
Symmetries of Feynman Integrals:
a new formulation for FI 

evaluation
Barak Kol 

Hebrew Un., Jerusalem 
Mainz ITP, 21 March 2019

based on work w. Philipp Burda, Subhajit Mazumdar, 
Amit Schiller and Ruth Shir in 8 papers since 2015, incl. 1 JHEP, 2 PRD.



Introduction



Motivation

At risk of stating the obvious: 

Feynman diagrams are at the computational core of 
Quantum Field Theory. 

Do we have a general theory?



Overview of  
main results



Definitions

X = {µi, pr · ps}
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Parameter space: masses 
 and kinematical invariants

µ := m2
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I(µ1, . . . , µP , p
µ
1 , . . . , p

µ
X) =

Z
ddl1 . . . ddlL

⇧P
i=1(k

2
i � µi + i0)
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A Feynman integral

Comment: Numerators, spacetime dimension



IBP + DE operators

@l l, @l p, p @p
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• l1,l2,…, l_L - loop currents 

• p1,p2,…, pn-1 - independent external currents



SFI equation system
c

a
I + (T a)ij xi

@

@xj
I = J

a

a = 1, . . . , dim G
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• ca - x-indep. const’s 

• Ta - group generators, generate no irreducible numerators 
(ISP’s) 

• Act on X 

• Ja - simpler diagrams



Foliation of X into G orbits

𝑥

G Orbits

Figure 1. This figure demonstrates schematically the main result of the method of Symmetries
of Feynman Integrals (SFI). A Feynman diagram defines its parameter space denoted by x and a
group G which acts on it. Accordingly, the x space is foliated into G orbits. The method defines a
set of di↵erential equations for the integral I(x) within the G orbits.

within orbits, see figure 1. In other words, the SFI method defines the dependence of the

integral on some of its parameters through di↵erential equations.

The Symmetries of Feynman Integrals method is rather general: it makes no assump-

tion on the space-time dimension nor on the values of the parameters. It enables to reduce

the evaluation of any integral to an evaluation at a conveniently chosen parameter point

on the same G-orbit followed by solving the equation set (which was shown to reduce itself

to a line integral). The former integration must be evaluated by some other method such

as integration of alpha (or Schwinger) parameters, possibly numerically.

The SFI method is closely related to two widely used methods – the Integration By

Parts (IBP) method [13] and the Di↵erential Equations (DE) method [14–16], see also

references within [17]. In a sense SFI unifies the two, or at least stresses their unity, by

showing that the recursion relations of IBP and the di↵erential equations of DE are related

to each other by a transformation of the independent variables.

Recent work on IBP includes an expression for the number of master integrals [18]; [19]

where master integrals are counted and functional equations are illustrated; a determination

of the kite integral [20]; a connection with unitarity cuts and syzygy equations [21]; [22–

24] describing new IBP related programs; [25] considering renormalization group functions;

[26] studying numbers and functions which appear in QFT; and finally [27–29] which study

certain 4-loop integrals.

In [5] the Symmetries of Feynman Integrals method was demonstrated by application

to the two-loop vacuum diagram. In this paper we apply it to the bubble diagram, see

– 2 –

μ1 μ2

p2

Euclidean
Domain p2<0

Figure 3. The parameter space for the bubble diagram. The problem has 3 parameters µ1, µ2, p
2.

To eliminate scale, a cross section in shown through µ1 + µ2 + p2 = const. The triangle is the
locus where at least one of the coordinates vanishes, the label next to a vertex means it is the only
coordinate not vanishing there, and finally the circle is where � (4.3) vanishes. The singular locus
is composed of the � = 0 circle and the p2 = 0 horizontal line.

The associated algebraic solution is given by

I|
p

2 =
j(µ2)� j(µ1)

µ2 � µ1
(4.11)

In deriving this one uses the relation µ j0(µ) = d�2
2 j(µ). The same expression can be gotten

from the perspective of a vacuum diagram by considering the definition of the integral (3.1)

and using a decomposition into partial fractions.

Change of variables into partial invariants. We found that the equation set appears

simplified after changing variables

µ1, µ2, p
2 ! �,�, p2 (4.12)

where � is defined by

� := µ1 � µ2 = 0 (4.13)

and � was defined in (4.3). These variables are motivated by their appearance above. More

specifically � is invariant under the trace-free subgroup of G, while p2 is invariant under

the derived group G(1) ⌘ [G,G] generated by p @
l

(generator B). Therefore we refer to these

variables as partial invariants. Finally � appears in the expression for the algebraic locus.

The transformed equation set becomes

0 =� 2p2@�I + j01 � j02 (4.14a)

0 =(d� 2) I + 2p2@
p

2I � j01 � j02 (4.14b)

0 =(d� 4) I �
�
2� @� + 4� @

�

+ 2p2 @
p

2

�
I (4.14c)

where the equations correspond to the following generators p @
l

, l @
l

� p @
p

, and l @
l

+ p @
p

.

– 11 –

Figure 2. (a) The 1-loop propagator diagram which we shall call the bubble diagram. (b) A
diagram defining the source function ji (3.6).

3 The bubble diagram

From this section onward we consider the bubble diagram shown in fig. 2(a). The associated

integral is

I(p2; µ1, µ2) =

Z
ddl�

k21 � µ1
� �

k22 � µ2
� =

Z
ddl

((p/2 + l)2 � µ1) ((p/2� l)2 � µ2)
(3.1)

The parameter space is composed of the two masses-squared µ1, µ2 and of p2, the single

kinematical invariant.

The diagram has a discrete reflection symmetry with respect to a horizontal axis acting

by l ! �l and p ! p, namely � = ZZ2. This symmetry exchanges the masses µ1  ! µ2.

Another reflection, this time with respect to a vertical axis, acts by p ! �p but it does

not act on parameter space, and hence will not concern us.

The Euclidean domain will refer to the region in parameter space where

µ1, µ2,�p2 ⌘ p2
E

� 0 , (3.2)

because after analytic continuation to Euclidean space-time �k2 ! k2
E

for all the momenta

including p, the bubble’s integrand (3.1) becomes positive everywhere, and the integral

will have no divergences in the interior of the domain. It is shown in fig. 3 as part of the

projective parameter space.

From (2.16) we have

G = T1,1 ⇢ GL(2) , (3.3)

namely the associated group is a the 3 dimensional group of upper triangular 2⇥2 matrices.

These are of the form

G =

"
⇤ ⇤
0 ⇤

#
(3.4)

where a star denotes an unconstrained entry.

– 7 –



Reduction
Reduction

Î(x) = Î(x0) +

Z
x

x0

J

↵(⇠)d⇠
↵
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Leading singularity normalization Î := I/I0
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I0 - a homogeneous soln., incl. maximal cut. 

x0 - conveniently chosen base point  
within G orbit (e.g. m=0 or m1=m2). 

Integrand depends on simpler diagrams, 
namely, with an edge contracted.



Singularity locus

A linear combination of simpler diagrams.

I(x)|S =
X

a

ka(x)J
a(x)

@ S(x) = 0
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Applications



Hierarchy of diagrams
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Vacuum seagull

evaluated a sector w. 3 mass scales (novel).

1

2

3

4

5

(a) (b)

Figure 2: (a) The vacuum seagull with our labelling choice. (b) This illustration of a

seagull in front of a setting sun explains the motivation behind the term vacuum seagull.

formula in terms of a 1 dimensional integral and moreover we are able to solve it explicitly

in terms of (rather rare) special functions. Section 5.2 gives various checks for the results

of Section 5.1. Finally in Section 6 we o↵er a summary of our results.

2 Symmetries of Feynman Integrals (SFI) method - general

Current freedom and the SFI group

Here we shall present the geometry underlying the definition of the SFI group G for a

general diagram, and review the derivation of the SFI system of equations. The group G

was defined in [1] and was termed “the numerator-free sub-group”. The current perspective

was originally developed in the context of the vacuum seagull and was briefly introduced

in [2], Section 2.

We start by setting the notation for a general diagram, limiting ourselves to vacuum

diagrams for concreteness, though the discussion generalizes also to the presence of external

legs.

Consider a general L loop Feynman integral

I(x1, x2, . . . , xP , d) =

Z

d

d

l1 . . . d
d

l

L

(k21 � x1)(k22 � x2) . . . (k2
P

� x

P

)
(2.1)

where x

i

= m

2
i

are the masses on the propagators, {l1, . . . , lL} are the loop momenta (or

currents) and k

i

= C

ir

l

r

with i = 1, . . . , P , r = 1, . . . , L and C

ir

a matrix of constants,

are the propagator momenta. The value of this integral is invariant under invertible linear

transformations of the loop momenta l̃

a

= L

ab

l

b

where L

ab

2 GL(L) and the SFI group G

is a particular subgroup of GL(L) as we will see below.

Given a choice of loop currents l

r

, r = 1, . . . , L the space of currents is given by the

span

C := Sp{l
r

}L
r=1 (2.2)

Next we recall the definition of the space of potential numerators M given by

M := Q/S (2.3)

– 3 –





Kite - singularity locus

Generalizes the massless case [ChetyrkinTkachov1981], and the 
more general “diamond rule” [Ruijl, Ueda and Vermaseren 2015].

of elliptic generalizations of (multiple) polylogarithms.

Figure 2. The kite diagram drawn in a way which explains its name.

In this paper we shall study the most general parameters for the kite, with as

many as five di↵erent masses. We shall ask

• How big are the G-orbits in parameter space? More specifically, what is their

co-dimension?

• What is the locus where the diagram degenerates into a linear combination of

simpler ones (rather than a line integral over them)? This is known as the

algebraic locus [8]. What is the associated solution?

The paper is organized as follows. Section 2 introduces the diagram and describes

the SFI equation set and the associated group. In section 3 we study the orbit

geometry in parameter space, obtain the answer to the first question and find the

homogeneous solution. Section 4 answers the second question and finally section 5

o↵ers a summary and discussion.

2 Equation set

Definition of diagram and integral. Consider the kite diagram shown in the fig.

3. It has L = 2 loops, n = 2 external legs and the associated integral is given by

I (p2; x1, x2, x3, x4, x5) =

=

Z
ddl1 d

dl2
(l21 � x1)(l22 � x2)((l1 + p)2 � x3)((p+ l2)2 � x4)((l1 � l2)2 � x5)

(2.1)

The integral is a function of six parameters: five mass-squares and a single kine-

matical invariant, namely p2, the square of the incoming momentum. Accordingly,

the parameter space X is given by

X =
�
(x1, ..., x5, x6) = ( (m1)

2, . . . , (m5)
2, p2)

 
(2.2)

The figure defines our choice of loop currents l1 and l2 and the routing of p. We

consider a general spacetime dimension d and the mass dimension of the integral is

2 d� 10.

– 3 –

B3(x) = 0
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I|B3 = � 1

d� 4

~u · ~J
@5B3

= . . .
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