
Direct Reduction of Amplitude 
  ArXiv:1901.09390[hep-ph] 

 

Presented By: Najam ul Basat 

Institute of High Energy Physics, China 

 

M a t h e m a t i c s  O f  L i n e a r  R e l a t i o n s  
B e t w e e n  F e y n m a n  I n t e g r a l s  

1 8 - 2 2  M a r c h  2 0 1 9  

C o l l a bo rat ors :  

Zh a o  L i ,  Ye f a n  Wa n g  

 



Contents 

2 

Conventional Approaches 

• Projection Method 

• Tarasov’s Method 

 

 

Conclusion & Prospective 

Introduction 

New Approach 

• Design Methodology 

• Series Representation 

• 𝒖𝒅 → 𝑾+ Process 

Direct Reduction of Amplitude 



3 

Introduction 

Direct Reduction of Amplitude 



4 

Introduction 

𝒈𝒈 → 𝑯 
QCD Cross Section 

Increase:  

Direct Reduction of Amplitude 



5 

Introduction 

𝒈𝒈 → 𝑯 
QCD Cross Section 

Increase:  

𝐋𝑶 → 𝑵𝑳𝑶: 80→100% 

𝐍𝐋𝑶 → 𝑵𝑵𝑳𝑶: 25% 

Direct Reduction of Amplitude 



6 

Introduction 

𝒈𝒈 → 𝑯 
QCD Cross Section 

Increase:  

𝐋𝑶 → 𝑵𝑳𝑶: 80→100% 

𝐍𝐋𝑶 → 𝑵𝑵𝑳𝑶: 25% 

𝑷𝑷 → 𝑯+𝑿, 

𝑷𝑷 → 𝑯+𝑿 
Perturbative 

Convergence:  

Direct Reduction of Amplitude 



7 

Introduction 

𝒈𝒈 → 𝑯 
QCD Cross Section 

Increase:  

𝐋𝑶 → 𝑵𝑳𝑶: 80→100% 

𝐍𝐋𝑶 → 𝑵𝑵𝑳𝑶: 25% 

𝑷𝑷 → 𝑯+𝑿, 

𝑷𝑷 → 𝑯+𝑿 
Perturbative 

Convergence:  
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𝐴 =  𝐶𝑖  𝑇𝑖

𝑛
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Implies  

                              𝐶𝑖 =  (𝑀𝑖𝑗)
−1(𝐴𝑇𝑗

†)𝑗 , 

𝑀𝑖𝑗 = 𝑇𝑖𝑇𝑗
†
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If large number of Dirac structures, 
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If large number of Dirac structures, 

 

𝑙𝑎𝑟𝑔𝑒𝑟 𝐷𝑖𝑟𝑎𝑐 𝑠𝑡𝑟𝑢𝑐𝑡𝑢𝑟𝑒 → 𝐶𝑜𝑚𝑝𝑙𝑖𝑐𝑎𝑡𝑖𝑜𝑛 𝑖𝑛 𝑀𝑖𝑗
−1 

 

 

Finally very hard to evaluate the coefficients of Dirac structures. 
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Tensor integrals and integrals with irreducible numerator 

    can be reduce by generalized recurrence relations.  
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Tensor integrals and integrals with irreducible numerator 

    can be reduce by generalized recurrence relations.  

   

 

 𝐼(𝑑−2) ∝ 𝐷
𝜕

𝜕𝑚𝑖
2 𝐼(𝑑)  … Nucl.Phys.B502(1997)455-482 

 

  𝐼(𝑑+2) = 𝐶 𝑑, 𝑘 𝐼(𝑑) … J.Phys.Conf.Ser.523(2014)012059 

Direct Reduction of Amplitude 



21 

Apply one of these equations on multiple of master integrals; 

𝐼1
(𝑑+2)

..

.

𝐼𝑖
(𝑑+2)

𝑀𝑎𝑠𝑡𝑒𝑟

= 𝑀𝑖𝑖

𝐼1
(𝑑)

..

.

𝐼𝑖
(𝑑)

𝑀𝑎𝑠𝑡𝑒𝑟
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Implies 
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       Complicated 
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General amplitude for multi-scale multi-loop Feynman diagram: 

𝐴 =  𝔻𝐿𝑞
𝑁 {𝑞𝑗}𝑗=1

𝐿 ,{𝑘𝑒}𝑒=1
𝐸

 𝐷
𝑖

𝑣𝑖𝑛
𝑖=1

, 

where 𝔻𝐿𝑞 =  𝑑𝐷𝑞𝑙
𝐿
𝑞=1 , 𝐿 number of loops, {𝑞𝑗}𝑗=1

𝐿 and {𝑘𝑒}𝑒=1
𝐸  

run over number of loop momenta and external momenta 

respectively and  𝐷𝑖
𝑣𝑖𝑛

𝑖=1  is the product of loop propagators for 

full loop amplitude. N {𝑞𝑗}𝑗=1
𝐿 , {𝑘𝑒}𝑒=1

𝐸  may consist of fermionic 

chain, polarization vector or both. 
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Series Representation: 

Denominator: 

   𝐷𝑖 → 𝑃𝑖
2 −𝑚𝑖

2 + 𝜄𝜂, 

with 𝑃𝑖 = 𝑄𝑖 + 𝐾𝑖 is momentum of 𝑖-th propagator. 𝑄𝑖 and 𝐾𝑖 are 

linear combination of loop and external momenta respectively.  

Direct Reduction of Amplitude 



26 

Series Representation: 

Denominator: 

   𝐷𝑖 → 𝑃𝑖
2 −𝑚𝑖

2 + 𝜄𝜂, 

with 𝑃𝑖 = 𝑄𝑖 + 𝐾𝑖 is momentum of 𝑖-th propagator. 𝑄𝑖 and 𝐾𝑖 are 

linear combination of loop and external momenta respectively.  

 

Modified amplitude: 

                              

𝐴
𝑀𝑜𝑑𝑖𝑓𝑖𝑐𝑎𝑡𝑖𝑜𝑛

𝒜 =  𝑁𝑢1…𝑢𝑅,𝑙1…𝑙𝑅 {𝑘𝑒}𝑒=1
𝐸

{𝑢1…𝑢𝑅,𝑙1…𝑙𝑅}
𝐼𝑙1…𝑙𝑅

𝑢1…𝑢𝑅 

Summation runs over tensor structures.  

where    

 𝐼𝑙1…𝑙𝑅

𝑢1…𝑢𝑅 =  𝔻𝐿𝑞
𝑞𝑙1
𝑢1…𝑞𝑙𝑅

𝑢𝑅

 𝑄𝑖+𝐾𝑖
2−𝑚𝑖

2+𝜄𝜂
𝑣𝑖𝑛

𝑖=1
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Feynman Parametrization:     

𝐼𝑙1…𝑙𝑅

𝑢1…𝑢𝑅 ∝   𝑑𝑥𝑗𝑥𝑗
𝑣𝑗−1

𝛿 1 − 𝑥𝑙

𝑁

𝑙=1

×  
Γ(𝑁𝑣

(𝑚)
)

(−2)𝑚
(𝑀 −1 ⊗𝑔)(𝑚)𝑙 (𝑅−2𝑚) Γ1,…,Γ𝑅

𝑅/2

𝑚=0

𝑁

𝑗=1

 

× 𝑈−
𝐷
2+𝑚−𝑅 𝐹

𝑈
− 𝜄𝜂

−𝑁𝑣
(𝑚)
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Feynman parametrization form for tensor integral, 



28 

Feynman Parametrization:     

Feynman parametrization form for tensor integral, 

𝐼𝑙1…𝑙𝑅

𝑢1…𝑢𝑅 ∝   𝑑𝑥𝑗𝑥𝑗
𝑣𝑗−1

𝛿 1 − 𝑥𝑙

𝑁

𝑙=1

×  
Γ(𝑁𝑣

(𝑚)
)

(−2)𝑚
(𝑀 −1 ⊗𝑔)(𝑚)𝑙 (𝑅−2𝑚) Γ1,…,Γ𝑅

𝑅/2

𝑚=0

𝑁

𝑗=1

 

× 𝑈−
𝐷
2+𝑚−𝑅 𝐹

𝑈
− 𝜄𝜂

−𝑁𝑣
(𝑚)

 

Rank of Loop in Numerator 

𝑈 𝑥𝑗 𝑀−1 (𝑥𝑗) 

𝑈 𝑥𝑗 𝑣 (𝑥𝑗 , 𝑘) 

Direct Reduction of Amplitude 
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Feynman Parametrization:     

Feynman parametrization form for tensor integral, 

𝐼𝑙1…𝑙𝑅

𝑢1…𝑢𝑅 ∝   𝑑𝑥𝑗𝑥𝑗
𝑣𝑗−1

𝛿 1 − 𝑥𝑙

𝑁

𝑙=1

×  
Γ(𝑁𝑣

(𝑚)
)

(−2)𝑚
(𝑀 −1 ⊗𝑔)(𝑚)𝑙 (𝑅−2𝑚) Γ1,…,Γ𝑅

𝑅/2

𝑚=0

𝑁

𝑗=1

 

× 𝑈−
𝐷
2+𝑚−𝑅 𝐹

𝑈
− 𝜄𝜂

−𝑁𝑣
(𝑚)

 

By Taylor series expansion 

𝐹

𝑈
− 𝜄𝜂

−𝑁𝑣
(𝑚)

= −𝜄𝜂 −𝑁𝑣
(𝑚)

 −𝑁𝑣
𝑚

𝑛

𝐹𝑛

𝑈𝑛 −𝜄𝜂 𝑛

∞

𝑛=0

 

Rank of Loop in Numerator 

𝑈 𝑥𝑗 𝑀−1 (𝑥𝑗) 

𝑈 𝑥𝑗 𝑣 (𝑥𝑗 , 𝑘) 
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𝐹 𝑖𝑠 2 − 𝑡𝑟𝑒𝑒 𝑔𝑟𝑎𝑝ℎ, U is 1 − tree graph 
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form factors can be constructed by  

 
Γ(𝑁𝑣

(𝑚)
)

(−2)𝑚
(𝑀 −1 ⊗𝑔)(𝑚)𝑙 (𝑅−2𝑚) Γ1,…,Γ𝑅𝑅/2

𝑚=0  × 𝑈−
𝐷

2
+𝑚−𝑅

 
𝐹

𝑈
− 𝜄𝜂

−𝑁𝑣
(𝑚)
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form factors can be constructed by  

 
Γ(𝑁𝑣

(𝑚)
)

(−2)𝑚
(𝑀 −1 ⊗𝑔)(𝑚)𝑙 (𝑅−2𝑚) Γ1,…,Γ𝑅𝑅/2

𝑚=0  × 𝑈−
𝐷

2
+𝑚−𝑅

 
𝐹

𝑈
− 𝜄𝜂

−𝑁𝑣
(𝑚)

 

And the coefficients of obtained form factors are Feynman 

parameters {𝑥1, … , 𝑥𝑁} dependent integral 

 

    𝑑𝑥𝑗𝑥𝑗
𝑣𝑗−1𝛿 1 −  𝑥𝑙

𝑁
𝑙=1

𝑁
𝑗=1 𝑈−

𝒟

2 , 

 

Remind 𝒟 is different than space-time dimension 𝐷.  
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If we get U by using 1-tree definition 

𝒄𝒖𝒕𝒔 𝒕𝒐 𝒐𝒃𝒕𝒂𝒊𝒏 𝑼
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If we get U by using 1-tree definition 

𝒄𝒖𝒕𝒔 𝒕𝒐 𝒐𝒃𝒕𝒂𝒊𝒏 𝑼
 

x4 is cut with left loop 𝑋𝑖 

3 
Graphs 
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x4 is cut with right loop 𝑋𝑖 
3 

Graphs 
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Left and right 𝑋𝑖 are cut and no cut of x4. 

9 Graphs 
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𝒄𝒖𝒕𝒔 𝒕𝒐 𝒐𝒃𝒕𝒂𝒊𝒏 𝑼
 

3 
Graphs 

3 
Graphs 

9 Graphs 
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Unique cut condition: 

Direct Reduction of Amplitude 



38 

Unique cut condition: 

1. Middle with left loop 

2. Middle with right loop 

3. Left and right loop without using middle. 
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Unique cut condition: 

1. Middle with left loop 

2. Middle with right loop 

3. Left and right loop without using middle. 

By this cut condition we can decompose this graph in three 

new parameters. 
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Unique cut condition: 

1. Middle with left loop 

2. Middle with right loop 

3. Left and right loop without using middle. 

By this cut condition we can decompose this graph in three 

new parameters. 

By mapping Feynman parameters in such a way that  

Symanzik parameter 𝑈 found to be only dependent of new  

parameters {𝑦𝑖}.e.g., 

𝑓 ∶ x → 𝑦   𝑠𝑢𝑐ℎ 𝑡ℎ𝑎𝑡  𝑓 𝑥𝑖 = 𝑡𝑖𝑦𝑗  ;    𝑡𝑖∈ [0,∞)  

Direct Reduction of Amplitude 
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𝑥1 = 𝑡1𝑦1, 𝑥2 = 𝑡2𝑦1, 𝑥3 = 𝑡3𝑦1 

𝑥5 = 𝑡5𝑦2, 𝑥6 = 𝑡6𝑦2, 𝑥7 = 𝑡7𝑦2 

𝑥4 = 𝑡4𝑦3 

Direct Reduction of Amplitude 
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𝑥1 = 𝑡1𝑦1, 𝑥2 = 𝑡2𝑦1, 𝑥3 = 𝑡3𝑦1 

𝑥5 = 𝑡5𝑦2, 𝑥6 = 𝑡6𝑦2, 𝑥7 = 𝑡7𝑦2 

𝑥4 = 𝑡4𝑦3 
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Therefore one can easily evaluate, 

 𝑑𝑥𝑖1 …𝑑𝑥𝑖𝑘𝑥𝑖1
𝑛𝑖1 …𝑥

𝑖𝑘

𝑛𝑖𝑘  𝑑𝑦𝑖𝛿 𝑦𝑖 − 𝑥𝑖1 −⋯− 𝑥𝑖𝑘  

  

 =  𝑑𝑦𝑖𝑦𝑖
𝑛𝑖1

+⋯+𝑛𝑖𝑘
+𝑘−1 Γ 𝑛𝑖1

+1 …Γ 𝑛𝑖𝑘
+1

Γ 𝑛𝑖1+⋯+𝑛𝑖𝑘
+1

. 

Direct Reduction of Amplitude 



45 

Modified amplitude 𝒜 can be rewritten as, 

 𝒜 =  𝐶𝑖(𝐹𝑜𝑟𝑚 𝐹𝑎𝑐𝑡𝑜𝑟)𝑖𝑖   

Direct Reduction of Amplitude 
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Modified amplitude 𝒜 can be rewritten as, 

 𝒜 =  𝐶𝑖(𝐹𝑜𝑟𝑚 𝐹𝑎𝑐𝑡𝑜𝑟)𝑖𝑖   

with  

𝐶𝑖 = 𝜂
𝐿𝐷

2
 −𝑁𝑣+

𝑟𝑖
𝑚𝑎𝑥

2   𝐵𝑖𝑗𝑝𝐼𝐿,𝑗
𝑣𝑎𝑐 ,𝐷𝜂−𝑝∞

𝑝=0𝑗 , 

𝑟𝑖
𝑚𝑎𝑥 is the maximum rank of loop momenta in the form factor, 

𝐼𝐿,𝑗
𝑣𝑎𝑐 ,𝐷

 is j-th 𝐿-loop vacuum bubble master integral. 𝐵𝑖𝑗𝑝 is 

series coefficient.  

  

Direct Reduction of Amplitude 
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Modified amplitude 𝒜 can be rewritten as, 

 𝒜 =  𝐶𝑖(𝐹𝑜𝑟𝑚 𝐹𝑎𝑐𝑡𝑜𝑟)𝑖𝑖   

with  

𝐶𝑖 = 𝜂
𝐿𝐷

2
 −𝑁𝑣+

𝑟𝑖
𝑚𝑎𝑥

2   𝐵𝑖𝑗𝑝𝐼𝐿,𝑗
𝑣𝑎𝑐 ,𝐷𝜂−𝑝∞

𝑝=0𝑗 , 

𝑟𝑖
𝑚𝑎𝑥 is the maximum rank of loop momenta in the form factor, 

𝐼𝐿,𝑗
𝑣𝑎𝑐 ,𝐷

 is j-th 𝐿-loop vacuum bubble master integral. 𝐵𝑖𝑗𝑝 is 

series coefficient.  

Mass dimension of 𝐶𝑖,  

dim 𝐶𝑖 = 2
𝐿𝐷

2
− 𝑁𝑣 +

𝑟𝑖
𝑚𝑎𝑥

2
+ dim 𝐵𝑖10 , 

dim 𝐵𝑖10  is mass dimension of 𝐵𝑖10.   

Direct Reduction of Amplitude 
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Modified amplitude 𝒜 can be rewritten as, 

 𝒜 =  𝐶𝑖(𝐹𝑜𝑟𝑚 𝐹𝑎𝑐𝑡𝑜𝑟)𝑖𝑖   

with  

𝐶𝑖 = 𝜂
𝐿𝐷

2
 −𝑁𝑣+

𝑟𝑖
𝑚𝑎𝑥

2   𝐵𝑖𝑗𝑝𝐼𝐿,𝑗
𝑣𝑎𝑐 ,𝐷𝜂−𝑝∞

𝑝=0𝑗 , 

𝑟𝑖
𝑚𝑎𝑥 is the maximum rank of loop momenta in the form factor, 

𝐼𝐿,𝑗
𝑣𝑎𝑐 ,𝐷

 is j-th 𝐿-loop vacuum bubble master integral. 𝐵𝑖𝑗𝑝 is 

series coefficient.  

Mass dimension of 𝐶𝑖,  

dim 𝐶𝑖 = 2
𝐿𝐷

2
− 𝑁𝑣 +

𝑟𝑖
𝑚𝑎𝑥

2
+ dim 𝐵𝑖10 , 

dim 𝐵𝑖10  is mass dimension of 𝐵𝑖10.   

Thus we can choose that suitable master integrals which having 

mass dimension closer to the mass dimension of 𝐶𝑖. 
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Finally, final reduction will be finalized over the limit 𝜂 → 0+. 
 

𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒 = lim
𝜂→0+

𝑀𝑜𝑑𝑖𝑓𝑖𝑒𝑑 𝐴𝑚𝑝𝑙𝑖𝑡𝑢𝑑𝑒

=  lim
𝜂→0+

𝑖

𝐶𝑖(𝜂)(𝑀𝑜𝑑𝑖𝑓𝑖𝑒𝑑 𝑀𝑎𝑠𝑡𝑒𝑟 𝐼𝑛𝑡𝑒𝑔𝑟𝑎𝑙𝑠)𝑖 
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• Numerator 
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• Numerator 

2 2 1 3 2 3 2 1 1 1

16
( ) ( ) ( ) ( ) ( ) ( )

9

a

Lv k k q k q k P q k q u k              

2 2 1 3 2 3 2 1 1 1

16
( ) ( ) ( ) ( ) ( ) ( )

9

a

Lv k k q k q k P q k q u k              

• Form factor 

2 3 1( ) ( ) ( )Lv k k P u k
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Modified amplitude 

𝑀 𝜂 =  𝑑𝐷𝑞1𝑑
𝐷𝑞2

𝑁 𝑞𝑖,𝑘𝑗

𝐷 1𝐷 2𝐷 3𝐷 5𝐷 6𝐷 7
, 

𝐷 1 = (𝑞1 − 𝑞2 − 𝑘1)
2+𝜄𝜂, 𝐷 2 = (𝑞1 + 𝑘2)

2+𝜄𝜂, 𝐷 3 = (𝑞2 + 𝑘1 + 𝑘2)
2+𝜄𝜂, 

𝐷 5 = (𝑞1)
2+𝜄𝜂, 𝐷 6 = (𝑞2)

2+𝜄𝜂, 𝐷 7 = (𝑞1 − 𝑘1)
2+𝜄𝜂 
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Modified amplitude 

𝑀 𝜂 =  𝑑𝐷𝑞1𝑑
𝐷𝑞2

𝑁 𝑞𝑖,𝑘𝑗

𝐷 1𝐷 2𝐷 3𝐷 5𝐷 6𝐷 7
, 

𝐷 1 = (𝑞1 − 𝑞2 − 𝑘1)
2+𝜄𝜂, 𝐷 2 = (𝑞1 + 𝑘2)

2+𝜄𝜂, 𝐷 3 = (𝑞2 + 𝑘1 + 𝑘2)
2+𝜄𝜂, 

𝐷 5 = (𝑞1)
2+𝜄𝜂, 𝐷 6 = (𝑞2)

2+𝜄𝜂, 𝐷 7 = (𝑞1 − 𝑘1)
2+𝜄𝜂 

For complete amplitude one more denominator term 

                              𝐷 4= (𝑞2 + 𝑘1)
2+𝜄𝜂. 
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Modified amplitude 

𝑀 𝜂 =  𝑑𝐷𝑞1𝑑
𝐷𝑞2

𝑁 𝑞𝑖,𝑘𝑗

𝐷 1𝐷 2𝐷 3𝐷 5𝐷 6𝐷 7
, 

𝐷 1 = (𝑞1 − 𝑞2 − 𝑘1)
2+𝜄𝜂, 𝐷 2 = (𝑞1 + 𝑘2)

2+𝜄𝜂, 𝐷 3 = (𝑞2 + 𝑘1 + 𝑘2)
2+𝜄𝜂, 

𝐷 5 = (𝑞1)
2+𝜄𝜂, 𝐷 6 = (𝑞2)

2+𝜄𝜂, 𝐷 7 = (𝑞1 − 𝑘1)
2+𝜄𝜂 

For complete amplitude one more denominator term 

                              𝐷 4= (𝑞2 + 𝑘1)
2+𝜄𝜂. 

Vacuum Bubble Master Integrals 

𝐼2,1
𝑉𝑎𝑐 ,𝐷

=  
𝑑𝐷𝑞1𝑑

𝐷𝑞2

𝑞1
2 + 𝜄 𝑞2

2 + 𝜄
,  𝐼2,2

𝑉𝑎𝑐 ,𝐷
=  

𝑑𝐷𝑞1𝑑
𝐷𝑞2

𝑞1
2 + 𝜄 𝑞2

2 + 𝜄 (𝑞1 + 𝑞2)
2+𝜄
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Finally modified loop amplitude 𝑀 𝜂  in series representation form, 

=
𝜄𝑒𝑔𝑠

4

2𝑠𝑊
ℱ1𝜂

𝐷−4  −
8(𝐷 − 3) 𝐷 − 2 2(𝐷3 − 3𝐷2 + 11𝐷 − 6)

243𝐷
𝜄𝐼2,1
(𝑣𝑎𝑐),𝐷

+
𝐷 − 2 4(𝐷2 − 16𝐷 + 12)

81𝐷
𝐼2,2
(𝑣𝑎𝑐),𝐷

−
4(𝐷 − 3)(5𝐷7 − 53𝐷6 + 319𝐷5 − 638𝐷4 − 1844𝐷3 + 4552𝐷2 + 2528𝐷 + 3456)

6561𝐷(𝐷 + 2)

𝑚𝑊
2

𝜂
𝐼2,1
(𝑣𝑎𝑐),𝐷

−
𝐷 − 2 2(83𝐷6 − 724𝐷5 − 976𝐷4 + 15968𝐷3 − 7600𝐷2 − 51904𝐷 − 27648)

17496𝐷(𝐷 + 2)

𝑚𝑊
2

𝜂
𝜄𝐼2,2
(𝑣𝑎𝑐),𝐷

+𝒪
1

𝜂2
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By using the mass dimension criteria 

dim 𝐶𝑖 = 2
𝐿𝐷

2
− 𝑁𝑣 +

𝑟𝑖
𝑚𝑎𝑥

2
+ dim 𝐵𝑖10  

Direct Reduction of Amplitude 



Matching Criteria for MIs 

58 

By using the mass dimension criteria 

dim 𝐶𝑖 = 2
𝐿𝐷

2
− 𝑁𝑣 +

𝑟𝑖
𝑚𝑎𝑥

2
+ dim 𝐵𝑖10  

𝑖𝑚𝑝𝑙𝑖𝑒𝑠                                             dim 𝐶𝑖 → 2𝐷 − 8 
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By using the mass dimension criteria 

dim 𝐶𝑖 = 2
𝐿𝐷

2
− 𝑁𝑣 +

𝑟𝑖
𝑚𝑎𝑥

2
+ dim 𝐵𝑖10  

𝑖𝑚𝑝𝑙𝑖𝑒𝑠                                             dim 𝐶𝑖 → 2𝐷 − 8 

Under this mass dimension condition we found 25 number of 

master integrals. 
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𝐼 1(𝜂) ≡  𝐼 0,1,1,0,0,1,1(𝜂), 𝐼 2(𝜂) ≡  𝐼 0,1,1,0,1,1,1(𝜂 , 𝐼 3 𝜂 ≡  𝐼 0,0,1,0,1,0,1 𝜂 ,  

𝐼 4 𝜂 ≡  𝐼 1,0,1,0,0,0,1 𝜂 , 𝐼 5 𝜂 ≡  𝐼 1,0,1,0,1,0,1 𝜂 , 𝐼 6 𝜂 ≡  𝐼 1,0,1,0,1,1,0 𝜂 ,  

𝐼 7 𝜂 ≡  𝐼 1,0,1,0,1,1,1 𝜂 , 𝐼 8 𝜂 ≡  𝐼 1,0,1,0,1,2,0 𝜂 , 𝐼 9 𝜂 ≡  𝐼 1,0,2,0,1,0,1 𝜂 ,  

 𝐼 10 𝜂 ≡  𝐼 0,0,1,0,1,1,1 𝜂 , 𝐼 11 𝜂 ≡  𝐼 1,1,0,0,1,0,1 𝜂 , 𝐼 12 𝜂 ≡  𝐼 1,0,0,0,1,1,1 𝜂 , 

𝐼 13 𝜂 ≡  𝐼 1,1,1,0,0,0,1 𝜂 , 𝐼 14 𝜂 ≡  𝐼 1,1,1,0,0,1,1 𝜂 , 𝐼 15 𝜂 ≡  𝐼 1,1,1,0,1,0,1 𝜂 , 

𝐼 16 𝜂 ≡  𝐼 1,1,1,0,1,1,1 𝜂 , 𝐼 17 𝜂 ≡  𝐼 1,1,1,0,1,2,0 𝜂 , 𝐼 18 𝜂 ≡  𝐼 1,1,1,0,2,1,0 𝜂 , 

𝐼 19 𝜂 ≡  𝐼 2,0,1,0,0,0,1 𝜂 , 𝐼 20 𝜂 ≡  𝐼 2,0,1,0,1,1,0 𝜂 , 𝐼 21 𝜂 ≡  𝐼 1,−1,1,−1,1,1,1 𝜂 , 

𝐼 22 𝜂 ≡  𝐼 1,0,1,−1,1,1,1 𝜂 , 𝐼 23 𝜂 ≡  𝐼 1,0,1,−2,1,1,1 𝜂 , 𝐼 24 𝜂 ≡  𝐼 1,1,1,−1,1,1,1 𝜂 , 

𝐼 25(𝜂) ≡  𝐼 1,1,1,−2,1,1,1(𝜂  

Direct Reduction of Amplitude 



61 

Also under 𝜂 → 0+ some master integrals 𝐼 3 𝜂 , 𝐼 10 𝜂 , 𝐼 11 𝜂  

and 𝐼 12(𝜂) found to be zero 
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Also under 𝜂 → 0+ some master integrals 𝐼 3 𝜂 , 𝐼 10 𝜂 , 𝐼 11 𝜂  

and 𝐼 12(𝜂) found to be zero, some coefficients of 𝐼 8 𝜂  and 

𝐼 18(𝜂) are also zeros.  

Therefore, remaining 19 master integrals could be reduced 

into final set of master integrals.  
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• We propose an alternative reduction approach to directly 

reduce loop amplitude into linear combination of master 

integrals and extract the form factors meanwhile. 

 

• During tensor reduction no need to deal with Tarasov and IBP 

techniques. 
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• We propose an alternative reduction approach to directly 

reduce loop amplitude into linear combination of master 

integrals and extract the form factors meanwhile. 

 

• During tensor reduction no need to deal with Tarasov and IBP 

techniques. 

 

• Our series result contain rational function as a coefficients 

which can be further simplified by mathematical techniques. 

 

• Reliability of our approach on single top production and 

Higgs production channels is our future work.  
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