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Feynman integrals

One diagram leads to Feynman integrals of same stru
ture
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Feynman integrals

A 
lassi
al strategy (Chetyrkin, Tka
hov, 1981) is to

write so-
alled integration by part relations and solve

them representing all integrals as a linear 
ombination of

so-
alled master integrals;

First performed by hand, then an algorithm was suggested

(Laporta, Remiddi, 1996)

First publi
 algorithm AIR (Anastasiou, Lazopoulos, 2004)

Many more algorithms

It was shown that the number of master-integrals is

always �nite (Smirnov, Petukhov, 2010), but the proof is

non-
onstru
tive.
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Integration by part relations

The formula for Feynman integrals
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An example

F (a) =
∫

d

d
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(k2−m

2)a

F (a) = 0 for integer a ≤ 0.

We need F (a) for positive integer a.



FIRE6: Feynman Integral REdu
tion with Modular Arithmeti


An example

F (a) =
∫
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F (a) = 0 for integer a ≤ 0.

We need F (a) for positive integer a.
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An example

F (a) =
∫

d

d

k

(k2−m

2)a

F (a) = 0 for integer a ≤ 0.

We need F (a) for positive integer a.

Apply IBP

∫
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Taking derivatives:
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· kµ = d
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An example
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An example
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An example

k · ∂
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IBP relation

(d − 2a)F (a)− 2am

2

F (a + 1) = 0

Its solution
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F (a − 1)
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Integration by part relations
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Di�erentiate the expression by an internal momenta and

take the s
alar produ
t with any momenta, the result has

to be zero

We have index 
hanges and 
onstru
tions like

(dE
i

/dk
j

) · v . It is again quadrati
. Re-de
ompose it by

E

i

and there are not enough propagators E

i

add some

more to get the full basis

One gets (int + 1) ∗ int/2+ int ∗ ext indi
es.

There is a set of relations between integrals with di�erent

indi
es. Solve them?
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Integration by part relations (indi
es)
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Integration by part relations (indi
es, no forward move)
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Integration by part relations (se
tors and 
orner points)
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Redu
tion strategy

Redu
e se
tor-wise. We prefer going to lower se
tors.

This also has a physi
al meaning, due to boundary


onditions many of se
tors with multiple non-positive

indi
es 
onsist of zero-integrals.

Level of a se
tor = number of positive indi
es.

Se
tors of same level 
an in prin
iple be redu
ed in

parallel.

There are also symmetries that 
an map se
tors of same

level to ea
h other (with sums).

Ea
h se
tor requires an ordering inside.
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Redu
tion strategy in a se
tor

Ordering inside a se
tor. We 
onsider the shift from the


orner (a

i

− 1 for positive, −a

i

for negative), the shift


onsists of non-negative numbers)

An ordering matrix (non-degenerate). To 
ompare two

shift ve
tors, multiple them by the matrix and 
ompare

from �rst to last.

What to have as the �rst rows in the matrix?

Normally �rst there is a row of 1, meaning we 
ompare

the total shift from the 
orner, 
omplexity.

Then there goes a row of 1 
orresponding to negative

(FIRE) or positive (?) indi
es.
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Ordering matrix used by FIRE

Suppose we have 7 indi
es and a se
tor {−1, 1, 1, 1, 1,−1,−1}
then we get su
h a matrix.

{{1, 1, 1, 1, 1, 1, 1},

{1, 0, 0, 0, 0, 1, 1},

{0, 0, 0, 0, 0, 1, 1},

{0, 1, 0, 0, 0, 0, 0},

{0, 0, 1, 0, 0, 0, 0},

{0, 0, 0, 1, 0, 0, 0},

{0, 0, 0, 0, 0, 0, 1}}
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Integration by part relations (se
tors and 
orner points)
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Redu
tion strategy in a se
tor

The 
omplexity 
an be measured in two numbers, total

shift for positive indi
es and total shift for negative

indi
es.

I will repla
e (0, n) with (1, n) and (n, 0) with (n, 1) sin
e
those IBPs will also have to be generated.

First generate IBPs in points of 
omplexity (1, 1) (and
lower), solve them.

Go to (2, 1) and (1, 2) or only one of those

Go to (3, 1), (2, 2) and (1, 3) or a part of those

Until you redu
e all your integrals
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Level dependen
y in a se
tor
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Redu
tion strategy

Point of same total 
omplexity but di�ering �dot� and

�numerators� 
omplexity 
an be redu
ed in parallel

Sometimes you need to 
hoose other irredu
ible integrals

- preferred integrals 
hange the ordering

If starting from higher se
tors, expressions in lower se
tors

have to be masked

Not all IBPs are needed, some 
an be thrown away... or

even the smallest possible set left if there is already a run

with substituted variables
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FIRE6

FIRE: one of the publi
 available redu
tion programs

No private version at the moment

Current version: 6.2

https://arxiv.org/abs/1901.07808, submitted to

CPC

Other publi
 programs: AIR (Anastasiou, Lazopoulos,

2004), Litered (Lee, 2013), Reduze (Manteu�el, Studerus,

2009), Kira (Maierh�ofer, Usovits
h, Uwer, 2017)

https://arxiv.org/abs/1901.07808
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FIRE6 - get it

Distributed via bitbu
ket

Either binary pa
kages

bitbu
ket.org/feynmanIntegrals/fire/downloads/

Or download the sour
es and 
ompile (re
ommended)

git 
lone https://bitbu
ket.org/feynmanIntegrals/�re.git

bitbucket.org/feynmanIntegrals/fire/downloads/
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FIRE6 - build it

./
on�gure (or with options)

./
on�gure −−enable_zlib −−enable_snappy

−−enable_lthreads −−enable_t
mallo
 −−enable_zstd

make dep

make

make test
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FIRE6 - basi
 approa
h

Create a start �le in Mathemati
a

Build LiteRed diagram

Convert LiteRed �les to lbases

Run the redu
tion in 
++

Use tables in Mathemati
a (
an now be 
onverted to

rules by Tables2Rules)
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FIRE6 - stability

Thoroughly tested, should be mu
h more stable than

FIRE5.2

Tests that are run for ea
h pull request to dev or master

Most 
rashes are related to no RAM left, tries to inform

the user

#
lean to 
lean the semaphores on a ma
hine where were

killed jobs

#storage to store intermediate result for the 
ases of

hardware failure, reboots or 
hanging thread options
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FIRE6 - parallelization

#threads and #sthreads for separate work in di�erent

se
tors

#fthreads for the number of fermat workers (
onsider the

separate fermat mode)

#lthreads to enable parallization inside se
tors (only

forward now)

prime number approa
h (Manteu�el, S
habinger, 2016)

multiple 
omputers for one redu
tion

master splitting (Chawdhry, Lim, Mitov, 2018)
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FIRE6 - prime version

Give values to variables by #variables d->100 in 
on�g or

the variables option

Set a prime number, 
all the FIRE6p binary

Run multiple jobs with a s
ript or the FIRE6_mpi

laun
her on a 
luster

Re
onstru
t tables in Mathemati
a

Alternative way - use the information from the prime run

but no re
onstru
tion (#masters for the list of masters,

#hint for the list of IBPs that should be used)
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FIRE6 - re
onstru
tion

First there goes the re
onstru
tion from integers modular

p to rational numbers;

Then a rational fun
tion has to be re
onstru
ted. There

are two basi
 ways:

Newton formula

f (x) = 
0 + (x − x

0

)(
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1

)(
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+ . . .) . . .)

Thiele formula
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1

)/(

2

+ . . .) . . .)

A re
ursive 
ombination for multiple variables
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FIRE6 - re
onstru
tion

How to pro
eed?

1 variable - dire
t Thiele

2 variables - the denominators should be better split to

use Newton-Newton after re
onstru
ting them

Fix one variable, do Thiele, �nd the worst possible

denominator

Do the same for the other

Knowing both, take their produ
t, multiple by it and run

Newton-Newton

more variables - no re
onstru
tion pro
edure at the

moment
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FIRE6 - multiple 
omputers

spe
ify a 
onne
tion port with #port

laun
h the FLAME6 binary with the same 
on�g, it starts

waiting

laun
h FIRE6 binary, it prints it IP in a �le

FLAME6 
onne
ts to spe
i�ed IP and port

FIRE5 starts giving tasks both to lo
al and to remote (via

FLAME6) threads
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FIRE6 - split masters

Get the list of masters in a �le (perhaps a prime number

pass), 
an use Tables2Masters

Use the #masters |n-m|�le in the 
on�g or the -masters

n-m option

Run separate redu
tions where only a subset of masters in

non-zero

Use CombineTables to join the tables into a single �le
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FIRE6 - RAM

#memory mode normally suggested for memory

databases for se
tors

Anyway se
tor databases are stored to disk when not used

The bigger #threads (or #sthreads), the more RAM is

used

Split master mode should de
rease RAM usage on

substitutions a lot

Choose a suitable 
ompressor. Snappy or ZStandard for

polynomials, lz4 with the small mode for primes (or no


ompressor)
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FIRE6 - extra masters?

Extra master integrals are a serious problem for the

redu
tion

Most extra masters are removed by LiteRed - FIRE6 uses

internal symmetries also

Re
ent dis
overy. Not all rules are useful! - do not mix

equal masters with di�erent se
tor nature!

Some more relations if found 
an be added to .rules

pos_pref option to use more LiteRed internal symmetries

if needed
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FIRE6 - master integral 
hoi
e

We prefer dots, not numerators, sin
e more symmetries


an be found

Controlled by the pos_pref option (
an be negative now

too)

Spe
ify #preferred masters

The goal is to have denominators split into a fun
tion of

d and other variables

The d part should better be a produ
t of linear terms
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Redu
tion - unanswered questions

How should the propagators be 
hosen? Seems very

important!

How to �nd the best bases? In�uen
es redu
tion a lot,

important to estimate denominators for the prime

approa
h

When going a se
tor down, how mu
h should the


omplexity (shift from the 
orner) of an integral in
rease?

Ideal is 1, but sometimes it is 2. Can we avoid it?
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FIRE6 - plans

Keep on improving algorithms for modular redu
tion

More parallelization

More extensive use of LiteRed to use partial redu
tion

rules
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