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Plan	of	the	talk	

•  A	de	Si1er	survey		
•  Low	mass	bound	states	
•  Surprising	results	about	two-dimensional	
models	



1917:	The	birth	of	cosmology	as	a	science		

				1916-1919:	the	famous	debate	between	Einstein,	De	
Si1er,	Weyl	and	Klein	over	the	relaHvity	of	inerHa.	



A	valuable	paper	

EINSTEIN,	Albert.		
Kosmologische	Betrachtungen		
zur	allgemeinen	Rela4vitätstheorie.		
[Offprint	from:]		
Sitzungsberichte	der	Königlich		
preussischen	Akademie	der	Wissenscha_en,		
VI.	Berlin,	1917.	
	
Lot	52	/	Sale	1677	/	14	June	2006		
New	York,	Rockefeller	Plaza		
Es4mate	
$1,000	-	$1,500		
Price	Realized	$5,040	
 



The	first	modificaHon	of	GR	

Rµ⌫ � 1

2
Rgµ⌫ = 8⇡GTµ⌫

Rµ⌫ � 1

2
Rgµ⌫ + ⇤gµ⌫ = 8⇡GTµ⌫

(1915)

(1917)



A	second	valuable	paper	
The	ManahaBan	Rare	Book	Company		
1050	Second	Ave,	Gallery	50E	
New	York,	NY	10022	
			
DE	SITTER,	Willem.		
On	the	relaHvity	of	inerHa.		
Remarks	concerning	Einstein's	latest	
hypothesis.	In	Proceedings	Koninklijke	
Akademie	Van	Wetenschappen	Te	
Amsterdam,	vol	19,	no.	9	and	10,	pp.
1217-1225.		
First	ediHons	in	English	(translated	from	
the	German-language	issue	of	the	same	
journal)	of	two	of	cosmology's	most	
important	papers:	Willem	de	Si1er's	
soluHon	to	Einstein's	field	equaHons,	
later	to	become	known	as	the	"De	Si1er	
universe",	providing	a	mathemaHcal	
basis	for	an	expanding	universe.	
Two	complete	issues.	Octavo,	original	
wrappers	neatly	rebacked.		
$4500.	



de	Si1er’s	analogy	

Einstein’s	staHc	model	does	not	solve	the		
boundary	condiHon	problem	in	an	invariant	way.	
There	is	a	sort	of	‘absolute	space’	remaining	in	it.	
de	Si1er’s	alternaHve	proposal:	



Einstein	was	not	happy!	

•  The	de	Si1er	metric	is	a	vacuum	solu4on	of	the	
new	equa4ons;	it	is	a	counterexample	to	
Einstein’s	requirements	

•  It	is	anH-Machian	(but	more	‘relaHvisHc’	than	
Einstein’s	own	soluHon)	

•  Einstein’s	strategy:	try	to	kill	it	(it	is	wrong,	it	is	
singular,	it	is	not	empty)	

•  Einstein	criHcisms	were	all	wrong	but	in	the	end	
he	dismisses	the	de	Si1er	metric	as	unphysical	
because	non	globally	staHc.	



Lemaître’s	prophecy	

				“The	history	of	science	provides	
many	instances	of	discoveries	which	
have	been	made	for	reasons	which	
are	no	longer	considered	
saHsfactory.		

				It	may	be	that	the	discovery	of	the	
cosmological	constant	is	such	a	
case.”		

												George	E.	Lemaître,		ar:cle	in	the	book			
“Albert	Einstein:		Philosopher–Scien:st”,	1949	



Year:	1997	

•  A.	G.	Riess	et	al.,	“ObservaHonal	Evidence	
from	Supernovae	for	an	AcceleraHng	Universe	
and	a	Cosmological	Constant”,		Astronomical	
Journal	116,	1009	(1998).	

•  S.	Perlmu1er	et	al.	“Discovery	of	a	supernova	
explosion	at	half	the	age	of	the	universe	and	
its	cosmological	implicaHons”,	Nature,	391,	51	
(1998)	



The	de	Si1er	world	

M(d+1)	:		ημν	=	diag(1,-1,……,-1)	

X2
0 �X2

1 � . . .�X2
d = �R2

Z2
0 � Z2

1 � . . .� Z2
d = �R2

Complexification

SO0(1, d)

SO
(c)
0 (1, d)



Hyperbolic	model	(de	Si1er	1917)	



Querelle	de“rest”		
StaHc	universe	(de	Si1er	1917)	



Spherical	model	(Lanczos)	



Flat	model	(Lemaître,	1924)	



AsymtotoHc	cone	

M(d+1)	:		ημν	=	diag(1,-1,……,-1)	



Causal	structure	



Geodesics	



Geodesics	



de	Si1er	plane	waves	

Plane	waves	are	homogeneous	funcHons	



de	Si1er	plane	waves	



Principal	de	Si1er	waves	



Complementary	de	Si1er	waves	



Tachyonic	de	Si1er	waves	



The	plane	waves	are	irregular	



Geometry:	de	Si1er	tubes	







Fourier	complex	representaHon	



	
•  W		is	invariant	under	the																										
complex	de	Si1er	group	

•  It	is	maximally	analyHc	in	the																	
complex	de	Si1er	manifold	

•  The	inverse	image	of	the	cut	reflects	causality	

ζ = -1 ————



Time	translaHons:	

Maximal	analyHcity	E	KMS	condiHon	

Physical	interpretaHon:	temperature	



KMS	condi4on	at	inverse	temperature	2πR	



Low	mass	«bound	states»	



ParHcles		
•  In	quantum	field	theory	a	one	“parHcle”	state	
of	mass	m	is	a	quantum	state	obtained	by	
applying	the	smeared	field	to	the	vacuum	



2-parHcle	(Wick)	states	
•  Two-parHcle	states	
	
	
•  Wick	powers	



Spectrum		



Kallen	Lehmann	expansions	

More	generally	



KL	weight	
Evaluate	the	Mehler-Fock	transform		

which	provides	the	Kallen-Lehmann	weight	

One	needs	something	like	a	vectorial	Fourier	transform	adapted	
to	the	de	Si1er	geometry	



Fourier-like	representaHon	



Star-triangle	idenHty	
1)	Integral	on	the	hyperboloid:		a	star-triangle	relaHon	

=	



Integrate	the	triangle		



Final	result	



ApplicaHon:	parHcle	decays	

•  There	are	no	stable	parHcle	of	mass		

	
(with	J	Bros,	H	Epstein,	M	Gaudin,	V	Pasquier)	

m2 � 9

4R2



ApplicaHon:	bound	states		
	

For	principal	fields	



Complementary	fields	

When	0	<	α	=	Im	ν	<	(d-1)/4	no	pole	reaches	the	real	axis:		the	formula	conHnues	to	hold.		
True	in	parHcular	for	the	principal	series	and	half	of	the	complementary	series,	i.e	for	all	
the	masses	saHsfying	
	
	
When	the	threshold		is	a1ained	the	KL	has	to	be	replaced	by	a	contour	integral.	



•  For	(d-1)/4	<	α	(d-1)/4	+1	we	can	extract	the	residues	
at	the	first	pole	

•  A	similar	situaHon	occurs	when	the	successive	poles.		
•  The	KL	rep.	is	modified	by	the	appearance	of	a	sum	of	
discrete	contribuHons	

•  Can	be	done	down	to	m=0	(the	limiHng	case	excluded)	

	



Conclusion	
•  In	parHcular,	in	sharp	contrast	with	the	Minkowski	case	in	d=4	in	

the	spectrum	of	a	dS	scalar	QFT	of	mass	
	
	
•  there	are	also	compounds	in	the	two-parHcle	Hilbert	subspace	of	

the	Fock	space	of	the	theory	with	mass		

•  In	general	for	

•  discrete	states	appear	in	the	first	n	finite-parHcle	subspaces	of	the	
Fock	space	of	the	theory.	

m2 =
1

R

q
4m2R2 + 3

p
9� 4m2R2 � 9



Two-dimensional	models	



What	tells	us	perturbaHon	theory?	

•  There	several	approaches	to	nonperturbaHve	
QFT	on	flat	space	

•  One	is	the	study	of	exactly	soluble	two-
dimensional	models	of	QFT	

•  Why	not	to	try	and	explore	soluble	(?)	two-
dimensional	models	in	de	Si1er?	



	
	

1)  The	Thirring	Model	(current-current)	

	
	
2)  Schwinger	Model	(2-DIM	QED)	

3)  Are	their	dS	counterparts	sHll	soluble?		
4)  What	can	be	learnt	from	the	soluHons?		
5)  Do	they	share	the	same	difficulHes	of	perturbaHon	

theory?	
	

i�

µ
@µ (x) = �gJ

µ(x)�µ (x)
J

µ(x) =  (x)�µ (x)
@µJ

µ(x) = 0

Two	historically	important	models	
	

i�

µ
@µ (x) = �e�

µ
Aµ(x) (x)

@

⌫
Fµ⌫(x) = �eJµ(x) +Aµ(x)



Two	preliminary	elementary	quesHons	

•  What	is	going	to	replace	the	Dirac	equaHon	
on	the	de	Si1er	manifold?		

	
•  What	is	the	meaning	of	de	Si1er	covariance	
for	spinor	fields	?	

	

	
	



Spin	bundles	on	dS(2)	
•  There	are	two	inequivalent	spin	bundles.	
•  Two	boundary	condiHons:	
•  1)	Periodic	(Ramond)	
	
	
•  2)	AnH-periodic	(Neveu-Schwarz)	
•  Well	defined	on	the	double	covering	

•  In	both	cases	observables	are	fully	well	defined	on	the	
cylinder	(i.e.	they	are	periodic)	

 (t, ✓) =  (t, ✓ + 2⇡)

 (t, ✓) = � (t, ✓ + 2⇡)



Conformal	transformaHon	of	the		spinors		
	
•  Massless	de	Si1er	Dirac	(quantum)	spinor	field	
(either	Ramond	or	Neveu-Schwarz)		

																											
	
•  What	about	the	de	Si1er	symmetry?		
•  There	is	a	priori	no	reason	to	expect	it.	The	
spinors	on	the	cylinder	have	less	symmetries	
(space	rotaHons	+	Hme	translaHons)!	

� = (cos t)
1
2 



														Homogeneous	space	
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2 � sin
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.

SO0(1, 2)/A

x(�, ⇣) = k(⇣)n(�)

SO0(1, 2) acts on SO0(1, 2)/A by left multiplication : x(�0, ⇣ 0) = gx(�, ⇣)

dS2 :



Iwasawa	coordinate	system	

x(�, ⇣) =
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2 �
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Iwasawa	de	Si1er	coordnates	

	
	

ds2 =
⇣
dX02 � dX12 � dX22

⌘���
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�
�2 + 1

�
d⇣2

x(�, ⇣) =

8
<

:

x

0
= �,

x

1
= � cos ⇣ + sin ⇣,

x

2
= cos ⇣ � � sin ⇣.

u = tan

✓
⇣

2

+ arctan�

◆
, v = cot

⇣

2

,

u =
1� x

2

x

1 � x

0
, v =

1 + x

2

x

1 � x

0
.



							Double-covering	group	 eG = SL(2, R)
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Maureer-Cartan	metric	
•  The	Maureer-Cartan	form																gives	to		the	symmetric	

space																													a	natural	Lorentzian	metric	
•  There	exists	a		inner	automorphism	of	SL(2,R)	that	leaves		

invariant			
	
•  It	may	be	used	to	construct	a	map	from	the	coset																		

space																													into	the	group	SL(2,R)	and	an	induced	
Lorentzian	metric	on	

dg g�1

g ! µ(g) = ��2g�2 �2 =

✓
i 0
0 �i

◆

g(X̃) = gµ(g)�1 = �X̃�2X̃�1�2.

ds2 =
1

2
Tr(dg g�1)2 = �2d�d⇣ �

�
�2 + 1

�
d⇣2

eA
SL(2, R)/ eA

SL(2, R)/ eA



Maureer-Cartan	metric	

	
1.  The	metric	is	invariant	under	the	group	le_	acHon	
2.  The	curvature	is	constantand	the	Ricci	tensor	is	proporHonal	to	the	metric:	
	
3.  The	map										

	
								is	a	covering	map.		

ds2 =
1

2
Tr(dg g�1)2 = �2d�d⇣ �

�
�2 + 1

�
d⇣2

ds2 =
⇣
dX02 � dX12 � dX22

⌘���
dS2

= �2d�d⇣ �
�
�2 + 1

�
d⇣2

p : x̃(�, ⇣) ! x(�, ⇣) =

8
<

:

x

0
= �

x

1
= � cos ⇣ + sin ⇣

x

2
= cos ⇣ � � sin ⇣



Double	covering	of	de	Si1er	
•  In	conclusion:	the	symmetric	space	

					may	be	idenHfied	with	the	double	covering	of	the	two	
					dimensional	de	Si1er	universe.	
•  The	spin	group		SL(2,R)	acts	effecHvelyon	the	covering	
space		as	a	group	of	spaceHme	transformaHons:	

•  We	were	not	able	to	find	the	above	idenHficaHon	in	
the	(enormous)	literature	on	the	group	SL(2,R).		

X̃ ! gX̃

fdS2 = SL(2, R)/ eA



Spherical	coordinates		

� = sinh t, tan ✓ = tan(⇣ + arctan�).



Causality	



Canonical	quanHzaHon	

�l(t, ✓) = [alP
�l
� (i sinh t) + blP

�l
� (�i sinh t)]eil✓

�⇤
l (t, ✓) = [a⇤lP

�l
� (�i sinh t) + b⇤lP

�l
� (i sinh t)]e�il✓

⇤�� �(�+ 1)� =

1

(cosh t)
@t(cosh t @t�)�

1

cosh

2 t
@2
✓�� �(�+ 1)� = 0.

a�l = cl(al sin(⇡�) + bl sin(⇡l)),
b�l = cl(bl sin(⇡�) + al sin(⇡l)).

either � = �1

2

+ i⇢, =⇢ = 0, m =

r
1

4

+ ⇢2 � 1

2

,

or =� = 0, �1 < <� < 0, 0 < m <
1

2

.

(|al|2 � |bl|2) =
1

8⇡
�(l � �)�(1 + �+ l)



Covariant	Commutator	

C(t, ✓, t0, ✓0) =

k = 1 (dS2) , k = 2 (gdS2)

�l =
1

2
�(l � �)�(1 + �+ l)

X

kl2Z

�l
2k⇡

[P�l
� (i sinh t)P�l

� (�i sinh t0) exp i(l✓ � l✓0)

�
X

kl2Z

�l
2k⇡

[P�l
� (�i sinh t)P�l

� (i sinh t0) exp i(l✓ � l✓0)



QuanHzaHon	

C(x̃, x̃0) = W (x̃, x̃0)�W (x̃0
, x̃).

C(x, x0) = W (x, x0)�W (x0
, x). dS2

fdS2

W (gx, gx0) = W (x, x0).

Covariance		

g 2 SO0(1, 2)

W (g̃x̃, g̃0x̃0) = W (x̃, x̃0). g̃ 2 SL(2, R)



Vacuum	(Pure)	states		

al =

r
�l
2⇡k

cosh↵✏, bl =

r
�l
2⇡k

sinh↵✏e
i�✏�il⇡, ✏ = 0, 1.

W (x, x0) =
X

l

�l(x)�
⇤
l (x

0) =

X

l

[alP
�l
� (i sinh t) + blP

�l
� (�i sinh t)][a⇤lP

�l
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⇤
lP

�l
� (i sinh t0)]eil✓�il✓0

WBD(x, x0) = W

(0)
↵0=0(x, x
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X

l2Z

�l

2⇡
P�l

� (i sinh t)P�l
� (�i sinh t0)eil✓�il✓0

=

=
�(��)�(�+ 1)

4⇡
P�(⇣), (1)

✏ = 0 for l 2 Z and ✏ = 1 for l 2 1
2 + Z

C(x, x0) = W (x, x0)�W (x0
, x). dS2



Vacuum	(Pure)	states		
W (x, x0) =

X

l

�l(x)�
⇤
l (x

0) =

X

l

[alP
�l
� (i sinh t) + blP

�l
� (�i sinh t)][a⇤lP

�l
� (�i sinh t0) + b

⇤
lP

�l
� (i sinh t0)]eil✓�il✓0

For � = �1/2 + i⌫ there is only one solution W

( 1
2 )

i⌫ (x, x

0
)

coth 2↵ = cosh⇡⌫, � =

⇡

2

.

al =

r
�l
2⇡k

cosh↵✏, bl =

r
�l
2⇡k

sinh↵✏e
i�✏�il⇡, ✏ = 0, 1.

For � = �1/2 + ⌫ there no solution

↵ = 0 is excluded (m ! 1)

C(x̃, x̃0) = W (x̃, x̃0)�W (x̃0
, x̃). fdS2



No	KMS	condi4on,	No	temperature	

NO MORE ANALY TICITY

⇥


