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Beam remnant

Keywords of (any kind of)
factorization

Universal behaviour
Process independent objects
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collinear factorization at higher orders ?

Beam remnant PQCD for hard-scattering
processes based on
universality of collinear
factorization:

the sole un-cancelled IR
divergences are due to
partonic states whose
momenta are collinear to the
collider partons

removed by redefinition of bare
parton densities

process independent: e+e-,
DIS, hadron-hadron (universal)

[FIC CS lC German Rodrigo factorization breaking and collinear functions MITP 2019



collinear factorization at higher

Beam remnant Collinear factorization theorem
proven for

observables in the final state of
the scattering of colorless
hadrons [Collins, Soper, Sterman]

Offen assumed that partonic
scattering amplitudes
factorize: fixed order and
resummations

Monte Carlo event generators
are based on factorization

In neither of these cases
factorization is guaranteed.
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Multiple collinear limit

Momentap,,...,p,, of m partons become parallel

- Sub-energies s;; = (p; + P, ) of the same order and
vanish S|multaneously

The momentum of the m partons in terms of two back-to-back
light-like momenta P? = 0,n? = 0:

$1..mn"

4o+ K = pU 4 _
(p1 Pm) on - P

P¥: collinear direction
n#: describes how the collinear limit is approached

’;" : longitudinal momentum fraction, ), z; = 1

I
l n
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Singular behaviour

® Matrix element in perturbation theory (QCD)
M=MOO 1 pm® 4 @ 4 ...

® At tree-level (s = s;;, Sk, OF any sub-energy)

1\
MO (py, oo, Dy ooy D) = (ﬁ)

® At one-loop (scaling violation)

1 m-—1 c —€
M(l) (pl, ey Pms ...,pn) = (ﬁ) (F)
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Colllnear factorization at tree - level

External legs on-shell with physical polarisations
© factorization in colour-space [Catani, de Florian, GR]

© vs colour stripped (Split function of colour-subamplitudes) [Bern, Chalmers, Dixon, Kosower, Catani,
Grazzini, Glover, Campbell, del Duca, ...]

A, Collinear limit

As Al ]| Am A Singular behaviour

; captured by universal
A (process independent)
factorisation properties

time - like

m+1

A, e Splitting matrix depends
e || A on the collinear partons

only.

.Am Space-like and time-like
Amis A, related by crossing

|M(O)(p1' 'pn)> o -
~ SpO(py, ..., P) IMO(P, Dy, o, P )

[FIC C»SIC German Rodrigo factorization breaking and collinear functions MITP 2019

space - like



Colllnear factorization at tree - level

External legs on-shell with physical polarisations
© factorisation in colour-space [Catani, de Florian, GR]

© vs colour stripped (Split function of colour-subamplitudes) [Bern, Chalmers, Dixon, Kosower, Catani,
Grazzini, Glover, Campbell, del Duca, ...]

A, Collinear limit

Ay Al || Am Ay Singular behaviour

; captured by universal
An (process independent)
factorisation properties

AnH—l

Splitting matrix depends
Ay Al A, | ) on the collinear partons
—_— ’ only.

Space-like and time-like
At A, related by crossing

Q109 D 1 D
Spé(])_)g(Q e )(p17p27p) — 8_12'u gst ala (p1)§/<p2)u(P)
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At two loops: time - like
|M(2)(p1,---,]9n)>

~ Sp D (p1,...,Pm; )|M(2)(P Pm+1s--->Dn))
+8p0 (1, i P) (M (Pspmsa, -+, 0n)
+Sp? (p1, ..., pm; )’M(O)(P Pm+1s--->Dn))

An
Ay
Ay
.4( f)) > :
44"1
Am+1 +

Ay
-‘1‘2 --‘1” s H-‘Ln

—
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At two loops: time - like

M@ (py, ...
~ Sp¥ (p1, - -
—I—Sp(l)(pl, .
+Sp(2)(P1, .

,Pn))
-7(2)

» Pm s )|M (P pm+1a---7pn)>
1

7pm7 )|M( )(P pm+17'°'7pn)>
0

7pm7 )|M( )(P pm+17"°7pn)>

An
:11 . . ‘_1]
As Aql...||Am * i Ay
. A(P) —»-( g .
.Q
Am
+
"1771 1
Ay
Ay
A(P) .
A
factorization breaking and collinear functions MITP 2019



Qualitative interpretation: m=2

® Tree level:
Two-scale problem: collinear subenergy s;, < any other
subernergy (large- vs short-distance interactions)

® Loops:
Gauge interactions are long-range

Interactions separately spoil factorization,
but 0jy = 0, =0;pandT; (T, +T,)=T; - Tp
Colour coherence restores factorization

Both collinear partons in the final- or intial-state, otherwise
color coherence limited by causality
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Factorization breaking in the
space-like collinear region at
higher orders ?
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Generalized collinear factorization at all orders

® Multiparton collinear limit at all orders
|M(p11 tPTl))

= Sp(pl: ) Pms B Pm+1, ---:pn) |M(13: ) Pn ))
® At two-loops
|M® (p,, ---rpn)> = SP(O)(PL ---;Pmip) |1\7I(2)(}3, ---»Pn»
+ SpD (D1, o, P P Pmats or P ) IMD(P, ..., 0 )
+ SPpP(py, s P P; Pmats oo P ) IMO(P, ..., 0 ))
® Time-like:
Sp(pl' oy Pm s P; Pm+1, ---:pn) — Sp(plf oy Pm s }3)

® Matrix elements invariant under renormalization (scattering
amplitudes with external partons on-shell and physical
polarizations): Sp also renorm. invariant Sp — Sp®
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One-loop two-parton splitting matrix

® To all orders in € (unrenormalized)

SpD (p1,p2; P; p3, . s P )

= 51’511)(191»192; ﬁ) + IC(pl:pZ; P;p3, ... Pn ) SP(O)(I?LPZ; ﬁ)

where

IC(P1»P2ipiP3»---:pn) B

—S12 — 10 1
=9§ cr ( PE > {6—2(C12—C1—C2)

1 2 B
+ - (Y12 — Y1 —Y2 +bo) + - Z T; - T; f(ez —i0s;)}
i=1,2
j=3,.n

= Casimir coefficients:
Cq — CC_I :CFand Cg - CA

3
" Yq =yq=ECFand yg:bo
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IR structure of the splitting matrix

® The IR structure of scattering amplitudes at one- [Catani, Seymour]
and two-loops is known [Catani]

MR = 11(\;)(6) IM©RY 4 |y (Dfin)
|M@R)) = 11(;)(6) IMOB) 4 11(\41)(6) MR 4 |y @fin)

@ Can be applied to M and to the reduced matrix element M
spOR = 1, (©SpOR — spORIY () + 0(e%) = I;0(e) SpOP
Sp(z,R)z Iﬁ,f)c(e) Sp(O,R) + 17(?1)6(6) Sp(l,R) + E(z)div

Where Sp(?41V is 0 (1/¢€) purely non-abelian and non-vanishing
in SL (requires to know SpR at 0(e) in SL, known in the two-
parton collinear limit)
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Factorization violation: two coll partons one-loop

The one-loop splitting matrix depends on the momenta and
guantum numbers of the non-collinear partons (no longer
universal)

® Ifz, < 0 (z; > 0), the factorization violation is proportional to
2 .
6(p1, P25 D3 ) Pn) = - 7:3 T, T; f(E? Zy — 10 s )
fler)=:LA0-61-61-x)—1]= Inx -

X

€ le(l — X) + ..

® Main physical effect: colour correlations between collinear and
non-collinear partons

Time-like (z, > 0)

= 6(py,..) = % f€2;) Ty }1=3T' - _é f(&2;) Ty (T +Tp)

= Colour coherence (colour conservation): each interaction is separately not
factorized, but the global effect is a single interaction with the parent parton

= Color charge: T;; = t%;; (—t%j;) for a quark (antiquark), Tp,. = ifgp. for a gluon
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n=3 QCD partons

DIS e+e-

Drell-Yan

q(p1)

q(p3)
q(—p1)
q(ps)
DIS
q(—p1) 9(p2)
q(—p3)
DY

L e e
= Al

f DIS (SL)f D2
p1||p2 ; : ;
_+_
So3 > 0
SL DY (SL) f D2
p1llp2
—

S

So3 < 0
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time-like:zp =1 —2z >0

glere) (pl,pz:lpg)
- _ECA f (€ 2,)

space-like:z, = 1 — i <0

S(D’S)(pl,pz:pf,)
= _ECA f(e 2z, —i0)

§Y) (p1,D2; P?i)
= _ECA f(€ z, +i0)
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Lepton-hadron DIS: n=4 QCD partons

@ All the non-collinear QCD partons are final-
state partons, same-sigh subenergies

5(1191,192:193, ey Dn) =
—;(C1Z—C1—Cz)f(E;Z2—i0) S2; >0
® No explicit dependence on the colours and
momenta of the non-collinear partons
® “Effectively” factorized
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Hadron-hadron: n=4 QCD partons

® Colour correlations
between the collinear
and non-collinear
partons remain

5(p1,pz:p3i---,pn)
— _E(Clz — Cl - Cz) f(E;ZZ - iO)

l
+E 4T2'T3]:I(E;Zz) 523<0<Szj
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Two-loops (IR structure)

g ® Non-Abelian operator
0 (1/€%)

® Three-parton
correlations

® n=4 QCD partons

Anti-Hermitian (notin DIS)

—D1

on) (C2e) 0, 2, fae TETTS
iteC j,keNC
Sip Skp
0(—z;) 9(—sjk) sign(sij) In <_Sjjz—:§ — i0>

® One-collinear + two non-collinear partons o~ positive
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Two-loops (IR structure)

g ® Non-Abelian operator
0 (1/€%)

® Three-parton
correlations

® n=4 QCD partons

7> Anti-Hermitian (notin DIS)
T{ T} T,
262 fabc
iteC j,keNC
. Sjp Skp
0(—z;) 9(—s]-k) 51gn(sl~j) In{ ——= —1i0
Sjk U

® One-collinear + two non-collinear partons T positive
® Hermitian part depends also on the size of the non-collinear momenta

®  Anti-Hermitian part can be rewritten in terms of two-collinear + one
non-collinear parton correlations
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Summarizing: amplitude level

Factorization Breaking (FB)
At one-loop factorization breaking is purely anti-Hermitian and depends only on
the sign of the energy of non-collinear partons (initial vs final state)
At two-loops both Hermitian and anti-Hermitian contributions, and the
Hermitian part depends also on the size of the momenta of the non-collinear
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Squared amplitudes and cross-sections

® Squared matrix element summed over colours and spins
of external partons

IM|?> = (M|PIM) P =[Sp]Tsp

The matrix P is the square of the all-order splitting matrix

pO.R) — (Sp(o R)) Sp(OR)
P(l R) _ (Sp(OR)) Sp(lR) + h.c.
PR = (spR)! gpLR) 4 [(Sp(O'R)) Sp@R +h, c.]

Generalized Altarelli-Parisi kernels
e.g. tripple collinear at one-loop [Sborlini et al.]
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Squared amplitudes and cross-sections

® Squared matrix element summed over colours and spins
of external partons

|IM|?> =~ (M|P|M) P =[Sp]Tsp

The matrix P is the square of the all-order splitting matrix

Partially
pCOi= (Sp(”)) Sp© /‘

P(lR) (Sp(OR)) Sp(lR) + h.c.
PR = (spR)! gpLR) 4 [(Sp(O'R)) Sp@R +h, c.]

Generalized Altarelli-Parisi kernels
e.g. tripple collinear at one-loop [Sborlini et al.]
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Two-parton collinear limit of squared amp.

® PR js strictly factorized in spite the fact that
Sp(LR) violates collinear factorization » NNLO v/

® Analytic continuation from TL to SL [Bern, Dixon,
Kosower] WOrks

@ Three parton correlations survive for n>5 in P(28)
» N3LO ?

[FIC CSIC German Rodrigo factorization breaking and collinear functions MITP 2019



Physical effect at N3SLO

® The expectation value over the reduced matrix element
|M|* ~ (M|P|M)

can cancel non-factorized contributions [Seymour, Forshaw,
Siodmok]

[FIC C»SIC German Rodrigo factorization breaking and collinear functions MITP 2019



Physical effect at N3SLO

® The expectation value over the reduced matrix element
|M|* ~ (M|P|M)

can cancel non-factorized contributions [Seymour, Forshaw,
Siodmok]

True in pure QCD: M(® = (M (0))*

N4LO needed: super-leading logs (non-global) in
hadroproduction of a pair of jets with a rapidity gap
[Forshaw, Kyrieleis, Seymour 06]

Still posible at N3LO if M(9 is EW (CPV and/or finite W/Z
width) or includes QED corrections at one-loop
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Conclusions

® Beyond tree-level strict (process-independent) collinear
factorization is violated in the SL collinear region
® |R structure calculable (two-parton collinear [imit all orders in €)

® DIS: all the non-collinear partons are final state, “effectively”
factorized

® Hadron-hadron: non-Abelian factorization breaking terms in the
two-loop SL splitting matrix

® Partly cancel in squared amplitudes
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Conclusions

®

®
®

Beyond tree-level strict (process-independent) collinear
factorization is violated in the SL collinear region

IR structure calculable (two-parton collinear limit all orders in €)

DIS: all the non-collinear partons are final state, “effectively”
factorized

Hadron-hadron: non-Abelian factorization breaking terms in the
two-loop SL splitting matrix

Partly cancel in squared amplitudes

»

= Can lead to logarithmic enhanced contributions at
higher orders

= Challenges the validity of mass-singularity
factorization in jet and hadron production from N3LO
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