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Feynman Integrals

® Momentum-space Representation

L loops, E+1 external momenta,

L N 1 i ;
_ = = dk; 1 N = LE +5L(L+1) (generalised) denominators
- T a1,a2;..;,aN — H 1d/2 H D
=1 gl total number of reducible and irreducible
scalar products
't Hooft & Veltman
N-denominator
generic Integral
® Intesration-bv-parts ldentites : Laporta, Remiddi, Baikov, Smirnoy,
5 Y-p Tkachov; Chetyrkin & Tkachov = : .
arasov, Grozin, ...;

Kuehn & the Karlsruhe school

N
1 .
/H d/2 8k“ (vu H Dan) =0 vy = Vu(pis kj) arbitrary
n=1"_"

The role of the Integration Domain is hidden



Feynman Integrals :: Baikov Representation

® Denominators as integration variables .,

{D1,...,Dn} = {21,..., 28} =2 Volume
B Biz)=rdeulg gy
i - Ia a EKd, ii dz B(z)” . i
D o ( Sg)/cz (z) Ezzn L (4o plap Y

q=1{pi,kj} Sij =Di Pj

B(0C = 0)
Fundamental property
N-denominator
generic Integral

® 1-loop Nonagon ® 2-loop Box

1
N=LE+;L(L+1)

B(z)Y
/dzl/\.../\dzg nl(z) =
C Zl ...29

B(z), C, v depend on the graph.



Feynman Integrals :: Baikov Representation

® Denominators as integration variables .,

{D1,...,Dn} = {21,..., 28} =2 Volume
B Biz)=rdeulg gy
i - Ia a EKd, ii dz B(z)” . i
D o ( Sg)/cz (z) Ezzn L (4o plap Y

q=1{pi,kj} Sij =Di Pj

B(0C = 0)
Fundamental property
N-denominator

generic Integral

® Integration-by-parts Identites 71,10 1arsen: Lee;

N
/d (h(z) B(z)” H Can) =40 h(z) arbitrary rational function
C :

B(0C = 0)

Fundamental property



Integration-by-parts identities

® Relations among Integrals in dim. reg.

Pinches

N-denominator N-denominator (n<N)-denominator
generic Integral Master Integrals Master Integrals
[subtopologies]



Integration-by-parts identities

® Relations among Integrals in dim. reg.

o)

N-denominator
generic Integral

N-denominator

Master Integrals

Homogenous Term

-
Pinches e
(n<N)-denominator

Master Integrals
¢ [subtopologies]

_J

Non-Homog. Term



Integration-by-parts identities :: byproducts

® 1st order Differential Equations for Mls Barucchi, Ponzano; Kotikov; Remiddi, & Gerhmann;

...Weinzierl, Adams, Bogner ... Henn; Lee;
Argeri, diVita, Mirabella, Schubert, Tancredi, Schlenck & P.M.; ...

& 2
(2 2
== (E " | | =
O éﬁi@% *X@i X@i :
Pinches o
i W, - _J
Homogenous Term Non-Homog. Term

o Dimension-Shift relations Tarasov; Lee; + related work by Gluza, Kajda, Kosower;  Remiddi, Tancredi

Bernstein-Tkachov;

4 i
(4 -
Pinches e

Homogenous Term Non-Homog. Term



Integral Relations on Maximal Cuts

® cutting m (all) internal lines Di=.:.D,=0 <= " — m< N

Larsen & Kosower;
+ CaronHuot;

Remiddi & Tancredi;
Primo & Tancredi;

Lee & Smirnov;

d+2 Vanishing
Homogenous Term only Non-Homog. Term

& Maximal cuts are solutions of the Homogenous Differential Equations

& Maximal cuts are solutions of the Homogenous Dimensional Recurrence Relations



A few facts :: smoking guns

® Equivalent statements about (Master) Integrals

& Two integrals may give the same result if:

& i) have the same integration domain, but the integrands differ for a term whose primitive vanishes on
the integration boundaries.

& ii) or have the same integrand, but the integration domain differ for a contour on which the primitive
vanishes.

& A sector [topology] has a number I/ of Master Integrals
®Fach Master Integral obeys a Dimensional Recurrence Relation of order (d+21/)

&Each Master Integral obeys a Differential Equation of order v



A few facts :: smoking guns

® Equivalent statements about (Master) Integrals

®Two integrals may give the same result if:
& i) have the same integration domain, but the integrands differ for a term whose primitive vanishes on

the integration boundaries.
& ii) or have the same integrand, but the integration domain differ for a contour on which the primitive

vanishes.

& A sector [topology] has a number I/ of Master Integrals

@Each Master Integral obeys a Dimensional Recurrence Relation of order (d+21)
&Each Master Integral obeys a Differential Equation of order v

& U = number of critical points of B(z) (=?= Euler x(G) ) o

Bitoun, Bogner, Klausen & Panzer;

& The homogenous solutions of Differential Equation play a role in the construction

of epsilon-factorised systems of differential equations ,
Argeri, diVita, Schubert, Schlenck, Tancredi & PM;
Remiddi & Tancredi; Tancredi & Primo;

& The independent homogeneous solutions admit integral representations that differ for the

integration contour :: there are IV independent integration contours
Bosma, Sogaard & Zhang;  Tancredi & Primo;



A few questions :: that kept me busy for a while

& About the. 9 F; Hypergeometric Function ::
&It obeys a 2nd ODE ==> 2 independent solutions:

1
& One is proportional to: / o= oo a0 dly
0
& Where is the other one?

&Has it a different integrand? or a different integration domain?

& s there a relations between the DEQ and the integral representation?

& o F obeys a 2nd ODE ==> there must be 2 basic integrals

® Gauss contiguity relations
&How are they derived? Can | derive them by IBP?

& Can they be used to find the 2 basic integrals?

& About IBP relations and the role of the integration domain ::
&|s there a simple class of IBP of the form: /d(B(z)”) — 0 with B(6C =0) ¢
C
®Answer: C=10,1], Bl — 2li—uz)



A Novel Method for Feynman Calculus

&Direct decomposition into a Integral Basis?
& Direct construction of system of differential equations for the Integral Basis?

&Direct construction of finite difference equations for the Integral Basis?

&NO intermediate relation required ?



BaSiCS Of InterSECtiOn ThEO ry Aomoto, Cho, Kita , Mazumoto,

Mimachi, Mizera, Yoshida, ...

Consider an integral I over the variables z = (21, 22, ..., Zm)

I — /Cu(z) o(2) o(z) = ¢(z)d™z is a differential m-form.

u(z) is a multi-valued function u(0C) =0

® Equivalence classes for I and Integration-by-parts Identities

there could exist many forms ¢ that integrate to give the result I.

(m—1)-differential form &

du
(F= /Cd(uf) = /C (duNE+udf) = /Cu (; A +d) £ = /Cuvwﬁ ® Covariant derivative
Vo, =d+ wA
/USOZ/U(SOJrVwi) w = dlogu
C C
Special role!
® Twisted cocycle )5 TG A

® Integrals
[pairing :: cocycle + cycle] I= (y|C] = /u 0
“ C




Vector spaces of differential forms

IV = # of independent forms (Twisted cocycle)
® Basis of Twisted cocycle <€z‘ 1=1,2,...,v

U dual space

® dual-Basis of Twisted cocycle hj) 17=12,...

’90>w3 P~ Ol
V_o=d—wA

® Metric-Matrix C;; = (e]h;) intersection mumber

® Master Decomposition Formula

The key formulal
projecting (¢| onto a basis of (e Y

® Proof
for an arbitrary |¢)

[ (e} (plha) (plha) ... (plh) ) (v+1) x (v+1) matrix M

e e1lh1) (e1lh9o) ... (e1|h,
A e - (b 4) detM = det (ol4) - ATCT'B) =0

1%

: : ; o : i i % L "
\ (vl (eultn) {eulha) - (eulhn) ) (o) = ATC™'B i;«ol 3 (C™Y)ji (ealw)




Intersection Numbers :: 7-forms

® 1-forms {(p| = $(2) dz ¢(z) rational function

® Zeroes and Poles of W v = {the number of solutions of w = 0}

w = dlogu P={z] zis apoleof w}

P can also include the pole at infinity if Res,—c(w) # 0.

® Intersection Numbers

The k ionl
[pairing :: cocycle + dual-cycle] e key operation

1-forms ¢, and g

(prler)w = > Res.o (wp sOR)

peP

Y, is a function (0-form), solution to the differential equation V9 = ¢, around p

va wp — SOLap

® Laurent expansions

max

known ©rLp ansatz Wy = Z wz(,j)frj + O (rmaxtl)

J=min




Feynman Integrals & Intersection Theory

Mizera & P.M. (2018)

® Baikov representation u«= B", v=(d—E—-L-1)/2

w = dlog(u) = vdlog(B)

_ ~ N A
szgpd Z, szzalzag...za]\ra
1 ~2 N

dNZEdzl/\dZQ/\---/\dZN




Feynman Integrals & Intersection Theory

Mizera & P.M. (2018)

=) Loop-by-Loop (LBL) Baikov l‘epl"n Frellesvig, Gasparotto, Laporta, Mandal,
Frellesvig, Papadopoulos (2017) Mattiazzi, Mizera & P.M. (2019)
u = Bi“B;Q - Bm

m

w = dlog(u) = Z% dlog(B;)
=1 (N — M) ISPs
— 5dM A [z, 2m) integrated out
Y = Z, Y = "a1 a2 ans
1 ~2 M

f rational function

dMZEdzl/\dZQ/\“°/\dZM




Cut Integrals

® m-Cut Integrals

) ’ AR T Cm_cut
m
/ g/
Ia17a27---7aN| =K / u e, G = ﬂ{zz =0}NC.= UCj/ ;
m~cut / 5 :
=1 v/
only v of them can be independent
Tl (Ku) : 90/ = 85/ dN—mZ/ 7
A= ()
)
AR f(zm-i-h 0 7ZN) Dm(u) ol a;?z VRS
e == =i (4 :




Integrals reduction and Master Integrals

Mizera & P.M. (2018)
La— {the number of solutions of w = O} Frellesvig, Gasparotto, Laporta, Mandal,

: Mattiazzi, Mizera & P.M. (2019)
® Basis of Master Forms <ez‘ e e g e

® Master Integrals = RE S with

® Integral Decomposition

I OIC] — Zcz



Basis choices

=12 ..., v

A dz

® dLog Basis (e;] = (@i = e z; are poles of w
P

® Monomial Basis (e;| = (@] = 2 1dz

® Orthonormal Basis

1P = Uh e S A S pick two special ones, say 2,41 and z,19
(e;| = dlog Sl ; |h;) = Res,—,.(w) dlog S
& Zu+1 & Zy+42

v

Cij = 045 (ol = Z<90|h7;><67:|

i=1

® ...or any arbitrary rational basis...



Dimensional Recurrence Relation

® MIs in (d+2n) dimensions

Ji(d+2n) = K(d + 2n) E£d+2n) Ei(d+2n) = (B"¢;|C] = /u (Bie)s i=12
C
® Master Decomposition Formula
el
e =) ¢ (% n=0,1,
n=0
® Recurrence Relations for Master Forms
v
Yl e = o —l
n=0
® Recurrence Relations for Master Integrals
174
Z 879 Ji(d+2n) — (0 Op = Cn/K(d 0 2’)1)

n=0



System of Differential Equations

® External Derivative

Wl 0. (0|C| = 0, / Hiio— /u(axu A +8x>90 = ((0z + 0)p|C] o= 0;logu
C €

Uu

O:(e;| = ((Or + oN)e;| = (D]

® Master Decomposition Formula

(@] = (@s]hx) (C71),; (es] = Qe Q=FC! Fii. = (D;|hy)

The C-matrix is important!

® System of DEQ for Master Forms

8x<62’ = Qij <€j’ , () = Q(Cl, x)




System of Differential Equations

® System of DEQ for Master Integrals
ik, with FE; = (e;|C],

Okdly = gl A=

® (Homogenous) Solutions

For each 7, the v independent solutions

Pij:<ei\Cj]:/uei, i,j:1,2,...,V,
Cj
v X v matrix P ® math :: Resolvent matrix
® int. th. :: (Riemann) Twisted Period matrix
® Example :: Derivative basis

v-dimensional basis formed by (e;| and its derivatives up the (v — 1

P = Wronski matrix

)*_order

K = 9, log(K)I



Decomposition in 4 steps:

® 1. Integrals /CUSO = (¢|C] Compute w = dlog(u)

® 2.1 Master (forms) Integrals v = {the number of solutions of w = 0}
e B RO g

® 2.2 Choose a basis (01655020l o s (eil = (¢ = 2" "dz

® 3. Build the "Metric" Matrix g = (&)og)

v

® 4. Master Decomposition Formula (¢ = ) (p|h;) (C7") . (e
i j=1

v

/Cugp = (O] — Zci Ji ¢i = ) (plhy) (C_l)jqj

i=1 j=1

Master Integrals



Contiguity relations for Special Functions




Euler Beta Integrals

InE/uz”dz, u= B"7, B=2z2(1-2),
C

® Direct Integration
'+ +~+n)

J =

I'(2 + 27 + n)
® Integral relation
Tl I'(2+4 2
a relation between I,, and I lre— /e OIE: s ) I
I'(l+y)T(2+2v+n)

® Specialcase 7. =1 = 5]@

C

0,1]



Euler Beta Integrals

InE/uz”dz, u= B"7, B=2z2(1-2),
C

® IBP identities
/ (B T =
C

(¥ £ 1)1 — (L + 29 + n)I, =0

® Specialcase 7. =1 I = =1

C =10,1]



Euler Beta Integrals

® Intersection Theory

I, = / UPpt1 = w{Pnt+1|C] Pn+1 = 2"dz
C
1 1
i— B IGA_t2 (0 — ) w:dloguzv(——k )dz V=gl
z . z—1
® Monomial Basis
1 master integral 01l C|

® Integral relation
ihe— ci o > w<§b2‘C] = C1 w<¢1|C]

== (P2] = c1(¢1]

® Master Decomposition Formula

C;; has just one element Cq1 = (¢1|¢1) Ol <¢2|¢1><¢1|¢1>_1

P = {0 el



® Intersection Numbers (prLler)w = > Res,—p (wp SOR) Ve, ¥p = ¢Lp

pEP
We need to evaluate (¢1|¢1), and (¢2|d1)
o
For each pole p € P
= 7 k
Known @ip = Z ¢7(j,p) T
k=min—1
Known Wp = Z w]()k)Tk
k:_
max
Wiy — Z ap T° (o unknown)
k=min

d
Vo ¥ip = Gip — Ewp + wp Yp — Gip =



SRR 0 — dz, Y= 01 = dz:

p || min | max PL.p (I

0 1 —1 dr —

1 1 —1 dr —

oo |l =1k 1 —dr /72 E:i:_laiTi
Therefore

<¢1‘¢1> e Resz:oo(wooqbl) =

o For 5, = ¢2 = zdz, pr = ¢1 = dz:

I

C1

2(2y+1)°

g

Cll()v

(p2|p1) {1 |d1) "

1
%

p || min | max OL.p ¢@
0 2 —1 T dT —
1 1 —1 dr —
o | ) | —dr /73 Eji:_2ai7i L g o
S G G e
i a 3l
Therefore loplloy =ltles = ol

42v-1)(2v+1)

22y —1D)(2y+ 1)

oy =

a1 =

v

1
42v+1)°

o] =

92(27 — 1)(27 + 1)

~

42y -2y + 1)



® dLog Basis

1 1
©1 = dlog £ =<—— )dz,

2=l i
and let us decompose both (¢1]| and (¢2| in the basis of (1],
(p1] = (B1le1) (o) ™ el

(2] = (B2]e1){p1lp1) " {p1].

We need the intersection numbers,

2 1 1

(p1ler) = ;7 (1lp1) = ) oL (D2lp1) = 2(2y + 1)
Therefore
5 i £ v
from which (2| = 1/2(c1]

o Tl = e el = v factorizing out



® dLog Basis

1 1
p1 = dlog 2 :(—— )dz,
z—1

el 7
and let us decompose both (¢1| and (¢2| in the basis of (1],
(p1] = (B1le1) (o) ™ el

(2] = (B2]e1){p1lp1) " {p1].

We need the intersection numbers,

2 Il 1

{p1lp1) = - (P1le1) = 1 (P2lp1) = 2@y = 1)
Therefore
5 8 £ J
from which (pa| = 1/2{¢1]
® Observation: C~1 = (pi|p1) 1 =~/2 v factorizing out

Shooting a cannonball on a fly? l



Gauss 2 f7 Hypergeometric Functions
B(b,c—b) 2F1(a, b, c; x) :/01 PR Pl
55 LU¢ = w{®|C] u =221 —rz) A (0 —LaZ

Mo — 0t & 9) —brz+b—1
w:dlogu:mz (c—a—2)+zlax —c+x+2) —bxrz+ 5 ) e L o)
(z—Dz(zxz—1) e

® Monomial Basis {{(¢i|}i=12 dn+1 = 2"dz

" _ [ (@1]¢1) (d1]d2)
g 5 <<¢2¢1> <¢1|</52>>

3

e ) R (e e (COr s e (26— 3b e = 2)  an(aF 2¢ = 5)(C b e s a(c==8)i(c

($1]d1) :<x2 (a—b+1))(b— c+1)—2aa:(—b—|—c—1)+a(c—2))/(:1:2(a—c+1)(a—c+2)(a—c+3)>,
(¢1]¢2) = (

—2))/<:E3(a—c+ 1) (a—c+2)(a—c+3)(a—c+4)>,
(B201)

<$3 (@—b+1)(b—c+1) —az?(=b+c—1)(2a—3b+c) +az(a+2—3)(=b+c—1)—alc—2)(c— 1))/<x3(a—c)(a—c+1)(a—c+2)(a—c—|—3)),

(o) = ( az?(a®b — a c—i—a2 3ab? + Tabe — 8ab — 4ac + 9ac — 5a — 3b2c + 6b2 + 4bc® — 10bc + 6b — ¢3 + 2¢2 — ¢) + z4(—(a® — 3a%b + 3a2 + 3ab® — 6ab + 2a — b° + 30> — 2b))(b— c + 1)

+2az3(a —b+1)(ab—ac+a —2b2+Sbc—2b—c2+c)+2a(c—2)x(a+c—2)(b—c—|—1)+a(03—662—1—110—6))/(3:4(a—c)(a—c+1)(a—c+2)(a—c+3)(a—c+4)).



)

= <¢n‘ = Z <¢n‘¢]> (C_l)ji <¢Z‘

5,J=1

(p3|C] = B(b+ 2,c—b)oFi(a,b+2,c+ 2;1)

( CEEE | ) B(b,c—b)2Fi(a, b, c;x) + ((bx_(cajalfg C) B(b+1,c—b)oFi(a,b+1,c+ 1; )

: 1 1 1
® dLog Basis p1 = (;—Z_sz ¢2=<Z_1—xzx_1>dz.
= (g01|C] — QFl(CL,b —1,c— 2;.517), I, = (ps|C] = (b—cl)_(a;— 1)2F1(a—|-1,b,c— i)
1 e=2 1
Cij = (pilej) C= B <b_11 a+bc+1>




Feynman Integrals Decomposition
:: on the maximal cut :: 1-forms

&On the maximal cut :: simpler integrals

& 1-forms :: univariate integral representations

®Operation required :: Intersection Numbers for 1-forms



Four-Loop Vacuum Diagram

standard Baikov representation

e 322 F e =Eler 4y e 8
U_(§_1_6) e (32 — 8) dz P—{O,B,OO}.

w = 0 a has 1 solution, indicating 1 master integral ( | )

Monomial Basis. the decomposition of Il S e D= <¢3|C] In terms Of Jl — 1171 1.1.1.1.1.1.1:0 = <¢1|C]

777777777 Tai gt et N Ae) et A

C = (hilbr) = e 5T (6a] = (nlé1) Cr (8]

256(d — 5)(d — 1) 16(d — 1)

(93]1) 31(d — 6)(d — 4)(d — 2) LLLLLLLLL=2 = oy o) J1,
in agreement with SY'S.
i 1 3
dlog-Basis. the decomposition of (¢3]C] in terms of (p1|C], p1 = s
4

C = (p1lp1) = Tre

128(d — 1 32(d —5)(d—1
(¢3]1) = ( ) ( ) )

27(d — 4)(d - 2) el = ra—a@—2) ¥



Two-Loop Non-Planar Triangle

P
P, > Di=ki, Dy=ki—m?, Ds=(p1— k1)’ , Dy = (p3— k1 + k2)> — m?, 2 A
D5:(k‘1—k2)2—m2,D6:(p2—k2)2—m2. Z:D7:2(p2+k1) _pl
Ps
=8 BZ(22—7'12) (Z2—7'22), 71 = 5v/1 + (4m)2/s, (=
Fl i 2vz (22:2 - 7'12 = 7'22>
el = dz , kL3 P={—71,—T2,7T2,T1,X
o 2D = 13) L
i 1 1 1 1 i
- is. = — a7 = — do — — a
gloe bagls e <7‘1—|—Z 7'2+z) 5 i (72+z ZTQ) 7 (2—7'2 2—7'1>
J& Sl
(e1lp1) (e1lp2) {o1les) e fo 2100 121
C = | (paler) (palpa) {palps) | == -1 2 -1 Grs gl
(w3le1) (psle2) (psles) Ue=l 2 It
00 : Ciom Al e ) il . .
the projection of ¢1 = dz is | — {o1| + (2| + (3] verified with REDUZE.

47+1¢1 4y +1 4y +1



Two-Loop Non-Planar Triangle

Py
p‘l
P3
. : : 1 . IS
System of Differential Equations P o(x) = 0z log (B(Z, ) ) e :
T9 o = 2
(®;(z)| = (0 + o(x)) ;] ol e (2y732® — 2973z + T3z + ez — 2% — T2) o
(T2 + 2) (Tox — 2) (T2 + 2) 2 ’
4773:{3
@ ==
O S mr e e
s (277'22:1:2 — 277'22313 + 7'22x e ng)
<¢3($)| L (7_2 = Z) (7_23: = Z) 2 (7_23: T Z) dZ
722 4+2x—1 it 2 Sl
(w—l)a:éw—i—l) Z:—l w(ac2—|—1)
Fi; = (®i|p;) I = boa1 e e ey
el N Tx242z—1
z(x+1) =1 (z—1)z(x+1)
Agpdigp| ik 1
(z—1)z(z+1) = x(zr+1)
@, Fc—l s B 2 D i 2
= = z—1D)(z+1) z+1  (z—1)(=z+1) ®
1 i Az’ +x—1
z(z+1) r (z—1)z(z+1)



Non-Planar Contribution to H+4j Production

p P ’ :
1 o 4 Loop-by-Loop form of the Baikov representation
D=k, Dy=(ki+p1)?, Ds=(k1—ps—ps)°,
Dy=(kg—p3)2—m? Ds=ki—m?, Dg=(ki—ky)?—m?2, Zi—l) S (5] —p3)2
D7=(k¢1—/<:2—p4)2—m%.
Do — (ko T
2 d—5 2 2\ 452
P, P, u:(—mH+s+t+z) (z(mH—s—z)+4smt) 2 |
V2 (=md +5+2)
2 3 4
eI (D 2 g3 2 g Z a
W = 5 > > 0 Uil
2z (—mH+s+z) (—mH+s+t+z) (z (—mH+s+z) —4smt)
P ={0, m—s, 5(my—s—p), 3(mi—s+p), my—s—t, o}, p = \/m — 2om¥ + 1653 + 5.

Mixed Bases i = hLii11110 = (e1lCl, J2 = Lin11111:0 = {€2|Cl, J3 = T1,1,1,2,1,1,1,0 = (e3|C] and Jy = I11.1.191.1:0 — (e4|C]8

5 1 1
s e e
5 :(d—5)(m‘}q—m%{(Zs—l—t—i—z)+52+5(t+z)+2tz) e 1 i 1
. s(cm +5+t+2)2 ’ -my+s+z L(-mi+p+s)+z’
b (d—5)(s+2) i . 1 = 4 1
z(m% — s —2z) +4sm?’ ol =i == paRe) S F i = s 2
(d—5)(m}; - 2) s 1 1

Cu =

z(m% — s —z) +4sm2

i,j=1

LSS G i ey oiehe €3 I3 el



Non-Planar Contribution to H+4j Production

p p : .
1 o 4 Loop-by-Loop form of the Baikov representation
D=k, Dy=(k1+p1)?, Ds=(k1—ps—ps)°,
Dy=(ka—p3)®—mi Ds=ki—m;, De=(ki—k2)?—m;, i) — (kl —p3)2
D7:(/<:1—k:2—p4)2—m%.
Dy = (k2 + p1)°
2 d=5 ) 2\ 45
P, P, u:(—mH+s+t+z) (z(mH—s—z)+4smt) 2

9

\/z (—m2, + s + 2)

e GO+ qaz+epz+az’+aq . ( o )
= 2 [Uii= 21
22(—m%{+3+2) (—m%{+s+t+z) (z(—m%+s+z)—4sm?)

2 :{07 m%{_‘% %(m%l_s_p)7 %(m%{_s—*—p)a m%{_s_ta OO} 3 e \/mé}{ i 28m%{ + 168mt2 a3 5%,

Mixed Bases Ji=Thi1111110 = {elCl, 2 = hiz1111100 = {e2|Cl, Js = T1,1,21,1,1,0 = (es|C] and Jy = I3 1.1.1.21,1,0 = (€4|C],

Checks.G(IRA, leaves us with 6 MIs,) 2 more: J5=1111,1121.00, Je = 11,1,2,1,1,1,1,0,0 -

PR 2UT) =)0

. o i L i gy M L i it b i (ol e @)
S mis S mygs
: o
@ B e o = s DS Do, I8 o o e (on the cut)
miy + S mi + S

after using these 2 extra relations KIRA is in perfect agreement

(V = 4 verified with a numerical evaluation of the integrals on the maximal cut + PSLQ [80 digits])




Planar Double Triangle

"0000C
Loop-by-Loop form of Baikov representation
D1 = k% o m2, D2 = k% e m2, D3 = (kl s k2)2,

= D6 =
Dy = (ky — p1)* — m?, Ds = (k1 — p1 — p2)* — m>.

|
Z
o
[E
|
)
[
~—
N
|

(z(s + 2) —|—st)dl§4 2((d — 6)s + 2(d — 5)z) — 2m?s (V = 2 )
e : o — dz : . ;
> 22 (2(s + z) + sm?) in agreement with the literature
@ z risen to an integer power
@ introducing a regulating exponent p = z71 — zP~1
a0 2r1ro(p— 1) — (ry + 7r2)(d — 6 + 2p)2 + 2(d — 5 + p)2?
B o s ] _ 2rra(p it 167 p e =
e 1)) I8 et 22(z —m1)(2 — r2) 4 (V 2’)
r1:%<—\/32—4m23—3), 7"2:%(\/32—417123—3) P = {0, 71, niys ik
Mixed Bases.
monomial basis o=l oand oy — 2.dz. S Ji=1I111110, o
1 1 1 1
right basis 01 = — — s by — — :
Z VAt A | 2t | % = 15

C = (¢i|p;)

@ p—0 agrees with the reduction obtained from LITERED.



Other Applications :: proof of concepts

Integral family | Sec. | viBL | Vstd Integral family | Sec. | viBL | Vstd

14.1 4 4 17.1 2 92

14.1 4 4 17.2 3 3

14.2 4 6 17.3 3 4

% 7 1 1 : P 143] 4 | 6
<X 8 3] 3 51| 3 | 3
152 3 | 3

10| 2 |1 X:}
3 - 6| 3 | 3

11| 2 | 2 j:li}
j:E( - 6| 3 | 3

: : 12 | 3 | 4 X:}
6| 3 | 3

: : 131] 2 | 2 jﬁ
: : 132 3 4 j 16 3 3
: : 133 3 | 4 [ 61| 3 | 3

Table 1: Comparisons of the number of masters obtained by the LP criterion, from
Loop-by-Loop (v1,p1,) and standard Baikov parametrization (vgq).




Other Applications :: proof of concepts

Multileg and Massive Cases

Ps Py Ps P, Ps P, Pg “e
- - - - -
— Ps — p5 ‘n
.
p4 p4 p7
— P, — P,
P, P, P2 Py P, P,

Arbitrary Loop Examples




Feynman Integrals Decomposition
:: on the maximal cut :: 2-forms

&On the maximal cut :: simpler integrals

&2-forms :: two-variable integral representations

®Operation required :: Intersection Numbers for 2-forms



2-form Representations :: 2-form InterX

Matsumoto (1998)

Frellesvig, Gasparotto, Laporta, Mandal,
IO 20 S T m,
/C u(x, y)¢(337 y) u = By B, ISpe Mattiazzi, Mizera & P.M. (2019)
4 &cBi 0, Bz’
w=dlogu = E Vi (?dm-l— % dy) Vo =d+ wA
i=1 : y

/A
N

® Intersection Numbers for 2-forms

Poles of w form hypersurfaces H; H; = {(z,y) | Bi(x,y) = 0}. dx A\ dy = dz;- A dzzl-l unit Jacobian.
hypersgrfaces, in general, intersect at points P;; Pij =HiNH,; for 1 # 7.

The algorithm for computing the intersection number (¢ |¢pRr)., consists of three steps.

1. Hypersurfaces. construct the one-form 1); satistying the equation: Vi = ¢ locally near H;

2. Intersections of Hypersurfaces. construct the function v;; satisfying the equation: ~ Vw¥ij = ¢ —1p;  locally near P;;.

3. Intersection Numbers of Two-Forms.

double-residue formula: (OL|PR)w = Z RGSZiL:() RGSZJ,LZO <¢ij ¢R>-



2-form Representations :: Iterated 1-form InterX

In,m — K/ / u 2717’ Zén le/\ dZQ Frellesvig, Gasparotto, Laporta, Mandal,
C1 JCo Mattiazzi, Mizera & P.M. (2019)
e U(Zl, ZQ) : w = wi1dz1 + wadzy Wi = 0,, logu, Wy = 0,, log u.
® Intersection in Z7] e U= Uy , Wy = 0y logu,, = 0, logu = w; .
In,m — / Jn 27271 dz2 ) Jn — / Uz, Z? dzl = w1<¢n—l—1|cl] .
Co C1

we assume that the J, integral family admits ;1 = 1 master integral, say Jo = / Uy, d21 = o (01]C1]
C1

® Master Decomposition Formula
Jn — CnJO Cn = <¢n—|—1’¢1>w1 <¢1‘¢1>;11 — C’n(ZQ)'

It depends on the
other variable



2-form Representations :: Iterated 1-form InterX

In,m — K/ / u 2717’ Zén le/\ dZQ Frellesvig, Gasparotto, Laporta, Mandal,
C1 JCo Mattiazzi, Mizera & P.M. (2019)
o), W — widz + Wadzo w1 = 0., logu, (o = 0,, log u.
o Intersection in AR U = Uy , W= Quilog i, =0 oo =l
In,m N / Jn 27271 dZQ ) Jn — / Uz Z? le == w1<q§n+1|(11] :
CQ Cl

we assume that the J, integral family admits v; = 1 master integral, say  Jy = / Uy, 21 = {D1|C1]
C1

® Master Deco Formula J, = ¢, Jy Gy — (gbn+1|¢1>w1 <¢1|¢1>;11 = Cn(ZQ).

In,m:/ CnJo Z72n dzg = / Uz wn,m = wz2<¢n,m‘c2]a
CQ C2

o lnterSECtiOn In Z) e ¢n,m = Cp, Z;n dza , Uzy = Jo , @22 — 822 log Uzy -

® Master Deco Formula _—
monomial basis Wz (k| = 29 dzo

vo—1

In,m — Z Cn,m,i IO,Z' ) Cnom,i — <¢n,m‘¢]>w22 (Cu_jzl2 )]z
1=0




What can we do with 1-form InterX Numbers?

&If the integral representation has 1 ISPs, Then we can get:

& the coefficients of the top sector :: maximal-cut

&If the integral representation has 0 ISPs, Then we can get:
& the coefficients of the top sector :: maximal-cut

§ the coefficients of the level-1 subsectors :: next-to-maximal-cut



What can we do with 2-form InterX Numbers?

&If the integral representation has 2 ISPs, Then we can get:

& the coefficients of the top sector :: maximal-cut

&If the integral representation has 1 ISPs, Then we can get:
& the coefficients of the top sector :: maximal-cut

§ the coefficients of the level-1 subsectors :: next-to-maximal-cut

&If the integral representation has 0 ISPs, Then we can get:
§ the coefficients of the top sector :: maximal-cut

& the coefficients of the level-1 subsectors :: next-to-maximal-cut

@ the coefficients of the level-2 subsectors :: next-to-next-to-maximal-cut



Feynman Integrals Decomposition
:: n-forms ::

Frellesvig, Gasparotto, Laporta, Mandal,
Mattiazzi, Mizera & P.M.
(in progress)

§No el
&n-forms :: n-variable integral representations

®Operation required :: Intersection Numbers for n-forms

& Intersection Numbers for n-forms :: n steps down in the decomposition



(other) Parametric Representations:

® Schwinger Parameterization

® Lee-Pomeransky Parameterization

Gamma Function :: 1-variate InterX

E(ls) = / e

=0

() = aT e € 0,59

w::dlnu:(s_1—1>d;z: yv=1

X

iy — /Cugbn 0, O Oty

¢o = ldx F(0) := (| C] (¢o| o) = s —1
01 = zdx o € ($1] d0) = s(s — 1).

® Master Decomposition Formula

(1] = (P1| do) {Po| o) " (o] =s{do] = I(1)=sI(0)

I'(s+1) = sI(s).

P =0 esl

Frellesvig, Gasparotto, Mandal, Mattiazzi,
Mizera, Ossola, Sameshima & P.M.

(in progress)



Other parametric Representations:

Frellesvig, Gasparotto, Mandal, Mattiazzi,
Mizera, Ossola, Sameshima & P.M.
(in progress)

® Schwinger Parameterization

® Lee-Pomeransky Parameterization

Gamma Function :: 1-variate InterX

Eric’s Example :: 2-variate InterX

An integral family is defined by a set of denominators D1, ..., Dy that are In terms of w:=a; +... +ay — L% and G . =U+ F (Lee—Pomeransky),
quadratic (or linear) forms in loop momenta /1, ..., ly:
r(g) x2tdx
90, T(3) — (%) / K k| g—d/2
I(a1,..., an; d) = (H/md/2> T ( ) r(%_ H r(ak)

d9y 1

I(a1,an)= / Xt Hdx sz_ldxz <x1 + X2 —P2x1x2>
’ I'(d — 31 — 32) I'(al) I'(a2) TT

I(ay, a; d) = / w2 (R)a((0+ pR)2 -
ky =10

A family is al i ix A i I h th . . . .
amily is also described by a matrix A, vectors Q; and a scalar J such that The (tWISted) Mellin transform of a function f ]R_‘I\_I s O is

x; ka
MIF} (a (H/ kr ) Fxas. . xw),
(ai)
whenever this integral exists. The Feynman integral is a special case:

r(s)

N L L
ZXka = — Z /\U(€, . EJ) + ZQ(Q, . E,) + J
k=1 ij=1 i=1

Associated polynomials: U := detA, F=U(QIA\1Q+)

Z(a) =

Z(a) for Z(a) = M{Q_d/2} (a).

Mg —w)




To Conclude:



Amplitudes Decomposition:
Z the algebraic way

a = axl ayi + azk

&Basis: {i j k}

&Scalar product/Projection:
to extract the components

ax = a.i dy = a.j az= a.k



Summary ::

® Novel Algebraic Property Unvealed
&The algebra of Feynman Integrals is controlled by Intersection Numbers

& Intersection Numbers ~ Scalar Product/Projection between Feynman Integrals
& Exploiting the geometric properties of the integrands, dictated by graph polynomials

® (toward a) Novel Decomposition Method

&Direct decomposition into a Integral Basis

&Direct construction of system of differential equations for the Integral Basis

&Direct construction of finite difference equations for the Integral Basis
®NO intermediate relation required !

& Analytic solution :: Integral representation (graph polynomials) + Algebra

® Interesting novel results also for math

& |ntersection numbers beyond dLog-forms



Outlook ::

® Complete Decomposition (involving subsectors)

@Multivariate Intersection Numbers

® Novel Integral Representations

Luwzwwm

& Compatibility between dimensional regularization and multivaluedness
:: arbitrary denominator powers

& Total Volume Integrals (super-space) :: Vacuum Graphs ::
:: Schlaefli Differential Equations :: Bernstein-Sato Ideal

& Volume of Symplex and Iterated Integral Representations i hne

® Intersection Numbers for n-forms and D-module Theory

& critical points of =?= Euler x(G)

& Intersection Numbers in Mellin space ?



1 he unreasonable effectiveness of mathematics
E. Wigner

Wigner was referring to the mys-
terious phenomenon in which areas of
pure mathematics, originally constructed
without regard to application, are sud-
denly discovered to be exactly what 1s
required to describe the structure of the
physical world.

M. Berry



Back up l



Two-Loop Massless Double-Box @ |terative Intersections

it E/ / U 2 2 e N al) @6 — U co
C1 JCo

u = (z122(1 + a(21 + 22) + bz122))" , a=—1/t and b= —1/(st)
5 . @2 ) 2020 1 L) A (222 (a + bz1) + az + 1)
w = widz1 + Wadzs e (ol e o) = e R ) e (a(zl | 2 EEbe Rl
Inm = / teman b Jn = / dz 0 e Uy, = (2129(1 + a(z1 + 22) + bz129))”
C2 Cl

Intersections in 2.
e o) — (@ (221 + 29) + 2b2125 + 1) i e o ol — el
z1(a(z1 + 29) + bz129 + 1)

G 2law 1)
2(2v +3) (a + bzg) 2

=g = R R G R RN (ol (G c2 = (@3]61)u (D1|01)0, =

Intersections in z,.

a? (3’)/22 S 22) +a (2672% o4 *y) — bzy — 2, WZ2<¢1’ = dzo and wz2<¢2’ — 29 dz9

By = O, log(Jp) = 20 (azs + 1) (a + bzs)

a0 = cadza Iso = 20000+ 201101,

A= I g :_3a27+3a2+b
ol ab(2vy + 3)

in agreement with REDUZE.

bl s A O S
Cn,m,i — <¢n,m’¢j>wz2 (sz2 )]’L 62,0,0 N b(2f>/ —|— 3) )



