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Two-body currents in electroweak processes

Chiral EFT yields CONSISTENT nuclear forces 
and exchange currents. 

Nuclear currents in chiral EFT
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Chiral EFT Hamiltonian depends on external sources
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Electroweak probes on nucleons and nuclei can be described by current formalism
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chiral EFT

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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Two-body currents in electroweak processes

Chiral EFT yields CONSISTENT nuclear forces 
and exchange currents. 

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism
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But what does this actually mean??



 From QCD to nuclei

QCD

effective chiral Lagrangian 

nuclear forces and currents

nuclear structure and dynamics

symmetries (especially the chiral symmetry);
lost of information (LECs)

integrate out                          (but retain               ):
Chiral Perturbation Theory

ab initio many-body methods:
lattice, FY, NCSM,…
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Canonical transformation & quantization:

projectors states with mesons

nucleonic states

can not solve
(infinite-dimensional eq.)

EOM:
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,(Minimal) ansatz:           
Okubo ’54

Require:

The decoupling equation is solved perturbatively (chiral expansion)

Decouple pions via a suitable UT:



 Method of Unitary Transformation
Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, ... 

Contrary to S-matrix, renormalizability of nuclear potentials is not guaranteed



 Method of Unitary Transformation
Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, ... 

Contrary to S-matrix, renormalizability of nuclear potentials is not guaranteed

UV finite

not necessarily UV finiteV G0 V G0 V



 Method of Unitary Transformation
Taketani, Mashida, Ohnuma’52;  Okubo ’54;  EE, Glöckle, Meißner, Krebs, ... 

Contrary to S-matrix, renormalizability of nuclear potentials is not guaranteed

time-ordered-like graphs from the method of UT
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Nuclear potentials are not uniquely defined. Starting from N3LO, can construct 
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So far, it was always possible to obtain finite nuclear potentials and currents. 



 Current operators

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Nuclear currents in chiral EFT
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Electroweak probes on nucleons and nuclei can be described by current formalism

Kölling, EE, Krebs, Meißner (MUT) ’09,’12; 
Krebs et al., in preparation:  complete (1 loop) & renormalized

Pastore et al. (TOPT) ’08 — ’11:  not renormalized… 
Krebs, EE, Meißner (MUT) ’17:  complete (1 loop) & renormalized,
                                                     also derived pseudoscalar currents

Baroni et al. (TOPT) ’16:  incomplete…
Park, Min, Rho ’95 Park, Min, Rho ’93

Switch on external sources                   and consider local chiral rotations:

Decouple π’s to get (nonlocal) nuclear                      (MUT) & get currents via
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— about 250 topologies
— 2-loop/1-loop/tree for 1N/2N/3N operators  



Unexpected result: the continuity equation                         !   Why?

 Continuity equations  Krebs, EE, Meißner, Annals Phys. 378 (17) 317
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Unexpected result: the continuity equation                         !   Why?

 Continuity equations  Krebs, EE, Meißner, Annals Phys. 378 (17) 317

Naive (MUT):                                                         cannot renormalize     ,      …
determined in the strong sector (                                              )

~k ' 0
vµ(x) aµ(x)

V a
µ (~x ) =

@He↵

@vµ
a(~x, t)

, Aa
µ(~x ) =

@He↵

@aµ
a(~x, t)

He↵ [N ; a, v, s, p]

L⇡ =
F 2

4
Tr(rµUrµU

† + �+) + . . . ,

L⇡N = N̄(iv · D + gA u · S)N + . . . ,

LNN = �
1

2
CS(N̄N)2 + 2CT (N̄SN)2 + . . .

~Aa
Baroni et al. =

g3
A

32⇡F 4
⇡

⌧ a
2

"

W1(q1)~�1 + W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1

q2
1 + M2

⇡

� ~�2

◆#

+
g5
A

32⇡F 4
⇡

⌧ a
1 W3(q1)(~�2 ⇥ ~q1) ⇥ ~q1 �

g3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
aZ3(q1)

~�1 ⇥ ~q1~�2 · ~q1

q2
1 + M2

⇡

+ 1 $ 2 ,

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �
4A(q1)

3
�

1

6M⇡

,

W1(q1) =
1

2
A(q1)

h
4(1 � 2g2

A)M
2
⇡ + (1 � 5g2

A)q
2
1

i
+

1

2
M⇡

"

g2
A

✓ 4M2
⇡

4M2
⇡ + q2

1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡

⇣
4(2g2

A + 1)M2
⇡ + (3g2

A + 1)q2
1

⌘

2q2
1(4M

2
⇡ + q2

1)
�

A(q1)
⇣
4(2g2

A + 1)M2
⇡ + (g2

A � 1)q2
1

⌘

2q2
1

,

1

~k ' 0
vµ(x) aµ(x)

V a
µ (~x ) =

@He↵

@vµ
a(~x, t)

, Aa
µ(~x ) =

@He↵

@aµ
a(~x, t)

He↵ [N ; a, v, s, p]

L⇡ =
F 2

4
Tr(rµUrµU

† + �+) + . . . ,

L⇡N = N̄(iv · D + gA u · S)N + . . . ,

LNN = �
1

2
CS(N̄N)2 + 2CT (N̄SN)2 + . . .

~Aa
Baroni et al. =

g3
A

32⇡F 4
⇡

⌧ a
2

"

W1(q1)~�1 + W2(q1)~q1 ~�1 · ~q1 + Z1(q1)
✓
2
~q1 ~�2 · ~q1

q2
1 + M2

⇡

� ~�2

◆#

+
g5
A

32⇡F 4
⇡

⌧ a
1 W3(q1)(~�2 ⇥ ~q1) ⇥ ~q1 �

g3
A

32⇡F 4
⇡

[⌧ 1 ⇥ ⌧ 2]
aZ3(q1)

~�1 ⇥ ~q1~�2 · ~q1

q2
1 + M2

⇡

+ 1 $ 2 ,

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

~Aa
Baroni et al. �

~Aa
KEM = �

g5
AA(q1)

⇣
~�2⌧ a

1 q
4
1 + 2~q1(6M2

⇡ + q2
1)~q1 · ~�2⌧ a

1

⌘

96⇡F 4
⇡q

2
1

+ rational function of ~q1 + 1 $ 2 .

W3(q1) = �
4A(q1)

3
�

1

6M⇡

,

W1(q1) =
1

2
A(q1)

h
4(1 � 2g2

A)M
2
⇡ + (1 � 5g2

A)q
2
1

i
+

1

2
M⇡

"

g2
A

✓ 4M2
⇡

4M2
⇡ + q2

1

� 9
◆
+ 1

#

,

W2(q1) =
M⇡

⇣
4(2g2

A + 1)M2
⇡ + (3g2

A + 1)q2
1

⌘

2q2
1(4M

2
⇡ + q2

1)
�

A(q1)
⇣
4(2g2

A + 1)M2
⇡ + (g2

A � 1)q2
1

⌘

2q2
1

,

1

Solution: employ a more general class of UT’s, namely

~k ' 0

rµ ! r0
µ = RrµR

† + iR @µR
† ,

lµ ! l0µ = L lµL
† + iL @µL

† ,

s + i p ! s0 + i p0 = R(s + i p)L† ,

s � i p ! s0 � i p0 = L(s � i p)R†

vµ(x) aµ(x)

V a
µ (~x ) =

@He↵

@vµ
a(~x, t)

, Aa
µ(~x ) =

@He↵

@aµ
a(~x, t)

He↵ [a, v, s, p]

U [a, v, s, p]

U [0, 0,mq, 0] = 1

He↵ [ jext(x)] = ⌘U †
str H⇡N [ jext(x)] Ustr ⌘

He↵ [h] = ⌘U †
str H⇡N [h] Ustr ⌘

a = v = p = 0, s = mq

He↵ [a, v, s, p] = U † H⇡N [a, v, s, p] U

He↵ [ jext, ḣext]

He↵ [h, ḣ] = U †
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Solution: employ a more general class of UT’s, namely
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He↵ [h, ḣ] = U †
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He↵ [h, ḣ] = U †
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Continuity equations = manifestations of the chiral symmetry,                                 :
              and                 should be unitary equivalent, i.e. there exists such        that 
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SU(2)L x SU(2)R
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0, ḣ0 ]

i
@

@t
 0 = He↵ [h

0, ḣ0] 0
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0, ḣ0 ] = U †(t)He↵ [h, ḣ] U(t) + i
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 Nuclear forces and currents
— state of the art — 

[HB ChPT formulation with π and N as the only explicit DOF]



 Chiral expansion of the nuclear forces [W-counting]

— A similar program is being pursued in chiral EFT with explicit Δ(1232) Kaiser et al.; Krebs, Gasparyan, EE, Meißner

Nuclear χEFT in the Precision Era Evgeny Epelbaum

Zwei-Nukleon-Kraft

Führender Beitrag 

Korrektur 1. Ordnung

Korrektur 2. Ordnung

Korrektur 3. Ordnung

Drei-Nukleon-Kraft Vier-Nukleon-KraftTwo-nucleon force Three-nucleon force Four-nucleon force

LO (Q0)   

NLO (Q2)

N2LO (Q3)

N3LO (Q4)

N4LO (Q5)

Figure 1: Chiral expansion of the nuclear forces. Solid and dashed lines refer to nucleons and
pions, respectively. Solid dots, filled circles, filled rectangles, filled diamonds and open rectangles
refer to the vertices of dimension ∆i = 0, ∆i = 1, ∆i = 2, ∆i = 3 and ∆i = 4, respectively.

the resulting contributions to the amplitude are enhanced by powers of mN/|p⃗ |, where mN refers
to the nucleon mass, as compared to estimates based on dimensional analysis and underlying the
derivation of Eq. (2.2). Fortunately, the contributions of the enhanced ladder-like diagrams can
be easily and efficiently resummed by solving the LS integral equation (or its generalizations in
the case of three- and more-nucleon systems) whose kernel involves all possible irreducible graphs
which obey the scaling according to Eq. (2.2) and are derivable in perturbation theory. This is the
essence of what is commonly referred to as Weinberg’s approach to nuclear chiral EFT. The set of
all possible irreducible contributions to the scattering amplitude can be viewed as the interaction
part of the nuclear Hamiltonian and comprises two-, three- and more-nucleon forces. The approach
outlined above is straightforwardly generalizable to reactions involving external sources and allows
one to derive exchange currents consistent with the nuclear forces.

It is a simple exercise to enumerate the various diagrams which may contribute to the nu-
clear force at a given order ν by looking at Feynman rules for the chiral Lagrangian and applying
Eq. (2.2), see Fig. 1. Here, it is understood that the shown diagrams only serve the purpose of
visualization of the corresponding contributions and do not have the meaning of Feynman graphs.
In particular, one needs to separate out the irreducible pieces in order to avoid double counting.
Notice further that while one can draw three-nucleon diagrams at next-to-leading order (NLO),
the resulting contributions are either reducible or suppressed by one power of Q/mN [25]. As an
immediate consequence of the chiral power counting in Eq. (2.2), one observes the suppression of
many-body forces [26], the feature, that has always been assumed but could be justified only in the
context of chiral EFT.
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 Determination of πN LECs
Matching ChPT to πN Roy-Steiner equations

πN scattering, 
physical region

χ expansion of the πN amplitude expected to 
converge best within the Mandelstam triangle

Hoferichter, Ruiz de Elvira, Kubis, Meißner, PRL 115 (2015) 092301

Closer to the kinematics relevant for nuclear 
forces…

NN potential

Subthreshold coefficients (from RS analysis) 
provide a natural matching point to ChPT

subthreshold 
expansion

H

⌫ =
s� u

4m

~k ' 0

A
b

µ

s, p, rµ, lµ

s, p, rµ, lµ

rµ ! r
0
µ
= RrµR

†
+ iR @µR

†
,

lµ ! l
0
µ
= L lµL

†
+ iL @µL

†
,

s+ i p ! s
0
+ i p

0
= R(s+ i p)L

†
,

s� i p ! s
0 � i p

0
= L(s� i p)R

†

vµ = v
(s)

µ
+

1

2
⌧ · vµ, aµ =

1

2
⌧ · aµ, s = s0 + ⌧ · s, p = p0 + ⌧ · p ,

U [a, v, s, p] U [0, 0,mq, 0] = 1 H
0 6= U

†
HU

i
@

@t
 = H �! i

@

@t

⇣
U

†
(t) 

⌘
=

"

U
†
(t)HU(t)� U

†
(t)

 

i
@

@t
U(t)

!# ⇣
U

†
(t) 

⌘

V
j

µ
(~k, k0) :=

�He↵

�v
µ

j
(~k, k0)

, A
j

µ
(~k, k0) :=

�He↵

�a
µ

j
(~k, k0)

, P
j
(~k, k0) :=

�He↵

�pj(~k, k0)
,

v
j

µ
(x) =:

Z
d
4
qe

�iq·x
v
j

µ
(q), a

j

µ
(x) =:

Z
d
4
qe

�iq·x
a
j

µ
(q), p

j
(x) =:

Z
d
4
qe

�iq·x
p
j
(q).

f(x) =:

Z
d
4
q e

�iq·x
f(q)

�

�ajµ(k0,
~k)

h↵|S|�i = �i 2⇡�(E↵ � E� � k0)h↵|Aj

µ
(k0,

~k)|�i
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Relevant LECs (in GeV-n) extracted from πN scattering 

Energy bin LO NLO N2LO N3LO N4LO N4LO+
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proton-proton data
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— Some LECs show sizable correlations (especially c1 and c3)…
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— Some LECs show sizable correlations (especially c1 and c3)…

With the LECs taken from πN, the long-range NN force is fixed in a parameter-free way

— EKM N4LO [EE, Krebs, Meißner, PRL 115 (2015) 122301]: Q4 fit to KH PWA
— RKE N4LO [Reinert, Krebs, EE, EPJA 54 (2018) 88]: Q4 fit to RS and Q4 fit to KH PWA
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no 1/m corrections… 

parameter-free

depend on C2, C4, C5, C7 + L1, L2; 
no loop corrections depend on CT

parameter-free static two-pion exchange

parameter-free

 Electromagnetic currents
Chiral expansion of the electromagnetic current and charge operators 

ci

1/m

di

ei

Our results differ from the ones 
of  the  JLab-Pisa  group
(Pastore et al., 08-11)

Exchange currents do not depend
on k0.

Kölling, EE, Krebs, Meißner, PRC 80 (09) 045502; 
                                                 PRC 86 (12) 047001

Krebs, EE, Meißner, to appear

di can be fixed from GTD, axial 
radius and π-photoproduction 



single-nucleon two-nucleon three-nucleon

Q-3

Q-1

Q0

Q1

depend on d2, d5, d6, d15-2d23,
no 1/m corrections… 

parameter-free
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no loop corrections

parameter-free static two-pion exchange
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 Axial currents
Chiral expansion of the axial current and charge operators 

cDci
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di are largely unknown (need 
neutrino-induced π-production) 

Krebs, EE, Meißner, Annals Phys. 378 (2017) 317
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Parameter-free calculation of 
β-decay at N3LO once  cD is 
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 Intermediate summary

Derivation of nuclear forces complete through N4LO (a few N4LO 3NF contributions  
still missing) 

Loop contributions are calculated using dimensional regularization; off-shell behavior 
(unitary ambiguity) is chosen to ensure renormalizability. 

Nuclear forces and currents (derived by our group) correspond to the same choice 
of UT and are thus off-shell consistent with each other. 
This means:  V + V G0 V + V G0 V G0 V + …,  evaluated using DR, reproduce the 
corresponding contributions to the S-matrix in terms of Feynman diagrams.

Derivation of EM, axial and pseudoscalar currents complete through N3LO



 
Selected applications

Accurate & precise NN potentials

Consistent 3NFs 

Consistent currents 

✅

☑

☑

— new generation of semilocal r- and p-space NN potentials up to N4LO+

— currently the best description of the 2013 Granada data

— worked out to N3LO (and even beyond), numerical PWD has been developed
— regularization nontrivial starting from N3LO, 3NF@N2LO ready to use

— worked out to N3LO, numerical PWD has been developed (at the 2N level…)
— consistent regularization to be done, axial currents@N2LO ready to use



 Regularization in the 2N sector

— many-body methods require soft interactions,
— spurious deeply-bound states for Λ > Λcrit make calculations for A > 3 unfeasible…

it is crucial to employ a regulator that minimizes finite-Λ artifacts!

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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Nonlocal:

affect long-range interactions…

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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used in EE, Krebs, Meißner (EKM) ’15

— still an ad hoc procedure
— (technically) difficult to apply to 3NF and exchange currents

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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i
@

@t
 0 = He↵ [a

0
, ȧ
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Reinert, Krebs, EE ’18;Local:

— Application to 2π exchange does not require re-calculating the corresponding diagrams:

reg.

polynomial 
in q2, Mπ

~k ' 0

V (Q2)
2⇡ (~q ) =

g2
A

(2F⇡)4
~⌧1 · ~⌧2

Z d3l

(2⇡)3
l2 � q2

!+!�(!+ + !�)

V (Q2)
2⇡ (~q ) =

g2
A

(2F⇡)4
~⌧1 · ~⌧2

Z d3l1

(2⇡)3
d3l2

(2⇡)3
(2⇡)3�(~q �~l1 �~l2)

4~l1 ·~l2

!1!2(!1 + !2)

V (Q2)
2⇡ (~q ) /

Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

4~l1 ·~l2

!1!2(!1 + !2)

=
Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

2

⇡

Z 1

0
d�

4~l1 ·~l2

[!2
1 + �2][!2

2 + �2]

�!

Z
dµ2

1dµ
2
2

Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

2

⇡

Z 1

0
d�

4~l1 ·~l2 ⇢(µ1) ⇢(µ2)

[(~l21 + �2) + µ2
1][(

~l22 + �2) + µ2
2]

Z
d�

d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

h
@M⇡

i 1
h
(~l21 + �2) + M2

⇡

i h
(~l22 + �2) + M2

⇡

i ⇥ . . .

�! 2e� ~q2

2⇤2

Z
d�

d3l

(2⇡)3

h
@M⇡

i e�
~l2+4�2+4M2

⇡
2⇤2

h
!2

+ + 4�2
i h
!2

� + 4�2
i ⇥ . . .

Z
d�

d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

h
@M⇡

i 1
h
(~l21 + �2) + M2

⇡

i h
(~l22 + �2) + M2

⇡

i ⇥ . . .

�! 2e� ~q2

2⇤2

Z
d�

d3l

(2⇡)3

h
@M⇡

i e�
~l2+4�2+4M2

⇡
2⇤2

h
(~q +~l)2 + 4M2

⇡
+ 4�2

i h
(~q �~l)2 + 4M2

⇡
+ 4�2

i ⇥ . . .

V (q) =
2

⇡

Z 1

2M⇡

µdµ
⇢(µ)

q2 + µ2
+ . . . �! V⇤(q) = e� q2

2⇤2
2

⇡

Z 1

2M⇡

µdµ
⇢(µ)

q2 + µ2
e� µ2

2⇤2 + . . . .

V (Q2)
2⇡ / g2

A

1
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Elab bin ⇤ = 500 ⇤ = 600 ⇤ = 450 ⇤ = 500 ⇤ = 550 ⇤ = 450

neutron-proton scattering data

0 � 100 1.18 1.36 1.29 1.12 1.12 1.07
0 � 200 1.17 1.33 1.33 1.18 1.23 1.06
0 � 300 1.23 1.37 2.48 1.26 1.35 1.10

proton-proton scattering data

0 � 100 1.02 1.35 0.90 1.00 1.17 0.86
0 � 200 1.32 1.60 1.05 1.15 1.43 0.95
0 � 300 1.39 2.07 1.46 1.20 1.40 0.99

Energy bin N3LO Idaho 500/600 N4LO/N4LO+ CD Bonn 2000 Nijm II

neutron-proton data

0 � 100 MeV 1.17/1.35 1.08/1.08 1.08 1.08

0 � 200 MeV 1.17/1.33 1.09/1.10 1.07 1.07

0 � 300 MeV 1.24/1.38 1.15/1.13 1.09 1.11

proton-proton data

0 � 100 MeV 0.96/1.28 0.84/0.84 0.84 0.83

0 � 200 MeV 1.28/1.55 1.34/0.97 0.95 0.96

0 � 300 MeV 1.37/2.04 1.46/1.18 0.99 1.03
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= 0

”�2/datum” (np, 0-200 MeV) = 1.8
R=1.2 fm ! 0.8

R=1.1 fm ! 0.6
R=1.0 fm ! 0.7

R=0.9 fm ! 0.8
R=0.8 fm ,

while the results for pp channels are:

”�2/datum” (pp, 0-200 MeV) = 8.2
R=1.2 fm ! 2.2

R=1.1 fm ! 0.6
R=1.0 fm ! 0.7

R=0.9 fm ! 2.1
R=0.8 fm .

5

does not affect long-range physics at any order in 1/Λ2-expansion 

[inspired by 
Thomas Rijken]

The cutoff Λ has to be kept finite, Λ ~ Λb. In practice, low values of Λ are preferred:
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FIG. 2: (Color online) Ratios W (2)
C,⇤, i(r)/W

(2)
C,1(r) for for di↵erent implementations of the regularization i = 1, . . . , 4 defined in

the text as a function of the relative distance between the nucleons. Dashed-double-dotted light-brown, dashed blue, dashed-
dotted green and solid red lines refer to i = 1, 2, 3 and 4, respectively. The cuto↵ ⇤ is set to be ⇤ = 450 MeV. The dotted
horizontal line corresponds to the unregularized potential, i.e., the ratio is equal to 1, and is drawn to guide the eyes.

2. Next, we follow the opposite approach and retain only the momentum-dependent part of the regulator with-
out introducing spectral-function regularization. The regularized potential is defined by means of the twice
subtracted spectral integral
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(q) . (2.36)

Alternatively, one can just multiply W (2)

C,1(q) by the regulator e�
q2

2⇤2 , which leads to a di↵erent admixture of
the contact terms. We found, however, that this definition leads to larger distortions at short distances as the
one in Eq. (2.36).

3. In the third approach, the regularized potential is defined according to Eq. (2.23) but without explicitly sub-
tracting the short-range terms, i.e.:

W (2)

C,⇤, 3
(q) = e�

q2

2⇤2
2

⇡

Z 1

2M⇡

dµ

µ3
⌘(2)
C

(µ)
q4

µ2 + q2
e�

µ2

2⇤2 , (2.37)

and the Fourier transform to coordinate space can be performed using the second relation in Eq. (2.36).

4. Finally, the approach to define the regularized potential W (2)

C,⇤
(q) adopted in the present analysis is
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where the functions C2

C,i
(µ) are determined as described above and given in appendix A.

In Fig. 2, we show the ratios of the potentials W (2)

C,⇤, i
(r), with r = 1, . . . , 4, to the unregularized expression W (2)

C,1(r)
As before, we use the intermediate value of the cuto↵ of ⇤ = 450 MeV. Retaining only the momentum-transfer-

Regularized 2π-exchange potential:

Various regularization approaches

only in q

only in μ

in q, μ

in q, μ 
+ subtractions

— EM N
3
LO — — EMN N

4
LO

+
— — SMS N

4
LO

+
—

Elab bin ⇤ = 500 ⇤ = 600 ⇤ = 450 ⇤ = 500 ⇤ = 550 ⇤ = 450

neutron-proton scattering data

0 � 100 1.18 1.36 1.29 1.12 1.12 1.07
0 � 200 1.17 1.33 1.33 1.18 1.23 1.06
0 � 300 1.23 1.37 2.48 1.26 1.35 1.10

proton-proton scattering data

0 � 100 1.02 1.35 0.90 1.00 1.17 0.86
0 � 200 1.32 1.60 1.05 1.15 1.43 0.95
0 � 300 1.39 2.07 1.46 1.20 1.40 0.99
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”�2/datum” (np, 0-200 MeV) = 1.8
R=1.2 fm ! 0.8

R=1.1 fm ! 0.6
R=1.0 fm ! 0.7

R=0.9 fm ! 0.8
R=0.8 fm ,

5

Λ = 500 MeV

Does it matter in practice?

 Regularization in the 2N sector



 Partial wave analysis of NN data

Since 1950-es, about 3000 proton-proton + 5000 neutron-proton scattering data below 
350 MeV have been collected.

However, certain data are mutually incompatible within errors and have to be rejected. 
2013 Granada database [Navarro-Perez et al., PRC 88 (2013) 064002], rejection rate: 31% np, 11% pp:
            2158 proton-proton + 2697 neutron-proton data below Elab = 300 MeV

7

Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

7

Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

7

Database

● Includes scattering data from 50ies up to 
2013

● uses ”3σ-criterion” to reject non-normal-
distributed data

● rejection rate 0-300 MeV: np: 31%, pp: 11%
np

pp

Use self-consistent 2013 Granada database 
[Phys. Rev. C 88.064002]

Comparison between theory and 
experiment via standard χ2 approach:

● Z (inverse relative norm) is chosen to 
minimze χ2

j

To fix NN contact interactions, use scattering data together with Bd = 2.224575(9) MeV 
and bnp = 3.7405(9) fm. Use a simple (nonlocal) Gaussian cutoff for contact terms.

P. Reinert, H. Krebs, EE, EPJA 54 (2018) 88

Careful error analysis: statistical, truncation, πN LECs, maximal energy in the fits
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FIG. 16: (Color online) Neutron-proton S-, P-, D- and F-wave phase shifts and the mixing angles ✏1, ✏2 and ✏2 as obtained
at N4LO+ using the cuto↵ ⇤ = 450 MeV (red solid lines) in comparison with the Nijmegen [20] (solid dots) the Granada [92]
(blue open triangles) and Gross-Stadler [121] (green open squares) PWA. Light shaded bands show the estimated truncation
error as explained in appendix D. The shown uncertainties of the Nijmegen PWA correspond to systematic errors estimated
from the Nijm I, II and Reid93 potentials [110] as explained in Ref. [6].

and 0.15%, respectively.13 In both cases, the observed ⇤-dependence is smaller than the deviations from the very
precisely known experimental/empirical values listed in Table VIII. These deviations amount to ⇠ 0.015 fm2 and
⇠ 0.009 fm for Q and rd, respectively, and are comparable with the truncation errors for these quantities at N2LO,

namely �Q(3) = ±(0.005 . . . 0.011) fm2 (depending on the cuto↵) and �r(3)
d

= ±0.005 fm, which estimate the expected
size of N3LO contributions to these observables. This is fully in line with the fact that our calculations do not take
into account the relativistic corrections and contributions to the exchange charge operator at N3LO, see Ref. [33, 34]
for explicit expressions. Our results further indicate that starting from N3LO, the theoretical uncertainty for both
quantities is dominated by the one of the ⇡N LECs similarly to other low-energy observables considered in this and
previous sections. For both Q and rd, employing the ⇡N LECs from set 2 tends to increase the discrepancy with the
empirical numbers.

13
The smaller cuto↵ dependence of the deuteron radius reflects the long-range nature of this observable as opposed to that of Q.

— For the first time, chiral EFT potentials qualify for being regarded as PWA
— Clear evidence of the parameter-free chiral 2π exchange 
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Partial wave analysis of NN data



Energy bin LO NLO N2LO N3LO N4LO N4LO+

neutron-proton data

0 � 100 MeV 73 2.2 1.23 1.08 1.08 1.07

0 � 200 MeV 62 5.4 1.77 1.09 1.08 1.06

0 � 300 MeV 75 14 4.4 1.99 1.18 1.10

proton-proton data

0 � 100 MeV 2300 10 2.1 0.91 0.88 0.86

0 � 200 MeV 1780 90 37 2.00 1.42 0.95

0 � 300 MeV 1380 88 41 3.42 1.67 0.99

Elab bin CD Bonn(43) Nijm I(41) Nijm II(47) Reid93(50) N
4
LO

+
(27+1), this work

neutron-proton scattering data
0 � 100 1.08 1.06 1.07 1.08 1.07
0 � 200 1.08 1.07 1.07 1.09 1.07
0 � 300 1.09 1.09 1.10 1.11 1.06

proton-proton scattering data
0 � 100 0.88 0.87 0.87 0.85 0.86
0 � 200 0.98 0.99 1.00 0.99 0.95
0 � 300 1.01 1.05 1.06 1.04 1.00

m ! 1
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χ2/datum for the description of the Granada-2013 database: χEFT vs. phenomenology
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 Light nuclei up to N2LO
EE et al. (LENPIC), arXiv:1807.02848

LENPIC: Low Energy Nuclear Physics International Collaboration
LENPIC
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FIG. 7: Extrapolated ground state energy for 4He (left) and 12C (right) using chiral N2LO interactions with regulator R =
1.0 fm, and SRG evolution parameters ↵ = 0.02, 0.04, and 0.08 fm4, with and without explicit 3NFs. The error bars correspond
to the extrapolation uncertainty estimates only.
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FIG. 8: (Color online) Calculated ground state energies in MeV using chiral LO, NLO, and N2LO interactions at R =
1.0 fm (blue symbols) in comparison with experimental values (red levels). The open blue symbols correspond to incomplete
calculations at N2LO using NN-only interactions. Blue error bars indicate the NCCI extrapolation uncertainty and, where
applicable, an estimate of the SRG dependence. The shaded bars indicate the estimated truncation error at each chiral order
following [5]. Note that the LO results for A = 11, 12, and for 16

O are o↵ the scale, but (part of) the corresponding shaded
uncertainty bar is included.

[based on the EKM potential, R = 1.0 fm] (cD and cE are fixed from 3H BE and Nd scattering)
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High-precision 2NF + 3NF yield similar results in light nuclei, deviations increase with A 

rD, 2H (fm) rp, 3H (fm) rp, 4He (fm)

AV18 + UIX 1.967 (�0.4%) 1.584 (�1%) 1.44 (�2%)

CD-Bonn + TM99 1.966 1.42

N
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+
+ 3NF@N

2
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Elab bin CD-Bonn — Idaho N3LO — — improved chiral potentials at N3LO, this work —
(MeV) (500) (600) R = 0.8 fm R = 0.9 fm R = 1.0 fm R = 1.1 fm R = 1.2 fm

neutron-proton phase shifts
0–100 0.6 1.7 5.2 0.8 0.7 0.6 0.7 1.4
0–200 0.6 2.2 5.3 0.8 0.7 0.6 0.8 1.8
0–300 0.6 3.3 6.8 2.1 1.5 1.8 4.0 10.7

proton-proton phase shifts
0–100 0.5 1.5? 6.7? 1.8 0.8 0.5 1.2 4.6
0–200 1.3 2.9? 11.7? 2.1 0.7 0.6 2.2 8.2
0–300 1.3 5.9? 30.0? 12.0 3.2 7.0 24.5 66.8

?The 1
S0 partial wave has not been taken into account.
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Work in progress: calculations of the EM FFs of A = 2…16 nuclei including consistent MECs 
and 3NF beyond N2LO  [Vadim Baru, Arseniy Filin, Hermann Krebs, Daniel Möller + LENPIC, in progress]  

The challenge: consistent regularization!
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Regulator artifacts are short-range operators. But we anyway include all possible contact 
NN interactions (as their momentum dependence is not constrained by the χ-symmetry) 

regulator artifacts can always be absorbed into NN LECs
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Unfortunately, this is NOT true anymore beyond the NN system (beyond tree level)! 

What can go wrong if one uses cutoff regularization of, say, 3NF calculated in dim. reg.?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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Regulator artifacts are short-range operators. But we anyway include all possible contact 
NN interactions (as their momentum dependence is not constrained by the χ-symmetry) 

regulator artifacts can always be absorbed into NN LECs



 Regularization and the chiral symmetry
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Unfortunately, this is NOT true anymore beyond the NN system (beyond tree level)! 

What can go wrong if one uses cutoff regularization of, say, 3NF calculated in dim. reg.?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 

~k ' 0

V (Q2)
2⇡ (~q ) =

g2
A

(2F⇡)4
~⌧1 · ~⌧2

Z d3l

(2⇡)3
l2 � q2

!+!�(!+ + !�)

V (Q2)
2⇡ (~q ) =

g2
A

(2F⇡)4
~⌧1 · ~⌧2

Z d3l1

(2⇡)3
d3l2

(2⇡)3
(2⇡)3�(~q �~l1 �~l2)

4~l1 ·~l2

!1!2(!1 + !2)

V (Q2)
2⇡ (~q ) /

Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

4~l1 ·~l2

!1!2(!1 + !2)

=
Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

2

⇡

Z 1

0
d�

4~l1 ·~l2

[!2
1 + �2][!2

2 + �2]

�!

Z
dµ2

1dµ
2
2

Z d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

2

⇡

Z 1

0
d�

4~l1 ·~l2 ⇢(µ1) ⇢(µ2)

[(~l21 + �2) + µ2
1][(

~l22 + �2) + µ2
2]

Z
d�

d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

h
@M⇡

i 1
h
(~l21 + �2) + M2

⇡

i h
(~l22 + �2) + M2

⇡

i ⇥ . . .

�! 2e� ~q2

2⇤2

Z
d�

d3l

(2⇡)3

h
@M⇡

i e�
~l2+4�2+4M2

⇡
2⇤2

h
!2

+ + 4�2
i h
!2

� + 4�2
i ⇥ . . .

Z
d�

d3l1d3l2

(2⇡)3
�(~q �~l1 �~l2)

h
@M⇡

i 1
h
(~l21 + �2) + M2

⇡

i h
(~l22 + �2) + M2

⇡

i ⇥ . . .

�! 2e� ~q2

2⇤2

Z
d�

d3l

(2⇡)3

h
@M⇡

i e�
~l2+4�2+4M2

⇡
2⇤2

h
(~q +~l)2 + 4M2

⇡
+ 4�2

i h
(~q �~l)2 + 4M2

⇡
+ 4�2

i ⇥ . . .

V (q) =
2

⇡

Z 1

2M⇡

µdµ
⇢(µ)

q2 + µ2
+ . . . �! V⇤(q) = e� q2

2⇤2
2

⇡

Z 1

2M⇡

µdµ
⇢(µ)

q2 + µ2
e� µ2

2⇤2 + . . . .

V (Q2)
2⇡ / g2

A

1

This is NOT true anymore beyond the NN system! 
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NN interactions (as their momentum dependence is not constrained by the χ-symmetry) 
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regulator artifacts can always be absorbed into NN LECs



 Regularization and the chiral symmetry
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Unfortunately, this is NOT true anymore beyond the NN system (beyond tree level)! 

What can go wrong if one uses cutoff regularization of, say, 3NF calculated in dim. reg.?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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regulator artifacts can always be absorbed into NN LECs



 Regularization and the chiral symmetry
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Unfortunately, this is NOT true anymore beyond the NN system (beyond tree level)! 

What can go wrong if one uses cutoff regularization of, say, 3NF calculated in dim. reg.?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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i
@

@t
 0 = He↵ [a

0
, ȧ
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Unfortunately, this is NOT true anymore beyond the NN system (beyond tree level)! 

What can go wrong if one uses cutoff regularization of, say, 3NF calculated in dim. reg.?

 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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regulator artifacts can always be absorbed into NN LECs

Renormalization of the iteration requires χ-symmetry breaking counter terms! This divergence 
cancels out if V3N     is calculated using (consistent) cutoff regularization. 2π-1π



 Regularization and the chiral symmetry
The same problem affects loop contributions to the exchange charge/current operators.

Is it enough to recalculate all loop contributions to the 3NF/exchange currents by modifying 
the pion propagators via                                                                                            ?
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 Regularization and the symmetries

Regulator artifacts can always be absorbed into NN LECs (no constraints from χ-symm.). 
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should be independent 
on π-parametrization

Not quite…  Have to ensure that regularization maintains 
the chiral symmetry.
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 Charge form factor of the deuteron
1N charge operator expressed in terms of Sachs FFs GM, GE

2N charge (up to N3LO): consistently regularized 1/m corrections to the 1π-exchange

Baru, EE, Filin, Krebs, Möller, in progress

(preliminary)



 Summary

Chiral EFT can provide CONSISTENT nuclear forces & currents 

It’s a long way to go… 
But we are almost there! 

Exciting time for precision low-energy few-N physics 
with chiral EFT (also at MESA!)


