
Dispersive analyses: pion vector and scalar form factors

Bastian Kubis

Helmholtz-Institut für Strahlen- und Kernphysik (Theorie)
Bethe Center for Theoretical Physics

Universität Bonn

in collaboration with J. Daub, C. Hanhart, S. Ropertz

JHEP 1602 (2016) 009, EPJC 78 (2018) 1000

Future Challenges in Non-Leptonic B-Decays: Theory and Experiment

MITP Mainz, 16/1/2019

1



1 Motivation: pion vector and scalar form factors

2 Dispersion relations and Omnès formalism

3 Digression: tensor form factors

4 S-wave and scalar form factors: coupled channels

5 Application: B̄0
d/s → J/ψπ+π−

6 Going beyond 1 GeV

7 Conclusion and outlook

2



Motivation

pion form factors (vector/scalar)

. describe hadronisation of currents into pairs of pions:〈
π+π−

∣∣ 1
2
(ūγµu − d̄γµd)

∣∣0〉 = FV
π (s)(p+ − p−)µ〈

π+π−
∣∣ 1

2
(ūu + d̄d)

∣∣0〉 = BnΓn(s)
〈
π+π−

∣∣s̄s∣∣0〉 = Bs Γs (s)

. strongly constrained model-independently by dispersion theory (s . 1 GeV)

why study B̄0
d/s → J/ψπ+π−? LHCb 2014

. universality of final-state interactions (FSI)
 rescattering in π+π− related to scalar (S-waves)

and vector (P-waves) pion form factors

. B̄0
s → J/ψπ+π−: S-wave dominated, clean s̄s source

. B̄0
d → J/ψπ+π−: clean d̄d source

3



Motivation

pion form factors (vector/scalar)

. describe hadronisation of currents into pairs of pions:〈
π+π−

∣∣ 1
2
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Motivation

no J/ψπ structure found by LHCb  no left-hand cuts

. Dalitz plots:

B̄0
d → J/ψπ+π− B̄0

s → J/ψπ+π−

LHCb
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5 LHCb

LHCb 2014

close-to-zero J/ψπ scattering length Liu et al. 2008
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Dispersion relations for pedestrians

Re(z)

Im(z)

s

4M2
π

Re(z)

Im(z)

s

4M2
π

analyticity (' causality)

& Cauchy’s theorem:

T (s) =
1

2πi

∮

∂Ω

T (z)dz

z − s

−→ 1

2πi

∫ ∞

4M2
π

discT (z)dz

z − s

=
1

π

∫ ∞

4M2
π

ImT (z)dz

z − s

discT (s) = 2i ImT (s) given by unitarity (' prob. conservation):
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discT (s) = 2i ImT (s) given by unitarity (' prob. conservation):
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e.g. if T (s) is a ππ partial wave −→

discT (s)

2i
= ImT (s) =

2qπ√
s
θ(s−4M2

π)|T (s)|2
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Dispersion relations for pedestrians
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inelastic intermediate states (KK̄ , 4π)

suppressed at low energies

−→ important at higher energies
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Form factors from elastic rescattering

unitarity relation:

=disc

1

2i
discFI (s) = ImFI (s) = FI (s)× θ(s − 4M2

π)× sin δI (s) e−iδI (s)

−→ final-state theorem: phase of FI (s) is just δI (s) Watson 1954

solution to this homogeneous integral equation known:

FI (s) = PI (s)ΩI (s) , ΩI (s) = exp

{
s

π

∫ ∞

4M2
π

ds ′
δI (s ′)

s ′(s ′ − s)

}

PI (s) polynomial, ΩI (s) Omnès function Omnès 1958

today: high-accuracy ππ (and πK ) phase shifts available
Ananthanarayan et al. 2001, Garćıa-Mart́ın et al. 2011 (Büttiker et al. 2004)

constrain PI (s) using symmetries (normalisation at s = 0 etc.)
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Pion vector form factor vs. Omnès representation

τ− → π−π0ντ form factor:

0.2 0.4 0.6 0.8 1 1.2 1.4 1.6 1.8

10
-2

10
-1

10
0

10
1

10
2

√
s [GeV]

|F
V π
(s
)|2

Schneider, BK, Niecknig 2012
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Pion vector form factor vs. Omnès representation

divide τ− → π−π0ντ form factor by Omnès function:

0 0.5 1 1.5 2

Q
2
 [GeV

2
]

1.1

1.2

1.3

R
(Q

2
)

Hanhart et al. 2013

−→ linear below 1 GeV: FV
π (s) ≈ (1 + 0.1GeV−2s)Ω(s)

slope at s = 0 given by elastic contribution to better than 90%

−→ above: inelastic resonances ρ′, ρ′′. . .
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Pion vector form factor: why does this work so well?

• inelastic effects (η(s) 6= 1) start well above 1 GeV and set in smoothly :

0.80 0.85 0.90 0.95 1.00 1.05 1.10 1.15 1.20 1.25 1.30

0.5

0.6

0.7

0.8

0.9

1.0

η
(s
)

√
s [GeV]

grey: phenomenological limits Garćıa-Mart́ın et al. 2011

blue: KK̄ Büttiker et al. 2004

red: πω Niecknig, BK, Schneider 2012
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Digression: tensor form factors

interesting for many BSM applications: tensor current form factors

〈π+π−|q̄σµνq|0〉 =
i

Mπ

(
pµ−p

ν
+ − pµ+p

ν
−
)
Bπ,qT (s)

unitarity relation: ImBπ,qT (s) = σπ(s)
(
t1

1 (s)
)∗
Bπ,qT (s)

−→ identical to the one for FπV (s) — P-wave form factor!

−→ up to inelastic corrections (assuming Brodsky–Lepage asymptotics)

Bπ,qT (s) = Bπ,qT (0)FV
π (s)

Bπ,uT (0) = −Bπ,dT (0) = 0.195(10) from lattice Baum et al. 2011

• similar relation for πK tensor form factor Cirigliano, Crivellin, Hoferichter 2017

• some can even be carried over to nucleon form factors of the tensor current

Hoferichter, BK, Ruiz de Elvira, Stoffer 2018
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Pion–pion S-wave: non-Breit–Wigner and KK̄ threshold

isospin I = 0 pion–pion S-wave phase and inelasticity:

400 600 800 1000 1200 1400

s
1/2 

 (MeV)

0

50

100

150

200

250

300

CFD
Old K decay data

Na48/2
K->2 π  decay

Kaminski et al.
Grayer et al. Sol.B

Grayer et al. Sol. C

Grayer et al. Sol. D

Hyams et al. 73

δ
0

(0)

1000 1100 1200 1300 1400

s
1/2

(MeV)

0

0.5

1

η
0

0
(s)

Cohen et al.
Etkin et al.
Wetzel et al.
Hyams et al. 75

Kaminski et al.
Hyams et al. 73

Protopopescu et al.

CFD                                         .

ππ      KK

ππ       ππ

Garćıa-Mart́ın et al. 2011

phase motion is nowhere near a Breit–Wigner-type shape

KK̄ threshold coincides with f0(980) resonance

−→ strong inelasticity variation, very different from P-wave

−→ requires coupled-channel treatment ππ ↔ KK̄
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Scalar form factors: coupled channels

two scalar isoscalar pion form factors:
〈
π+π−

∣∣ 1
2 (ūu + d̄d)

∣∣0
〉

= BnΓn
π(s)

〈
π+π−

∣∣s̄s
∣∣0
〉

= BsΓs
π(s)

two-channel discontinuity equation:

disc Γ(s) = 2i T ∗(s)Σ(s)Γ(s) Γ(s) =

(
Γπ(s)

2√
3

ΓK (s)

)

phase space: Σ(s) = diag
(
σπ(s)θ(s − 4M2

π), σK (s)θ(s − 4M2
K )
)

parametrisation of two-channel T -matrix:

T =




η(s)e2iδ(s) − 1

2iσπ(s)
|g(s)|e iψ(s)

|g(s)|e iψ(s) η(s)e2i(ψ(s)−δ(s)) − 1

2iσK (s)




inelasticity: η(s) =
√

1− 4σπ(s)σK (s)|g(s)|2θ(s − 4M2
K )
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Scalar form factors: coupled channels
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2iσK (s)




inelasticity: η(s) =
√

1− 4σπ(s)σK (s)|g(s)|2θ(s − 4M2
K )

−→ three input functions:

. ππ S-wave phase shift δ(s) Caprini, Colangelo, Leutwyler 2012

. modulus |g(s)| and phase ψ(s) of ππ → KK̄ amplitude
Büttiker et al. 2004; Cohen et al. 1980, Etkin et al. 1982

solution in terms of Omnès matrix
(

Γπ(s)
2√
3

ΓK (s)

)
=

(
Ω11(s) Ω12(s)
Ω21(s) Ω22(s)

)(
Γπ(0)

2√
3

ΓK (0)

)

Donoghue, Gasser, Leutwyler 1990
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Scalar form factors: numerical results

different scalar form factors depend on normalisation at s = 0:
〈
π+π−

∣∣ 1
2 (ūu + d̄d)

∣∣0
〉

= BnΓn
π(s)

〈
π+π−

∣∣s̄s
∣∣0
〉

= BsΓs
π(s)

normalisation fixed by Feynman–Hellmann theorem and ChPT:

Γn
π(0) = 0.98, Γn

K (0) = {0.4...0.6}, Γs
π(0) = 0, Γs

K (0) = {0.95...1.15}
|Γn
π(
√
s)|

0.4 0.6 0.8 1.0 1.2 1.4

1

2

0

Γn
K(0) = 0.6

Γn
K(0) = 0.5

Γn
K(0) = 0.4

√
s [GeV]

broad bump: f0(500) / “σ”

dip near f0(980) pole

|Γs
π(
√
s)|

0.4 0.6 0.8 1.0 1.2 1.4

1

2

3

4

5 Γs
K(0) = 0.95

Γs
K(0) = 1.05

Γs
K(0) = 1.15

√
s [GeV]

prominent peak of the f0(980)

Daub, Hanhart, BK 2015
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B̄0
d/s → J/ψπ+π−

matrix element:

Mfi =
GF√

2
VcbV ∗cd fψMψε

∗
µ(pψ , λ)

(
2MψPµ

(0)

λ1/2(s,m2
ψ ,m

2
B )
F0 +

Qµ
(‖)√
s
F‖ −

i p̄µ⊥√
s
F⊥
)

F0,‖,⊥(s, θπ) transversity form factors

−→ orthogonal basis of momentum vectors Pµ(0), Q
µ
(‖), p̄

µ
⊥ Faller et al. 2014

B̄0
d/s

π+π−
plane

µ+µ−
plane

π+

π−

µ+

µ−

φ

θπ θJ/ψ
π+π− J/ψ

expand in partial waves f `τ  Omnès formalism:

f
(S)

0 (s) = bn
0 (1 + b′n0 s)Γn

π(s) + cs
0Γs
π(s)

f
(P)
τ (s) = aτ (1 + a′τ s)Ω1

1(s)

(
1 +

κ s

M2
ω − iMωΓω − s

)

. adjust normalisations, potentially allow for slope parameters

. ρ–ω mixing strength κ fixed

comparison to data: fit to angular moments LHCb 2014

〈Y 0
l 〉(s) =

∫ 1

−1

d2Γ

d
√
s d cos θπ

Y 0
l (cos θπ)d cos θπ

〈Y 0
0 〉 ∝ dΓ/d

√
s, 〈Y 0

2 〉: P-waves, D-waves, S–D-interference
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κ s

M2
ω − iMωΓω − s

)

. adjust normalisations, potentially allow for slope parameters

. ρ–ω mixing strength κ fixed

comparison to data: fit to angular moments LHCb 2014

〈Y 0
l 〉(s) =

∫ 1

−1

d2Γ

d
√
s d cos θπ

Y 0
l (cos θπ)d cos θπ

〈Y 0
0 〉 ∝ dΓ/d

√
s, 〈Y 0

2 〉: P-waves, D-waves, S–D-interference
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B̄0
d → J/ψπ+π−: fit results, S-wave

FIT I: 3 parameters (bn
0 , a0, a‖); FIT II: + D-wave; FIT III: + a′0 6= 0 (4 par.)
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B̄0
s → J/ψπ+π−: fit results, S-wave
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ππ → KK̄ S-wave not as accurately known as elastic ππ scattering

. vary phase input

phase behaviour: dispersive constraints select “correct” LHCb solution

Daub, Hanhart, BK 2015
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Going beyond 1 GeV: higher states and resonances

ππ and KK̄ coupled channels work up to 1.05GeV

beyond: strong coupling to 4π −→ phase/inelasticity description??

resonances, e.g. B(f0(1500)→ 4π) = (49.5± 3.3)% PDG 2018

idea: coupling to 4π via resonances, preserve unitarity Hanhart 2012

−→ Omnès at low energies, unitary isobar model above

4π in general very complicated; approximations:

vector form factor: 4π phase space only + πω Hanhart 2012

scalar form factor: isobars ρρ or σσ Ropertz, Hanhart, BK 2018

neglect crossed-channel effects, other channels
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π
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π

π
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ρ/σ

ρ/σ

π
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π
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Partial-wave amplitude: 2-potential formalism

Bethe–Salpeter equation for partial-wave amplitude T :

T = V + V TG

split scattering kernel V = V0 + VR −→ T = T0 + TR

unitary scattering amplitude T0 (given by known phases and inelasticities)

T0 = V0 + V0 T0G =



ηe2iδ−1

2iσπ
ge iψ 0

ge iψ ηe2i(ψ−δ)

2iσK
0

0 0 0




resonance-exchange potential VR

VR = −
∑

R

gR gR
R

= −
∑

R

gR
i

s

m2
R (s −m2

R )
gR

j

18



Partial-wave amplitude: 2-potential formalism

full parametrisation for scattering matrix T :

T = T0 + Ω [1− VR Σ]−1 VR Ωt

vertex factor Ω(s)

Im


 Ω


 = T0 Ω

Ωij (s) =
1

π

∞∫

sth

dz
(T0)∗ik (z)σk (z)Ωkj (z)

z − s − iε

self energy Σ(s)

Im
(

Σ
)

= Ω Ω

Σij (s) =
s

π

∞∫

sth

dz

z

Ω∗ki (z)σk (z)Ωkj (z)

z − s − iε

additional channels: (T0)ij = 0 −→

Ωij (s) = δij and Σij (s) = δij
s

π

∞∫

sth

dz

z

σi (z)

z − s − iε

19



Form factor parametrisation

coupling to a source/current:

F = M + T MG

full parametrisation for form factor F :

F = Ω [1 − VR Σ]−1 M

source term M(s):

M = P −
∑

R

gR αR
R

Mi (s) = ai + bi s + . . .−
∑

R

gR
i

s

s −m2
R

αR

−→ new parameters:
resonance–source (αR ) and resonance–channel (gR

i ) couplings
20



Application to the pion vector form factor

resonances up to 2GeV: ρ(770) (elastic!), ρ(1450), ρ(1700)

channels (1–3):

. ππ (
√
sth ≈ 0.29GeV): elastic, works up to 1GeV

. 4π (
√
sth ≈ 0.56GeV): heavily phase-space suppressed at low energies

. πω (
√
sth ≈ 0.92GeV): strong role in ππ inelasticity

elastic scattering matrix

T 0(s) =




sin(δ(s))
σπ(s) e iδ(s) 0 0

0 0 0
0 0 0
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Application to the pion vector form factor
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Application to the pion vector form factor
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Cross section ratio inelastic vs. elastic
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Application to B̄0
s → J/ψπ+π−/K+K−

fit to LHCb angular moments in full energy range:

〈
Y 0

L

〉 (√
s
)

=

1∫

−1

d cos Θ
d2Γ

d
√
s d cos Θ

Y 0
L (cos Θ)

normalisation N , scalar form factor FS ,

P-waves F τP (K+K− only!), D-waves F τD :

√
4π
〈
Y 0

0

〉
= Xσπ

√
s



X 2N 2|FS |2 +

∑

τ=0,‖,⊥

|F τP |2 +
∑

τ=0,‖,⊥

|F τD |2




√
4π
〈
Y 0

2

〉
= Xσπ

√
s



2XNRe

(
FS

(
F 0

D

)∗)
+

∑

τ=0,⊥,‖

(
cτ |F τP |2 + dτ |F τD |2

)




P- and D-wave amplitudes modelled by Breit–Wigner functions
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Comparison Fπ

χ2

ndf ρρ σσ
Fit 1=2 resonances, constant polynomial in M(s) 1.07 1.22
Fit 2=2 resonances, linear polynomial in M(s) 1.03 1.18
Fit 3=3 resonances, constant polynomial in M(s) 0.96 1.05
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Comparison FK
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Comparison F4π

ρρ

√
s [GeV]

0.5 1 1.5 2 2.5

ab
s
(F

4
π
)

0

5

10

15

20

25

σσ

√
s [GeV]

0.5 1 1.5 2 2.5

ab
s
(F

4
π
)

0

5

10

15

20

25

Fit 1, Fit 2 and Fit 3

suppressed at lower energies

strong model dependence of the additional channel

need to include more exclusive data!
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Conclusion and outlook

Conclusion

elastic unitarity: strongest constraints on vector form factor (tensor, too!)

coupled channels (scalar ππ ↔ KK̄ ):

. requires more scattering input

. continuous freedom through relative channel coupling strength

modelling the extension to 1–2 GeV:

. merge low-energy dispersive to unitary isobar model

. successfully applied to vector form factor

. B̄0
s → J/ψπ+π−/K+K− −→ strange scalar form factor

. not discussed here: extraction of resonance poles

Outlook

test universality e.g. in B̄0
s → ψ′π+π−/K+K−

similar data for non-strange scalar form factor??

inclusion of scattering data to the fits

closer investigation of high-energy asymptotics
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What are left-hand cuts?

Example: pion–pion scattering

Re(z)

Im(z)

s

4M2
π

s

right-hand cut due to unitarity: s ≥ 4Mπ

crossing symmetry: cuts also for t, u ≥ 4Mπ

partial-wave projection: T (s, t) = 32π
∑

i Ti (s)Pi (cos θ)

t(s, cos θ) = 1−cos θ
2 (4Mπ − s)

−→ cut for t ≥ 4Mπ becomes cut for s ≤ 0 in partial wave
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Left-hand cut in B̄0
d → J/ψ π+π−

B∗-exchange contribution:

B B∗ J/ψ

π π

−→ left-hand cut at s = 0; deviation from constant:

2.7 Estimates for the πη P -waves and left-hand cuts 67
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Figure 2.12: For the normalized coupling strength a� a band (red) is shown, spanned by the re-

sults of different fit scenarios, see Section 2.5.1. The a
(B∗)
� curves (blue, solid for α̃

(1)
2 , dashed for

α̃
(2)
2 ) differ considerably for the two sets of couplings α̃2: while the dashed curve is considerably

larger than the strength obtained in the fits, the solid curve nearly saturates the strength of the

fitted P -wave and converges to the band, at least aside from the region around the threshold

(indicated by the vertical line) and below. Both a
(B∗)
⊥ (green, dotted) are small compared to

a
(B∗)
� .

where the two results again correspond to the ambiguity in |α̃2|. There are no fitted a⊥ results
we can compare to, as we found it to be a redundant parameter in our fits. Instead in our
fits we figured out a considerable contribution due to the F0 P -wave corresponding to the fit
parameter a0—there was no considerable preference for the choice of the transversity P -wave in
our formalism.9 Actually the transversity-0 P -wave is not explained by the B∗ exchange, given
that Eq. (2.99) rules out a P -wave. We test whether this discrepancy can be compensated by
the aB∗

⊥ contribution, which is indeed the case. This is demonstrated in Figure 2.13, where the
�Y 0

0 � distribution calculated with the B∗-exchange induced coupling strengths instead of the
fitted subtraction polynomials is compared to the LHCb data (we confine ourselves to using

9Formally, in the combination �Y 0
0 � + �Y 0

2 � the parameter a0 is actually uncoupled from the a� and a⊥

parameters, which becomes obvious when considering the terms in the brackets in Eq. (2.52), written as

�Y 0
0 � ∼ a2

0 + (a2
� + β0a2

⊥)s + β1a2
⊥s2 + ...

�Y 0
2 � ∼ 2a2

0 − (a2
� + β0a2

⊥)s − β1a2
⊥s2 + ...,

where we denote X2 ≡ β0+β1s+.... However, we found that fitting the full set of parameters aτ did not improve

the data description compared to a two-parameter fit. Given the limited amount of data as well as the closeness

to s = 1 GeV2 we even could perform fits of similar fit quality by either using the a0 parameter, entering as a

constant term in the above relation, or the aτ parameter that determines the strenght of a quadratic term. A

quantitatively considerable decoupling of these terms requires more statistics.

J. Niecknig (Daub) 2018
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Padé approximants

form factor F (s) as
meromorphic function on
several Riemann sheets

sheets smoothly connected
across the cut(s)

resonance poles on
unphysical sheets

Padé expansion

F (s) ≈ PN
M (s, s0) =

N∑
n=0

an (s − s0)n

M∑
m=0

bm (s − s0)m

−→ expansion breaks down when it hits a threshold
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