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Objects to be attacked
High multiplicity multi-loop amplitudes ( CP even ), eg.
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[Badger et al., 13’, 15’, 16’, 17’, 18’;   Abreu et al., 17’*2, 18’ *2, 19’ ;

Gehrmann et al., 15’, 18’; Dunbar et al. 16;  Papadopoulos et al. 15’; 


Boels et al., 18’;      Chawdhry et al., 18’ ]

[Vogt et al., 04’; Gehrmann et al., 10’;  Almeid et al., 15’;  Henn et al., 13’, 16’; ]



Physical Properties of Amplitudes
 Color stripped scattering amplitude


• A Lorentz scalar and multilinear of spin variables, satisfying


‣ Momentum conservation 


‣  Dirac eq.  

‣  Transversality of polarization vector


‣  On-shell gauge invariance


‣  Unitarity: branch cuts and poles 
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X

i

pµi = 0
<latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="hjLhKjmVbdX1VdRQ2Qc2TuLV57w=">AAACtHicjVLLTsMwEJyGVwkFyplLRIXEqUq4ADckOHAsEqGVSoUS1y2mecl2kKqKH+DKxyH+AP6CtUkloELgKMl4dmfs9TouEqG077/WnKXlldW1+rq70XA3t7abjWuVl5LxkOVJLntxpHgiMh5qoRPeKySP0jjh3XhyZuLdBy6VyLMrPS34II3GmRgJFmmiOrfNlt/27fAWQVCBFqqRN19wgyFyMJRIwZFBE04QQdHTRwAfBXEDzIiThISNczzCJW1JWZwyImIn9B3TrF+xGc2Np7JqRqsk9EpSetgnTU55krBZzbPx0job9jfvmfU0e5vSP668UmI17oj9SzfP/K/O1KIxwrGtQVBNhWVMdaxyKe2pmJ17X6rS5FAQZ/CQ4pIws8r5OXtWo2zt5mwjG3+zmYY1c1bllng3u6T+Bj+7uQjCw/ZJO7j0Uccu9nBAXTzCKS7QQUiOQzzh2Tl37p3i8xo4teo+7ODbcOQHT8mMsQ==</latexit><latexit sha1_base64="6p2nu4uuP9AJL9w9Z309htc5myE="></latexit><latexit sha1_base64="6p2nu4uuP9AJL9w9Z309htc5myE="></latexit><latexit sha1_base64="EBrM/FMX32lPFHCK9R7Jd14jgFo="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit><latexit sha1_base64="A7//pCD+CHDMS2qQ3p69P/1S5WM="></latexit>

pµi ⇠i,µ = 0
<latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit><latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit><latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit><latexit sha1_base64="+JDwbhLUUWmWGCXPEcyXxlsyhlU="></latexit>

( 6p�m)u(p) = ū(p)( 6p�m) = ( 6k +m)v(k) = v̄(k)( 6k +m) = 0
<latexit sha1_base64="RbAy/Ogs0vp9HecSHLtlXwOj+cc="></latexit>

An(⇠i ! pi) = 0
<latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit><latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit><latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit><latexit sha1_base64="uUDNtrbNJETTOhynU/ftj4aJ7DE="></latexit>

An({pi,�i}) = vȧ1(pf1)ua1(pfM+1) · · · vȧM (pfM )uaM (pf2M ) ⇠µ1
1 · · · ⇠µN

N Â({⌘µ⌫ , �⇢, pk,µ})
<latexit sha1_base64="M2/Cy6HOtmQQ/l717/foewuRfVg="></latexit>



Amplitude Decomposition 

Color stripped amplitude decomposes into


‣ A linear combination of a group of kinematic basis 


‣ Kinematic basis: external particle informations, multilinear of spins 
satisfying all physical properties except unitarity, but with locality   
 

‣ Coefficients of kinematic basis:
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[Glover et al. , 03’, 04’, 12’; Boels et al., 16’; Arkarni-Hamed et al., 16’; Bern et al., 17’]

Bi({p,�}) = vȧ1(pf1)ua1(pfM+1) · · · vȧM (pfM )uaM (pf2M ) ⇠µ1
1 · · · ⇠µN

N fB({⌘µ⌫ , �⇢, pk})
<latexit sha1_base64="jNrpVkzW5g6mQmClk5yrTqeMEug="></latexit>

↵i({p, l}) =
X

f↵({pj · pk})
Z

(dDl)L I({l · l, p · l})
<latexit sha1_base64="QpCGNzCSnGnWQ4wmFftMN6smpI0="></latexit>

Bi
<latexit sha1_base64="pDEc+cTMryw/Yecr91CyB3OQEXU="></latexit>

An =
X

↵i({p, l})Bi({p,�})
<latexit sha1_base64="Ff6Vm93iiktmaYQlqwiQ8n1WhTc="></latexit>



Kinematic Basis Construction

 Brute-force construction by solving physical constraints 


‣ Application: up to 6-pt tree and 4-pt 2-loop pure-YM amplitudes


‣ Shortcomings: complicated for (>=) 5-pt,  ie.   
 
 
 
 
 
 eg. 5 gluons {142, 142} 
       2 fermions + 3 gluons {144, 144}  
       4 fermions + 1 gluon + 5 pure gammas  {336, 336} 
       6 gluon {2364, 2364} full matrix, impossible to inverse 


‣ This construction way is kind of arbitrary, linear combinations of bases 
are still on-shell gauge invariant kinematic bases
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[ R. Boels & R. Medina, 16’; R. Boels & HL, 17’ ]

X

helicities

⇠µ⇠⌫ = ⌘µ⌫ �
✓
pµq⌫ + p⌫qµ

q · p

◆

<latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit>

X

helicities

⇠ · ⇠ = d� 2
<latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit>

X

s

u(p)ū(p) = 6p+m,
X

s

v(k)v̄(k) = 6k �m
<latexit sha1_base64="76Ss8yuzaOicnFYeN+Mo1xRJSgY="></latexit>

An =
X

↵iBi
<latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit><latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit><latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit><latexit sha1_base64="XNvlTxTvw2dAIGz5FuwsrzpRhp4="></latexit>

Pij =
X

spin

BiBj

<latexit sha1_base64="c5o7f22qt5qnYv9J3BpbvDCR60g="></latexit>
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“Canonical” kinematic basis construction


‣ A-type building block:  
 

•  Solutions for 1 gluon (n-1) scalar scattering 


•  For n-gluon scattering, n copies A form a basis


‣ C-type building block:


•  One solution for 2-gluon (n-2)-scalar ( Another from 2-copies of A-type 
building blocks) 


•  Proportional to two contracted linearized field strength tensor  
  

[ R. Boels, Q. Jin and HL,18’ ]

Ai(j, k) = (pk · pi) pj · ⇠i � (pj · pi) pk · ⇠i
<latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit>

{Ai(j) = Ai(i+ j, i+ j + 1)|j 2 {1, . . . , n� 3}}
<latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit><latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit><latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit><latexit sha1_base64="o0mZyZJt4Fq29smgFf5XkpgMgI0="></latexit>

Ci,j = (⇠i · ⇠j)(pi · pj)� (pi · ⇠j)(pj · ⇠i)
<latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit>

[ R. Boels and HL,17’ ]

[ R. Boels and HL,17’ ]

Fµ⌫(⇠1)F
µ⌫(⇠2)

<latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit><latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit><latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit><latexit sha1_base64="BF2tilGD3JsZ9IRk1D7oX1yzGcc="></latexit>

A &C-type building blocks: on-shell gauge invariant

Kinematic Basis Construction for Pure-YM
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 “Canonical” kinematic basis construction


‣ D-type building block:    
 
 
Require orthogonality  
 
Fix the constructions with  
 
 
 
  

[ R. Boels, Q. Jin and HL,18’ ]

Di,j = Ci,j �
n�3X

k,l=1

Xij(k, l)Ai(k)Aj(l)

<latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit><latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit><latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit><latexit sha1_base64="Kldos041UBH02W1YZ6CGFTyEMn0="></latexit>

X

hi

Ai(k)Di,j = 0 =
X

hj

Aj(k)Di,j , 8k
<latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit>

PA
i (k, l) =

X

hi

Ai(k)Ai(l)
<latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit><latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit><latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit><latexit sha1_base64="Mj19rhtPhU5yrAJe+gr+7LI4PRs="></latexit>

Ai(k) ⌘
X

l

(PA
i )�1(k, l)Ai(l)

<latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit><latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit><latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit><latexit sha1_base64="gSXAxmj1JGX9ftV7PrU6lxIkmm8="></latexit>

Di,j = Ci,j �
n�3X

k,l=1

Ai(k)Aj(l) (A
m(k)An(l)Cm,n)

<latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit>

Ai(k)Ai(l) ⌘
X

helicities,i

Ai(k)Ai(l) = �(k, l)

<latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit><latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit><latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit><latexit sha1_base64="/Jmxju7lTuBHcfatW8gtHgQuCjY="></latexit>

X

helicities

Di,jDi,j = (pi · pj)2(d� n+ 1)
<latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit>

X

helicities,i

Di,jDi,k =
(pi · pj)(pi · pk)

(pj · pk)
Dj,k

<latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit>

Kinematic Basis Construction for Pure-YM



 “Canonical” kinematic basis construction  


‣  Given >=3 gluon particles in the process, kinematic basis B can be 
constructed from multi-copies of all possible A and C/D types 
 
Conjecture: linearly independent and complete in general dimensions  


‣  The total number of basis elements with n gluons and no scalars is 
 
 
 
 
 
 Compare with brute-force derivation up to seven gluons 
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[R. Boels, Q. Jin and HL,18’]

Nn =

bn/2cX

k=0

n!(n� 2)(n�2k)

2kk!(n� 2k)!
<latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit><latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit><latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit><latexit sha1_base64="Xq7eOsVlS/5D9mVfGEcj7ha+nRA="></latexit>

Kinematic Basis Construction for Pure-YM



Example: 4 gluon kinematic basis    

“Canonical” kinematic basis: 10 in total  


‣  Expressed in terms of A and C:


‣  Under cyclic permutation:


‣  Inner product with rank 10 in D-dim and rank 8 in 4-dim, eg.

!9

[ R. Boels, Q. Jin and HL, in prep.]

B1 = A1A2A3A4,

B3 = C13A2A4,

B5 = C12C34,

B7 = C12A3A4,

B9 = C34A1A2,
<latexit sha1_base64="DXxK0EKsaotDhz82Fmzd0bSlkSE="></latexit>

B2 = C13C24,

B4 = C24A1A3,

B6 = C23C14,

B8 = C23A4A1,

B10 = C41A2A3,
<latexit sha1_base64="SHoNMvGIehcw2dfeGbnIF2gff+c="></latexit>

pi ! pi+1
<latexit sha1_base64="v7YvjamKJYywBhkllMvlMwGueNI="></latexit>

B1 ! B1, B2 ! B2,

B3 $ B4, B5 $ B6,

B7 ! B8, B8 ! B9, B9 ! B10, B10 ! B7
<latexit sha1_base64="dQGKTpNkO2C9sOVXLtxUUG5Brik="></latexit>

Ai(j, k) = (pk · pi) pj · ⇠i � (pj · pi) pk · ⇠i
<latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit><latexit sha1_base64="qGpN7jYtZ7ZbFv/v9TzNOS218zk="></latexit>

{Ai(j) = Ai(i+ j, i+ j + 1)|j = 1, 2}
<latexit sha1_base64="A6ibd2+nBkSEbP8IIEYgf8+gTx4="></latexit><latexit sha1_base64="4gcj0IE6tXogb/KgmYUwhIwPwUQ="></latexit><latexit sha1_base64="4gcj0IE6tXogb/KgmYUwhIwPwUQ="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="/TsWt3rTpoTa/Ae3qb5y9TCRs90="></latexit><latexit sha1_base64="/TsWt3rTpoTa/Ae3qb5y9TCRs90="></latexit><latexit sha1_base64="6Bq2IsHyrI8Mnxw8DpjqBqf92qg="></latexit><latexit sha1_base64="6Bq2IsHyrI8Mnxw8DpjqBqf92qg="></latexit><latexit sha1_base64="4gcj0IE6tXogb/KgmYUwhIwPwUQ="></latexit><latexit sha1_base64="4gcj0IE6tXogb/KgmYUwhIwPwUQ="></latexit><latexit sha1_base64="4gcj0IE6tXogb/KgmYUwhIwPwUQ="></latexit><latexit sha1_base64="4gcj0IE6tXogb/KgmYUwhIwPwUQ="></latexit><latexit sha1_base64="6Bq2IsHyrI8Mnxw8DpjqBqf92qg="></latexit>

Ci,j = (⇠i · ⇠j)(pi · pj)� (pi · ⇠j)(pj · ⇠i)
<latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit><latexit sha1_base64="zIasVB4mkkFoYGOU0V9L1xS3XEs="></latexit>



Example: 5 gluon kinematic basis    

• “Canonical” kinematic basis: 142 in total  


‣  1 A + 2 D s: in total                                ,  eg.  


‣  3 A s + 1 D: in total                        ,   eg. 


‣  5 A s:  in total               , eg. 


• Inner product matrix


• Could be used for 5 gluon any loop planar/non-planar amplitude decomposition
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[ R. Boels, Q. Jin and HL,18’ ]

5⇥ 2⇥ C2
4/2! = 30

<latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit><latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit><latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit><latexit sha1_base64="gubHoQFW9g7YhaVjBzs/B2OcVg4="></latexit>

23 ⇥ C2
5 = 80

<latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit><latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit><latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit><latexit sha1_base64="s0CaQyBkcNDrygj7048xM+rJMIk="></latexit>

25 = 32
<latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit><latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit><latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit><latexit sha1_base64="0EgsRpo0Ykhbdppj1nyebu0thDE="></latexit>

Di,j = Ci,j �
n�3X

k,l=1

Ai(k)Aj(l) (A
m(k)An(l)Cm,n)

<latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit><latexit sha1_base64="E54jv6VDTm0bp138wk6eL7KQJiQ="></latexit>

A1(1)A2(1)A3(1)D4,5
<latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit><latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit><latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit><latexit sha1_base64="IIO2Lqzw942xF8hLIhXoHD6NIT4="></latexit>

A1(1)A2(1)A3(1)A4(1)A5(1)
<latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit><latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit><latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit><latexit sha1_base64="RkgIWTWdSa68BuwjvQayZryWMMk="></latexit>

A1(1)D2,3D4,5
<latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="G30nvnJkyKBlKcCymNnrqTxJgV4=">AAACtXicjVLLSgMxFD0dX7VWrWs3g0VwVTJudCnowmUF+4BaZCZNa+y8TDJCKf6AWz9O/AP9C2/iCGoRzTAzJ+fec5KbmyiPpTaMvVS8peWV1bXqem2jXtvc2m7UuzorFBcdnsWZ6kehFrFMRcdIE4t+rkSYRLHoRdNTG+/dC6Vlll6aWS6GSThJ5Vjy0BDVvm40WYu54S+CoARNlCNrPOMKI2TgKJBAIIUhHCOEpmeAAAw5cUPMiVOEpIsLPKBG2oKyBGWExE7pO6HZoGRTmltP7dScVonpVaT0sU+ajPIUYbua7+KFc7bsb95z52n3NqN/VHolxBrcEPuX7jPzvzpbi8EYx64GSTXljrHV8dKlcKdid+5/qcqQQ06cxSOKK8LcKT/P2Xca7Wq3Zxu6+KvLtKyd8zK3wJvdJfU3+NnNRdA9bAWsFVwwVLGLPRxQG49wgnO00SHLER7x5J15t97dxz3wKuWF2MG34el34YWM3A==</latexit><latexit sha1_base64="UeXNRez42zARalccKWPvnll9VMc="></latexit><latexit sha1_base64="UeXNRez42zARalccKWPvnll9VMc="></latexit><latexit sha1_base64="V0eDVjn54J7IXwuvHCFP1w/zqWk="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit><latexit sha1_base64="QinnLhvjg0IKRVwc0P4rZFV6KHI="></latexit>

X

hi

Ai(k)Di,j = 0 =
X

hj

Aj(k)Di,j , 8k
<latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit><latexit sha1_base64="iTF3oX/DS4R25Myfx6F7MQP9hC0="></latexit>

X

helicities

Di,jDi,j = (pi · pj)2(d� n+ 1)
<latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit><latexit sha1_base64="YnPMwqe9DinwgYUxlxE/kD8kzeU="></latexit>

X

helicities,i

Di,jDi,k =
(pi · pj)(pi · pk)

(pj · pk)
Dj,k

<latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit><latexit sha1_base64="hg8Jb9FjLOUYgWTl+YVPSqZwZps="></latexit>

1 50 100 142

1

50

100

142

1 50 100 142

1

50

100

142

1 50 100 142

1

50

100

142

1 50 100 142

1

50

100

142

{d = 4, n = 5} )
X

helicities

Di,jDi,j = 0
<latexit sha1_base64="Gt7r81yDnVAJfqB5D93kYX9FOZg="></latexit><latexit sha1_base64="Er9xY3pgp2JWtgJT0r9ofHgDZVw="></latexit><latexit sha1_base64="Er9xY3pgp2JWtgJT0r9ofHgDZVw="></latexit><latexit sha1_base64="hZCfpdoM8nYCG8smUAZ88WES/mQ="></latexit>



Coefficients of Kinematic Basis

Determine coefficients of kinematic basis


‣ 


‣ Given any form of       ,  eg. derived from unitarity cuts  
 
 
 
 
 
 


‣ 1) Run IBPs on the cut integrands and merge all cuts 
 2) Or merge all cuts to integrands and run IBPs

!11

X

helicities

⇠µ⇠⌫ = ⌘µ⌫ �
✓
pµq⌫ + p⌫qµ

q · p

◆

<latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit><latexit sha1_base64="9bt6fXn01mZNeHU26G4FHwKhj5g="></latexit>

X

helicities

⇠ · ⇠ = d� 2
<latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit><latexit sha1_base64="8eghSpaoQEFmikg+ma/b8/Q7v4M="></latexit>

↵i({p, l}) =
X

f↵({pj · pk})
Z

(dDl)L I({l · l, p · l})
<latexit sha1_base64="QpCGNzCSnGnWQ4wmFftMN6smpI0="></latexit>

X

s

u(p)ū(p) = 6p+m,
X

s

v(k)v̄(k) = 6k �m
<latexit sha1_base64="76Ss8yuzaOicnFYeN+Mo1xRJSgY="></latexit>

An =
X

↵i({p, l})Bi({p,�})
<latexit sha1_base64="J8NCy2S5ELG3ECxZrPG/XRraIUc="></latexit>

An
<latexit sha1_base64="6wwiDinBF1mznh0epN4MWo/JT50="></latexit><latexit sha1_base64="6wwiDinBF1mznh0epN4MWo/JT50="></latexit><latexit sha1_base64="6wwiDinBF1mznh0epN4MWo/JT50="></latexit><latexit sha1_base64="6wwiDinBF1mznh0epN4MWo/JT50="></latexit>

↵i =
�
P�1

�
ij

X

spins

BjAn

<latexit sha1_base64="S6tfNcMGmyq15SMCflYaiFr0fG8="></latexit>

X

spins

BjAn =
X

i

↵i

0

@
X

spins

BjBi

1

A ⌘
X

i

Pji↵i

<latexit sha1_base64="aaVc0RR69FN8v8j23HuAZfb90VQ="></latexit>

An =
X

i

✓X

j

cij MIj

◆
Bi

<latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit><latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit><latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit><latexit sha1_base64="8d4qADJsPPgITfgmLI+kDT/0f/g="></latexit>



Example: 4 gluon 3 loop planar    
 Cuts for 4 gluon 3 loop planar 
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[ R. Boels, Q. Jin and HL, in prep.]

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p2
<latexit sha1_base64="Zp2K14nkIGKhr+H1Bw+13TNpDAk="></latexit>

p3
<latexit sha1_base64="aWOjiLiTbvRGpGTnan67ROCA9Rk="></latexit>

p4
<latexit sha1_base64="Mc41tlEsOBD9lZlLXNTwJxaAfTA="></latexit>(1)

<latexit sha1_base64="0XeixnvKfxIKdLvtNCN5p9ThANQ="></latexit>

(2)
<latexit sha1_base64="mEvIZP8bPaa8OK3L+xIBand4Izc="></latexit>

(3)
<latexit sha1_base64="20Ogpu/Xt9w7uuEnbYm6CqmE86E="></latexit>

(4)
<latexit sha1_base64="WoIiY3GHGcPBxhpfxStZF6MTGng="></latexit>

(5)
<latexit sha1_base64="+S9Cl2nsX1KMnBW6L3vCvMc2rPU="></latexit>

(6)
<latexit sha1_base64="kEZr/Fw4jOzroz4tH1be+NglikA="></latexit>

(7)
<latexit sha1_base64="d06xnFSW7L8nrDqMVItD+8gjHaA="></latexit>

(8)
<latexit sha1_base64="vsHLGdZ4iwAbV2bk+HAxV2W4G1A="></latexit>

(9)
<latexit sha1_base64="cHIRQquKVKSz6GXKQ0qoIxnqKYQ="></latexit>

p2
<latexit sha1_base64="Zp2K14nkIGKhr+H1Bw+13TNpDAk="></latexit>



• Given a set of internal lines to be on-shell                       :


      


Project cut amplitude onto kinematic basis in CDR scheme


• Run over all possible cuts could be reduced by 


‣  Permutations among                    : 3!


‣  Cyclic rotations of external momenta                    : 4  


‣  Note double counting of integrand of symmetric topology

!13

Example: 4 gluon 3 loop planar    

{l1, l2, l3}
<latexit sha1_base64="DE2STR0Nb28ot88gT3ZqBZwSJ4E="></latexit>

pi ! pi+1
<latexit sha1_base64="v7YvjamKJYywBhkllMvlMwGueNI="></latexit>

{L1, · · · , Lm}
<latexit sha1_base64="dt+924M2lm8ge7d163O1CF1kp2c="></latexit>

[ R. Boels, Q. Jin and HL, in prep.]

{LA1} [ · · · [ {LAm�2} = {p1, p2, p3, p4, L1, · · · , Lm}
<latexit sha1_base64="cyKycFSuBKEjw7Jived7ztUy8To="></latexit>

X

helicity

✓
lim

Lk!0
L2
1 · · ·L2

mAL
n

◆
Bi =

X

helicity

⇣X
Atree

1 ({LA1})Atree
2 ({LA2}) · · ·Atree

m�2({LAm�2})
⌘
Bi

<latexit sha1_base64="wC3J1Pqdu/CPJx4G7fiNCJkVehU="></latexit>



Highest integrand topologies ( without bubbles )
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Example: 4 gluon 3 loop planar    

Deg. 3  -> 24 MIs Deg. 6 -> 27 MIs Deg.  3 -> 15 MIs Deg. 5 -> 13 MIs

Deg. 6 -> 12 MIs Deg. 6 -> 41 MIs Deg. 6 -> 26 MIsDeg.  6 -> 52 MIs

Most difficult one in IBP reduction 



81 MIs in total if including cyclic permutations 

!15

Example: 4 gluon 3 loop planar    

+

+ cyc. (                    ) = full MIs 

[ J. Henn, A.V. Smirnov and V. A. Smirnov,13’ ]
fi = ✏3(�s)3✏

e3✏�E

(i⇡D/2)3
gi

<latexit sha1_base64="sRcEKKR11cyixP2JX4N3qIKSdzk="></latexit>

@xf(x, ✏) = ✏


a

x
+

b

1 + x

�
f(x, ✏)

<latexit sha1_base64="wshhRzGAgyjs6j1BM66oMIv4FcA="></latexit>

gi =
X

cj(✏, s, t)Ij
a1,a2,··· ,a15

<latexit sha1_base64="9AJhV9v/DpR0XfKyxF16q/FWt+U="></latexit>

x =
t

s
<latexit sha1_base64="t9ce9gy8vozOsSwQLOAm+Sfm8/U="></latexit>

s $ t, x ! 1

x
<latexit sha1_base64="BA6jzd7wDrLBmveTROSjhyMxfGQ="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p2
<latexit sha1_base64="Zp2K14nkIGKhr+H1Bw+13TNpDAk="></latexit>

p3
<latexit sha1_base64="aWOjiLiTbvRGpGTnan67ROCA9Rk="></latexit>

p4
<latexit sha1_base64="Mc41tlEsOBD9lZlLXNTwJxaAfTA="></latexit>

p1
<latexit sha1_base64="iqLk8XhlToeu4r/oQe8eM5TW/ok="></latexit>

p2
<latexit sha1_base64="Zp2K14nkIGKhr+H1Bw+13TNpDAk="></latexit>

p3
<latexit sha1_base64="aWOjiLiTbvRGpGTnan67ROCA9Rk="></latexit>

p4
<latexit sha1_base64="Mc41tlEsOBD9lZlLXNTwJxaAfTA="></latexit>



Conclusions

•  Amplitudes as linear combinations of kinematic bases


• “Canonical” kinematic basis constructions for gauge bosons


•  High-multiplicity high-loop amplitudes: Kinematic bases + unitarity cuts + IBP 


•  Implementations for 4 gluons planar 3-loop


‣  Done: (1) Integrands from different cuts in CDR scheme 
            (2) IBP reductions to MIs


‣  Todo: (1) Merge into a readable results  
           (2) Subtract UV and IR divergence into finite remainder 
           (3) Results in HV scheme 

!16



Thank you for your attention !



•Choose full propagators   
 
IBPs up to power 5 done


•Maximal cuts for 5pt planar 2-loop  
 
 
 
 
 
 
 
 
Coefficients of highest MIs about 300M with unphysical singularities 

• Integrand reductions for other cuts done, without substituting IBPs  

!18

�
(l1 � l2)

2, (l1)
2, (l1 � p2)

2, (l1 � p1 � p2)
2,

(l1 + p3 + p4)
2, (l1 + p3)

2, (l2)
2, (l2 � p2)

2,

(l2 � p1 � p2)
2, (l2 + p3 + p4)

2, (l2 + p3)
2
 

<latexit sha1_base64="8ciz6zZSnrCU3dXASbEENpvqyMI="></latexit><latexit sha1_base64="8ciz6zZSnrCU3dXASbEENpvqyMI="></latexit><latexit sha1_base64="8ciz6zZSnrCU3dXASbEENpvqyMI="></latexit><latexit sha1_base64="8ciz6zZSnrCU3dXASbEENpvqyMI="></latexit>

1
<latexit sha1_base64="GSRKxT909jfPM/yyTSylU0QjUvo="></latexit><latexit sha1_base64="GSRKxT909jfPM/yyTSylU0QjUvo="></latexit><latexit sha1_base64="GSRKxT909jfPM/yyTSylU0QjUvo="></latexit><latexit sha1_base64="GSRKxT909jfPM/yyTSylU0QjUvo="></latexit>

2
<latexit sha1_base64="Fd5wL5+ujBPtCET+d990a3DCbEI="></latexit><latexit sha1_base64="Fd5wL5+ujBPtCET+d990a3DCbEI="></latexit><latexit sha1_base64="Fd5wL5+ujBPtCET+d990a3DCbEI="></latexit><latexit sha1_base64="Fd5wL5+ujBPtCET+d990a3DCbEI="></latexit>

3
<latexit sha1_base64="5p5ultj14aJ3hZIReIxutzkxPcw="></latexit><latexit sha1_base64="5p5ultj14aJ3hZIReIxutzkxPcw="></latexit><latexit sha1_base64="5p5ultj14aJ3hZIReIxutzkxPcw="></latexit><latexit sha1_base64="5p5ultj14aJ3hZIReIxutzkxPcw="></latexit>

4
<latexit sha1_base64="8b1t3FTMa2WzW5GvgIFrXvujWlY="></latexit><latexit sha1_base64="cKljsr601SWL6GSAGj8iFhfBVbw=">AAACv3icjVHLSsNAFD2Nr1pf1a2bYBFclUQEdVcUxGUFY4VaJJlO69C8mEyEUvwCt/pt4h/oX3hnnIJaRCckOXPuPWfm3hvlsSiU571WnLn5hcWl6nJtZXVtfaNe27wqslIyHrAszuR1FBY8FikPlFAxv84lD5Mo5p1odKrjnXsuC5Gll2qc814SDlMxECxURF0c3NYbXtMzy50FvgUN2NXO6i+4QR8ZGEok4EihCMcIUdDThQ8POXE9TIiThISJczygRtqSsjhlhMSO6DukXdeyKe21Z2HUjE6J6ZWkdLFLmozyJGF9mmvipXHW7G/eE+Op7zamf2S9EmIV7oj9SzfN/K9O16IwwJGpQVBNuWF0dcy6lKYr+ubul6oUOeTEadynuCTMjHLaZ9doClO77m1o4m8mU7N6z2xuiXd9Sxqw/3OcsyDYbx43/UbrxM65im3sYI+GeYgWztFGYIwf8YRn58yJHfmZ6FSsYgvfljP5AL0ljgc=</latexit><latexit sha1_base64="cKljsr601SWL6GSAGj8iFhfBVbw=">AAACv3icjVHLSsNAFD2Nr1pf1a2bYBFclUQEdVcUxGUFY4VaJJlO69C8mEyEUvwCt/pt4h/oX3hnnIJaRCckOXPuPWfm3hvlsSiU571WnLn5hcWl6nJtZXVtfaNe27wqslIyHrAszuR1FBY8FikPlFAxv84lD5Mo5p1odKrjnXsuC5Gll2qc814SDlMxECxURF0c3NYbXtMzy50FvgUN2NXO6i+4QR8ZGEok4EihCMcIUdDThQ8POXE9TIiThISJczygRtqSsjhlhMSO6DukXdeyKe21Z2HUjE6J6ZWkdLFLmozyJGF9mmvipXHW7G/eE+Op7zamf2S9EmIV7oj9SzfN/K9O16IwwJGpQVBNuWF0dcy6lKYr+ubul6oUOeTEadynuCTMjHLaZ9doClO77m1o4m8mU7N6z2xuiXd9Sxqw/3OcsyDYbx43/UbrxM65im3sYI+GeYgWztFGYIwf8YRn58yJHfmZ6FSsYgvfljP5AL0ljgc=</latexit><latexit sha1_base64="cKljsr601SWL6GSAGj8iFhfBVbw=">AAACv3icjVHLSsNAFD2Nr1pf1a2bYBFclUQEdVcUxGUFY4VaJJlO69C8mEyEUvwCt/pt4h/oX3hnnIJaRCckOXPuPWfm3hvlsSiU571WnLn5hcWl6nJtZXVtfaNe27wqslIyHrAszuR1FBY8FikPlFAxv84lD5Mo5p1odKrjnXsuC5Gll2qc814SDlMxECxURF0c3NYbXtMzy50FvgUN2NXO6i+4QR8ZGEok4EihCMcIUdDThQ8POXE9TIiThISJczygRtqSsjhlhMSO6DukXdeyKe21Z2HUjE6J6ZWkdLFLmozyJGF9mmvipXHW7G/eE+Op7zamf2S9EmIV7oj9SzfN/K9O16IwwJGpQVBNuWF0dcy6lKYr+ubul6oUOeTEadynuCTMjHLaZ9doClO77m1o4m8mU7N6z2xuiXd9Sxqw/3OcsyDYbx43/UbrxM65im3sYI+GeYgWztFGYIwf8YRn58yJHfmZ6FSsYgvfljP5AL0ljgc=</latexit>

5
<latexit sha1_base64="bx+TdZvLUsWDUMmHqZD0GJnoAkY="></latexit><latexit sha1_base64="bx+TdZvLUsWDUMmHqZD0GJnoAkY="></latexit><latexit sha1_base64="bx+TdZvLUsWDUMmHqZD0GJnoAkY="></latexit><latexit sha1_base64="bx+TdZvLUsWDUMmHqZD0GJnoAkY="></latexit>

(l2 + p3 + p4)
2

<latexit sha1_base64="Ei4NpBTDKVFqx9hU164VJLUmiD0="></latexit><latexit sha1_base64="Ei4NpBTDKVFqx9hU164VJLUmiD0="></latexit><latexit sha1_base64="Ei4NpBTDKVFqx9hU164VJLUmiD0="></latexit><latexit sha1_base64="Ei4NpBTDKVFqx9hU164VJLUmiD0="></latexit>

(l1 � p2)
2

<latexit sha1_base64="MJI/E882lDse8ZzmzkGA5YBU8h4="></latexit><latexit sha1_base64="MJI/E882lDse8ZzmzkGA5YBU8h4="></latexit><latexit sha1_base64="MJI/E882lDse8ZzmzkGA5YBU8h4="></latexit><latexit sha1_base64="MJI/E882lDse8ZzmzkGA5YBU8h4="></latexit>

�
(l1 � l2)

2, (l1)
2, (l1 � p1 � p2)

2, (l1 + p3 + p4)
2, (l1 + p3)

2, (l2)
2, (l2 � p2)

2, (l2 � p1 � p2)
2
 

<latexit sha1_base64="ln6ou8dxhodSnyZisbGCMLq7gWs="></latexit><latexit sha1_base64="ln6ou8dxhodSnyZisbGCMLq7gWs="></latexit><latexit sha1_base64="ln6ou8dxhodSnyZisbGCMLq7gWs="></latexit><latexit sha1_base64="ln6ou8dxhodSnyZisbGCMLq7gWs="></latexit>



•Comparison with known numerical results in HV scheme (in progress) 

‣ Number of kinematic basis reduces from 142 to 32  
  
 Only kinematic basis from 5 As (eg.                                           ) remains


‣ No 
 
   Only establish in 5pt case !


‣ Relatively straight forward for HV scheme


‣ Cross checked with numerical results
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[ Badger et al., 17’; Abreu et al., 17’ ]

[Gehrmann et al., 15’, Badger et al., 18’;   Abreu et al., 18’ ]


