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Not many explicit duals to confining N = 1 thories.
Maldacena and Nuñez (2000)
Klebanov and Strassler (2000)

KS is arguably not dual to a confining vacuum but rather
baryonic branch of SU(2M)× SU(M) SYM with massless

goldstone boson associated with broken U(1)B .
Aharony (2001)

Gubser, Herzog and Klebanov (2004)

MN is not dual to asymptotically free gauge theory in 4D

It would be great to have an explicit type IIB background dual
to a deformation of N = 4 that exhibits confinement in the IR

and is regular (or mildly singular due to explicit branes).



N = 1∗ Gauge theory



N = 4 IN N = 1 LANGUAGE

The N = 4 vectormultiplet consists of

Aµ , XI , ψa ,

where µ is a Lorentz index, I ∈ 6 and a ∈ 4 of su(4) ' so(6). All
transform in the adjoint of the gauge group SU(N)



N = 4 IN N = 1 LANGUAGE

The N = 4 vectormultiplet consists of

Aµ , XI , ψa ,

where µ is a Lorentz index, I ∈ 6 and a ∈ 4 of su(4) ' so(6). All
transform in the adjoint of the gauge group SU(N) Write this in

N = 1 language:

vector: V = (Aµ , ψ4) ,

chirals: Φi = (ψi , φi) , φi =
Xi + iX3+i√

2
.



N = 4 IN N = 1 LANGUAGE

The N = 4 vectormultiplet consists of

Aµ , XI , ψa ,

where µ is a Lorentz index, I ∈ 6 and a ∈ 4 of su(4) ' so(6). All
transform in the adjoint of the gauge group SU(N) Write this in

N = 1 language:

vector: V = (Aµ , ψ4) ,

chirals: Φi = (ψi , φi) , φi =
Xi + iX3+i√

2
.

Only u(1)r × su(3)f ⊂ su(4) manifest. i ∈ 3 of su(3).



N = 4 IN N = 1 LANGUAGE

The N = 4 vectormultiplet consists of

Aµ , XI , ψa ,

where µ is a Lorentz index, I ∈ 6 and a ∈ 4 of su(4) ' so(6). All
transform in the adjoint of the gauge group SU(N) Write this in

N = 1 language:

vector: V = (Aµ , ψ4) ,

chirals: Φi = (ψi , φi) , φi =
Xi + iX3+i√

2
.

Only u(1)r × su(3)f ⊂ su(4) manifest. i ∈ 3 of su(3). Kähler and
super-potentials for N = 4

K =
1

g2
YM

Tr Φ†iΦi , W =
1

g2
YM

Tr [Φ1,Φ2]Φ3 .
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Add mass terms

δW =
1

g2
YM

Tr (m1Φ2
1 +m2Φ2

2 +m3Φ2
3) .

Three special cases

D m1 = m2 6= 0 , m3 = 0 ⇒ N = 2∗ ,
D m1 = m2 = 0 , m3 6= 0 ⇒ Leigh-Strassler fixed point ,

Khavaev, Pilch and Warner (1998)

D m1 = m2 = m3 6= 0 ⇒ so(3)f .

Focus on the last case which displays rich vacuum structure.
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VACUA

Classical vacuum equations

[φi, φj ] = −mε k
ij φk .

Solutions of these equations are N -dimensional reps of su(2).
Reducible reps built out of irreducible ones

N =

N∑
d=1

dkd , kd = frequency of d-dim rep.

Preserved gauge group[∏
d

U(kd)
]
/U(1) .

Most of the time the IR theory will have unbroken U(1), i.e. free
Electro-magnetism. “Coulomb vacuum”.
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MASSIVE VACUA

More interesting when N = kDD where D is a divisor of N ,
preserved gauge group non-abelian SU(N/D). Quantum
mechanically the massive vacua split up into N/D massive
vacua.

Donagi and Witten (1996)

Quantum vacua can be labelled by N -dimensional sublattice in
ZeN × ZmN . These are generated by two elements

x = (b,N/D) , y = (D, 0) , 0 ≤ b ≤ D − 1 .

Each element on the sublattice denotes a dyon that condenses
in the vacuum. The dual lattice denotes dyons that are
confined. Terminology: all vacua specified by x, y are massive
I D = 1 : Higgs vacuum (classically massive).
I D = N , b = 0 : Confining vacuum.
I all other : oblique confining vacuum.
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deformation of AdS5 × S5 by three-form fluxes. Using
zi ∈ C(S5) = C3, supersymmetric 3-form G3.

G3 ∼ m1dz̄1∧dz2∧dz3 +m2dz1∧dz̄2∧dz3 +m3dz1∧dz2∧dz̄3 ,

mi are proportional to the masses in the field theory. Probe
D3-branes in this background “polarize” to spherical
(p, q)-fivebranes as described by Myers

∂VD3 = 0 ⇒ [φi, φj ] +mε k
ij φk = 0 .

Polchinski and Strassler (2000)

PS argued that massive vacua are dual to a single stack of
polarized fivebranes. Hard to find full non-linear
asymptotically AdS5 solutions of the IIB EOM. PS used
linearized approximations to approach a solution.
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We use N = 8 gauged supergravity in 5D. It contains all
supergravity modes dual to the operators of the EM tensor
multiplet of N = 4 SYM. Consistent truncation of type IIB on
S5

Lee, Strickland-Constable and Waldram (2014)
Baguet, Hohm and Samtleben (2015)

The 5D SUGRA has su(4) gauge symmetry and among others 42
scalar fields that transform in

20′0 ⊕ 10−2 ⊕ 102 ⊕ 14 ⊕ 1−4 ,

under su(4)× u(1)Y . The u(1)Y is a remnant of sl(2,R) of type
IIB.
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Further truncate to a so(3) invariant subsector:

su(4)→ su(3)× u(1)r → so(3) .

The invariant subsector is a N = 2 supergravity with two
hypermultiplets. The eight scalars parametrize the scalar
manifold

G2(2)

SU(2)× SU(2)
.

Pilch and Warner (2000)

scalar su(4) rep dual operator
ϕ 1 Tr |F |2 and Tr (F ∧ F )
φ4 10⊕ 10 Tr (ψ4ψ4)
φ 10⊕ 10 Tr (ψiψi)
α 20′ Tr (φiφi)
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Girardello, Petrini, Porrati and Zaffaroni (1999)
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solution on S4.

Bobev, Elvang, Kol, Olson and Pufu (2016)



5D SUPERGRAVITY
Bobev, Elvang, Kol, Olson and Pufu (2016)

I will focus on the second truncation with metric-scalar sector

L =
1

4πGN

√
|g|
(

1

4
R+

1

2
Ki̄∂µzi∂µz̄ ̄ − P

)
,

with

Ki̄ = ∂i∂j̄K , K = − log
[
(1− z1z̄1) (1− z2z̄2)3

]
,

W =
3g

4
(1 + z1z2)

(
1− z2

2

)
, P =

1

2
eK
[
Ki̄DiWD̄W −

8

3
WW

]
.

and

z1 = tanh
1

2
(3α+ ϕ− 3iφ+ iφ4) ,

z2 = tanh
1

2
(α− ϕ− iφ− iφ4) .
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ds2
5 = dr2 +R2e2AdΩ2

4 ,

The BPS equations are

(A′)2 = R−2e−2A +
4

9
eKWW̃ ,

(A′ +R−1e−A)(zi)′ = −2

3
eKWKi̃D̃W̃ ,

(A′ −R−1e−A)(z̃ ı̃)′ = −2

3
eKW̃Kı̃jDjW ,

Tildes because in Euclidean signature some scalars have to be
analytically continued.

Flat space domain wall obtained by

R2dΩ2
4 → ds4

R1,3 , ·̃ → ·̄ , R →∞ .



ACCEPTABLE SOLUTIONS ON R1,3

All solutions are singular on R1,3.



ACCEPTABLE SOLUTIONS ON R1,3

All solutions are singular on R1,3. Have to use acceptability
criterium

Gubser : P <∞ , Maldacena-Nuñez : −GEinst
tt <∞ .

Gubser (2000)
Maldacena and Nuñez (2000)



ACCEPTABLE SOLUTIONS ON R1,3

All solutions are singular on R1,3. Have to use acceptability
criterium

Gubser : P <∞ , Maldacena-Nuñez : −GEinst
tt <∞ .

Gubser (2000)
Maldacena and Nuñez (2000)

These agree in all cases I have checked.
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10D SOLUTION

To understand the singular flat-space solutions we uplift the
GPPZ solutions

Pilch and Warner (2000)
Baguet, Hohm and Samtleben (2015)

Partial uplift done by Pilch and Warner. Simultaneous uplift
done by Petrini, Samtleben, Schmidt and Skenderis. We use
different coordinates which are more suited for the
near-singularity analysis.
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t : radial of AdS ,

χ , α : angles on S5 ,

σ1,2,3 : left-invariant one-forms.

ds2
10 =

4(K1K2 −K2
3 )1/4

g2
√
gs

(
dt2 +

(
1− t2

) (
1− λ2t6

)1/3 ds2
4

t2(1− t)(1− λ2t6)1/2
+

(
1− λ2t6

)1/2
K1K2 −K2

3

dΩ2
5

)
,

dΩ2
5 = K4dχ2 − 4λt4(1− t2)2(cos 2α dχ− sin 2α cos 2χ σ3)2

+ 4λt6 d(cos 2α cos 2χ)2 +
(1− λ2t8)2(1− t2)

(1− λ2t6)
(dα+ sin 2χ σ3)2

+ cos2 2χ(1 + λt4)2(4t2dα2 + (1− t2)2σ2
3)

+ (1− t2)
(

sin2 χ K1σ
2
1 + sin 2χ K3σ1σ2 + cos2 χ K2σ

2
2

)
.

eΦ =
gs(1 + λt4)√
K1K2 −K2

3

(
(1 + t2)(1− λt4) + 2t2(1− λt2) cos 2χ cos 2α

)
,



10D SOLUTION

C0 = − 2t2(1 + λt2)(1− λt4) cos 2χ sin 2α

gs(1 + λt4)
(
(1 + t2)(1− λt4) + 2t2(1− λt2) cos 2χ cos 2α

) ,
B2 + igsC2 =

4

g2

te−iα

K1K2 −K2
3

×
[(
a1dχ+ a2σ3 − i

(
1− λ2t8

)
(K1 +K2) sin 2χdα

)
∧ Σ

−
(
a3dχ+ a4σ3 − i

(
1− λ2t8

)
(K1 −K2 − 2iK3) sin 2χdα

)
∧ Σ

]
,

F5 = − 1

g4gs
(1 + ?10) d

[(
1− t2

) (
1− λ2t8

)
t4 (1− λ2t6)1/3

dx0 ∧ dx1 ∧ dx2 ∧ dx3

]
.

K1 = (1 + t2)(1− λ2t8) + 2t2
(
(1− λ2t6) + λt2(1− t2) cos(4α)

)
cos 2χ ,

K2 = (1 + t2)(1− λ2t8)− 2t2
(
(1− λ2t6) + λt2(1− t2) cos(4α)

)
cos 2χ ,

K3 = 2λt4(1− t2) cos 2χ sin 4α ,

K4 = (1 + t2)2(1 + λt4)2 − 4t4(1 + λt2)2 cos2 2χ ,

Σ = i sinχσ1 + cosχσ2 ,
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NEAR-SINGULARITY ANALYSIS

Solution parametrized by one integration constant −1 ≤ λ ≤ 1
that determines the gaugino vev:

〈ψ4ψ4〉 ∼ N2m3λ .

For −1 < λ < 1 The singularity takes the form of a smeared
ring of (p, q)-fivebranes with induced D3 charge

(p(α), q(α)) =

√
4N

πgs
(gs cosα,− sinα) , QD3(α) =

N

2π

Tension of the (p, q)-fivebranes not constant

k(α) =
1− λ2

1 + 2λ cos 4α+ λ2
,

∫
k(α)dα = 2π .
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0 π

2

1

α

k(α)

λ = −1/4

λ = 0

λ = 1/4

As |λ| → 1 we get δ-function peaks at (1 + λ+ 4n)π/8,
n = 0, 1, 2, 3.
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Behaviour of line operators is consistent with the interpretation
that the solutions for −1 < λ < 1 describes a Coulomb vacuum
of the gauge theory.

The tension of the fivebranes has an interpretation in the gauge
theory:

k(α) ∼ frequency of SU(2) reps. of dim ∼ 2Nα

π
.

This suggests that the limit |λ| → 1 could be dual to a massive
vacuum.
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λ = ±1 VACUA

Badly singular solution in the IR. Unable to interpret in terms
of branes.

Probe D3-branes become tensionless at the most singular points
in the IR. Enhançon? Do we need to find a replacement
solution?

Johnson, Peet and Polchinski (2000)

The large radius limit of the S4 solution corresponds to λ = 1.
Vacuum must therefore be physical. The λ = −1 is mysterious.

It would be nice to generalize this story to include 20′ vevs.
Seems that we must include all eight scalars. Finally we would
like to compare the Gaugino vev with computations in the field
theory.

Dorey (1999)
Dorey and Kumar (2000)
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