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What do we do?

Precision test of the AdS4/CFT3 correspondence between

a mass deformed ABJM theory & a consistent trunction of M theory

I This test is made possible by:

Exact field theory results obtained via supersymmetric localization
[Jafferis ’10] [Jafferis-Klebanov-Pufu-Safdi ’11]

I It is inspired by and largely follows a similar calculation in

• ABJM [Freedman-Pufu, 1302.7310]

see, also

• N = 2∗ sYM [Bobev-Elvang-Freedman-Pufu, 1311.1508]

• N = 1∗ sYM [Bobev-Elvang-Kol-Olson-Pufu, 1605.00656]

as well as other (nonconformal) holographic tests of localization
[Martelli-Passias-Sparks ’11], . . .
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The Plan

I. Field theory

(i) Deformations of ABJM

(ii) Free energies on S3

II. (Super)Gravity

(i) N = 2 truncation of N = 8 D = 4 gauged supergravity (M theory)

(ii) BPS equation on S3

(iii) Supersymmetric solutions

(iv) The holographic free energy on S3

III. Comments and Conclusions ∗

* It works
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Deformations of ABJM
The N = 2 picture

ABJM ≡ U(N )k × U(N )−k CS theory with k = 1
[ABJM ’08]

I N = 8 scft with SO(8)R symmetry.

I Dual to M-theory on AdS4 × S7 that corresponds to the SO(8) vacuum
of N = 8 D = 4 sugra.

I As a N = 2 scft, it has 2 vector s-multiplets and 4 chiral s-multiplets,
A1,A2 ∈ (N ,N ) & B1,B2 ∈ (N ,N ) with the superpotential

WABJM =
1
4
Tr
(
εabεcdAaBcAbBd

)
SO(8)R → U(1)R × SU(4)F and the s-conformal R-charges are

∆A1 = ∆A2 = ∆B1 = ∆B2 =
1
2

I Mixing between U(1)R with U(1)3F provides for a more general U(1) ′R,

∆A1 + ∆A2 + ∆B1 + ∆B2 = 2
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Deformations of ABJM
Coupling to S3 and real masses [Jafferis ’10] [Jafferis-Klebanov-Pufu-Safdi ’11]

Different U(1)R’s yield inequivalent N = 2 susy theories on S3

{Q ,Q†} = σiJi + iqσ +
1
a

R , a ≡ RS3

with
L = LSCFT +

1
a2 [δ1 − 2δ2δ3]O1

B + . . . +
1
a
δ1O2

F + . . .

where Oi
B are boson bilinears and Oi

F are fermion bilinears and

∆A1 =
1
2
+ δ1 + δ2 + δ3 , ∆A2 =

1
2
+ δ1 − δ2 − δ3 , etc.

In the large N limit, the free energy can be computed via localization

FABJM
S3 =

4
√
2π
3

N 3/2√∆A1∆A2∆B1∆B2

I The scft is recovered by F -maximization, δ1 = δ2 = δ3 = 0.

I The δi can be viewed as (i) deformed R-charges, (ii) real masses,
(iii) constant scalar fields of the background vector mutiplets.

I In the holographic dual δi correspond to b-ry values of complex scalars
in the STU-model inside N = 8 D = 4 sugra. [FP ’13]
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Deformations of ABJM
Complex masses

Explicit mass deformation of the superpotential

WABJM −→ WABJM + m Tr
[(

T̃A1
)2]

The IR limit of the RG flow is a N = 2 scft, which we call mABJM.
[Benna-Klebanov-Klose-Smedback ’08] [Klebanov-Klose-Murugan ’08]

I It is dual to the AdS4 ×w M7 solution corresponding to the SU(3)× U(1)
critical point of N = 8 D = 4 sugra. [Warner ’83] [CPW ’01]

I The A1 s-multiplet is integrated out, which yields a sextic superpotential
of the N = 2 scft with a new U(1)R.

I Turn on arbitrary R-charges (real masses) on S3 together with the mass
deformation in the superpotential,

FmABJM
S3 =

4
√
2π
3

N 3/2√∆A2∆B1∆B2

[Jafferis-Klebanov-Pufu-Safdi ’11]

The scft free energy is recovered by F -maximization

∆A2 + ∆B1 + ∆B2 = 1 =⇒ ∆A2 = ∆B1 = ∆B2 =
1
3

giving the correct result consistent with holography

FmABJM
S3 =

4
√
2π

9
√
3

N 3/2 =
4

3
√
3
FABJM

S3 ,
L2

NW
L2

SO(8)
=
PSO(8)

PNW
=

4
3
√
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ABJM and mABJM
The holographic problem

FABJM
S3 =

4
√
2π
3

N 3/2√∆A1∆A2∆B1∆B2 , ∆A1 + ∆A2 + ∆B1 + ∆B2 = 2⇓ ∆A1 → 1 , δ1 + δ2 + δ3 =
1
2

FmABJM
S3 =

4
√
2π
3

N 3/2√∆A2∆B1∆B2 , ∆A2 + ∆B1 + ∆B2 = 1

I No explicit dependence on the superpotential mass, m .

Our task

I Derive FmABJM
S3 (δ1, δ2, δ3) by computing the on-shell action on suitable

solutions of M theory.
I Understand how the constraint on the δi ’s arises.

Important hints
I It is sufficient to work within N = 8 D = 4 sugra.

• ABJM is captured by the STU model; U(1)4 truncation. [FP ’13]
• mABJM has an additional pseudoscalar; SU(3)× U(1) truncation. [W ’83]
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The holographic set-up

I A consistent truncation N = 8 D = 4 sugra [BMP ’18]

U(1)2 : N = 2 sugra + 3 vector multiplets + 1 hypermultiplet

gµν, A0
µ Ai

µ , zi ∈ SU(1,1)
U(1) ζ1, ζ2 ∈ SU(3)

SU(2)×U(1)

U(1)3 : gµν zi ζ1 = 0 , z ≡ ζ2
δi m

U(1)2 ≡ Cartan of SU(3) ⊂ SU(4)F U(1) ≡ U(1)mABJM
R

I Continue susy variations to the Euclidean domain,

(zi , z̄i ) → (zi , z̃i ) , (z , z̄ ) → (z , z̃ )

I S3-sliced (Euclidean) metric Ansatz

ds2 = ds2 = L2e2A(r)ds2
S3 + e2B(r)dr2

Radial gauges: (cf) e2B(r) = L2

r2 e2A(r), (fg) e2B(ρ) = L2

I Obtain BPS equations for A(r), zi (r), z̃i (r), z (r) and z̃ (r).
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The BPS equations
The BPS equations can be recast into flow equations

z ′j = −
eB

2L
(1 − zj z̃j )

G1/2

G̃1/2
F̃j , z̃ ′j = −

eB

2L
(1 − zj z̃j )

G̃1/2

G1/2 Fj

z ′

z
=

eB

L
G1/2 G̃1/2 ,

z̃ ′

z̃
=

eB

L
G1/2 G̃1/2

A ′ =
eB

L

[
± e−A −

1
2

G̃1/2

G1/2 W
]
=

eB

L

[
∓ e−A −

1
2

G1/2

G̃1/2
W̃
]

where

W = eKV /2 1
1 − z z̃

[ 2 (z1z2z3 − 1) + z z̃ (1 − z1)(1 − z2)(1 − z3) ]

Fi = eKV /2 1
1 − z z̃

[
2
(
z̃i −

z1z2z3
zi

)
+ z z̃

1 − z̃i

1 − zi
(1 − z1)(1 − z2)(1 − z3)

]

G = eKV /2
[
2(z1z2z3 − 1) + (1 − z1)(1 − z2)(1 − z3)

]
eKV /2 =

3∏
i=1

1
(1 − zi z̃i )1/2
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Solutions
Euclidean AdS4

R4
<latexit sha1_base64="vLsqZXWIfQUGH90NbgOWPpKoN4Y=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgasi0pa0bLbhxWcU+oB1LJk3b0MyDJCOUob/hxoUibv0K/8Cdf2OmVVDRA4HDOfdyT44XCa40xu9WZml5ZXUtu57b2Nza3snv7rVUGEvKmjQUoex4RDHBA9bUXAvWiSQjvidY25ucp377lknFw+BaTyPm+mQU8CGnRBup1/OJHntecjW7KffzBWyf1CrFcgVhG+OqU3RSUqyWS2XkGCVF4ey1VKoDQKOff+sNQhr7LNBUEKW6Do60mxCpORVsluvFikWETsiIdQ0NiM+Um8wzz9CRUQZoGErzAo3m6veNhPhKTX3PTKYZ1W8vFf/yurEe1tyEB1GsWUAXh4axQDpEaQFowCWjWkwNIVRykxXRMZGEalNTzpTw9VP0P2kVbQfbziUu1E9hgSwcwCEcgwNVqMMFNKAJFCK4gwd4tGLr3nqynhejGetzZx9+wHr5AIiQk3o=</latexit><latexit sha1_base64="1hrPypuBmK9DKVMnePrby2NDFso=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLToa0bLbhxWcU+oDOWTJppQzMPkoxQhv6GGxeKuPUr/AN3/o2ZVkFFDwQO59zLPTl+wplUCL0bhaXlldW14nppY3Nre6e8u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX9ynvvdWyoki6NrNU2oF+JRxAJGsNKS64ZYjX0/u5rdOINyBZknjZrt1CAyEapbtpUTu+5UHWhpJUfl7LU6R2tQfnOHMUlDGinCsZR9CyXKy7BQjHA6K7mppAkmEzyifU0jHFLpZfPMM3iklSEMYqFfpOBc/b6R4VDKaejryTyj/O3l4l9eP1VBw8tYlKSKRmRxKEg5VDHMC4BDJihRfKoJJoLprJCMscBE6ZpKuoSvn8L/Scc2LWRal6jSPAULFMEBOATHwAJ10AQXoAXagIAE3IEH8Gikxr3xZDwvRgvG584++AHj5QNDjZQG</latexit><latexit sha1_base64="1hrPypuBmK9DKVMnePrby2NDFso=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLToa0bLbhxWcU+oDOWTJppQzMPkoxQhv6GGxeKuPUr/AN3/o2ZVkFFDwQO59zLPTl+wplUCL0bhaXlldW14nppY3Nre6e8u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX9ynvvdWyoki6NrNU2oF+JRxAJGsNKS64ZYjX0/u5rdOINyBZknjZrt1CAyEapbtpUTu+5UHWhpJUfl7LU6R2tQfnOHMUlDGinCsZR9CyXKy7BQjHA6K7mppAkmEzyifU0jHFLpZfPMM3iklSEMYqFfpOBc/b6R4VDKaejryTyj/O3l4l9eP1VBw8tYlKSKRmRxKEg5VDHMC4BDJihRfKoJJoLprJCMscBE6ZpKuoSvn8L/Scc2LWRal6jSPAULFMEBOATHwAJ10AQXoAXagIAE3IEH8Gikxr3xZDwvRgvG584++AHj5QNDjZQG</latexit><latexit sha1_base64="QT4njz21x7yO0Fe3a/IloC4Dm14=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1aOtGCm5cVrEP6Iwlk2ba0ExmSDJCGfobblwo4tafceffmGkrqOiBwOGce7knJ0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJpe5372nUrFY3OppQv0IjwQLGcHaSJ4XYT0OguxmducOyhVknzdqVbcGkY1Q3ak6OanW3TMXOkbJUQFLtAbld28YkzSiQhOOleo7KNF+hqVmhNNZyUsVTTCZ4BHtGypwRJWfzTPP4IlRhjCMpXlCw7n6fSPDkVLTKDCTeUb128vFv7x+qsOGnzGRpJoKsjgUphzqGOYFwCGTlGg+NQQTyUxWSMZYYqJNTSVTwtdP4f+kU7UdZDvXqNK8WNZRBEfgGJwCB9RBE1yBFmgDAhLwAJ7As5Vaj9aL9boYLVjLnUPwA9bbJ0rUkdI=</latexit>

rUV
<latexit sha1_base64="JuB4enWgq4OeFE3gZkiL3K2k0zY=">AAAB8nicdVDLSgNBEOz1GeMr6tHLYBA8hRkPJrkFvHiM4CaBJITZyawOzj6Y6RXDks/w4kERr36Fn+DNv3E2UVDRgoaiqpvuriDVyiKl797C4tLyympprby+sbm1XdnZ7dgkM0L6ItGJ6QXcSq1i6aNCLXupkTwKtOwG16eF372RxqokvsBJKocRv4xVqARHJ/XNaIDyFnO/Mx1VqrRGKWWMkYKw+gl1pNlsHLMGYYXlUG1tvmYEANqjyttgnIgskjEKza3tM5riMOcGldByWh5kVqZcXPNL2Xc05pG0w3x28pQcOmVMwsS4ipHM1O8TOY+snUSB64w4XtnfXiH+5fUzDBvDXMVphjIW80VhpgkmpPifjJWRAvXEES6McrcSccUNF+hSKrsQvj4l/5POcY3RGjt3aTRgjhLswwEcAYM6tOAM2uCDgATu4AEePfTuvSfved664H3O7MEPeC8fKxaTSQ==</latexit><latexit sha1_base64="8NCCx/7WCOmED8v/8KA4T5KA450=">AAAB8nicdVDLSgNBEJz1GVejUY9eBkPAU5jJwSS3gCAeI5gHJCHMTmaTIbMPZnrFsOQzvHhQRPDkV/gJ3vwbZxMFFS1oKKq66e7yYiUNEPLurKyurW9s5rbc7Z387l5h/6BtokRz0eKRinTXY0YoGYoWSFCiG2vBAk+Jjjc9y/zOtdBGRuEVzGIxCNg4lL7kDKzU08M+iBtIW+35sFAkZUIIpRRnhFZPiSX1eq1Ca5hmlkWxkX9NSufuc3NYeOuPIp4EIgSumDE9SmIYpEyD5ErM3X5iRMz4lI1Fz9KQBcIM0sXJc1yyygj7kbYVAl6o3ydSFhgzCzzbGTCYmN9eJv7l9RLwa4NUhnECIuTLRX6iMEQ4+x+PpBYc1MwSxrW0t2I+YZpxsCm5NoSvT/H/pF0pU1KmlzaNGloih47QMTpBFFVRA12gJmohjiJ0i+7RgwPOnfPoPC1bV5zPmUP0A87LB3ohlEQ=</latexit><latexit sha1_base64="8NCCx/7WCOmED8v/8KA4T5KA450=">AAAB8nicdVDLSgNBEJz1GVejUY9eBkPAU5jJwSS3gCAeI5gHJCHMTmaTIbMPZnrFsOQzvHhQRPDkV/gJ3vwbZxMFFS1oKKq66e7yYiUNEPLurKyurW9s5rbc7Z387l5h/6BtokRz0eKRinTXY0YoGYoWSFCiG2vBAk+Jjjc9y/zOtdBGRuEVzGIxCNg4lL7kDKzU08M+iBtIW+35sFAkZUIIpRRnhFZPiSX1eq1Ca5hmlkWxkX9NSufuc3NYeOuPIp4EIgSumDE9SmIYpEyD5ErM3X5iRMz4lI1Fz9KQBcIM0sXJc1yyygj7kbYVAl6o3ydSFhgzCzzbGTCYmN9eJv7l9RLwa4NUhnECIuTLRX6iMEQ4+x+PpBYc1MwSxrW0t2I+YZpxsCm5NoSvT/H/pF0pU1KmlzaNGloih47QMTpBFFVRA12gJmohjiJ0i+7RgwPOnfPoPC1bV5zPmUP0A87LB3ohlEQ=</latexit><latexit sha1_base64="5PDrrNhr8ijAK1VmlP/z9/8LYf0=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZkczOYW8OIxgnnAZgmzk9lkyOyDmV4xLPkMLx4U8erXePNvnE0iqGhBQ1HVTXdXkCppgJAPZ219Y3Nru7RT3t3bPzisHB13TZJpLjo8UYnuB8wIJWPRAQlK9FMtWBQo0QumV4XfuxPayCS+hVkq/IiNYxlKzsBKnh4OQNxD3unOh5UqqRFCKKW4ILRxSSxpNt06dTEtLIsqWqE9rLwPRgnPIhEDV8wYj5IU/JxpkFyJeXmQGZEyPmVj4Vkas0gYP1+cPMfnVhnhMNG2YsAL9ftEziJjZlFgOyMGE/PbK8S/PC+D0PVzGacZiJgvF4WZwpDg4n88klpwUDNLGNfS3or5hGnGwaZUtiF8fYr/J916jZIavSHVlruKo4RO0Rm6QBQ1UAtdozbqII4S9ICe0LMDzqPz4rwuW9ec1cwJ+gHn7RPzaZGl</latexit>

rIR = 0
<latexit sha1_base64="DXYFhA8oV4Na1VJFVSIYnAK1N4s=">AAAB9HicdVDLSgNBEOz1GeMr6tHLoAiewmwMSTwIAS96i2JUSJYwO5kkg7MPZ3qDYcl3ePGgiFc/wk/w5t84axRUtKChqOqmu8uPlTRI6ZszNT0zOzefW8gvLi2vrBbW1s9NlGgumjxSkb70mRFKhqKJEpW4jLVgga/EhX91mPkXQ6GNjMIzHMXCC1g/lD3JGVrJ0502ihtMj0/HB7RT2KbF/VqlVK4QWqS06pbcjJSq5b0yca2SYbu+/JIQAGh0Cq/tbsSTQITIFTOm5dIYvZRplFyJcb6dGBEzfsX6omVpyAJhvPTj6DHZsUqX9CJtK0TyoX6fSFlgzCjwbWfAcGB+e5n4l9dKsFfzUhnGCYqQTxb1EkUwIlkCpCu14KhGljCupb2V8AHTjKPNKW9D+PqU/E/OS0WXFt0Tm0YNJsjBJmzBLrhQhTocQQOawOEabuEeHpyhc+c8Ok+T1innc2YDfsB5fgceT5PG</latexit><latexit sha1_base64="Xrtsp8pVBn4F7cLEtPOHVG6flKo=">AAAB9HicdVDLSgNBEJz17Wo06tHLYAh4CrMxJPEgCILoLYp5QLKE2clEh8w+nOkNhiXf4cWDInr0I/wEb/6Ns4mCihY0FFXddHd5kRQaCHm3Zmbn5hcWl5btldXM2np2Y7Ohw1gxXmehDFXLo5pLEfA6CJC8FSlOfU/ypjc4Sv3mkCstwuACRhF3fXoZiL5gFIzkqm4H+A0kp+fjA9LN5khhv1oulsqYFAipOEUnJcVKaa+EHaOkyB1mXuP8sf1c62bfOr2QxT4PgEmqddshEbgJVSCY5GO7E2seUTagl7xtaEB9rt1kcvQY543Sw/1QmQoAT9TvEwn1tR75nun0KVzp314q/uW1Y+hX3UQEUQw8YNNF/VhiCHGaAO4JxRnIkSGUKWFuxeyKKsrA5GSbEL4+xf+TRrHgkIJzZtKooimW0DbaQbvIQRV0iE5QDdURQ9foFt2jB2to3VmP1tO0dcb6nNlCP2C9fABtWpTB</latexit><latexit sha1_base64="Xrtsp8pVBn4F7cLEtPOHVG6flKo=">AAAB9HicdVDLSgNBEJz17Wo06tHLYAh4CrMxJPEgCILoLYp5QLKE2clEh8w+nOkNhiXf4cWDInr0I/wEb/6Ns4mCihY0FFXddHd5kRQaCHm3Zmbn5hcWl5btldXM2np2Y7Ohw1gxXmehDFXLo5pLEfA6CJC8FSlOfU/ypjc4Sv3mkCstwuACRhF3fXoZiL5gFIzkqm4H+A0kp+fjA9LN5khhv1oulsqYFAipOEUnJcVKaa+EHaOkyB1mXuP8sf1c62bfOr2QxT4PgEmqddshEbgJVSCY5GO7E2seUTagl7xtaEB9rt1kcvQY543Sw/1QmQoAT9TvEwn1tR75nun0KVzp314q/uW1Y+hX3UQEUQw8YNNF/VhiCHGaAO4JxRnIkSGUKWFuxeyKKsrA5GSbEL4+xf+TRrHgkIJzZtKooimW0DbaQbvIQRV0iE5QDdURQ9foFt2jB2to3VmP1tO0dcb6nNlCP2C9fABtWpTB</latexit><latexit sha1_base64="mNzhaxtqq+OlhLNJ1plvDNTSICY=">AAAB9HicdVDLSgNBEJz1GeMr6tHLYBA8LbMxJPEgBLzoLYp5QLKE2ckkGTL7cKY3GJZ8hxcPinj1Y7z5N84mEVS0oKGo6qa7y4uk0EDIh7W0vLK6tp7ZyG5ube/s5vb2GzqMFeN1FspQtTyquRQBr4MAyVuR4tT3JG96o4vUb4650iIMbmEScdeng0D0BaNgJFd1O8DvIbm6mZ6Tbi5P7LNKqVAsYWITUnYKTkoK5eJpETtGSZFHC9S6ufdOL2SxzwNgkmrddkgEbkIVCCb5NNuJNY8oG9EBbxsaUJ9rN5kdPcXHRunhfqhMBYBn6veJhPpaT3zPdPoUhvq3l4p/ee0Y+hU3EUEUAw/YfFE/lhhCnCaAe0JxBnJiCGVKmFsxG1JFGZicsiaEr0/x/6RRsB1iO9ckX60s4sigQ3SETpCDyqiKLlEN1RFDd+gBPaFna2w9Wi/W67x1yVrMHKAfsN4+AeaikiI=</latexit>

r
<latexit sha1_base64="bEPn/JRBk1IzDipJD+R5Qr2M8Yk=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqqteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJdsju8=</latexit><latexit sha1_base64="cxoX8Z5GIZt01PfBFC9T/eDjjAo=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVUZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+hZ5E0</latexit><latexit sha1_base64="cxoX8Z5GIZt01PfBFC9T/eDjjAo=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVUZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+hZ5E0</latexit><latexit sha1_base64="ASVV4ELuMvms1pk3dByWN+WUPig=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqq1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDY34zo</latexit>

RS3 ! 0
<latexit sha1_base64="NwsvO1FWHhMJzLLdp/rhTozf+Z8=">AAAB83icbVC5TgMxEJ0NVwhXAiWNRYREFe1CQcpINJThyCFll8jreBMrXq9le5GiVb6AnoYChGj5B76Bjj/gM3COAhKeNNLTezOamRdKzrRx3S8nt7K6tr6R3yxsbe/s7hVL+02dpIrQBkl4otoh1pQzQRuGGU7bUlEch5y2wuHFxG/dU6VZIm7NSNIgxn3BIkawsZJ/3c1u7s7GvkmQ2y2W3Yo7BVom3pyUa6WH7w8AqHeLn34vIWlMhSEca93xXGmCDCvDCKfjgp9qKjEZ4j7tWCpwTHWQTW8eo2Or9FCUKFvCoKn6eyLDsdajOLSdMTYDvehNxP+8TmqiapAxIVNDBZktilKO7IuTAFCPKUoMH1mCiWL2VkQGWGFibEwFG4K3+PIyaZ5WPLfiXdk0qjBDHg7hCE7Ag3OowSXUoQEEJDzCM7w4qfPkvDpvs9acM585gD9w3n8Aeh2ThA==</latexit><latexit sha1_base64="QtJjXg+uv1VgI9adR80cIhoxiEE=">AAAB83icbVDJSgNBEK2JW4xbouDFS2MUPIWZeDDHgBePcckCmTH0dHqSJj09Q3ePEIZ8gXcvCop49Q/8Cm/+gZ9hZzlo4oOCx3tVVNXzY86Utu0vK7O0vLK6ll3PbWxube/kC7sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD87HfvKNSsUjc6GFMvRD3BAsYwdpI7lUnvb49Hbk6QnYnX7RL9gRokTgzUqwW7r8/9p+Oap38p9uNSBJSoQnHSrUdO9ZeiqVmhNNRzk0UjTEZ4B5tGypwSJWXTm4eoWOjdFEQSVNCo4n6eyLFoVLD0DedIdZ9Ne+Nxf+8dqKDipcyESeaCjJdFCQcmRfHAaAuk5RoPjQEE8nMrYj0scREm5hyJgRn/uVF0iiXHLvkXJo0KjBFFg7gEE7AgTOowgXUoA4EYniAZ3ixEuvRerXepq0ZazazB39gvf8AkqKUVg==</latexit><latexit sha1_base64="QtJjXg+uv1VgI9adR80cIhoxiEE=">AAAB83icbVDJSgNBEK2JW4xbouDFS2MUPIWZeDDHgBePcckCmTH0dHqSJj09Q3ePEIZ8gXcvCop49Q/8Cm/+gZ9hZzlo4oOCx3tVVNXzY86Utu0vK7O0vLK6ll3PbWxube/kC7sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD87HfvKNSsUjc6GFMvRD3BAsYwdpI7lUnvb49Hbk6QnYnX7RL9gRokTgzUqwW7r8/9p+Oap38p9uNSBJSoQnHSrUdO9ZeiqVmhNNRzk0UjTEZ4B5tGypwSJWXTm4eoWOjdFEQSVNCo4n6eyLFoVLD0DedIdZ9Ne+Nxf+8dqKDipcyESeaCjJdFCQcmRfHAaAuk5RoPjQEE8nMrYj0scREm5hyJgRn/uVF0iiXHLvkXJo0KjBFFg7gEE7AgTOowgXUoA4EYniAZ3ixEuvRerXepq0ZazazB39gvf8AkqKUVg==</latexit><latexit sha1_base64="RQUcNcXHZdlpiePKb6LeHIFlr9k=">AAAB83icbVDLTsMwENyUVymvAkcuFhUSp8qBAz1W4sKxPPqQmlA5rtNadZzIdpCiqL/BhQMIceVnuPE3uG0O0DLSSqOZXe3uBIng2mD87ZTW1jc2t8rblZ3dvf2D6uFRR8epoqxNYxGrXkA0E1yytuFGsF6iGIkCwbrB5Hrmd5+Y0jyWDyZLmB+RkeQhp8RYybsb5PePl1PPxAgPqjVcx3OgVeIWpAYFWoPqlzeMaRoxaaggWvddnBg/J8pwKti04qWaJYROyIj1LZUkYtrP5zdP0ZlVhiiMlS1p0Fz9PZGTSOssCmxnRMxYL3sz8T+vn5qw4edcJqlhki4WhalA9sVZAGjIFaNGZJYQqri9FdExUYQaG1PFhuAuv7xKOhd1F9fdW1xrNoo4ynACp3AOLlxBE26gBW2gkMAzvMKbkzovzrvzsWgtOcXMMfyB8/kDFV+RAA==</latexit>

S3
<latexit sha1_base64="VzduFW0CCCp1lLkHtq0LQ8vEhN4=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdg1hVYasLGMxFwgWcPsZDYZMju7zJwVwpJHsLFQxNY38Q3sfBsnl0ITfxj4+P9zmHNOkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ585FrI2J1j6OE+xHtKxEKRtFatdpDuVsouiV3KrIM3hyK15/lcgUAqt3CV6cXszTiCpmkxrQ9N0E/oxoFk3yc76SGJ5QNaZ+3LSoaceNn01HH5NQ6PRLG2j6FZOr+7shoZMwoCmxlRHFgFrOJ+V/WTjG89DOhkhS5YrOPwlQSjMlkb9ITmjOUIwuUaWFnJWxANWVor5O3R/AWV16GxnnJc0venVusXMFMOTiGEzgDDy6gArdQhTow6MMTvMCrI51n5815n5WuOPOeI/gj5+MHEB2PHA==</latexit><latexit sha1_base64="cNaZL4DRjbq5IxxIxtEdsruPg04=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYyEnOBZA2zk9lkyOzsMnNWCCGPYGOhiK1v4hvY+TZONik08YeBj/8/hznnBIkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDPNm49cGxGrexwl3I9oX4lQMIrWqtUezrvFklt2M5Fl8OZQuv48z1TtFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2eduiohE3/jgbdUJOrNMjYaztU0gy93fHmEbGjKLAVkYUB2Yxm5r/Ze0Uw0t/LFSSIlds9lGYSoIxme5NekJzhnJkgTIt7KyEDaimDO11CvYI3uLKy9A4K3tu2btzS5UrmCkPR3AMp+DBBVTgFqpQBwZ9eIIXeHWk8+y8Oe+z0pwz7zmEP3I+fgDLC4+o</latexit><latexit sha1_base64="cNaZL4DRjbq5IxxIxtEdsruPg04=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYyEnOBZA2zk9lkyOzsMnNWCCGPYGOhiK1v4hvY+TZONik08YeBj/8/hznnBIkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDPNm49cGxGrexwl3I9oX4lQMIrWqtUezrvFklt2M5Fl8OZQuv48z1TtFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2eduiohE3/jgbdUJOrNMjYaztU0gy93fHmEbGjKLAVkYUB2Yxm5r/Ze0Uw0t/LFSSIlds9lGYSoIxme5NekJzhnJkgTIt7KyEDaimDO11CvYI3uLKy9A4K3tu2btzS5UrmCkPR3AMp+DBBVTgFqpQBwZ9eIIXeHWk8+y8Oe+z0pwz7zmEP3I+fgDLC4+o</latexit><latexit sha1_base64="0yZJrzEEeirhmvxu89nSDVRH3WY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe600EoCNpaRmA9IzrC32UuW7O0du3NCOPITbCwUsfUX2flv3CRXaOKDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRKhYBSt1Gg8XvbLFbfqzkFWiZeTCuSo98tfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr17t1K7yeMowgmcwjl4cAU1uIM6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SUo10</latexit>

H4
<latexit sha1_base64="yZ0eEegKuVt93do9KZqDvVY/8tI=">AAAB83icdVDNSkJBGP2u/Zn9WS3bDEnQSmY0UjcltHFpkCl4TeaOow7O/WFmbiAXX6NNiyLa9hS9QbveprlaUFEHBg7nfB/fmeNFUmiD8buTWVpeWV3Lruc2Nre2d/K7e9c6jBXjLRbKUHU8qrkUAW8ZYSTvRIpT35O87U0uUr99y5UWYXBlphHv+XQUiKFg1FjJdX1qxp6XNGY3J/18ARcxxoQQlBJSOcWW1GrVEqkikloWhfPXcrkOAM1+/s0dhCz2eWCYpFp3CY5ML6HKCCb5LOfGmkeUTeiIdy0NqM91L5lnnqEjqwzQMFT2BQbN1e8bCfW1nvqenUwz6t9eKv7ldWMzrPYSEUSx4QFbHBrGEpkQpQWggVCcGTm1hDIlbFbExlRRZmxNOVvC10/R/+S6VCS4SC5xoX4GC2ThAA7hGAhUoA4NaEILGERwBw/w6MTOvfPkPC9GM87nzj78gPPyAWYxk2Q=</latexit><latexit sha1_base64="1IdnUgT0JPGzx+9uPL7b6JGhQB0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KkkV22604KbLCvYBnbFk0kwbmskMSUYoQ3/DjQtF3PoV/oE7/8ZMq6CiBwKHc+7lnhw/FlwbhN6d3NLyyupafr2wsbm1vVPc3evoKFGUtWkkItXziWaCS9Y23AjWixUjoS9Y159cZn73linNI3ltpjHzQjKSPOCUGCu5bkjM2PfT5uzmdFAsoTJCCGMMM4KrZ8iSer1WwTWIM8uidPF6MkdrUHxzhxFNQiYNFUTrPkax8VKiDKeCzQpuollM6ISMWN9SSUKmvXSeeQaPrDKEQaTskwbO1e8bKQm1noa+ncwy6t9eJv7l9RMT1LyUyzgxTNLFoSAR0EQwKwAOuWLUiKklhCpus0I6JopQY2sq2BK+fgr/J51KGaMyvkKlxjlYIA8OwCE4BhhUQQM0QQu0AQUxuAMP4NFJnHvnyXlejOacz5198APOywchLpPw</latexit><latexit sha1_base64="1IdnUgT0JPGzx+9uPL7b6JGhQB0=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4KkkV22604KbLCvYBnbFk0kwbmskMSUYoQ3/DjQtF3PoV/oE7/8ZMq6CiBwKHc+7lnhw/FlwbhN6d3NLyyupafr2wsbm1vVPc3evoKFGUtWkkItXziWaCS9Y23AjWixUjoS9Y159cZn73linNI3ltpjHzQjKSPOCUGCu5bkjM2PfT5uzmdFAsoTJCCGMMM4KrZ8iSer1WwTWIM8uidPF6MkdrUHxzhxFNQiYNFUTrPkax8VKiDKeCzQpuollM6ISMWN9SSUKmvXSeeQaPrDKEQaTskwbO1e8bKQm1noa+ncwy6t9eJv7l9RMT1LyUyzgxTNLFoSAR0EQwKwAOuWLUiKklhCpus0I6JopQY2sq2BK+fgr/J51KGaMyvkKlxjlYIA8OwCE4BhhUQQM0QQu0AQUxuAMP4NFJnHvnyXlejOacz5198APOywchLpPw</latexit><latexit sha1_base64="39aRa7NPYPFCaDcMw5/HbkNZs5E=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgqiRFbLuRgpsuK9gHdMaSSdM2NPMgyQhl6G+4caGIW3/GnX9jpq2gogcCh3Pu5Z4cP5ZCG4w/nNza+sbmVn67sLO7t39QPDzq6ChRjLdZJCPV86nmUoS8bYSRvBcrTgNf8q4/vc787j1XWkThrZnF3AvoOBQjwaixkusG1Ex8P23O7y4GxRIuY4wJISgjpHqJLanXaxVSQySzLEqwQmtQfHeHEUsCHhomqdZ9gmPjpVQZwSSfF9xE85iyKR3zvqUhDbj20kXmOTqzyhCNImVfaNBC/b6R0kDrWeDbySyj/u1l4l9ePzGjmpeKME4MD9ny0CiRyEQoKwANheLMyJkllClhsyI2oYoyY2sq2BK+for+J51KmeAyucGlxtWqjjycwCmcA4EqNKAJLWgDgxge4AmencR5dF6c1+VozlntHMMPOG+fKHWRvA==</latexit>

I H4 solutions

SO(8) : zi = z̃i = 0 , z = z̃ = 0 , P∗ = −6

W : zi = z̃i =
√
3 − 2 , z z̃ =

1
3
, P∗ = −

9
√
3

2

ds2 =
4L2

(1 − r2/r2
UV)

2 (dr2 + r2 ds2
S3) , r2

UV = −
6
P∗
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Solutions
Asymptotics

R4
<latexit sha1_base64="vLsqZXWIfQUGH90NbgOWPpKoN4Y=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgasi0pa0bLbhxWcU+oB1LJk3b0MyDJCOUob/hxoUibv0K/8Cdf2OmVVDRA4HDOfdyT44XCa40xu9WZml5ZXUtu57b2Nza3snv7rVUGEvKmjQUoex4RDHBA9bUXAvWiSQjvidY25ucp377lknFw+BaTyPm+mQU8CGnRBup1/OJHntecjW7KffzBWyf1CrFcgVhG+OqU3RSUqyWS2XkGCVF4ey1VKoDQKOff+sNQhr7LNBUEKW6Do60mxCpORVsluvFikWETsiIdQ0NiM+Um8wzz9CRUQZoGErzAo3m6veNhPhKTX3PTKYZ1W8vFf/yurEe1tyEB1GsWUAXh4axQDpEaQFowCWjWkwNIVRykxXRMZGEalNTzpTw9VP0P2kVbQfbziUu1E9hgSwcwCEcgwNVqMMFNKAJFCK4gwd4tGLr3nqynhejGetzZx9+wHr5AIiQk3o=</latexit><latexit sha1_base64="1hrPypuBmK9DKVMnePrby2NDFso=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLToa0bLbhxWcU+oDOWTJppQzMPkoxQhv6GGxeKuPUr/AN3/o2ZVkFFDwQO59zLPTl+wplUCL0bhaXlldW14nppY3Nre6e8u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX9ynvvdWyoki6NrNU2oF+JRxAJGsNKS64ZYjX0/u5rdOINyBZknjZrt1CAyEapbtpUTu+5UHWhpJUfl7LU6R2tQfnOHMUlDGinCsZR9CyXKy7BQjHA6K7mppAkmEzyifU0jHFLpZfPMM3iklSEMYqFfpOBc/b6R4VDKaejryTyj/O3l4l9eP1VBw8tYlKSKRmRxKEg5VDHMC4BDJihRfKoJJoLprJCMscBE6ZpKuoSvn8L/Scc2LWRal6jSPAULFMEBOATHwAJ10AQXoAXagIAE3IEH8Gikxr3xZDwvRgvG584++AHj5QNDjZQG</latexit><latexit sha1_base64="1hrPypuBmK9DKVMnePrby2NDFso=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLToa0bLbhxWcU+oDOWTJppQzMPkoxQhv6GGxeKuPUr/AN3/o2ZVkFFDwQO59zLPTl+wplUCL0bhaXlldW14nppY3Nre6e8u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX9ynvvdWyoki6NrNU2oF+JRxAJGsNKS64ZYjX0/u5rdOINyBZknjZrt1CAyEapbtpUTu+5UHWhpJUfl7LU6R2tQfnOHMUlDGinCsZR9CyXKy7BQjHA6K7mppAkmEzyifU0jHFLpZfPMM3iklSEMYqFfpOBc/b6R4VDKaejryTyj/O3l4l9eP1VBw8tYlKSKRmRxKEg5VDHMC4BDJihRfKoJJoLprJCMscBE6ZpKuoSvn8L/Scc2LWRal6jSPAULFMEBOATHwAJ10AQXoAXagIAE3IEH8Gikxr3xZDwvRgvG584++AHj5QNDjZQG</latexit><latexit sha1_base64="QT4njz21x7yO0Fe3a/IloC4Dm14=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1aOtGCm5cVrEP6Iwlk2ba0ExmSDJCGfobblwo4tafceffmGkrqOiBwOGce7knJ0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJpe5372nUrFY3OppQv0IjwQLGcHaSJ4XYT0OguxmducOyhVknzdqVbcGkY1Q3ak6OanW3TMXOkbJUQFLtAbld28YkzSiQhOOleo7KNF+hqVmhNNZyUsVTTCZ4BHtGypwRJWfzTPP4IlRhjCMpXlCw7n6fSPDkVLTKDCTeUb128vFv7x+qsOGnzGRpJoKsjgUphzqGOYFwCGTlGg+NQQTyUxWSMZYYqJNTSVTwtdP4f+kU7UdZDvXqNK8WNZRBEfgGJwCB9RBE1yBFmgDAhLwAJ7As5Vaj9aL9boYLVjLnUPwA9bbJ0rUkdI=</latexit>

rUV
<latexit sha1_base64="JuB4enWgq4OeFE3gZkiL3K2k0zY=">AAAB8nicdVDLSgNBEOz1GeMr6tHLYBA8hRkPJrkFvHiM4CaBJITZyawOzj6Y6RXDks/w4kERr36Fn+DNv3E2UVDRgoaiqpvuriDVyiKl797C4tLyympprby+sbm1XdnZ7dgkM0L6ItGJ6QXcSq1i6aNCLXupkTwKtOwG16eF372RxqokvsBJKocRv4xVqARHJ/XNaIDyFnO/Mx1VqrRGKWWMkYKw+gl1pNlsHLMGYYXlUG1tvmYEANqjyttgnIgskjEKza3tM5riMOcGldByWh5kVqZcXPNL2Xc05pG0w3x28pQcOmVMwsS4ipHM1O8TOY+snUSB64w4XtnfXiH+5fUzDBvDXMVphjIW80VhpgkmpPifjJWRAvXEES6McrcSccUNF+hSKrsQvj4l/5POcY3RGjt3aTRgjhLswwEcAYM6tOAM2uCDgATu4AEePfTuvSfved664H3O7MEPeC8fKxaTSQ==</latexit><latexit sha1_base64="8NCCx/7WCOmED8v/8KA4T5KA450=">AAAB8nicdVDLSgNBEJz1GVejUY9eBkPAU5jJwSS3gCAeI5gHJCHMTmaTIbMPZnrFsOQzvHhQRPDkV/gJ3vwbZxMFFS1oKKq66e7yYiUNEPLurKyurW9s5rbc7Z387l5h/6BtokRz0eKRinTXY0YoGYoWSFCiG2vBAk+Jjjc9y/zOtdBGRuEVzGIxCNg4lL7kDKzU08M+iBtIW+35sFAkZUIIpRRnhFZPiSX1eq1Ca5hmlkWxkX9NSufuc3NYeOuPIp4EIgSumDE9SmIYpEyD5ErM3X5iRMz4lI1Fz9KQBcIM0sXJc1yyygj7kbYVAl6o3ydSFhgzCzzbGTCYmN9eJv7l9RLwa4NUhnECIuTLRX6iMEQ4+x+PpBYc1MwSxrW0t2I+YZpxsCm5NoSvT/H/pF0pU1KmlzaNGloih47QMTpBFFVRA12gJmohjiJ0i+7RgwPOnfPoPC1bV5zPmUP0A87LB3ohlEQ=</latexit><latexit sha1_base64="8NCCx/7WCOmED8v/8KA4T5KA450=">AAAB8nicdVDLSgNBEJz1GVejUY9eBkPAU5jJwSS3gCAeI5gHJCHMTmaTIbMPZnrFsOQzvHhQRPDkV/gJ3vwbZxMFFS1oKKq66e7yYiUNEPLurKyurW9s5rbc7Z387l5h/6BtokRz0eKRinTXY0YoGYoWSFCiG2vBAk+Jjjc9y/zOtdBGRuEVzGIxCNg4lL7kDKzU08M+iBtIW+35sFAkZUIIpRRnhFZPiSX1eq1Ca5hmlkWxkX9NSufuc3NYeOuPIp4EIgSumDE9SmIYpEyD5ErM3X5iRMz4lI1Fz9KQBcIM0sXJc1yyygj7kbYVAl6o3ydSFhgzCzzbGTCYmN9eJv7l9RLwa4NUhnECIuTLRX6iMEQ4+x+PpBYc1MwSxrW0t2I+YZpxsCm5NoSvT/H/pF0pU1KmlzaNGloih47QMTpBFFVRA12gJmohjiJ0i+7RgwPOnfPoPC1bV5zPmUP0A87LB3ohlEQ=</latexit><latexit sha1_base64="5PDrrNhr8ijAK1VmlP/z9/8LYf0=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZkczOYW8OIxgnnAZgmzk9lkyOyDmV4xLPkMLx4U8erXePNvnE0iqGhBQ1HVTXdXkCppgJAPZ219Y3Nru7RT3t3bPzisHB13TZJpLjo8UYnuB8wIJWPRAQlK9FMtWBQo0QumV4XfuxPayCS+hVkq/IiNYxlKzsBKnh4OQNxD3unOh5UqqRFCKKW4ILRxSSxpNt06dTEtLIsqWqE9rLwPRgnPIhEDV8wYj5IU/JxpkFyJeXmQGZEyPmVj4Vkas0gYP1+cPMfnVhnhMNG2YsAL9ftEziJjZlFgOyMGE/PbK8S/PC+D0PVzGacZiJgvF4WZwpDg4n88klpwUDNLGNfS3or5hGnGwaZUtiF8fYr/J916jZIavSHVlruKo4RO0Rm6QBQ1UAtdozbqII4S9ICe0LMDzqPz4rwuW9ec1cwJ+gHn7RPzaZGl</latexit>

rIR = 0
<latexit sha1_base64="DXYFhA8oV4Na1VJFVSIYnAK1N4s=">AAAB9HicdVDLSgNBEOz1GeMr6tHLoAiewmwMSTwIAS96i2JUSJYwO5kkg7MPZ3qDYcl3ePGgiFc/wk/w5t84axRUtKChqOqmu8uPlTRI6ZszNT0zOzefW8gvLi2vrBbW1s9NlGgumjxSkb70mRFKhqKJEpW4jLVgga/EhX91mPkXQ6GNjMIzHMXCC1g/lD3JGVrJ0502ihtMj0/HB7RT2KbF/VqlVK4QWqS06pbcjJSq5b0yca2SYbu+/JIQAGh0Cq/tbsSTQITIFTOm5dIYvZRplFyJcb6dGBEzfsX6omVpyAJhvPTj6DHZsUqX9CJtK0TyoX6fSFlgzCjwbWfAcGB+e5n4l9dKsFfzUhnGCYqQTxb1EkUwIlkCpCu14KhGljCupb2V8AHTjKPNKW9D+PqU/E/OS0WXFt0Tm0YNJsjBJmzBLrhQhTocQQOawOEabuEeHpyhc+c8Ok+T1innc2YDfsB5fgceT5PG</latexit><latexit sha1_base64="Xrtsp8pVBn4F7cLEtPOHVG6flKo=">AAAB9HicdVDLSgNBEJz17Wo06tHLYAh4CrMxJPEgCILoLYp5QLKE2clEh8w+nOkNhiXf4cWDInr0I/wEb/6Ns4mCihY0FFXddHd5kRQaCHm3Zmbn5hcWl5btldXM2np2Y7Ohw1gxXmehDFXLo5pLEfA6CJC8FSlOfU/ypjc4Sv3mkCstwuACRhF3fXoZiL5gFIzkqm4H+A0kp+fjA9LN5khhv1oulsqYFAipOEUnJcVKaa+EHaOkyB1mXuP8sf1c62bfOr2QxT4PgEmqddshEbgJVSCY5GO7E2seUTagl7xtaEB9rt1kcvQY543Sw/1QmQoAT9TvEwn1tR75nun0KVzp314q/uW1Y+hX3UQEUQw8YNNF/VhiCHGaAO4JxRnIkSGUKWFuxeyKKsrA5GSbEL4+xf+TRrHgkIJzZtKooimW0DbaQbvIQRV0iE5QDdURQ9foFt2jB2to3VmP1tO0dcb6nNlCP2C9fABtWpTB</latexit><latexit sha1_base64="Xrtsp8pVBn4F7cLEtPOHVG6flKo=">AAAB9HicdVDLSgNBEJz17Wo06tHLYAh4CrMxJPEgCILoLYp5QLKE2clEh8w+nOkNhiXf4cWDInr0I/wEb/6Ns4mCihY0FFXddHd5kRQaCHm3Zmbn5hcWl5btldXM2np2Y7Ohw1gxXmehDFXLo5pLEfA6CJC8FSlOfU/ypjc4Sv3mkCstwuACRhF3fXoZiL5gFIzkqm4H+A0kp+fjA9LN5khhv1oulsqYFAipOEUnJcVKaa+EHaOkyB1mXuP8sf1c62bfOr2QxT4PgEmqddshEbgJVSCY5GO7E2seUTagl7xtaEB9rt1kcvQY543Sw/1QmQoAT9TvEwn1tR75nun0KVzp314q/uW1Y+hX3UQEUQw8YNNF/VhiCHGaAO4JxRnIkSGUKWFuxeyKKsrA5GSbEL4+xf+TRrHgkIJzZtKooimW0DbaQbvIQRV0iE5QDdURQ9foFt2jB2to3VmP1tO0dcb6nNlCP2C9fABtWpTB</latexit><latexit sha1_base64="mNzhaxtqq+OlhLNJ1plvDNTSICY=">AAAB9HicdVDLSgNBEJz1GeMr6tHLYBA8LbMxJPEgBLzoLYp5QLKE2ckkGTL7cKY3GJZ8hxcPinj1Y7z5N84mEVS0oKGo6qa7y4uk0EDIh7W0vLK6tp7ZyG5ube/s5vb2GzqMFeN1FspQtTyquRQBr4MAyVuR4tT3JG96o4vUb4650iIMbmEScdeng0D0BaNgJFd1O8DvIbm6mZ6Tbi5P7LNKqVAsYWITUnYKTkoK5eJpETtGSZFHC9S6ufdOL2SxzwNgkmrddkgEbkIVCCb5NNuJNY8oG9EBbxsaUJ9rN5kdPcXHRunhfqhMBYBn6veJhPpaT3zPdPoUhvq3l4p/ee0Y+hU3EUEUAw/YfFE/lhhCnCaAe0JxBnJiCGVKmFsxG1JFGZicsiaEr0/x/6RRsB1iO9ckX60s4sigQ3SETpCDyqiKLlEN1RFDd+gBPaFna2w9Wi/W67x1yVrMHKAfsN4+AeaikiI=</latexit>

r
<latexit sha1_base64="bEPn/JRBk1IzDipJD+R5Qr2M8Yk=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqqteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJdsju8=</latexit><latexit sha1_base64="cxoX8Z5GIZt01PfBFC9T/eDjjAo=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVUZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+hZ5E0</latexit><latexit sha1_base64="cxoX8Z5GIZt01PfBFC9T/eDjjAo=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVUZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+hZ5E0</latexit><latexit sha1_base64="ASVV4ELuMvms1pk3dByWN+WUPig=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqq1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDY34zo</latexit>

RS3 ! 0
<latexit sha1_base64="NwsvO1FWHhMJzLLdp/rhTozf+Z8=">AAAB83icbVC5TgMxEJ0NVwhXAiWNRYREFe1CQcpINJThyCFll8jreBMrXq9le5GiVb6AnoYChGj5B76Bjj/gM3COAhKeNNLTezOamRdKzrRx3S8nt7K6tr6R3yxsbe/s7hVL+02dpIrQBkl4otoh1pQzQRuGGU7bUlEch5y2wuHFxG/dU6VZIm7NSNIgxn3BIkawsZJ/3c1u7s7GvkmQ2y2W3Yo7BVom3pyUa6WH7w8AqHeLn34vIWlMhSEca93xXGmCDCvDCKfjgp9qKjEZ4j7tWCpwTHWQTW8eo2Or9FCUKFvCoKn6eyLDsdajOLSdMTYDvehNxP+8TmqiapAxIVNDBZktilKO7IuTAFCPKUoMH1mCiWL2VkQGWGFibEwFG4K3+PIyaZ5WPLfiXdk0qjBDHg7hCE7Ag3OowSXUoQEEJDzCM7w4qfPkvDpvs9acM585gD9w3n8Aeh2ThA==</latexit><latexit sha1_base64="QtJjXg+uv1VgI9adR80cIhoxiEE=">AAAB83icbVDJSgNBEK2JW4xbouDFS2MUPIWZeDDHgBePcckCmTH0dHqSJj09Q3ePEIZ8gXcvCop49Q/8Cm/+gZ9hZzlo4oOCx3tVVNXzY86Utu0vK7O0vLK6ll3PbWxube/kC7sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD87HfvKNSsUjc6GFMvRD3BAsYwdpI7lUnvb49Hbk6QnYnX7RL9gRokTgzUqwW7r8/9p+Oap38p9uNSBJSoQnHSrUdO9ZeiqVmhNNRzk0UjTEZ4B5tGypwSJWXTm4eoWOjdFEQSVNCo4n6eyLFoVLD0DedIdZ9Ne+Nxf+8dqKDipcyESeaCjJdFCQcmRfHAaAuk5RoPjQEE8nMrYj0scREm5hyJgRn/uVF0iiXHLvkXJo0KjBFFg7gEE7AgTOowgXUoA4EYniAZ3ixEuvRerXepq0ZazazB39gvf8AkqKUVg==</latexit><latexit sha1_base64="QtJjXg+uv1VgI9adR80cIhoxiEE=">AAAB83icbVDJSgNBEK2JW4xbouDFS2MUPIWZeDDHgBePcckCmTH0dHqSJj09Q3ePEIZ8gXcvCop49Q/8Cm/+gZ9hZzlo4oOCx3tVVNXzY86Utu0vK7O0vLK6ll3PbWxube/kC7sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD87HfvKNSsUjc6GFMvRD3BAsYwdpI7lUnvb49Hbk6QnYnX7RL9gRokTgzUqwW7r8/9p+Oap38p9uNSBJSoQnHSrUdO9ZeiqVmhNNRzk0UjTEZ4B5tGypwSJWXTm4eoWOjdFEQSVNCo4n6eyLFoVLD0DedIdZ9Ne+Nxf+8dqKDipcyESeaCjJdFCQcmRfHAaAuk5RoPjQEE8nMrYj0scREm5hyJgRn/uVF0iiXHLvkXJo0KjBFFg7gEE7AgTOowgXUoA4EYniAZ3ixEuvRerXepq0ZazazB39gvf8AkqKUVg==</latexit><latexit sha1_base64="RQUcNcXHZdlpiePKb6LeHIFlr9k=">AAAB83icbVDLTsMwENyUVymvAkcuFhUSp8qBAz1W4sKxPPqQmlA5rtNadZzIdpCiqL/BhQMIceVnuPE3uG0O0DLSSqOZXe3uBIng2mD87ZTW1jc2t8rblZ3dvf2D6uFRR8epoqxNYxGrXkA0E1yytuFGsF6iGIkCwbrB5Hrmd5+Y0jyWDyZLmB+RkeQhp8RYybsb5PePl1PPxAgPqjVcx3OgVeIWpAYFWoPqlzeMaRoxaaggWvddnBg/J8pwKti04qWaJYROyIj1LZUkYtrP5zdP0ZlVhiiMlS1p0Fz9PZGTSOssCmxnRMxYL3sz8T+vn5qw4edcJqlhki4WhalA9sVZAGjIFaNGZJYQqri9FdExUYQaG1PFhuAuv7xKOhd1F9fdW1xrNoo4ynACp3AOLlxBE26gBW2gkMAzvMKbkzovzrvzsWgtOcXMMfyB8/kDFV+RAA==</latexit>

S3
<latexit sha1_base64="VzduFW0CCCp1lLkHtq0LQ8vEhN4=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdg1hVYasLGMxFwgWcPsZDYZMju7zJwVwpJHsLFQxNY38Q3sfBsnl0ITfxj4+P9zmHNOkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ585FrI2J1j6OE+xHtKxEKRtFatdpDuVsouiV3KrIM3hyK15/lcgUAqt3CV6cXszTiCpmkxrQ9N0E/oxoFk3yc76SGJ5QNaZ+3LSoaceNn01HH5NQ6PRLG2j6FZOr+7shoZMwoCmxlRHFgFrOJ+V/WTjG89DOhkhS5YrOPwlQSjMlkb9ITmjOUIwuUaWFnJWxANWVor5O3R/AWV16GxnnJc0venVusXMFMOTiGEzgDDy6gArdQhTow6MMTvMCrI51n5815n5WuOPOeI/gj5+MHEB2PHA==</latexit><latexit sha1_base64="cNaZL4DRjbq5IxxIxtEdsruPg04=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYyEnOBZA2zk9lkyOzsMnNWCCGPYGOhiK1v4hvY+TZONik08YeBj/8/hznnBIkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDPNm49cGxGrexwl3I9oX4lQMIrWqtUezrvFklt2M5Fl8OZQuv48z1TtFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2eduiohE3/jgbdUJOrNMjYaztU0gy93fHmEbGjKLAVkYUB2Yxm5r/Ze0Uw0t/LFSSIlds9lGYSoIxme5NekJzhnJkgTIt7KyEDaimDO11CvYI3uLKy9A4K3tu2btzS5UrmCkPR3AMp+DBBVTgFqpQBwZ9eIIXeHWk8+y8Oe+z0pwz7zmEP3I+fgDLC4+o</latexit><latexit sha1_base64="cNaZL4DRjbq5IxxIxtEdsruPg04=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYyEnOBZA2zk9lkyOzsMnNWCCGPYGOhiK1v4hvY+TZONik08YeBj/8/hznnBIkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDPNm49cGxGrexwl3I9oX4lQMIrWqtUezrvFklt2M5Fl8OZQuv48z1TtFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2eduiohE3/jgbdUJOrNMjYaztU0gy93fHmEbGjKLAVkYUB2Yxm5r/Ze0Uw0t/LFSSIlds9lGYSoIxme5NekJzhnJkgTIt7KyEDaimDO11CvYI3uLKy9A4K3tu2btzS5UrmCkPR3AMp+DBBVTgFqpQBwZ9eIIXeHWk8+y8Oe+z0pwz7zmEP3I+fgDLC4+o</latexit><latexit sha1_base64="0yZJrzEEeirhmvxu89nSDVRH3WY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe600EoCNpaRmA9IzrC32UuW7O0du3NCOPITbCwUsfUX2flv3CRXaOKDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRKhYBSt1Gg8XvbLFbfqzkFWiZeTCuSo98tfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr17t1K7yeMowgmcwjl4cAU1uIM6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SUo10</latexit>

H4
SO(8)

<latexit sha1_base64="5SlGjyXJ3MjwUSy0qgmsdqzquTk=">AAACAnicdVDLSgNBEOz1bXxFPYmXQREUIcyIaLyI4MWbiiYRkhhmJ5M4OPtgplcMS/Dir3jxoIhXv8KbNz/F2URBRQsaiqpuurv8WCuLlL55A4NDwyOjY+O5icmp6Zn87FzZRokRsiQiHZkzn1upVShLqFDLs9hIHvhaVvzL/cyvXEljVRSeYieW9YC3Q9VSgqOTGvmFWsDxwvfTg+75ZqOG8hrTk8PV4lq3kV+mBUopY4xkhG1vUUd2doobrEhYZjks762T3XcAOGrkX2vNSCSBDFFobm2V0RjrKTeohJbdXC2xMubikrdl1dGQB9LW094LXbLilCZpRcZViKSnfp9IeWBtJ/BdZ3aw/e1l4l9eNcFWsZ6qME5QhqK/qJVoghHJ8iBNZaRA3XGEC6PcrURccMMFutRyLoSvT8n/pLxRYLTAjl0au9DHGCzCEqwCg23YgwM4ghIIuIE7eIBH79a79568537rgPc5Mw8/4L18ACGomLs=</latexit><latexit sha1_base64="ngxEHvwMpV92t+od/Hi9/5aDfys="></latexit><latexit sha1_base64="ngxEHvwMpV92t+od/Hi9/5aDfys="></latexit><latexit sha1_base64="4KTgYjVe4nSeUziDzWyPHwhuJv8=">AAACAnicdVBNSwMxEM36WetX1ZN4CRZBLyUpYtuLFLz0pqLVQreWbJrW0OwHyaxYlsWLf8WLB0W8+iu8+W/MagUVfTDweG+GmXlepKQBQt6cicmp6ZnZ3Fx+fmFxabmwsnpmwlhz0eShCnXLY0YoGYgmSFCiFWnBfE+Jc294kPnnV0IbGQanMIpEx2eDQPYlZ2ClbmHd9Rlcel7SSC92uy6Ia0hODrerO2m3UCQlQgilFGeEVvaIJbVatUyrmGaWRRGNcdQtvLq9kMe+CIArZkybkgg6CdMguRJp3o2NiBgfsoFoWxowX5hO8vFCires0sP9UNsKAH+o3ycS5hsz8j3bmR1sfnuZ+JfXjqFf7SQyiGIQAf9c1I8VhhBneeCe1IKDGlnCuJb2VswvmWYcbGp5G8LXp/h/clYuUVKix6RY3x/HkUMbaBNtI4oqqI4a6Ag1EUc36A49oEfn1rl3npznz9YJZzyzhn7AeXkH5GSXEg==</latexit>

I UV asymptotics

FG gauge:
r

rUV
= 1 − 2 e−ρ + 2 e−2ρ + . . . .

zi (ρ) = aie−ρ + bie−2ρ + . . . , z̃i (ρ) = ãie−ρ + b̃ie−2ρ + . . . ,

z (ρ) = ae−ρ + be−2ρ + . . . , z̃ (ρ) = ãe−ρ + b̃e−2ρ + . . . ,

The BPS equations determine b’s in terms of a ’s (susy), which must
satisfy

a1 + a2 + a3 − ã1 − ã2 − ã3 = 4
The map onto the field theory gives the identification

∆i =
1
4
(ai − ãi ) , ∆1 + ∆2 + ∆3 = 1

This leaves 7 independent UV-parameters.
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Solutions
Asymptotics R4

<latexit sha1_base64="vLsqZXWIfQUGH90NbgOWPpKoN4Y=">AAAB83icdVDLSgMxFL1TX7W+qi7dBIvgasi0pa0bLbhxWcU+oB1LJk3b0MyDJCOUob/hxoUibv0K/8Cdf2OmVVDRA4HDOfdyT44XCa40xu9WZml5ZXUtu57b2Nza3snv7rVUGEvKmjQUoex4RDHBA9bUXAvWiSQjvidY25ucp377lknFw+BaTyPm+mQU8CGnRBup1/OJHntecjW7KffzBWyf1CrFcgVhG+OqU3RSUqyWS2XkGCVF4ey1VKoDQKOff+sNQhr7LNBUEKW6Do60mxCpORVsluvFikWETsiIdQ0NiM+Um8wzz9CRUQZoGErzAo3m6veNhPhKTX3PTKYZ1W8vFf/yurEe1tyEB1GsWUAXh4axQDpEaQFowCWjWkwNIVRykxXRMZGEalNTzpTw9VP0P2kVbQfbziUu1E9hgSwcwCEcgwNVqMMFNKAJFCK4gwd4tGLr3nqynhejGetzZx9+wHr5AIiQk3o=</latexit><latexit sha1_base64="1hrPypuBmK9DKVMnePrby2NDFso=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLToa0bLbhxWcU+oDOWTJppQzMPkoxQhv6GGxeKuPUr/AN3/o2ZVkFFDwQO59zLPTl+wplUCL0bhaXlldW14nppY3Nre6e8u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX9ynvvdWyoki6NrNU2oF+JRxAJGsNKS64ZYjX0/u5rdOINyBZknjZrt1CAyEapbtpUTu+5UHWhpJUfl7LU6R2tQfnOHMUlDGinCsZR9CyXKy7BQjHA6K7mppAkmEzyifU0jHFLpZfPMM3iklSEMYqFfpOBc/b6R4VDKaejryTyj/O3l4l9eP1VBw8tYlKSKRmRxKEg5VDHMC4BDJihRfKoJJoLprJCMscBE6ZpKuoSvn8L/Scc2LWRal6jSPAULFMEBOATHwAJ10AQXoAXagIAE3IEH8Gikxr3xZDwvRgvG584++AHj5QNDjZQG</latexit><latexit sha1_base64="1hrPypuBmK9DKVMnePrby2NDFso=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjLToa0bLbhxWcU+oDOWTJppQzMPkoxQhv6GGxeKuPUr/AN3/o2ZVkFFDwQO59zLPTl+wplUCL0bhaXlldW14nppY3Nre6e8u9eRcSoIbZOYx6LnY0k5i2hbMcVpLxEUhz6nXX9ynvvdWyoki6NrNU2oF+JRxAJGsNKS64ZYjX0/u5rdOINyBZknjZrt1CAyEapbtpUTu+5UHWhpJUfl7LU6R2tQfnOHMUlDGinCsZR9CyXKy7BQjHA6K7mppAkmEzyifU0jHFLpZfPMM3iklSEMYqFfpOBc/b6R4VDKaejryTyj/O3l4l9eP1VBw8tYlKSKRmRxKEg5VDHMC4BDJihRfKoJJoLprJCMscBE6ZpKuoSvn8L/Scc2LWRal6jSPAULFMEBOATHwAJ10AQXoAXagIAE3IEH8Gikxr3xZDwvRgvG584++AHj5QNDjZQG</latexit><latexit sha1_base64="QT4njz21x7yO0Fe3a/IloC4Dm14=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ1aOtGCm5cVrEP6Iwlk2ba0ExmSDJCGfobblwo4tafceffmGkrqOiBwOGce7knJ0g4UxqhD6uwsrq2vlHcLG1t7+zulfcPOipOJaFtEvNY9gKsKGeCtjXTnPYSSXEUcNoNJpe5372nUrFY3OppQv0IjwQLGcHaSJ4XYT0OguxmducOyhVknzdqVbcGkY1Q3ak6OanW3TMXOkbJUQFLtAbld28YkzSiQhOOleo7KNF+hqVmhNNZyUsVTTCZ4BHtGypwRJWfzTPP4IlRhjCMpXlCw7n6fSPDkVLTKDCTeUb128vFv7x+qsOGnzGRpJoKsjgUphzqGOYFwCGTlGg+NQQTyUxWSMZYYqJNTSVTwtdP4f+kU7UdZDvXqNK8WNZRBEfgGJwCB9RBE1yBFmgDAhLwAJ7As5Vaj9aL9boYLVjLnUPwA9bbJ0rUkdI=</latexit>

rUV
<latexit sha1_base64="JuB4enWgq4OeFE3gZkiL3K2k0zY=">AAAB8nicdVDLSgNBEOz1GeMr6tHLYBA8hRkPJrkFvHiM4CaBJITZyawOzj6Y6RXDks/w4kERr36Fn+DNv3E2UVDRgoaiqpvuriDVyiKl797C4tLyympprby+sbm1XdnZ7dgkM0L6ItGJ6QXcSq1i6aNCLXupkTwKtOwG16eF372RxqokvsBJKocRv4xVqARHJ/XNaIDyFnO/Mx1VqrRGKWWMkYKw+gl1pNlsHLMGYYXlUG1tvmYEANqjyttgnIgskjEKza3tM5riMOcGldByWh5kVqZcXPNL2Xc05pG0w3x28pQcOmVMwsS4ipHM1O8TOY+snUSB64w4XtnfXiH+5fUzDBvDXMVphjIW80VhpgkmpPifjJWRAvXEES6McrcSccUNF+hSKrsQvj4l/5POcY3RGjt3aTRgjhLswwEcAYM6tOAM2uCDgATu4AEePfTuvSfved664H3O7MEPeC8fKxaTSQ==</latexit><latexit sha1_base64="8NCCx/7WCOmED8v/8KA4T5KA450=">AAAB8nicdVDLSgNBEJz1GVejUY9eBkPAU5jJwSS3gCAeI5gHJCHMTmaTIbMPZnrFsOQzvHhQRPDkV/gJ3vwbZxMFFS1oKKq66e7yYiUNEPLurKyurW9s5rbc7Z387l5h/6BtokRz0eKRinTXY0YoGYoWSFCiG2vBAk+Jjjc9y/zOtdBGRuEVzGIxCNg4lL7kDKzU08M+iBtIW+35sFAkZUIIpRRnhFZPiSX1eq1Ca5hmlkWxkX9NSufuc3NYeOuPIp4EIgSumDE9SmIYpEyD5ErM3X5iRMz4lI1Fz9KQBcIM0sXJc1yyygj7kbYVAl6o3ydSFhgzCzzbGTCYmN9eJv7l9RLwa4NUhnECIuTLRX6iMEQ4+x+PpBYc1MwSxrW0t2I+YZpxsCm5NoSvT/H/pF0pU1KmlzaNGloih47QMTpBFFVRA12gJmohjiJ0i+7RgwPOnfPoPC1bV5zPmUP0A87LB3ohlEQ=</latexit><latexit sha1_base64="8NCCx/7WCOmED8v/8KA4T5KA450=">AAAB8nicdVDLSgNBEJz1GVejUY9eBkPAU5jJwSS3gCAeI5gHJCHMTmaTIbMPZnrFsOQzvHhQRPDkV/gJ3vwbZxMFFS1oKKq66e7yYiUNEPLurKyurW9s5rbc7Z387l5h/6BtokRz0eKRinTXY0YoGYoWSFCiG2vBAk+Jjjc9y/zOtdBGRuEVzGIxCNg4lL7kDKzU08M+iBtIW+35sFAkZUIIpRRnhFZPiSX1eq1Ca5hmlkWxkX9NSufuc3NYeOuPIp4EIgSumDE9SmIYpEyD5ErM3X5iRMz4lI1Fz9KQBcIM0sXJc1yyygj7kbYVAl6o3ydSFhgzCzzbGTCYmN9eJv7l9RLwa4NUhnECIuTLRX6iMEQ4+x+PpBYc1MwSxrW0t2I+YZpxsCm5NoSvT/H/pF0pU1KmlzaNGloih47QMTpBFFVRA12gJmohjiJ0i+7RgwPOnfPoPC1bV5zPmUP0A87LB3ohlEQ=</latexit><latexit sha1_base64="5PDrrNhr8ijAK1VmlP/z9/8LYf0=">AAAB8nicdVDLSgNBEJz1GeMr6tHLYBA8hZkczOYW8OIxgnnAZgmzk9lkyOyDmV4xLPkMLx4U8erXePNvnE0iqGhBQ1HVTXdXkCppgJAPZ219Y3Nru7RT3t3bPzisHB13TZJpLjo8UYnuB8wIJWPRAQlK9FMtWBQo0QumV4XfuxPayCS+hVkq/IiNYxlKzsBKnh4OQNxD3unOh5UqqRFCKKW4ILRxSSxpNt06dTEtLIsqWqE9rLwPRgnPIhEDV8wYj5IU/JxpkFyJeXmQGZEyPmVj4Vkas0gYP1+cPMfnVhnhMNG2YsAL9ftEziJjZlFgOyMGE/PbK8S/PC+D0PVzGacZiJgvF4WZwpDg4n88klpwUDNLGNfS3or5hGnGwaZUtiF8fYr/J916jZIavSHVlruKo4RO0Rm6QBQ1UAtdozbqII4S9ICe0LMDzqPz4rwuW9ec1cwJ+gHn7RPzaZGl</latexit>

rIR = 0
<latexit sha1_base64="DXYFhA8oV4Na1VJFVSIYnAK1N4s=">AAAB9HicdVDLSgNBEOz1GeMr6tHLoAiewmwMSTwIAS96i2JUSJYwO5kkg7MPZ3qDYcl3ePGgiFc/wk/w5t84axRUtKChqOqmu8uPlTRI6ZszNT0zOzefW8gvLi2vrBbW1s9NlGgumjxSkb70mRFKhqKJEpW4jLVgga/EhX91mPkXQ6GNjMIzHMXCC1g/lD3JGVrJ0502ihtMj0/HB7RT2KbF/VqlVK4QWqS06pbcjJSq5b0yca2SYbu+/JIQAGh0Cq/tbsSTQITIFTOm5dIYvZRplFyJcb6dGBEzfsX6omVpyAJhvPTj6DHZsUqX9CJtK0TyoX6fSFlgzCjwbWfAcGB+e5n4l9dKsFfzUhnGCYqQTxb1EkUwIlkCpCu14KhGljCupb2V8AHTjKPNKW9D+PqU/E/OS0WXFt0Tm0YNJsjBJmzBLrhQhTocQQOawOEabuEeHpyhc+c8Ok+T1innc2YDfsB5fgceT5PG</latexit><latexit sha1_base64="Xrtsp8pVBn4F7cLEtPOHVG6flKo=">AAAB9HicdVDLSgNBEJz17Wo06tHLYAh4CrMxJPEgCILoLYp5QLKE2clEh8w+nOkNhiXf4cWDInr0I/wEb/6Ns4mCihY0FFXddHd5kRQaCHm3Zmbn5hcWl5btldXM2np2Y7Ohw1gxXmehDFXLo5pLEfA6CJC8FSlOfU/ypjc4Sv3mkCstwuACRhF3fXoZiL5gFIzkqm4H+A0kp+fjA9LN5khhv1oulsqYFAipOEUnJcVKaa+EHaOkyB1mXuP8sf1c62bfOr2QxT4PgEmqddshEbgJVSCY5GO7E2seUTagl7xtaEB9rt1kcvQY543Sw/1QmQoAT9TvEwn1tR75nun0KVzp314q/uW1Y+hX3UQEUQw8YNNF/VhiCHGaAO4JxRnIkSGUKWFuxeyKKsrA5GSbEL4+xf+TRrHgkIJzZtKooimW0DbaQbvIQRV0iE5QDdURQ9foFt2jB2to3VmP1tO0dcb6nNlCP2C9fABtWpTB</latexit><latexit sha1_base64="Xrtsp8pVBn4F7cLEtPOHVG6flKo=">AAAB9HicdVDLSgNBEJz17Wo06tHLYAh4CrMxJPEgCILoLYp5QLKE2clEh8w+nOkNhiXf4cWDInr0I/wEb/6Ns4mCihY0FFXddHd5kRQaCHm3Zmbn5hcWl5btldXM2np2Y7Ohw1gxXmehDFXLo5pLEfA6CJC8FSlOfU/ypjc4Sv3mkCstwuACRhF3fXoZiL5gFIzkqm4H+A0kp+fjA9LN5khhv1oulsqYFAipOEUnJcVKaa+EHaOkyB1mXuP8sf1c62bfOr2QxT4PgEmqddshEbgJVSCY5GO7E2seUTagl7xtaEB9rt1kcvQY543Sw/1QmQoAT9TvEwn1tR75nun0KVzp314q/uW1Y+hX3UQEUQw8YNNF/VhiCHGaAO4JxRnIkSGUKWFuxeyKKsrA5GSbEL4+xf+TRrHgkIJzZtKooimW0DbaQbvIQRV0iE5QDdURQ9foFt2jB2to3VmP1tO0dcb6nNlCP2C9fABtWpTB</latexit><latexit sha1_base64="mNzhaxtqq+OlhLNJ1plvDNTSICY=">AAAB9HicdVDLSgNBEJz1GeMr6tHLYBA8LbMxJPEgBLzoLYp5QLKE2ckkGTL7cKY3GJZ8hxcPinj1Y7z5N84mEVS0oKGo6qa7y4uk0EDIh7W0vLK6tp7ZyG5ube/s5vb2GzqMFeN1FspQtTyquRQBr4MAyVuR4tT3JG96o4vUb4650iIMbmEScdeng0D0BaNgJFd1O8DvIbm6mZ6Tbi5P7LNKqVAsYWITUnYKTkoK5eJpETtGSZFHC9S6ufdOL2SxzwNgkmrddkgEbkIVCCb5NNuJNY8oG9EBbxsaUJ9rN5kdPcXHRunhfqhMBYBn6veJhPpaT3zPdPoUhvq3l4p/ee0Y+hU3EUEUAw/YfFE/lhhCnCaAe0JxBnJiCGVKmFsxG1JFGZicsiaEr0/x/6RRsB1iO9ckX60s4sigQ3SETpCDyqiKLlEN1RFDd+gBPaFna2w9Wi/W67x1yVrMHKAfsN4+AeaikiI=</latexit>

r
<latexit sha1_base64="bEPn/JRBk1IzDipJD+R5Qr2M8Yk=">AAAB6HicbZC7SgNBFIbPxluMt6ilzWAQrMKujekM2FgmYi6QLGF2cjYZMzu7zMwKYckT2FgoYutTWPkQdr6Nk0uhiT8MfPz/Ocw5J0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdD3NWw+oNI/lnRkn6Ed0IHnIGTXWqqteseSW3ZnIKngLKF19ftyCVa1X/Or2Y5ZGKA0TVOuO5ybGz6gynAmcFLqpxoSyER1gx6KkEWo/mw06IWfW6ZMwVvZJQ2bu746MRlqPo8BWRtQM9XI2Nf/LOqkJK37GZZIalGz+UZgKYmIy3Zr0uUJmxNgCZYrbWQkbUkWZsbcp2CN4yyuvQvOi7Lllr+6WqhWYKw8ncArn4MElVOEGatAABgiP8Awvzr3z5Lw6b/PSnLPoOYY/ct5/AJdsju8=</latexit><latexit sha1_base64="cxoX8Z5GIZt01PfBFC9T/eDjjAo=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVUZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+hZ5E0</latexit><latexit sha1_base64="cxoX8Z5GIZt01PfBFC9T/eDjjAo=">AAAB6HicbZC7SgNBFIbPeo3xFrUUZDAIVmHXxnQGbCwTMBdIQpidnE3GzM4uM7NCWFJa2VgoYutTpPIh7HwGX8LJpdDEHwY+/v8c5pzjx4Jr47pfzsrq2vrGZmYru72zu7efOzis6ShRDKssEpFq+FSj4BKrhhuBjVghDX2BdX9wPcnr96g0j+StGcbYDmlP8oAzaqxVUZ1c3i24U5Fl8OaQv/oYV74fTsblTu6z1Y1YEqI0TFCtm54bm3ZKleFM4CjbSjTGlA1oD5sWJQ1Rt9PpoCNyZp0uCSJlnzRk6v7uSGmo9TD0bWVITV8vZhPzv6yZmKDYTrmME4OSzT4KEkFMRCZbky5XyIwYWqBMcTsrYX2qKDP2Nll7BG9x5WWoXRQ8t+BV3HypCDNl4BhO4Rw8uIQS3EAZqsAA4RGe4cW5c56cV+dtVrrizHuO4I+c9x+hZ5E0</latexit><latexit sha1_base64="ASVV4ELuMvms1pk3dByWN+WUPig=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0m82GPBi8cW7Ae0oWy2k3btZhN2N0II/QVePCji1Z/kzX/jts1BWx8MPN6bYWZekAiujet+O6Wt7Z3dvfJ+5eDw6PikenrW1XGqGHZYLGLVD6hGwSV2DDcC+4lCGgUCe8HsbuH3nlBpHssHkyXoR3QiecgZNVZqq1G15tbdJcgm8QpSgwKtUfVrOI5ZGqE0TFCtB56bGD+nynAmcF4ZphoTymZ0ggNLJY1Q+/ny0Dm5ssqYhLGyJQ1Zqr8nchppnUWB7Yyomep1byH+5w1SEzb8nMskNSjZalGYCmJisviajLlCZkRmCWWK21sJm1JFmbHZVGwI3vrLm6R7U/fcutd2a81GEUcZLuASrsGDW2jCPbSgAwwQnuEV3pxH58V5dz5WrSWnmDmHP3A+fwDY34zo</latexit>

RS3 ! 0
<latexit sha1_base64="NwsvO1FWHhMJzLLdp/rhTozf+Z8=">AAAB83icbVC5TgMxEJ0NVwhXAiWNRYREFe1CQcpINJThyCFll8jreBMrXq9le5GiVb6AnoYChGj5B76Bjj/gM3COAhKeNNLTezOamRdKzrRx3S8nt7K6tr6R3yxsbe/s7hVL+02dpIrQBkl4otoh1pQzQRuGGU7bUlEch5y2wuHFxG/dU6VZIm7NSNIgxn3BIkawsZJ/3c1u7s7GvkmQ2y2W3Yo7BVom3pyUa6WH7w8AqHeLn34vIWlMhSEca93xXGmCDCvDCKfjgp9qKjEZ4j7tWCpwTHWQTW8eo2Or9FCUKFvCoKn6eyLDsdajOLSdMTYDvehNxP+8TmqiapAxIVNDBZktilKO7IuTAFCPKUoMH1mCiWL2VkQGWGFibEwFG4K3+PIyaZ5WPLfiXdk0qjBDHg7hCE7Ag3OowSXUoQEEJDzCM7w4qfPkvDpvs9acM585gD9w3n8Aeh2ThA==</latexit><latexit sha1_base64="QtJjXg+uv1VgI9adR80cIhoxiEE=">AAAB83icbVDJSgNBEK2JW4xbouDFS2MUPIWZeDDHgBePcckCmTH0dHqSJj09Q3ePEIZ8gXcvCop49Q/8Cm/+gZ9hZzlo4oOCx3tVVNXzY86Utu0vK7O0vLK6ll3PbWxube/kC7sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD87HfvKNSsUjc6GFMvRD3BAsYwdpI7lUnvb49Hbk6QnYnX7RL9gRokTgzUqwW7r8/9p+Oap38p9uNSBJSoQnHSrUdO9ZeiqVmhNNRzk0UjTEZ4B5tGypwSJWXTm4eoWOjdFEQSVNCo4n6eyLFoVLD0DedIdZ9Ne+Nxf+8dqKDipcyESeaCjJdFCQcmRfHAaAuk5RoPjQEE8nMrYj0scREm5hyJgRn/uVF0iiXHLvkXJo0KjBFFg7gEE7AgTOowgXUoA4EYniAZ3ixEuvRerXepq0ZazazB39gvf8AkqKUVg==</latexit><latexit sha1_base64="QtJjXg+uv1VgI9adR80cIhoxiEE=">AAAB83icbVDJSgNBEK2JW4xbouDFS2MUPIWZeDDHgBePcckCmTH0dHqSJj09Q3ePEIZ8gXcvCop49Q/8Cm/+gZ9hZzlo4oOCx3tVVNXzY86Utu0vK7O0vLK6ll3PbWxube/kC7sNFSWS0DqJeCRbPlaUM0HrmmlOW7GkOPQ5bfqD87HfvKNSsUjc6GFMvRD3BAsYwdpI7lUnvb49Hbk6QnYnX7RL9gRokTgzUqwW7r8/9p+Oap38p9uNSBJSoQnHSrUdO9ZeiqVmhNNRzk0UjTEZ4B5tGypwSJWXTm4eoWOjdFEQSVNCo4n6eyLFoVLD0DedIdZ9Ne+Nxf+8dqKDipcyESeaCjJdFCQcmRfHAaAuk5RoPjQEE8nMrYj0scREm5hyJgRn/uVF0iiXHLvkXJo0KjBFFg7gEE7AgTOowgXUoA4EYniAZ3ixEuvRerXepq0ZazazB39gvf8AkqKUVg==</latexit><latexit sha1_base64="RQUcNcXHZdlpiePKb6LeHIFlr9k=">AAAB83icbVDLTsMwENyUVymvAkcuFhUSp8qBAz1W4sKxPPqQmlA5rtNadZzIdpCiqL/BhQMIceVnuPE3uG0O0DLSSqOZXe3uBIng2mD87ZTW1jc2t8rblZ3dvf2D6uFRR8epoqxNYxGrXkA0E1yytuFGsF6iGIkCwbrB5Hrmd5+Y0jyWDyZLmB+RkeQhp8RYybsb5PePl1PPxAgPqjVcx3OgVeIWpAYFWoPqlzeMaRoxaaggWvddnBg/J8pwKti04qWaJYROyIj1LZUkYtrP5zdP0ZlVhiiMlS1p0Fz9PZGTSOssCmxnRMxYL3sz8T+vn5qw4edcJqlhki4WhalA9sVZAGjIFaNGZJYQqri9FdExUYQaG1PFhuAuv7xKOhd1F9fdW1xrNoo4ynACp3AOLlxBE26gBW2gkMAzvMKbkzovzrvzsWgtOcXMMfyB8/kDFV+RAA==</latexit>

S3
<latexit sha1_base64="VzduFW0CCCp1lLkHtq0LQ8vEhN4=">AAAB6nicbZC7SgNBFIbPeo3xFrW0GQyCVdg1hVYasLGMxFwgWcPsZDYZMju7zJwVwpJHsLFQxNY38Q3sfBsnl0ITfxj4+P9zmHNOkEhh0HW/nZXVtfWNzdxWfntnd2+/cHDYMHGqGa+zWMa6FVDDpVC8jgIlbyWa0yiQvBkMbyZ585FrI2J1j6OE+xHtKxEKRtFatdpDuVsouiV3KrIM3hyK15/lcgUAqt3CV6cXszTiCpmkxrQ9N0E/oxoFk3yc76SGJ5QNaZ+3LSoaceNn01HH5NQ6PRLG2j6FZOr+7shoZMwoCmxlRHFgFrOJ+V/WTjG89DOhkhS5YrOPwlQSjMlkb9ITmjOUIwuUaWFnJWxANWVor5O3R/AWV16GxnnJc0venVusXMFMOTiGEzgDDy6gArdQhTow6MMTvMCrI51n5815n5WuOPOeI/gj5+MHEB2PHA==</latexit><latexit sha1_base64="cNaZL4DRjbq5IxxIxtEdsruPg04=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYyEnOBZA2zk9lkyOzsMnNWCCGPYGOhiK1v4hvY+TZONik08YeBj/8/hznnBIkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDPNm49cGxGrexwl3I9oX4lQMIrWqtUezrvFklt2M5Fl8OZQuv48z1TtFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2eduiohE3/jgbdUJOrNMjYaztU0gy93fHmEbGjKLAVkYUB2Yxm5r/Ze0Uw0t/LFSSIlds9lGYSoIxme5NekJzhnJkgTIt7KyEDaimDO11CvYI3uLKy9A4K3tu2btzS5UrmCkPR3AMp+DBBVTgFqpQBwZ9eIIXeHWk8+y8Oe+z0pwz7zmEP3I+fgDLC4+o</latexit><latexit sha1_base64="cNaZL4DRjbq5IxxIxtEdsruPg04=">AAAB6nicbZC7SgNBFIbPxluMt6ilzWAQrMKuFlppwMYyEnOBZA2zk9lkyOzsMnNWCCGPYGOhiK1v4hvY+TZONik08YeBj/8/hznnBIkUBl3328mtrK6tb+Q3C1vbO7t7xf2DholTzXidxTLWrYAaLoXidRQoeSvRnEaB5M1geDPNm49cGxGrexwl3I9oX4lQMIrWqtUezrvFklt2M5Fl8OZQuv48z1TtFr86vZilEVfIJDWm7bkJ+mOqUTDJJ4VOanhC2ZD2eduiohE3/jgbdUJOrNMjYaztU0gy93fHmEbGjKLAVkYUB2Yxm5r/Ze0Uw0t/LFSSIlds9lGYSoIxme5NekJzhnJkgTIt7KyEDaimDO11CvYI3uLKy9A4K3tu2btzS5UrmCkPR3AMp+DBBVTgFqpQBwZ9eIIXeHWk8+y8Oe+z0pwz7zmEP3I+fgDLC4+o</latexit><latexit sha1_base64="0yZJrzEEeirhmvxu89nSDVRH3WY=">AAAB6nicbVA9SwNBEJ2LXzF+RS1tFoNgFe600EoCNpaRmA9IzrC32UuW7O0du3NCOPITbCwUsfUX2flv3CRXaOKDgcd7M8zMCxIpDLrut1NYW9/Y3Cpul3Z29/YPyodHLROnmvEmi2WsOwE1XArFmyhQ8k6iOY0CydvB+Hbmt5+4NiJWDzhJuB/RoRKhYBSt1Gg8XvbLFbfqzkFWiZeTCuSo98tfvUHM0ogrZJIa0/XcBP2MahRM8mmplxqeUDamQ961VNGIGz+bnzolZ1YZkDDWthSSufp7IqORMZMosJ0RxZFZ9mbif143xfDaz4RKUuSKLRaFqSQYk9nfZCA0ZygnllCmhb2VsBHVlKFNp2RD8JZfXiWti6rnVr17t1K7yeMowgmcwjl4cAU1uIM6NIHBEJ7hFd4c6bw4787HorXg5DPH8AfO5w/SUo10</latexit>

H4
SO(8)

<latexit sha1_base64="5SlGjyXJ3MjwUSy0qgmsdqzquTk=">AAACAnicdVDLSgNBEOz1bXxFPYmXQREUIcyIaLyI4MWbiiYRkhhmJ5M4OPtgplcMS/Dir3jxoIhXv8KbNz/F2URBRQsaiqpuurv8WCuLlL55A4NDwyOjY+O5icmp6Zn87FzZRokRsiQiHZkzn1upVShLqFDLs9hIHvhaVvzL/cyvXEljVRSeYieW9YC3Q9VSgqOTGvmFWsDxwvfTg+75ZqOG8hrTk8PV4lq3kV+mBUopY4xkhG1vUUd2doobrEhYZjks762T3XcAOGrkX2vNSCSBDFFobm2V0RjrKTeohJbdXC2xMubikrdl1dGQB9LW094LXbLilCZpRcZViKSnfp9IeWBtJ/BdZ3aw/e1l4l9eNcFWsZ6qME5QhqK/qJVoghHJ8iBNZaRA3XGEC6PcrURccMMFutRyLoSvT8n/pLxRYLTAjl0au9DHGCzCEqwCg23YgwM4ghIIuIE7eIBH79a79568537rgPc5Mw8/4L18ACGomLs=</latexit><latexit sha1_base64="ngxEHvwMpV92t+od/Hi9/5aDfys="></latexit><latexit sha1_base64="ngxEHvwMpV92t+od/Hi9/5aDfys="></latexit><latexit sha1_base64="4KTgYjVe4nSeUziDzWyPHwhuJv8=">AAACAnicdVBNSwMxEM36WetX1ZN4CRZBLyUpYtuLFLz0pqLVQreWbJrW0OwHyaxYlsWLf8WLB0W8+iu8+W/MagUVfTDweG+GmXlepKQBQt6cicmp6ZnZ3Fx+fmFxabmwsnpmwlhz0eShCnXLY0YoGYgmSFCiFWnBfE+Jc294kPnnV0IbGQanMIpEx2eDQPYlZ2ClbmHd9Rlcel7SSC92uy6Ia0hODrerO2m3UCQlQgilFGeEVvaIJbVatUyrmGaWRRGNcdQtvLq9kMe+CIArZkybkgg6CdMguRJp3o2NiBgfsoFoWxowX5hO8vFCires0sP9UNsKAH+o3ycS5hsz8j3bmR1sfnuZ+JfXjqFf7SQyiGIQAf9c1I8VhhBneeCe1IKDGlnCuJb2VswvmWYcbGp5G8LXp/h/clYuUVKix6RY3x/HkUMbaBNtI4oqqI4a6Ag1EUc36A49oEfn1rl3npznz9YJZzyzhn7AeXkH5GSXEg==</latexit>

I IR asymptotics
The S3 smoothly shrinking to a point at r = 0, the metric becomes flat

A(r) = A0 + log r +O(r2)

This imposes the following constraints on the scalar fields

zi (0) = ci , z̃i (0) = c̃i , z (0) = c , z̃ (0) = c̃

given by

ci =
2 c̃j c̃k − x0(1 − c̃j )(1 − c̃k )

2 − x0(1 − c̃j )(1 − c̃k )
, x0 = cc̃ , (ijk)-cyclic

and a cubic constraint due to the hyperscalar

2(c̃1c̃2c̃3 − 1) + (1 − c̃1)(1 − c̃2)(1 − c̃3) = 0

Exercise: Find the map IR → UV

(c̃i ; x0) −→ (ai , ãi ; a , ã)
12



Solutions
IR to UV

For the vanishing hyperscalar, one can solve the BPS equations analytically
[FP ’13]

In the IR
ci =

c̃1c̃2c̃3

c̃i
, c = c̃ = 0

Along the flow, e.g.,

e2A = 4r2 (1 − c̃1c̃2c̃3 r4/r4
UV)

(1 − r2/r2
UV)

2(1 − c̃1c̃2c̃3 r2/r2
UV)

2

In the UV
ai =

4 ci

1 − c̃1c̃2c̃3
, ãi =

4 c̃i

1 − c̃1c̃2c̃3

In particular

∆1 =
(1 + c̃2)(1 + c̃3)

(1 − c̃2)(1 − c̃3)
, ∆2 =

(1 + c̃3)(1 + c̃1)

(1 − c̃3)(1 − c̃1)
, ∆3 =

(1 + c̃1)(1 + c̃2)

(1 − c̃1)(1 − c̃2)

in terms of which the cubic constraint becomes simply

∆1 + ∆2 + ∆3 = 1

13



Solutions
Symmetric sector

ζ(r)

ζ
˜
(r)
X(r)

��� ��� ��� ��� ��� ���

-���

-���

���

���

��� ��� ��� ��� �

�

�

�

�

�

�
��(�)

zi (r) = ζ(r) , z̃i (i) = ζ̃(i) , z (r)z̃ (r) = X (r) ; X (0) = x0

I As expected, since ∆1 = ∆2 = ∆3 = 1
3 ,

ai =
2
3 − 2

3
√

3
+ f (x0) , ãi = − 2

3 − 2
3
√

3
+ f (x0) , f (0) = 0

I An analytic solution

ζ = −ζ̃ , z z̃ = −
4ζ2

(1 − ζ2)2
, x0 = − 1

3 , r2
UV = 32

27

ζ = R − 2
√
1 +R2 cosα , α =

1
3
[Arg(R + i) + π] , R =

r2
UV − r2

r2
UV + r2

14



Solutions
General numerics

��� ��� ��� ��� ��� ���

-���

-���

���

���

�

z1
z2
z3
z̃1
z̃2
z̃3
X

I For |x0| < 1/3, the formal series solution is convergent for 0 ≤ r ≤ rUV

and thus can be determined with arbitrary precision.
Theorem.
1. The UV parameters, ∆i , do not depend on x0 and thus are given by their

x0 = 0 values.
2. The parameters ai and ãi are shifted from their x0 = 0 values by the

same function f (c̃i , x0).
Proof.
(i) Extensive numerical checks. [BMPR ’18]

(ii) Perturbative expansion around the analytic solution. [Kim-Kim ’19]

15



Towards the free energy
Making it finite

3 subtle points

1. Holographic renormalization [Skenderis et al ’02]

The on-shell action must be regularized consistent with susy.

Sreg = Sbulk + SGH + SR + SSUSY

where
SSUSY =

∫
S3

dΩ3

[
L2e3A(WW̃

)1/2 ]
r=r0

[FP ’13] [Freedman-Pufu-KP-Warner ’16]

Son-shell ≡ lim
r0→rUV

Sreg

Using the BPS equations, the on-shell action can be simplified

Son-shell = −2 volS3L2

[ ∫ rUV

0
dr
(

e2A

r
−

rUV

(r − rUV)2

)
−

1
2

]

I The result depends on the IR value, x0, of the hyperscalar.
16



Towards the free energy
Alternate quantization

2. It’s the Legendre transform s . . . d, use the alternate quantization.
[Breitenlohner-Freedman ’82] [Klebanov-Witten ’99]

Scalars: zi + z̃i

Pseudoscalars: zi − z̃i , z and z̃

Scalars require alternate quantization,

φ −→ π ≡ − lim
ρ0→∞

δSreg[φ]

δφ
= − lim

ρ0→∞ e−ρ0Πφ(ρ0)

In particular,

ai =
L2

8

(
b̃i +

a1a2a3

ai
−

aã
2

)
BPS
= −

L2

4
ãi

ãi =
L2

4
ai , a = ã = 0

The holographic dual of the free energy is the Legendre transform of the
on-shell action! [FP ’13]

Jon-shell(ai , ãi , a , ã) = Son-shell +
1
2

∫
S3

dΩ3

3∑
i=1

(ai + ãi )(ai + ãi )

17



Towards the free energy
Ward identity

3. A holographic Ward identity

Consider a variation of Jon-shell(ai , ãi , a , ã) w/t UV-parameters,

dSreg

dµ
= −

∫
S3

dΩ3

[
3∑

i=1

(
ai
∂ai

∂µ
+ ãi

∂ãi

∂µ

)
+ a

∂a
∂µ

+ ã
∂ã
∂µ

]
[Bobev et al ’16]

from which it follows that

dJon-shell

dµ
= volS3

L2

4

3∑
i=1

(ai + ãi )
∂

∂µ
(ai − ãi )

But
ai − ãi = 4∆i

By the theorem, ∆i do not depend on the hyperscalars, in particular on
x0. Thus

dJon-shell

dx0
= 0

But, for x0 = 0, we have an analytic solution!

18



The holographic free energy
Final result

Use [FP ’13]

Son-shell(c̃i , x0 = 0) = 2 volS3L2 1 + c̃1c̃2c̃3

1 − c̃1c̃2c̃3

Then

Jon-shell = 2 volS3L2 (1 − c̃2
1)(1 − c̃2

2)(1 − c̃2
3)

(1 − c̃1c̃2c̃3)2

Identifying

∆A2 ≡ ∆1 =
(1 + c̃2)(1 + c̃3)

(1 − c̃2)(1 − c̃3)
∆B1 ≡ ∆2 , ∆B2 ≡ ∆3

and using the standard AdS/CFT relation

volS3L2 =
π

3
√
2
N 3/2

we get

Jon-shell =
4
√
2π
3

N 3/2√∆1∆2∆3 = FmABJM
S3

19



Comments

1. UV vs IR

∗ The mass m is “discrete,” the free energy depends on either m = 0 or
m 6= 0.

∗ Similarly, the hyperscalar z is “discrete,” and amounts to imposing an
algebraic constraint on the vector scalars, zi , in the IR.

∗ The same holds for the topologically twisted index in mABJM vs AdS
black hole entropy. [BMP ’18]

∗ More generally, similar mechanism is present for general AdS black holes
in N = 2 D = 4 sugra with hypermultiplets.

[Halmagyi-Petrini-Zaffaroni ’13] [Halmagyi et al ’13-’15]

∗ However, there seems to be no simple way to predict how the constraints
in the IR (or at the horizon) translate into relations in the UV without
solving the BPS equations. This is a striking difference with the FT side.
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Comments

2. Complex vs real R-charges

∗ The map

c̃i −→ ∆i =
(1 + c̃j )(1 + c̃k )

(1 − c̃j )(1 − c̃k )
& cyclic

provides linearization of the cubic constraint, ∆1 + ∆2 + ∆3 = 1.

∗ We assumed |c̃i | < 1 (sugra) and c̃i ∈ R. Then 0 < ∆i < 1.

∗ For complex c̃i satisfying in additon c̃1c̃2c̃3 < 1 so that the metric is real,
0 < Re∆i < 1, but the map is not onto.

∗ Are there additional saddle points for complex ∆i?

3. 1/N corrections?
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Thank you
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