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Keywords of (any kind of) 
factorization
▪Universal behaviour
▪Process independent objects
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collinear factorization at higher orders ?
pQCD for hard-scattering 
processes based on 
universality of collinear 
factorization: 

▪ the sole un-cancelled IR 
divergences are due to 
partonic states whose 
momenta are collinear to the 
collider partons 

▪ removed by redefinition of bare 
parton densities 

▪ process independent: e+e-, 
DIS, hadron-hadron (universal)
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▪Offen assumed that partonic 
scattering amplitudes 
factorize: fixed order and 
resummations 
▪Monte Carlo event generators 

are based on factorization 
▪ In neither of these cases 

factorization is guaranteed.

Collinear factorization theorem 
proven for sufficiently inclusive 
observables in the final state of 
the scattering of colorless 
hadrons  [Collins, Soper, Sterman]

collinear factorization at higher 
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⦿  

Multiple collinear limit
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Singular behaviour
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⦿ External legs on-shell with physical polarisations
⦿ factorization in colour-space [Catani, de Florian, GR]
⦿ vs colour stripped (Split function of colour-subamplitudes) [Bern, Chalmers, Dixon, Kosower, Catani, 

Grazzini, Glover, Campbell, del Duca, …] 

Collinear  factorization at tree - level

    Collinear limit
▪ Singular behaviour 

captured by universal 
(process independent) 
factorisation properties

▪ Splitting matrix depends 
on the collinear partons 
only. 

▪ Space-like and time-like 
related by crossingsp
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⦿ External legs on-shell with physical polarisations
⦿ factorisation in colour-space [Catani, de Florian, GR]
⦿ vs colour stripped (Split function of colour-subamplitudes) [Bern, Chalmers, Dixon, Kosower, Catani, 

Grazzini, Glover, Campbell, del Duca, …] 

Collinear  factorization at tree - level

    Collinear limit
▪ Singular behaviour 

captured by universal 
(process independent) 
factorisation properties

▪ Splitting matrix depends 
on the collinear partons 
only. 

▪ Space-like and time-like 
related by crossingsp
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At two loops: time - like



                               Germán Rodrigo                                                 factorization breaking and collinear functions                                       MITP 2019 

At two loops: time - like

?
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Qualitative interpretation: m=2
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Factorization breaking in the 
space-like collinear region at 
higher orders ? 
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Generalized collinear factorization at all orders
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One-loop two-parton splitting matrix
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IR structure of the splitting matrix
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Factorization violation: two coll partons one-loop
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n=3 QCD partons
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Lepton-hadron DIS: n≥4 QCD partons
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Hadron-hadron: n≥4 QCD partons

 

⦿ Colour correlations 
between the collinear 
and non-collinear 
partons remain
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Two-loops  (IR structure)

 

⦿ One-collinear + two non-collinear partons positive

Anti-Hermitian
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Two-loops  (IR structure)

 

⦿ One-collinear + two non-collinear partons
⦿ Hermitian part depends also on the size of the non-collinear momenta
⦿ Anti-Hermitian part can be rewritten in terms of two-collinear + one 

non-collinear parton correlations

positive

Anti-Hermitian
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Summarizing: amplitude level
Factorization Breaking (FB)
▪ At one-loop factorization breaking is purely anti-Hermitian and depends only on 

the sign of the energy of non-collinear partons (initial vs final state) 
▪ At two-loops both Hermitian and anti-Hermitian contributions, and the 

Hermitian part depends also on the size of the momenta of the non-collinear 
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Squared amplitudes and cross-sections

 

 

Generalized Altarelli-Parisi kernels
e.g. tripple collinear at one-loop [Sborlini et al.]
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Squared amplitudes and cross-sections

 

 Partially 
cancel FB

Generalized Altarelli-Parisi kernels
e.g. tripple collinear at one-loop [Sborlini et al.]
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Two-parton collinear limit of squared amp.
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Physical effect at N3LO
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Physical effect at N3LO
 

 



                               Germán Rodrigo                                                 factorization breaking and collinear functions                                       MITP 2019 

 
Conclusions
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Conclusions

▪Can lead to logarithmic enhanced contributions at 
higher orders
▪Challenges the validity of mass-singularity 

factorization in jet and hadron production from N3LO


