138
L3 +H
- 12 - oo 0.10 < —t < 0.20
- OOOOOOOOODO QD §§§
— 00 © @@
. Q0
| | ! o= PSS T §©©OOC§@§@§©§Q
0.5 1.0 1.5 ' ' ' ' ' ' ' '
04 06 08 10 12 14 16 18
KK
'|' r 5 % 0.20 < —t < 0.40
Q 002 ?
o oOoooOO o) % § 5
"} ° 20" go" 008y,
] ] ] | ] ] ] ]
t . 04 06 08 10 12 14 16 18
+ +y N ,
- 0.40 < —t < 1.50
T 2 ©
\ | | | o . R OQ Q@Q 5 5
1.0 1.5 2.0 00® ©000000050° ¥ - §© éé@ij
| | | | | | | |
f0(980) as a shoulder on 04 06 08 10 12 14 16 18
a large o ‘background’ S-wave M / GV
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S—wave nrt production

185

m-p—uondn

40 Oooooo - 0.01 < -t <0.10
OOO OO o QQ
o o}
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- O 5050
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dominated by m exchange
— looks like the the 1970s
elastic phase-shift data

v
other (non-1) exchanges
becoming significant,
f0(980) dip less pronounced

v

o no longer large,
fo(980) starting to be a peak ?
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Breit-Wigner pole is on the unphysical sheet 186

1 2 ) \/5—4m2
i(s) XM s —igels) pls) = — 7

x —s + (M~ ig?p(s)) [D]

A p= \/meie/z
sheet | Ve

x  arg(s —4m?) =¢ Rep >0

B eI ST SR AL SR so no way for [D] to be zero

X  arg(s —4m?) =21 — ¢

p= \/Sj;il'm?l i pie/2
S
Rep <0

so no way for [D] to be zero

N p= \/IS:;;WLQI ot pic/2
sheet Il Rep <0

X arg(s —4m®) =2m+€ 5o [D] can be zero

B e tC L SERE LS

P P 2 —
X arg(s —dm’) = —¢ p = VsTam?] s>
= Vs
Rep >0

so [D] can be zero
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causality and analyticity 187

(-4 Burlehasb pgtl — )

| CAUSALITY & ANALMTICITH| — simple muded. vshiRahen

He responce dy a physical Svstm  G(E) Ho an ipwt effeck glt)  can ke described
hﬁ @ pvelubwvy

Grle) = fdt’ f{t—e’) 9(t’)

where Lle-t') describes b efteck time t” has o Eime £

ln evoler for he regpomes 4o ke CAUSAL we requeec bak  f(t+)=0 &~ t<t!

‘e tat f(T) =0 o TCO

~ - ET
Now CM;M - '&)u.rio( -‘cms&n\« & ‘F(‘C) : {CE)zfgdt e f[‘(.)
-3

ok fle u:wUJL ']QWN/‘ hans Form f(-c) e I(E)
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causality and analyticity
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causality and analyticity 189
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poles in two-channel scattering 190

Im[ Kkk ]
A
1l O |l
®
O >
Re[ kkk ]
o
IVy
11,
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poles in two-channel scattering 191
Im[ Kkk ]
A
17 @ lu
Q >
2 Re[ kkx ]

WILLIAM & MARY

IVy
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poles in two-channel scattering 192
Im[ Kkk ]

A
Il @ |l

O >

Re[ kkk ]
IVy
11,
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poles in two-channel scattering 193
Im[ Kkk ]

A
Il @ |l

O >

Re[ kkk ]
IVy
11,
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path-integrals in quantum mechanics 194

e.g. a free particle moving between a
fixed initial position (xi,ti)

and a

fixed final position (xr,tr)

SPACE-TIME DIAGRAM
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path-integrals in quantum mechanics

195

e.g. a free particle moving between a
fixed initial position (xi,ti)

and a

fixed final position (xr,tr)

SPACE-TIME DIAGRAM

f
A
Fe+
)
>
£
= the path of
minimum action
H—+
| — X

WILLIAM & MARY
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path-integrals in quantum mechanics 196

e.g. a free particle moving between a
fixed initial position (xi,ti)

and a

fixed final position (xr,tr)

quantum

SPACE-TIME DIAGRAM mechanical <xf‘e—ZH te—t;) )
; amplitude
A
_ —iS|x(t)]
te+ = / Dxle
‘sum’ over
all paths

... the usual rules of
quantum mechanics follow ...
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path-integrals in quantum field theory 197

consider a scalar field theory

can define a path integral

/Z = Dga(x)J

REAL SCALAR FIELD LAGRANGIAN

L = 30,9 — sm*¢* + V][9]

o—iS[p(x)] with action S[g] = / d*x L]p(x)]

e.g. in one-dimension

‘sum’ over all
field configurations @)

A
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path-integrals in quantum field theory 198

consider a scalar field theory
REAL SCALAR FIELD LAGRANGIAN

L= 50,9 ¢ — 3m*9* + V|[¢]
can define a path integral

Z :[/D o x; L—iS[p(x) with action Sig] = [d' Llo(x)
-

‘sum’ over all
field configurations

and correspondingly correlation functions

(0]p(x")p(x') 0}
=~ [Do(x) p(x") p(x') e lo)
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lattice quantum field theory 199

a concrete meaning for /Dgo(x)
comes from considering the fields on a space-time grid

- do an integral over all
values the field can take
/Dgo(x) = H /dgox at each point on the grid
X

e.g. in one-dimension

®(x)
A
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lattice quantum field theory 200

a concrete meaning for /Dgo(x)

comes from considering the fields on a space-time grid

do an integral over all
| values the field can take

/Dgp(x) — H /dqox at each point on the grid

e.g. in one-dimension

®(x)
4

— \ "X
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lattice quantum field theory 201

a concrete meaning for /Dgo(x)
comes from considering the fields on a space-time grid

do an integral over all
| values the field can take

/Dgp(x) — H /dqox at each point on the grid

e.g. in one-dimension

®(x)
4

__[ » X
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lattice quantum field theory 202

a concrete meaning for /Dgo(x)

comes from considering the fields on a space-time grid

do an integral over all
| values the field can take

/Dgp(x) — H /dqox at each point on the grid

e.g. in one-dimension

o(x)
A
7
__r » X
/
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lattice quantum field theory 203

a concrete meaning for /Dgo(x)

comes from considering the fields on a space-time grid

w
/qu(x) Ay SPACE-TIME GRID
— - (14
do an integral over all 1

values the field can take
at each point on the grid

P
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euclidean quantum field theory

204

7 /Dq) o—iS[p(x))

now make a transform to an imaginary time variable { — 1T

then the argument of the exponential becomes
s = —i/d3xdt[, _ —/d3xdT£E — S

and the integrand transforms

e —y ¢ OE

EUCLIDEAN PATH INTEGRAL

7y = /Dq)(x) e SELP
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computational approach

205

EUCLIDEAN PATH INTEGRAL

25 = [ Do)

probability for a field configuration gp(x)

importance sampled Monte Carlo

generate field configurations (on the space-time grid) according to the
probability above

| . . i=1...N
obtain an ensemble of configurations {gﬂx}

WILLIAM & MARY meson resonances in lattice QCD | Oct 2019 | SFB School 2019



computing observables

206

an observable function of the field (e.g. a correlation function)

(0[0lg][0) = [DgOlg] el

can now be estimated as an average over the ensemble

N .
(0/0[¢]|0) =0 = 1 Y~ Ol!"]
1=1

and the uncertainty due to the finite ensemble
. . . e(O)
can be estimated via the variance on the mean

WILLIAM & MARY

1

1 N
\NN-1) 5 (Ol

9] -0)’

ENSEMBLE MEAN & ERROR

(0[0[9]]0) = O
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two-point correlation functions 207

consider <O|Of(t) OJ (O) ‘O>

and since time evolution _ _Ht —Ht
in Euclidean time is O(t) — ¢ (9(0)6

wehave  (0|Of (1) OF(0)[0) = (0|O£(0) e 1 OF (0)|0)

En|n)
)

and thus <O|Of(t) OJ(O)‘O> — ZE_E“t <O|(9f(0)}n><n‘(9j(0)}0>

now let’s assume the
Hamiltonian has a complete
set of discrete eigenstates

Hin)
1
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what about QCD ? 208
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quantum chromodynamics

209

gauge theory with SU(3) ‘color’ symmetry

QCD LAGRANGIAN

L =9 (iv' Dy — m)yp — str(F, F*)
gauge D o a A
e D= 0 184y
field F uv — 8 A BVAV
strength
tensor —+ lg [AV’ AV}

WILLIAM & MARY
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QCD FIELDS
color index
quark i x) ]I = 1...3
field X
Dirac spin index
a=1..4
traceless
.. matrix in
gluon 1] color space
field

Lorentz vector
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quantum chromodynamics

210

gauge theory with SU(3) ‘color’ symmetry

QCD LAG

L =9 (iv' Dy — m)yp — str(F, F*)

derivative

field Fyy = 0,A, — dy Ay -

strength
tensor

WILLIAM & MARY

relativistic fermions

RANGIAN L@(W@u — m)l/J

E—

r color vector current

Q 1 ]/ttcl A&l
=0y +igA, Lg(@ 2 "

J

[ massless gluons

+ig[Ap, A | (9,4, —0,A,)°
Lrtv e |

e E— ‘17

gluon self interactions
|g[A, A]0A gz([A,A])zl

e - __'—T:J
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QCD on a lattice 211

the QCD action in Euclidean space-time reads
_ 4. 0 1l ra ra
and we’d like to discretize this on a hypercubic grid

quark fields take (spinor) values on the sites of the grid l/J(ZX (xpt m—/ n;u)

derivatives can be constructed as finite differences

e.g. 9f(x) = & (f(x +a) — f(x—a))

but what shall we do with the gluon fields ... ?
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‘parallel transporters’ & gauge invariance 212

in the continuum theory - consider a quark-antiquark o l/JZ (X)
field pair separated by some distance

¢ (y)

can perform different

the combination 1/)] (y) 5]1 1/)1 ( x) is not gauge-invariant local gauge transformations
at x and y

a gauge-invariant combination is

‘Wilson line’ ll)] (y)

transports the color
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gauge links 213

on the lattice - can only make hops i
to neighboring sites
' (x)
_]. >
¢ ()
>
shortest path between T 1] igaAy(x)
neighboring sites = a ‘link’ 1 { € ji

SU(3) matrix on each
link of the lattice
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lattice QCD action 214

gauge invariant version of a finite difference:

P(x) v Uy (x) P(x + fa) — P(x) v, U (x — fra) p(x — fra)

. 20 1y, (0 +igAL )P

... using constructions like these can build discretized actions ...

SE™ = 9y My’ (U] ¢
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integrating out the quarks 215

it’s possible to perform exactly the fermion integration in the path integral

Sp = Sferm | g8TU8C — yM[Uy + SEE (U]
[DyDygDU ¢S = [DUe S| [DypigevMUlY
= detM[U]

/ DyDPDU 5 — / DUldetM[U] —Sﬁa“ge[ml

can treat this as the
probability for configuration uﬂ (X)
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integrating out the quarks 216

what happens to correlation functions ?

e —

(0§ (07" ) !(ﬂz [ DyDFDU ¢ () P () S

=

correlation between
a quark field at x of color i and spin a
and
a quark field at y of color j and spin B

| PyDEDU () P () e = [ DU SETM [ DDy () § (y) e MUY

I S— - S—

— / DU [M—l[uﬂm’]ﬁ det M[U] e~ SE © Ul
XY

the probability distribution

-y [M—1[u]]i“'fﬁ will need to compute
this on every configuration
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a simple meson correlation function 217

consider an actually useful correlation function

0|y 5%, D][#r59]0,0)[0)

projected into pseudoscalar

zero momentum quantum numbers
— — V¢ [M‘lu}q [M_lll] )
{% ' [ ] 00,xt 15 [ ] xt,00 15
T |
(IMIU ] 2 Yze = 05501 0
-~ — . = | M[U r
V5 V5 H Yt Ul %t,00
NV I 1 ~/ ]- linear system H
f () L. Jof thg_foLnl Ax=bj B
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a simple meson correlation function 218

in fact there are much better ways to
compute hadron correlation functions

... Smearing the quark fields ...
... distillation ... PRD80 054506 (2009)
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the approximations 219

of course we are making approximations in order to make this practical

Ia > OI the lattice spacing plays multiple roles:
1

it’s a momentum/energy cutoff A ~ _

it appears as a scale when computing
dimensionfull quantities m=am

its size controls discretization errors
X(a) = X(0) +aAX; +a*AXp + ...

[ < we calculate in a finite volume

provided [ > L the effects are manageable
Mz

in fact we’ll use the finite volume as a tool
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of course we are making approximations in order to make this practical

mq > mghys calculating det M[U]

or ]\/I_1 [U] takes a lot of computer power

and the amount increases dramatically as the quark mass reduces

most current calculations use
heavier than physical quarks

in principal all these are controlled approximations
that can be overcome

e.g. compute at multiple a values and extrapolate
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