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INTRODUCTION

e A major question in string theory/sugra is how to derive lower dimensional effective
actions

e cffective low-dimensional theories in string compacitifications
e gravity solutions in the gauge/gravity duality

e Look for 10D solutions of the form

Mg = Xi0—aq X My

maximally symmetric < — compact

e expand the 10d field in harmonics on M,

e Obtain a 10 — d action with infinite tower of KK modes

e truncate the theory to a finite set of fields in a consistent way
e no dependence on the internal manifold in the eom and susy variations
e recover a fully 10 -d interacting theory
e all 10 - d solutions lift to solutions of the higher dimensional ones



e Consistent truncations are rare and non-trivial : often the truncation ansatz is
ensured by geometric properties of the internal manifold

e cohomologies on Calabi-Yau manifolds — massless modes

e symmetries of group manifolds, cosets and G-structure manifolds — invariant
modes

e Consistent reductions are not a mathematical curiosity
e establish a map between sugra theories in different dimensions

¢ insight on the higher dimensional origin of the lower dimensional gauge
symmetries

e powerful tool in AdS/CFT

e embed into string theory AdS vacua, black holes, domain walls, and non-relativistic
backgrounds



e Renewed interest for extended symmetries in string theory and M-theory

e the 10 — d effective action of type Il and M-theory compactified on tori has large
symmetry groups: U-duality groups
e U-duality contains O(d, d) (T-duality ) as a subgroup
e U-duality cannot be understood from symmetries of the conventional

formulation of type |l or M-theory

e new formulations of type Il and M-theory
e DFT/EFT: Double and/or Exceptional Field Theories f. “reecnar o g o 2o 1
e GCG/EGG: Generalised Complex and/or Exceptional Generalised Geometry

[hitchin 02; gualtieri 04; hull 07; pacheco, waldram 08, ...]

where
e extended symmetries have a geometrical interpretation

e role of the higher rank gauge fields



e GCG/EGG and EFT are natural frameworks to study consistent truncations

e the symmetries in low dimensions come from isometries and gauge symmetries of
the higher-dimensional theory
e sphere reductions are a good example
e consistency is not guaranteed by symmetry
e only St, 53, anf S are parallelisable

e understanding of such reduction requires explicit use of the U-duality symmetry

e reformulation with manifest SU(8) symmetry ide wit and Nicolai 87:..]
e generalised Scherck-Schwarz reductions in EGG or EFT

[lee, strickland-constable, waldram 14;
hohm, samtleben 14, ...]

e In this talk | will focus on Generalised Geometry
e summary of the main features of EGG for type |1B

e generalised structures as a unified framework to study truncations with different
amount of supersymmetry



EXCEPTIONAL GENERALISED GEOMETRY FOR IIB ON X5 x M5

[hitchin 02; gualtieri 04; hull 07; pacheco, waldram 08, ...]

e Geometrise the gauge symmetries of RR and NS potentials by enlarging the
tangent space

Riemannian GCG EGG
tangent b. TM TM e T*M TOT* DA~ ®ANT* D (T* @ AT*)
structure SO(5) O(5,5) Ee(6)
group T-duality U-duality

e charges under the various symmetries

e the transition functions involve RR and NS potentials as generalised
diffeomorphims

e the structure group is the duality group on the internal manifold



Generalised tangent bundle

e Type IIB potentials (democratic formulation pergshoe et at. o1)

NS two-form RR polyform NS six-form
B C =Y 5 Co B
H =dB F=dC-HAC | H=dB - %[s(F)AC)

e with gauge transformations

oy B = L,B — d\

2

oy C = L,0 —eP Adw

. -]
oyB = L,B —d\ — 5[63 Adw A s(C)]

6



e The generalised tangent bundle on M5 is ' € 27 of L)

e under GL(5) x SL(2) C Eg) it decomposes as
E~TM®T*M®ANT* M@ (T*M ® AN T*M ® AN°T* M)
e sections of £ are generalised vectors
Ve~v+ A4 p40o©

e has a non-trivial fibration structure: the patching of generalised vectors on
Uay) N Uy implies the NS and R gauge transformations

ovB|, = 5VB|B

= Vi = ed(ap) g—dA(ap) . Vig)
ovC|, = 5VC|B

FEg 6y adjoint action



e The Es(6) adjoint action is defined as

y

v = lv+7r-v+y10+ €apBraN,

v Ry AN = A+ 7\ —I—ao‘ﬁ)\ﬁ —y10* +vaB* + %p,
b . <= <

ol =lp+r-p+viC +eapBi0P + €qpA® A BP

| oY = lao‘—|—'r-ao‘—|—ao‘ﬁ05—C’/\)\O‘+p/\BO‘.

e Also define twisted generalised vectors
V:63a+0‘7:v+)\a+p+a_a
and in components

V="
AY = \* + B
. 1
p=p+ 010+ eag \* A BP + 5€as T2B A BP

. 1 1 .
aa:5O‘—CA>\O‘+;JABO‘—§@JBO‘AC+§(@JC+ea5>\5/\B’Y)/\BO‘



Dorfman Derivative

e The ordinary Lie derivative generates diffeomorphisms

m n m m m n m m .In
L, =0"0,0" — v " 0pv"™ = 0" 0,0 — (0 Xaq v)" v

GL(5) adjoint action <—

e The Dorfmann derivative generates generalised diffeos: diffeos plus gauge transf.

va/M = VNﬁNV’M — (8 Xad V)MNV/N
On = (0,,0,0,0,0) € E* < — Is(s) adjoint action

e IN components

Ly V' = L0 (LN 1y dAY) (Lo p' — 1o dpteasd N AN+ Ly0"* —d A Ap'+ X Adp



Generalised Metric and Frame

e Define a generalised metric containing all the bosonic degrees of freedom on M

L 6)

“<g sp(8)

e acting on two generalised vectors G is
GV, V') = 0™+ hagA* NP + pop’ + hogo®a0’?
> hag = e? (B0 7)€ 51(2)/ 50(2)
e The inverse generalised metric is defined by its action on Z =c 27
G N(Z,2") = 20" + h*P Ao + pop + h*F6,5
where

Z=04Xa+p+6a€EE ~T*MOANTM S (TM S ANTM S ATM)



e We can define a generalised frame for the generalised tangent bundle £

e take a frame and coframe on M5
{e?} e TM {e} €T M a=1,...,5

e define a generalised frame as

E4 = eBe Belere? . E 4

Ea={ea}U{e"} U{em "} U{e} U {emem} U ferrar}
e the generalised metric can be written as

G 1= 5ABEA. ® Ep



CONSISTENT TRUNCATIONS AND EGC

e In ordinary geometry, the field content and gaugings of a consistent truncations are
determined by the G-structure on the internal manifold

e given the structure group K C GL(d) and the metric structure SO(d)

e scalar manifold H ¢ Zer@(®) Ca(K) — commutant of K in G

Cso(a)(K)
e vector fields A%k, k. — globally defined vectors on T'M
e gauge group ko, kb)) = fS ke fo, — K-singlets of the intrinsic torsion
e Examples
K H ka
group manifold Ic GL(d) H e gégzg é, frameonTM
Sasaki Einstein | SU(n) C GL(2n+1) | H € %ﬁ; ¢ =0, Reeb vector




e Extend the construction to generalised structure on F
e maximally susy : generalised parallelisability and generalised Scherk-Schwarz
e consistency of truncations on spheres [ee, strickiand-constable, waidram 14]

® Sphere tru ncatlons in maSSive ”A [cassani, de felice, m.p. strickland-constable, waldram 16]

e less susy reductions: generalised G-structures
e revisit half-maiximal truncations on Sasaki-Einstein manifolds

e compute truncations on S-deformed SE manifolds



MAXIMAL SUSY:
GENERALISED SCHERK-SCHWARZ REDUCTION

e Ordinary reduction on a group manifold M,

e )\, admits globally defined left-invariant vector fields {é, }
e {¢,} give a globally defined frame — M, is parallelisable

e the left-invariant vectors satisfy the algebra
Le ey = fup€c f.5 constant

e {¢,} generate the (right) isometries of the metric



e Scherk-Schwarz truncation ansatz
e define the twisted frame and the internal metric

el (x,z) = Ub(x) é,™(2) U,’ € GL(d)
9"z, z) = M (x) €, (2) & (2) M =5l eyt € GL(d)/ SO(d)

e expand the 10d SUGRA fields

ds® = g, (x)dz"da” + Mgy (z)(e® — AZ(w)dx“)(eb — A" (z)dx)
1

§CW(x)d:c“” + Cp(x)dat A (e — A (x)dx"”)

+%C’ab(az)(e“ — AZ(x)da:“) A (eb — Afj(az)da:”) + ¢o

Co(x,2z) =

where g,,,,, My, Al ...,are D — d- dimensional fields

e Features of the truncated theory
e the reduction is consistent by symmetry
e being parallelisable M, has globally defined spinors = maximal SUSY
e the gauge group comes from isometries and RR and NS gauge transformations



Generalised Scherck-Schwarz reduction

e Extend to EGG the notion of parallelisability — Generalised Leibniz parallelisation

e Jaglobally defined frame {E£.4} for the Ey114+1) x RT generalised tangent bundle
on M.

e the frame must satisfy the algebra
L, Ep = Xus°Ec X 45% constant
o X 5" generate the gauge algebra
(X4, XB] = —Xa5“Xc

and are related to the embedding tensor of the D — d gauged supergravity

XY = 04%(ta)B"

embedding tensor <— — U-duality generators

e GLP implies the manifold is a coset M,; ~ G/H and maximal SUSY



e Generalised Scherck-Schwarz ansatz

e decompose all 10d fields according to SO(1,9) — SO(1,4) x SO(5) and arrange
them in Eg) x RT tensors

e scalars — gen metric

{gmna an: CO; Cmna Cmnpq}
e vectors — gen vector 4, M ¢ E
AMM — {h,umﬂ Bn, Cun, C/ﬂlpq}
e two-forms — B, MY € N' C (F ® E)sym

BWMN — {Buw CW? CMVP‘J}

e covariance under gen diffeos — field redefinition in the lower dimensional theory

B, =B, By, = By + tn, By

C.=ePAC, B, = B, — s 1Cuw A S(C’H4 + Lh[uéy]
B,=B,—C,As(C)]s Cow =€ BANCp +1h,Cy)+ Bl ANCyj



e twist the generalised frame and metric

EyM(2,2) =Ua®(@)Ep™(2)  GY7V(2,2) = MAP(2) Ea™ (2) EB™ ()

Hoce) = T
with Usp(8) maximally compact subgroup of Eg )
e write the 10d fields as
A M (2, 2) = A (2) Ea™ (2)
BN (. 2) = 5 BB (@)(Ba o B5)MN (2)

a similar construction should work for higher rank forms

e Partial check of the consistency of the reduction — recover the gauge
transformations of the lower dimensional gauged SUGRA



e Example: S° reduction in type II1B

[lee, strickland-constable, waldram 14]

e For any sphere backgrounds

_ SO(d+1)

5° SO(d)

plus Fy=dC;_1

one can define the gen. tangent bundle with twisting given by C;_
Ecgrayy =T @ AT
® Egr(as1) isin %d(d + 1) dim. bivector representation of GL(d + 1,R) and

Eopasny =W AW W ~ (det T*)Y/?(T + A“T)
fundamental of GL(d + 1)

e Fara+1) always admits a globally defined frame

E’ij = FE; N\ Ej (Ej frame on W)
d—2

Ei; = v + %Emkl...kd_lykldy@ A.yfat 4y, C
SO(d + 1) killing vectors < — y' e R%: 59ty =1

e all spheres are generalised parallelisable



e I;; extend to a globally defined frame for the full £ tangent bundle
e decompose the Fj4) tangent bundle in GL(6) x SL(2) reprs

EO =TM @ A3T*M € (15,1)

E=EOgE® =
E®) =TM @ AT*M € (6,2)

e the globally defined frame is

3
Eij = vij + %€ijk1...k4ykldyk2 Ao AdyFe + Ly;; C

Er=E;; + E} . | |
E! = f&(Rdy® + y'vol + Rdy' A C)

o I, satisfies the Leibniz algebra
Lp, By =R ' 0Ej; — 0uEjr — d;uEy + 6 Eir) Lpi Eji, =0
L, Ef = R~Y(6,0%EY, — 6,08 EL) Ly B =0
which gives the SO(6) embedding tensor

kk' _ p—1/5 skk - ckk’ - ckKk’
X'I:'I:/,jj/ —_— R (5Z36Z/j/ - 5Z/j5ij/ - 51]/5?:/‘]'
v p=1(g5. §I Y/

605888
7 € (21,1) C 321



HALF-MAXIMAL SUSY: generalised G-structures

o Compactifications on 1/5: a half-maximal structure is an SO(5) C Eg ) structure

[see malek 17, for the EFT version]

e half-maximal susy corresponds to the breaking

USp(4) gr R-symmetr
USp(8) D USp(4)r x USp(4)s p()r Fr-symmetry
U Sp(4)g structure group

e the half-maximal structure is defined precisely by the singlets of USp(4)g

Eg) D SO(1,1) x SO(5,5) D SO(1,1) x SO(5)r x SO(5)s
27 510, B 16_1 ®1_y — (5,1), ® (1,5), B (4,4)_, ® (1,1)_,



e it is defined by six generalised vectors
Koy, K,eT(E) a=1,...,5

such that
C(Ko, Ko, V) = 0, vV € F(E)

C(K07 KCL7 Kb) — 5ab V015
where ¢(V, V', V") is the Egg cubic invariant,

c(V,V', V") = —% (va’ AP+ eapp NN A \'B 2¢0 L,U)\’O‘U"B)—I—Symm. perm. .

e we also need

L (K5, Ko) =1
Ky = —z0c(Kq, Ky, -) . .
cI'(detT"M ® E7) (K*, Kp) = Nas
K: — C(K07Ka7')
<K6<7Ka> =0



e The generalised metric is computed using the SO(5, 5) structure defined by { Ky, K}
SO(5) C SO(5) x SO(5) C SO(5,5) C Eg )
e the SO(5,5) structure gives a decomposition of the generalised tangent bundle

V:VO+‘7+\I} - E:E0+E10—|—E16
27T=1+10+ 16

e the generalised metric on E splits into metrics on Ey, F1g and Ei4

G = Go+ G+ Gig

Ko, V.V
V

where

oA om \ M\ o 1 ~mnp 1 ~mnpqr _«
<Zv V> = UmU " + )‘a )‘m + 31 P Pmnp + 51 O 9 mnpqr



e (7 : projection onto the singlet,

e Gip:an SO(5) x SO(5) C SO(5,5) structure splits £y into positive- and
negative-definite eigenspaces

?7:G_|_—G_

E10:O+@C_ ——
Gip = G_|_ + G_

with (K, form a basis for C'"_)

C(K()a ‘77 ‘7)

vols

77(‘77 ‘7) — G—(Vv V) — 5ab<Kc>Lkv V> <Kl;kv V>

e (715 : inner product between SO(d, d) spinors

(U, TH W) I+t =T ---T'7 chirality matrix

0

<V7K1K5V>



e Generalised SO(5 — n) structures

e the structure is further reduced to SO(5 —n) C SO(5) by globally-defined
generalised vectors in the 27

C(Ko,Ko, V) =0, VV e F(E),
(Ko, Ka) A=1,...,n+5 c(Ko, K4, Kp) = napvols
C(KAaKB7KC) =0

with sy = diag(—1,—1,—1,—1,—1,+1,...,+1) flat SO(5, n) metric.

e dual generalised vectors
1

B b+n
Ky =c(Kop,Ka,-)

K n*Pe(Ka, Kp,")

with (Kg, Ko) =1, (K%, Kg) = nap and (K, K,) =0

e the generalised metric is compute as before

K,
G = (K V) 4+ (KX VWK, V) + (Ko, V, V) — AUV Ky - K5 - V)

vol



e truncation ansatz for the scalars
e the scalar manifold is given by the coset

CE6(6)(SO(5 — n)) SO(5,n)

SO(5) x SO(n)

=0(1,1) x

e the generalised metric is built out of dressed generalised vectors

Ko = X2 Ky. K, =Y"'"V,AK4 Ko =Y"'"V:4Ky
K =YK K=YV, K% K: =Y V:AK

where X € O(1,1), {Va% V4%} € SO(5,n),a=1,...,5,a=1,...,n
NaB = 00y VA"V — 64 VaVE"  Map = 64y Va“VB" + 6.4 Va®Vi

e the generalised metric is
G = Go+ Gio+ Gig

Ko, V.,V
= XTH(VKS)? 457 (2 0"V VP (V, KAV, KF) + el OV’OI’ ))

_45ﬁ E_l EabcdevaAVbBVCCVdDVeE <V, KA . KE ] V>



e Example: Sasaki Einstein reduction in type 11B

® truncation on SquaShed SE manlf0|dS in 5 d [cassani, faedo, dall’agata 10]

e the theory is NV = 4 5d sugra with two vector multiplets and with Heiss x U(1)
gauging and scalars parameterise the coset

SO(5,2)

Micar = SO(L, 1) X SO(5) x SO(2)

e SE geometry

e U(1) fibration over a KE base

5
dsip = dssp +1n° = Z(@i)2 + (eh)? F5 = kvols
i=2

e 5d SE are SU(2) structure manifolds
J=e>Ne® —ed Net O =J +1J

Jo =e2 Net +e3 Ned = w=Js

Js =e? Ned —et Ned — —el



e the SU(2) structure extend to a generalised SU(2) C SO(5) structure

e generalised vectors

Ky = %(nn — rvol)
Kog=¢ K5 = %(—rn — nvol)
Kios= % nAJi2s K¢ = %(nn + rvol)

K7 = - (—rn + nvol)

where n = (1,0) and r = (0, 1).



e scalar ansatz
e the scalar parameterise the coset

SO(5,2)
SO(5) x SO(2)

O(1,1) x

e generalised metric is built using the dressed vectors

Ka _ Ka VaB
~ — 6_(B++B +C) cm - T - e_l . — 2—1
KQ KQ V&BKB
with
B¢ = (no‘bi -+ TQCZ')JQ; C' = —aJs N\ J3
P
ez 0 t AU+ V
ma5: 5 5 : T:diag <€V, 6U7 6U7 €U,€U> | — I'(’F) _ +
e2Cy e 2 3 3

e a lengthy but straightforward computation reproduce the scalars of SE truncation

[cassani, dall'agata, faedo 10]



e gauge group — Dorfman derivative

e the gauge generators

Du — v,u — gAljya@aMNPth + gA/JY(Ofeﬁ)W&YMtO{B
D, = V,—gA "Xy + gAY Yarq

are determined by embedding tensor of N' = 4 sugra ischon, weianer o6}

Ourinp = Faninp — En
(Earis famnp) = MNP = faMNP = Sa[NTPIM

faMNP = faMNP — fa[MUP]N - %faNUMP

e Dorfman derivative

with Fi:°=-3, Fyu*=-2, Fo°=-k, Fp°=F3 =4

e the gauge generators (X 4),“ = F, ;¢ satisfy the algebra

(XA)BS = Fag® — Heiss x U(1)



SUMMARY AND OUTLOOK

e Generalised Geometry and Exceptional field theories are unified frameworks to study
consistent truncations
e Generalised Scherk-Schwarz reduction for maximal supersymmetry
e consistency of sphere reductions e, strickiand-constable, waldram 14; hohm, samtieben 14, ..]
e consistent truncations for massive IIA [ ciceri, guarino, inverso 16; cassani, de felice, m.p. strickland constable, waldram

16]

e Extension of the formalism to truncations with less SUSY
e Use of generalised structures [see aiso malek 17 in EFT]
e find new truncation with truly exceptional structure, e.g truncation on
beta-deformed backgrounds
e extend it to M-theory and different dimensions
e interesting applications to AdS/CFT



