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Holonomic systems are a class of systems of linear (partial or
ordinary) differential equations. One of the most fundamental
properties of a holonomic system is that its solution space is
finite-dimensional.
A Feynman amplitude is the integral of a rational function, or more
generally, the product of complex powers of polynomials. Hence we
can, in principle, apply the following two facts in (computational)
D-module theory:
@ For (multi-variate) polynomials f;, ..., f; and complex numbers
A1, ...y Ag, the multi-valued analytic function fl)‘l e fd’\d satisfies
a holonomic system, which can be computed algorithmically.
Moreover, if we ragard \'s as parameters, then it satisfies a
difference-differential system which corresponds to a holonomic
system by Mellin transform.
@ If a funciton satisfies a holonomic system, its integral with
respect to some of its variables also satisfies a holonomic
system, which can be computed algorithmically.
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In the integration, it would also be natural to ragard the integrand as
a local cohomology class associated with fq, ..., fy, which
corresponds to the Cutkosky-type phase space integral in case of
Feynman amplitude.

However, actual computation is hard in general because of the
complexity. | have only succeeded in the compuation for Feynman
amplitudes associated with simple diagrams as below mostly in the
two-dimensinal space-time.
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Feynman diagrams and Feynman integrals

Let G be a connected Feynman graph (diagram), i.e., G consists of

@ vertices Vi, ---, V,,
@ oriented line segments Ly, ..., Ly called internal lines,
@ oriented half-lines L, ..., L called external lines.

The end-points of each internal line L, are two distinct vertices, and

each external line has only one end-point, which coincides with one of
the vertices.

Ly
Ly
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e We associate v-dimensional vector p, to each external line L}

(1<r<n),

and v-dimensional vector k; and a real number (mass) m;, > 0 to

each internal line L; (1 <1 < N).

e For a vertex Vj and an internal or external line L;, the incidence

number [ : /] is defined as follows:

[ :/]=1if L, ends at V},
[/ : [] = —1if L, starts from V;,
[/ : /] = 0 otherwise.
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The Feynman integral associated with G is defined to be

Fe(p1,---,Pn)
_ H <Er E r]Pr—i-Z, NE /]k) N
_/I;QVN HI:l(k2_m/ +\/_O H

Here ¢ denotes the v-dimensional delta function,

2._ 2 2 2
kI '_kIO_kll_'“_klw

d"k; is the v-dimensional volume element,
and (- ++/—10) means the limit (- ++/—1¢) as € — +0.

The integrand is well-defined as a generalized function at least if all
m; > 0.
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In what follows, we assume that G is external, i.e., for each vertex
Vj, there exists a unique external line, which we may assume to be
L?, that ends at V; and that no external line starts from V;. Then
n = n’ holds and the Feynman integral is

[ 0 (s + 0l k) &
Fo(p1,-.pn) = e o 1
v [[)2 (ki = mf++v/=10) )
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Rewriting the Feynman integral

The delta factors of the integrand of the Feynman integral
correspond to the linear equations (momentum preservation)

N
pi+> k=0 (1<j<n)
I=1

for indeterminates p; and k; which correspond to the vectors p; and
k;. These equations define an N-dimensional linear subspace of
RN which is contained in the hyperplane p; + - - - 4+ p, = 0 since

Srlizn=o.
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Lemma
Let A be the n x N matrix whose (j, /)-element is [j : /]. Then the
rank of Ais n — 1.

For the example below, the matrix A is given by

-1 -1 -1 0 0 O

a_ 0o 0o 1 110
(1 1 0 1 0 -1
0 0 0 0 1 1
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In view of the lemma above, we can choose a set of indices

J:{/]_,...,/N,,,Jr]_}C{l...,N}

and integers a; and b so that the system

N
pi+> k=0 (1<j<n)
=1
of linear equations is equivalent to

ij =0, k— d)/(pla ooy Pty Ky k/anH) =0 (l € JC)‘
j=1
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Then the Feynman integral is written in the form

Fc(pl,---,pn)z/ o(p1+ -+ pn)
RN}/

X H 5(k/ - 1/1/(p1, NN T TP k/,\,_n+1))
leJe

N N
< [[(k} = m} +v=10)"]] dki
I=1 1=1

=d(p1+ -+ pn)Fe(pP1,...,Pn-1)
with the amplitude function

ﬁG(pl,---:pn—l) —/(N ) H(klz—mlz—f—\/—]_())—l
RWN=n+1)v

led

< [T@i(p1, - pocri ki, - ki) = mp +V=10) ] dki.

leJe leJ
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D-modules

In general, let D, be the ring of differential operators in the variables
x = (x1,...,X,) with polynomial coefficients (the n-th Weyl algebra).
D, is the C-algebra generated by xi,...,x, and Oy, ..., Oy, with
commutation relations

OxXj — XiOx; = 0, XiXj = X;X;,  Ox,Ox; = O Ox,.

A system
!
Y Pu=0 (i=1....m)
j=1

of linear differential equations with Pj; € D, for unknown functions
uy, ..., u corresponds to the left D,-module

—

M =D}/(D,Py + -+ D,Py), Pi=(Pa,...,Pi).
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In fact, the solution space of this system in a function space F is
given by the left D,-module homomorphisms

U]_ /
Homp, (M, F) ~ | eF | Y Pu=0 (i=1....m)
uy J=1
This follows from the exact sequence

pm L5 D £5 M —0

of left D,-modules. Here ¢ and ¢ are D,-homomorphisms defined by

o((P1,y...,P))=1[(P1,...,P)] (the residue class in M),
Pio-o Py

V((Qr, -, Qm)) = (&1 -+ Qm) | :
Pml Pml
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Characteristic variety and holonomic systems
For the sake of simplicity, let us consider a system

> _Pu=0 (P €Dy

for a single unknown function v, i.e., the D,-module
M = D,/I, | .=D,P;+---+D,P,,.

In general, a nonzero P € D, is written in the form

P = Z a,(x)0%,  a.(x) € C[x]

with multi-indices « = (ay,...,a,) € N, N={0,1,2,...}. The
principal symbol of P is defined to be

o(P) = 0o(P)(x.&) = )  aa(x)¢" € C[x,{]

|a|=1

with commutative indeterminates & =
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Definition
The characteristic variety of M = D,,// is the algebraic set

Char(M) = {(x,£) € C*" | o(P)(x,€) =0 (VP € I\ {0})}

of the cotangent bundle T*C" = C?",

Theorem (Sato-Kawai-Kashiwara, J. Bernstein)
The dimension of Char(M) is not less than n if M # 0.

Definition
The left D,-module M = D, /I is holonomic if Char(M) is
n-dimensional or else M = 0.

Theorem (Kashiwara)

The solution space of a holonomic system is finite dimensional.

o’
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Local cohomology

In general, let fi, ..., fy be polynomials in the variables
x = (x1,...,X,) with complex coefficients such that the variety

Y={xeC"| (x)="--=fy(x) =0}
is d-codimensional, i.e., fi,--- , fy are of complete intersection. Then

the (algebraic) d-th local cohomology group associated with
fi,..., fy is defined to be the quotient space

HY(CIx]) = Clx, £/ Y Clx, (/)]

with f = f; - - - fy. It consists of the cohomology classes [g/f"] with
v=1223 ... and g € C[x].
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e HZ(C[x]) has a natural structure of left D,-module and is
holonomic as such.

e The simplest example of the local cohomology group is
H{oy(CIx]) = C[x, x*]/C[x]

with x = x; (one variable), which is spanned by the classes [x %] with
k=1,2,3,... as a C-vector space. As a left D;-module, it is
generated only by [x7!] since 9%[x7] = (—1)*k![x~*~1].

e There are algorithms (U. Walther, Oaku-Takayama) to compute
the local cohomology group as a D-module, in particular, the
annihilator (the holonomic system) for each cohomology class.
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Integrands of Feynman amplitudes

Let D,y be the ring of differential operators with polynomial
coefficients in p1,...,pn-1,ky, ..., ky_,. We regard the integrand

[10G = m? +v=10)"

led

X HW!(PL e Pot, Ky kg )P = m 4+ V/—10)7!

leJe

of the Feynman amplitude as the local cohomology class

[H(k% - ml2)_1 H(l/}l(pl; o5 Pn—1, k/1’ T k/N—nJrl)2 - m,2)_1

led leJe

associated with polynomials k? — m? with / € J and v, — m? with
I e Je.
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The holonomic system for the local cohomology class

106 = mdy  TTiPr - Pk i) = )

led leJe

can be computed by general algorithms; in case m; > 0, it is
generated by first order operators, which are much easier to compute.
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Integrals of D-modules

In general, let M be a finitely generated left module over D, 4, the
ring of differential operators in the variables

(X’.y) = (le' s Xny Y1, -4 7.yd)'
Then the integral of M w.r.t. y is the left D,-module

/I\/Idy = M/(OM+---+0,,M).

Theorem (J. Bernstein)

If M is a holonomic D, 4-module, then f M dy is a holonomic
D,,-module.
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e Let F be a C-vector space of (generalized) functions in (x,y) such
that f € F implies Pf € F for any P € Dy 4.

e Let ' be a C-vector space of (generalized) functions in x such
that £ € F' implies Pf € F' for any P € D,,.

Suppose that for u(x,y) € F, the integral [ u(x,y) dy is well-defined
and belongs to F’ so that

P [ utxy)dy = [ Putxy)dy (vPe D)
/aﬂu(x,y)dy:O (G=1,...,d)
for any u € F. Then there is a natural C-linear map

Homp,, ,(M,F) — HomDn(/ Mdy, F).
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More concretely, let M = D, 4/ with a left ideal / of D,.4. Then

/ M dy = Dyra/(I + Oy Dprg + -+ 0,,Dnra)

as left D,-module. If M is holonomic, there exists m € N such that
the left D,-module [ M dy is generated by the residue classes of y*
with o € N9 such that

ol =1+ +ag < m.

Then the homomorphism

HomDn+d

(M, F) — HomDn(/ M dy, F')
is given by the map, for u(x,y) such that Pu=0 for any P € /,

utx.y) > ( [ yuley) dy | € N, Ja] < m)
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and for |3| > m, there exist Ps, € D, such that

[yutey)dy =3 o [ yutxy)dy

la|<m

This relation amounts to

y’ = Z Pgay® € I+ 0y Dpig+ -+ + 0y, Dpia.

|a|<m
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In particular, [ u(x,y)dy is annihilated by the ideal
J=D,N (/ + 8y1Dn+d +oot a}’dD"+d)

of D, which is called the integration ideal of /.

There is an algorithm to compute [ M dy as well as J precisely
(Oaku-Takayama). In the algorithm, the bound m is given as the
largest integer root of what is called the b-function (an analogue of
the indicial polynomial for ODE).

There are also heuristic algorithms to compute an ‘approximation’ of
J, which might be smaller than J, such as ‘creative telescoping’
method.

| used a computer algebra system Risa/Asir developed by M. Noro for
computing the following examples:
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Example 1 (as a toy case)
Let us study the Feynman diagram G below:

Ky
P1 P2

ko

Then the Feynman integral is written in the form

Fe(p1,p2) = / d(p1 — ki — k2)d(—p2 + ki + k2)
R4

x (k3 — m2 ++/=10)"*(kj — m3 ++/—10)"" dk;dk,
= 6(p1 — Pz)/:_G(Pl)

with the amplitude
Fe(p) = / (ki —m2 ++v/—10)""((p1 — k1)> — m3 +v—10)"" dk;.
R2
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In view of the invariance under Lorentz transformations, let us set
P1 = (X,O,...,O).

In case v = 2, the integration ideal of the annihilator of the local
cohomology class

(Ko — Ky — mi) " ((x — kwo)* — kiy — m3) "]
is generated by
(x—my—my) (x—my+my) (x-+my—my)(x+my+my) 0, +2x(x* —m3 —m3).

The solutions (the kernel) of this operator are constant multiples of

(X—m1+m2)_1/2(x+m1—m2)_1/2(x+m1+m2)_1/2(x—ml—mg)_l/z.
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In case of v = 4, by using the 3-dimensional polar coordinates, we
have

Folpn) = [ (k= m? + V=10 (o1 — k) = m} + V=10) "

= 271'/ (kiy —r* —m? ++/-10)7"
R2
X ((X — k10)2 — r2 — m% +v-1 0)_1r_%_ dklodr.

The integration ideal of the annihilator of the cohomology class
[r2(Kio — r* = mi) 7 ((x = kio)® — r* — m3)~]
is generated by
x(x —my — my)(x — my + mp)(x + my — my)(x + my + my)0y
—2((m2 4+ mA)x? — m} +2mim? — mj).
The solutions (the kernel) of this operator are constant multiples of
x72(x = my +mp) Y2 (x+ my — mp) Y2 (x + my+my) Y2 (x — my — my) V2,
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Example 2 (Cf. Adams-Bogner-Weinzierl 2015)
The Feynman integral associated with the graph G below
kq

is given by \~/

Fe(p1,p2) = 0(p1 — P2)Fc(p1)

with

Felpn) = [ (K = m? + V=10) (6 =+ V=10) "

x ((p1 — k1 — ko)*> — m3 ++/—10)"" dk,dk,.

We work in the 2-dimensional space-time (v = 2) and compute
holonomic systems for F¢((x,0)) by assigning some special values to
my, my, m3 since the computation for general my, m,, mz (as
parameters) is intractable.
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First let us set my = 1, mp = 2, mz = 4 so that (—my + my + ms3)?,

(my — my + m3)?, (my 4+ my — m3)? are distinct. Then Fg((x,0)) is
annihilated by the differential operator

30x(x — 1)(x 4+ 1)(x = 3)(x + 3)(x = 5)(x +5)(x = 7)(x + 7)8_;:'
+ (—2x'? 4 191x* — 5340x® + 35954x° + 273082x*
— 2071305 4 661500)92
+ (—10x™ + 675x° — 12108x” 4 15454x° + 936462x>

— 2692665x)0x
— 8x19 4+ 372x® — 3300x° — 36028x* + 457932x° — 356760.

The singular points x = 0,41, 43, +5, £7 are all regular and the
indicial equations are all s?(s —1).
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Next set my = mp = ms = 1. Then F¢((x,0)) is annihilated by
x(x = 1)(x + 1)(x — 3)(x + 3)92 + (5x* — 30x* + 9)0, + 4x> — 12x.

The points 0, =1, £3 are regular singular and the indicial equations
at these points are all s2.

See Adams-Bogner-Weinzierl (2015) for complete computation with
arbitrary my, mp, ms by a different (and more efficient) method.
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Example 3

The Feynman integral associated with the graph G below

p1 ky P2

ks
k>

. Ps3
is given by

Fo(p1,P2,P3) = 6(p1 — P2 — P3)Fe(p1, P2)
with

Felpuope) = [ (k= mi 4 V=10)
x ((pr = k1)? = m3 +V=10)"*((p2 — k1)* = m5 +v/~10)"* dk.
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We work in the 2-dimensional space-time (v = 2). In view of the
invariance under Lorentz transformation, we set p; = (x,0), and

P2 = (.y7 Z)'

First let us set my = m, = m3 = 1. We compute the integration ideal
| of the annihilator of the integrand regarded as a local cohomology

class.
Since | is too complicated (with tens of generators), we will present
only the characteristic variety of M := Ds/I.
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The characteristic variety of M := D;/I is given by

Char(M) = TE}ZO}(C3 U T{*XZO}C3 U T{*X:ﬁ):O}(C?’ U T;X:y272274:0}(c3
* 3 * 3 * 3
U T{X:y+z:0}c U T{X:y—ZZO}C U T{X:y:ZIO}C
with
f(x,y.2) = (v = 2)(y + 2)x* = 2(y — 2)(y + 2)yx
+(y — 2)*(y + 2)* + 47,
foy.z) = £(0.y,2),
where we denote by T3C3 the closure of the conormal bundle of the
regular part of an analytic set Z of C3.

Only the first component T{*fZO}CE‘ should be physically significant.
Especially, it roughly means that the Feynman amplitude is analytic
outside the surface f = 0, which has rather complicated singularities.
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Definition of the conormal bundle

In general, if a complex analytic submanifold Z is defined by
fi(x,y,z)=---=fy(x,y,2) =0

with holomorphic functions f;, ..., fy such that df A --- A dfy #0,
then the conormal bundle of Z is defined to be the submanifold

T}(C3 = {(X,y,Z; cadf+ -+ Cddfd) | C1,C,C3 € (C}
of the contangent bundle
T°C® = {(x,y,z: €dx +ndy + (dz) | £, ¢ € C}.

In fact, T3C3 is a Lagrangean submanifold of T*C3.
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Singularities of the surface f =0
Let us investigate the singularities of the complex surface
Z={(x.y,2) eC’| f(x,y,2) = O},
f=—2)y+2)x° =20y — 2)(y + 2)yx + (y — 2)*(y + 2)* +42".
Following N. Honda and T. Kawai, we rewrite f as

f=yzx* —yz(y + 2)x + y*22 + (y — 2)?

by change of coordinates (y + z,y — z) — (y, 2).

Then the singular locus (the set of the singular points) of Z is the
union of two complex lines {x = y = z} and {y = z = 0}.

The projection Z 3 (x,y, z) — (y, z) defines a doube covering on
{(x,y) | xy # 0} branched along the union of curves y —z =0 and
yz—4=0.
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The stratification of Z with respect to the (local) b-function by ,(s)
of f at a point p is

’ strata ‘ br p(5) ‘
{(0,0,0)} (s+1)32s+3)
{(2,0,0),(—2,0,0),(2,2,2),(—2,—-2,-2)} | (s + 1)2(25 +3)
{x=y=z}U{y=2z=0} (s +1)?

\{(0,0,0),(£2,0,0),£(2,2,2)}
{f=00\({x=y=2ztu{y=2=0}) s+1

In comparison, that of g := x> — y?z (Whitney umbrella) is
| strata | bgo(s) |
{(0,0,0)} (s +1)*(2s+3)
{x=y=0}\{(0,0,0)} | (s +1)

{g=0\{x=y=0} [s+1
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Local b-function (Bernstein-Sato polynomial)

In general, let f(x) = f(x1,...,x,) be a holomorphic function defined
on a neighborhood of p € C". Let D, be the ring of differential
operators whose coefficients are holomorphic on a neighborhood of p.
Then the local b-function (Bernstein-Sato polynomial) of f at p is
the monic polynomial bf ,(s) € C[s] of the least degree such that

P(s)f*t! = by ,(s)f* (3P(s) € D,[s]).

By the definition, b ,(s) is a complex analytic invariant of f at p.
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Incase my =1 m =2 m3=3

In case my =1, my =2, m3 = 3, we succeeded in computation of the
integration ideal / of the integrand as a local cohomology class. The
characteristic variety of M := D;/I is given by

Char(M) = T{*g:O}C3 U T«ka:y—z:O}(C?)a
with
g(x,y,2) = (y = 2)(y + 2)x* = 2y(y* — 22 = 8)x°
+H(y* (=222 —22)y? +2* 426 2°+64) x> +6y (y* —z°—8)x+9(y*—Z°).

The decomposition of Char(M) was done by using a library file
noro_pd.rr of Risa/Asir for prime and primary decomposition of
polynomial ideals developed by M. Noro.
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The singularities of the surface g =0
Again by change of coordinates (y + z,y — z) — (y, z), we rewirte g
as

g=yzx* — (y +2)(yz — 8)x> + ((2* + 1)y® — 24zy + 2° + 64)x°
+3(y + z)(yz — 8)x + 9yz.

The set of the singular points of the surface g = 0 is given by the
curve
2> — (22 —8)x—-3z=y—z=0.
The local b-function is (s + 1)?(2s + 3) at the 8 points
+(1,2,2), +(1,-4,-4), =£(3,-2,-2), =£(3,4,4);

(s + 1)% on the curve zx®> — (22 — 8)x — 3z = y — z = 0 other than
the 8 points above.

The local b-function of g at the 8 points is the same as that of the
Whitney umbrella at the origin.
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Microlocal point of view

We work in the d-dimensional Euclidean space R" together with its
complexification C". We use complex coordinates

z=(z,...,2,) € C" with zx = x, +v/~1yi.

We mean by an open cone I in R” an open set of R” such that y € I’
implies cy € T for any ¢ > 0. For two open cones I and ', we
denote I 3 I if T U {0} D I holds.

Let U be an open set of R”, and ' an open cone in R". We say that
a function F(z) is holomorphic on U + 1/—1T0 and denote

F € O(U + +/—1T0) if, for any compact subset K of U and any
open cone [ such that " € I, there exists £ > 0 so that F(z) is
holomorphic (complex analytic) on the set

{x+vV-1ly|xeK,yel |y| <e}.
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Hyperfunctions

A hyperfunction (of Mikio Sato) u(x) on U C R” is defined as the
sum of ‘the boundary values’

N

u(x) = Fi(x + vV—=1T,0)

k=1

with open cones ', and F, € O(U + \/—_le0). Here

Fi(x + v/—1T,0) means the formal (cohomological) limit of

Fi(x ++/—1y) as y € [ tends to zero. This limit often makes sense
as a distribution of L. Schwartz.

Abstractly, the space of the hyperfunctions on R” is defined to be the
local cohomology group HE.(O¢), where Oc¢n denotes the sheaf on
C" of holomorphic functions.
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Micro-analyticity

The dual (or polar) cone I'° of an open cone I is defined to be the
closed cone

M={{eR"[(§y) 20 (VyeN}
where (£, y) is the Euclidean inner product. Let
V-1T'R"={(x,vV—1(&,dx)) | x,£ € R"} ~R"

be the purely imaginary cotangent bundle of R"”. We identify

(x, v/ =1 (&, dx)) with (x,/—1¢).
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Definition
A hyperfunction u(x) is said to be micro-analytic at (p, v—1&) if it
is written, on a neighborhood U of p, in the form

N

u(x) = Fi(x+ V=1T0), F, € OU+v/~1T,0)

k=1

with open convex cones [ such that & & I'}.

Definition
The analytic wave-front set WA(u) of a hyperfunction u(x) on U is
defined to be the closed suset

WA(u) = {(p,vV—1&) | u is not micro-analytic at (p,v/—1&)}
of v/—1T*U.
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Microfunctions

Definition
A germ of microfunction at (p,v/—1,0) is a hyperfunction u(x)
defined on a neighborhood of p modulo hyperfunctions which are

micro-analytic at (p, v/—1&y0). This defines the sheaf C of
microfunctions on v/—1 T*R".

Let us denote by A the sheaf on R” of real analytic functions, by B
that of hyperfunctions, and by 7 : v/—1 T*R. — R" the projection.
Then there exists an exact sequence

0O—A—B—m.C —0.

This means that the sheaf C describes the cotangential decompositon
of the analytic singularity B/.A of hyperfunctions.
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Feynman amplitudes as microfunctions

As was pointed out bNy Sato-Kawai-Kashiwara in the 1970’s, the
Feynman amplitude Fg(p1,...,p) associated with an external

diagram G with positive masses is well-defined as a microfunction on
the set

VL TR D\ 5 (A(G) \ A4(6))

and its support (analytic wave-front set) is contained in w(A(G)).
These sets are called Landau (-Nakanishi) varieties and defined as
follows:
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We set

/\(G) = {(p17 «o oy Pn—1, k/1a SR klN_,,_H; ug,...,Up_1;01,... ,OZN)

e RN x RD x RV |
ap(ki =mj)=0(1<j<N-n+1),
a(f —mp) =0 (I € J9),

a/jk,j—l—Za/b,j@/),:O (1 SJ < N—n+1),
leJe

= Za/a/r¢/ (1<r<n-1),

leJe
a;>0 (1< 1< N)}

with
N—n+1

Za/rme Z bjk;;,
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A(G) ={(P1s---sPn—1. kips - Kpy UL, U, i)
e RN x RY(1) » RV |
ap(ki =mj) =0 (1<j<N-n+1),
a(yf —mj) =0 (I € J°),
agky, + Y abph=0(1<j<N-n+1),

leJe

u, = Zalalrwl (I1<r<n-1),

leJe

a>0 (1 << N)},
and w is the projection of A(G) to

V=1 T*R*("D)
={(p1, - Po-1: V—1({uy, dp1) + - + (Up_1,dp,s1))) }.
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For example, for the graph G below

Ky
P1 1%

ky

NG) = {(p1, k1, u1, 1, 2) | ax (ki — mi) = ax((p1 — k1)? — m3) = C
artky —ao(pr — ki) =0, uy =azp;, a1, >0}

AL (G) = {(P1, ki, u1, 01, 0) | aa (ki — mi) = ao((p1 — ki)* — m5) = C
ark; — aa(pr — k1) =0, u; =aop1, a2 >0},

from which, we can confirm that

@(MG) \ A+(6)) = {(p1, V=1 (u1,dpy)) | u; = 0},
w(/\+(G)) = \/—_]. 2 —(m1+my)? ]R2 U \/_ 2 —(m1—my)? R2

This implies that the Feynman amplitude F¢(p;) is well-defined as an
element of B(R?)/A(RR?).
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Theorem

Let Fg(p1,...,Pn_1) be the Feynman amplitude associated with an
external diagram with positive masses. Let | be the annihilator of the
integrand of the Feynman amplitude as a local cohomology class.

Then as a microfunction I-:G(pl, .., Pn—1) is annihilated by the
integration ideal

N—n+1 v

Dz/(n—l) N (/ ol Z ZakUDI/N)
=1 j=1

as a microfunction on the set

VI TR D\ m(A(G) \ A,(6)).

Toshinori Oaku Department of Mathematics,Computation of holonomic systems for Feyn MITP, March 18-22, 2019 49 / 49



