Factorization and the Spectral Function
Formalism for Lepton-Nucleus Cross Section
Omar Benhar
INFN and Department of Physics, “Sapienza” University
I-00185 Roma, Italy

Electromagnetic Observables for Low-Energy Nuclear Physics
Helmholtz-Institute Mainz, October 3, 2018

P REAMBLE
? Atomic nuclei are complex many-body systems, whose response to an
external probe involves a variety of different reaction mechanism
<
? At small to moderate momentum transfer, typically q ∼
500 MeV, non
relativistic nuclear many body-theory provides a consistent framework
to carry out accurate ab initio—i.e. parameter free—calculations

? At large momentum transfer, the non relativistic treatment breaks
down, and more approximate approaches are required to describe the
elementary interaction vertex, as well as the hadronic final state
? The impulse approximation, naturally leading to the factorization
scheme and the spectral function formalism, allows for a consistent
description of a variety of reaction mechanisms
? Being inherently modular, the formalism based on factorization is
ideally suited for implementation in simulation codes
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T HE L EPTON -N UCLEUS X -N ECTION
? Consider, for example, the cross section of the process
` + A → `0 + X
at fixed beam energy. Note that this constraint does not apply to the
case of neutrino scattering
dσA ∝ Lµν WAµν
I
I

Lµν is fully specified by the lepton kinematical variables
The determination of the nuclear response
X
µ†
ν
WAµν =
h0|JA
|XihX|JA
|0iδ (4) (P0 + k − PX − k0 )
X

involves
• the ground state of the target nucleus, |0i
• all relevant hadronic final states, |Xi
• the nuclear current operator
X µ X µ
µ
JA
=
ji +
jij
i

j>i
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T HE N ON R ELATIVISTIC R EGIME
? In the low-energy regime quasi elastic scattering leading to final states
involving nucleons only, i.e.
|Xi = |(A − 1)? pi , |(A − 2)? ppi . . .
is the dominant reaction mechanism
? at low to moderate momentum transfer, typically in the range
<
500 MeV, the non relativistic approximation cal be employed to
|q| ∼
carry out highly accurate ab initio calculations based on realistic nuclear
Hamiltonians, strongly constrained by phenomenology
H=

X pi 2 X
X
+
vij +
Vijk ,
2m j>i
i
k>j>i

µ
and consistent nuclear current operators JA

? The non relativistic approach has been widely employed to describe the
electromagnetic and weak responses of light and medium-heavy nuclei
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T HE I MPULSE A PPROXIMATION (IA) R EGIME
? at large momentum transfer, the final state and the current operator can
no longer be described within the non relativistic approximation
? for λ  dNN ∼ 1.6 fm, the average nucleon-nucleon distance in the
target nucleus, nuclear scattering reduces to the incoherent sum of
scattering processes involving individual nucleons
2

2

q,ω

q,ω

Σ

x
i

i

? Basic assumptions
P
µ
. JA
(q) ≈ i jiµ (q) (single-nucleon coupling)
. |Xi → |pi ⊗ |n(A−1) , pn i (factorization of the final state)
? As a zero-th order approximation, Final State Interactions (FSI) and
processes involving two-nucleon Meson-Exchange Currents (MEC) are
neglected (more on this later)
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T HE IA C ROSS S ECTION
? Factorisation allows to rewrite the nuclear transition matrix element in
the form
XZ 3
µ
hX|JA
|0i →
d k Mn (k)hk + q|jiµ |ki
i
I

I

The nuclear amplitude Mn describes initial sate properties,
independent of momentum transfer
The matrix element of the current between free-nucleon states can
be computed exactly using the fully relativistic expression

? Nuclear x-section
Z
dσA =

d3 kdE dσN P (k, E)

? The spectral function P (k, E) describes the probability of removing a
nucleon of momentum p from the nuclear ground state, leaving the
residual system with excitation energy E
? The lepton-nucleon cross section dσN can be obtained—at least in
principle—from proton and deuteron data
5 / 26

N UCLEAR S PECTRAL F UNCTION
? The analytic structure of the two-point Green’s function—dictated by
the Källèn-Lehman representations—is reflected by the spectral function
P (k, E) = PM F (k, E) + Pcorr (k, E)
X
=
Zh |Mh (k)|2 Fh (E − eh ) + Pcorr (k, E)

(1)

h∈{F }

. Zh Mh (k) = hh|ak |0i
. Energy dependence of PM F (k, E) described by the function
Fh (E − eh ), sharply peaked around E = eh
. Pcorr (k, E) is a smooth contribution arising from correlations
? In Mean Field Approximation
. Mh (k) = hh|ak |0i → φh (k), the momentum-space wave function
of single-particle state h
. Spectroscopic factors Zh → 1
. Energy distribution Fh (E − eh ) → δ(E − eh )
. Pcorr (k, E) → 0
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S YMMETRIC N UCLEAR M ATTER AT E QUILIBRIUM D ENSITY
? Calculation carried out at 2nd order in CBF perturbation theory
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O BTAINING P (k, E) FROM E LECTRON S CATTERING D ATA
I

Consider the (e, e0 p) Reaction
e + A → e0 + p + (A − 1)

e!

e

p!

in which both the outgoing electron and
the proton, carrying momentum p0 , are
detected in coincidence, and the recoiling
nucleus can be left in a any (bound or
continuum) state |ni with energy En
I

q, ω

In the absence of final state interactions (FSI)—which can be taken into
account as corrections—the measured missing momentum and missing
energy can be identified with the momentum of the knocked out
nucleon and the excitation energy of the recoiling nucleus, En − E0
pm = p0 − q , Em = ω − Tp0 − TA−1 ≈ ω − Tp0
and the differential cross section is given by
dσA
∝ σep P (pm , Em )
dEe0 dΩe0 dEp0 dΩp0
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12

C(e, e0 p) AT M ODERATE M ISSING E NERGY
? At moderate missing energy the recoiling nucleus is left in a bound
state, e.g. |11 B(3/2− ), pi, |11 B(1/2− ), pi
I

Missing energy spectrum of 12 C
measured at Saclay in the 1970s
QUASI-FREE

8%

I

P - state momentum distribution.
473

(e, e’p)

PG 180 M&J/”

? The spectroscopic factors turn
out to be significantly less than
unity
MISSIffi

ENERGY

(McV)

Fig. 9. Missing energy spectra from “C(e, e’p), (a) 0 S P 5 36 MeV/c, (b) SO $ P 5 180 MeV/c and
(c) 0 s P s 60 MeV/c for 20 5 E 5 60 MeV.
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T HE L OCAL D ENSITY A PPROXIMATION (LDA)
? Bottom line: accurate theoretical
calculations show that the tail of the
momentum distribution, arising
from the continuum contribution to
the spectral function, turns out to be
largely A-independent for A > 2
? Spectral functions of nuclei can be obtained within the Local Density
Approximation (LDA)
Z
NM
PLDA (k, E) = PMF (k, E) + d3 r ρA (r) Pcorr
(k, E; ρ = ρA (r))
using the Mean Field (MF), or shell model, contributions obtained from
(e, e0 p) data
NM
? The continuum contribution Pcorr
(k, E) is computed for uniform
nuclear matter at different densities using accurate theoretical
approaches
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C OMPARISON TO e + A → e0 + X D ATA
? From deuteron to infinite matter. Treatment of elastic and inelastic
channels fully consistent
? Results corrected for FSI effects in elastic channel
? A = 2 (SLAC data)

? A → ∞ (extrapolation of
SLAC data)
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? Recall: no adjustable parameters involved
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eA VS νA C ROSS S ECTION :

THE I SSUE OF

F LUX AVERAGE

. MiniBooNe CCQE cross section
. Electron scattering

I

Theoretical calculations carried out using the same spectral function and
vector form factors employed to describe the electron scattering cross
section and setting MA = 1.03

I

Owing to flux average, reaction mechanisms other than single-nucleon
knock out contribute to the cross section
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“F LUX -AVERAGED ” E LECTRON S CATTERING X -S ECTION
I

The electron scattering x-section off Carbon at θe = 37◦ has been
measured for a number of beam energies

I

reaction mechanisms ohter than single-nucleon knock-out contribute to
the “flux averaged” cross section (for MiniBooNE Φ(0.7)/Φ(1.0) ≈ 0.8)
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MEC: Pion exchange

C ORRECTIONS TO THE IA: M ESON -E XCHANGE C URRENTS
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T HE E XTENDED FACTORISATION ansatz
? Highly accurate and consistent calculations of processes involving MEC
can be carried out in the non relativistic regime
? Fully relativistic MEC used within independent particle models, such as
the Fermi gas model
? Using relativistic MEC and a realistic description of the nuclear ground
state requires the extension of the IA scheme to two-nucleon emission
amplitudes
I

Rewrite the hadronic final state |ni in the factorized form
|ni → |p, p0 i ⊗ |n(A−2) i = |n(A−2) , p, p0 i
µ
hX|jij
|0i →

Z

µ
d3 kd3 k0 Mn (k, k0 ) hpp0 |jij
|kk0 i δ(k+k0 +q−p−p0 )

The amplitude
Mn (k, k0 ) = hn(A−2) , k, k0 |0i
is independent of q , and can be obtained from non relativistic
many-body theory
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T WO -N UCLEON S PECTRAL F UNCTION
? Calculations have been carried out for uniform isospin-symmetric
nuclear matter
P (k1 , k2 , E) =

X

|Mn (k1 , k2 )|2 δ(E + E0 − En )

n

Z
n(k1 , k2 ) =

dE P (k1 , k2 , E)

? Relative momentum distribution

n(Q) = 4π|Q|2

Z

d3 q n



q = k1 + k2 , Q =

Q
Q
+ q,
−q
2
2



k1 − k2
2
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MEC C ONTRIBUTION TO e + 12 C → e0 + X
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I NELASTIC C ONTRIBUTION TO νµ + 12 C → µ− + X
? Factorization + LDA spectral function
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S UMMARY & P ROSPECTS
? The formalism based on factorization and nuclear spectral
functions—extensively applied to study electron-nucleus scattering—is
approaching the level of maturity needed to perform meaningful
calculations of neutrino-nucleus interactions
? Factorization allows to combine an accurate treatment of the initial state
within Nuclear Many-Body Theory with a fully relativistic treatment of
the interaction vertex
? Being based on intrinsic properties of the target, the formalism can be
applied to obtain a consistent description of a variety of reaction
channels, and appears to be easily implementable in generators
? Developments needed for applications to flux-integrated neutrino cross
sections include a study of processes leading to the collective excitations
of the nuclear target and the treatment of final state interactions in
inelastic channels
? In the winter of 2017, JLab experiment E12-14-012 has collected
Ar(e, e0 p) and Ti(e, e0 p) data, to be used to obtain the argon spectral
functions within LDA
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Physics Motivation
Experimental Goals
Experimental conditions
Titanium idea

T HE E12-14-012 E XPERIMENT: W HY A RGON AND T ITANIUM ?

Physics
motivationof neutrino and antineutrino energy in liquid
? The reconstruction
argon detectors will require the understanding of the spectral

Use few hours of beam time investigating the feasibility of running
functions describing both protons and neutrons
on a titanium target, as suggested by the PAC.
cross section
provides
information
on proton
?The
Theneutron
Ar(e, e0 p)
spectral
functiononly
of argon
is needed
to model
interactions.
The
information
on
neutrons
can
be
obtained
from
quasielastic neutrino scattering. In pion production both neutrons
0
the
Ti(e,
e
p),
exploiting
the
pattern
of
shell
model
levels
and protons take part in charged-current interactions.
40
18 Ar

p’s

48
22 Ti

n’s

p’s

n’s

16
C. Mariani for E12-14-012 Collaboration

Spectral function of 40 Ar through the (e, e0 p) reaction
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K INEMATIC N EUTRINO E NERGY R ECONSTRUCTION
I

In the charged current quasi elastic (CCQE) channel, assuming
single nucleon single knock, the relevant elementary process is
ν` + n → `− + p

I

The reconstructed neutrino energy is
Eν =

m2p − m2µ − En 2 + 2Eµ En − 2kµ · pn + |pn 2 |
,
2(En − Eµ + |kµ | cos θµ − |pn | cos θn )

where |kµ | and θµ are measured, while pn and En are the
unknown momentum and energy of the interacting neutron
I

Existing simulation codes routinely use |pn | = 0 , En = mn −  ,
with  ∼ 20 MeV for carbon and oxygen, or the Fermi gas (FG)
model
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R ECONSTRUCTED N EUTRINO E NERGY IN THE CCQE C HANNEL

I

Neutrino energy
reconstructed using 2 ×104
pairs of {p, E} values
sampled from the LDA and
FG oxygen spectral functions

I

The average value hEν i
obtained from the realistic
spectral function turns out to
be shifted towards larger
energy by an amount
∆Eν ∼ 70 MeV
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F IRST R ESULTS FROM JL AB E12-14-012
I

(e, e0 ) cross section at E =2.222 GeV and θe =15.541 deg

I

Titanium data published in PRC 98, 014617 (2018), Argon paper in
preparation

+ (A − Z)σen]
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Q UESTIONS & ( TENTATIVE ) A NSWERS
? Q: What is the role of relativity in neutrino-nucleus collisions?
? A: Relativity plays an important role. The formalism based on
factorization and nuclear spectral functions is ideally suited to take into
account the effects of relativistic kinematics, as well as the appearance of
hadrons other than nucleons in the final states
? Q: What new electron scattering measurements can be useful for this
program?
? A: Measurements of the response function of oxygen and argon
(& titanium) at low to moderate energy may provide information useful
to test theoretical model in the regime relevant to supernova neutrinos,
as well as to pin down the limit of applicability of the impulse
approximation paradigm
? Q: How can better theory be implemented in neutrino generators
simulations?
? A: In the impulse approximation regime the implementation is
conceptually straightforward. The main issue is the development of a
framework allowing to include corrections (MEC, collective
excitations. . . ) in a consistent fashion
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Backup slides
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(e, e0 p) C ROSS S ECTION AT M ODERATE pm
? The spectroscopic lines
corresponding to the energies of
the shell model states are clearly
seen in missing energy spectra

AND

Em

? The integrated strengths yielding
their normalisations are
significantly below unity

Removal probability for
valence protons
from
NIKHEF data

L. Lapiká
Lapikás, Nucl.
Nucl. Phys. A553,297c (1993)

S ≈ 0.65 for valence protons
Reduction ⇒ both SRC and LRC

Note:
We have seen mostly
data for removal of

valence protons
Nuclear Structure: a wide angle view 8
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week ending
4 MARCH 2005

YSICAL REVIEW LETTERS

We measured the
nergies, keeping
se functions and
data reported in
eam energy of

and successive implementation of various interaction effects. The calculation is based on a diagrammatic expansion of the reaction amplitude, up to and including two
loops [16]. Both single and double NN scattering, as well
as meson exchange (" and #) and ! formation are in3 The bound-state
0 wave function is a solution of the
cluded.
I
m
Faddeev equation used by the Hannover group [17] for the
Paris potential [18]. Nucleon and meson propagators are

tor nucleon —Fig. 1(c)—turned off. Neither the shape nor
magnitude of the peak is much affected. This result indicates that triple rescattering is negligible. MEC effects are
also small.
To obtain the total 3bbu strength, and to facilitate comparison to the 2bbu, we divided the cross section by the
elementary off-shell electron-proton cross section !ep
[14], multiplied by a kinematic factor K, and integrated
over missing energy to obtain the effective momentum
density distribution

(e, e0 p) S TUDIES OF THE C ORRELATION S TRENGTH

MeV (!), is less
he 3 He!e; e0 p"d
e0 p"pn breakup
measured cross
de MCEEP [11].
nto the (Em ; pm )
d Drechsel [12].
uum amount to
ar, the radiative
rocess from the
he channels. An
mentum, below
s less than the
h stronger 2bbu

He(e, e p) at large |p | and Em in JLab hall A: strong
energy-momentum correlation observed.
"!pm " #

d6 !
!
=K!ep "dEm :
dEe dEp d!e d!p

(2)

Z

Figure 3 shows the distribution obtained. Uncertainties
from missing tails of the 3bbu peak, within this integration
range, due to limited experimental acceptance are negli-
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rometer settings
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hows the cross
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ions but no FSI,

tic settings.

Z

FIG. 2

(color

online).

Cross-section

results

for

the

dE P (k, E)

FIG. 3 (color online). Proton effective momentum density
distributions in 3 He extracted from 3 He!e; e0 p"pn (open black
circles) and 3 He!e; e0 p"d (open black triangles), compared to
calculations from Laget [19]. The 3bbu integration covers EM
from threshold to 140 MeV.
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spread the cross section and the respon
missing energy using the Lorentzian p
Jeukenne and Mahaux [31].
At small Pm , where there is a clear
this model describes the cross section (s
m
m
separated RL and RT responses well [2
magnitude of !ST 2 SL " [24] is consis
I |pm |-evolution of
Hall
A!Sdata
2
crease in
T 2 SL " with Q seen in t
of Ulmer et al. [7] at Q 2 ! 0.14 !GeV#
[16] at Q 2 ! 0.6 and 1.8 !GeV#c"2 . Thi
parallel kinematics, transverse non-singl
10
out processes decrease with Q 2 . At large
1
-1
is no peak at 40 MeV, the DWIA cross
10
smaller than the data (see Fig. 1). Relat
-2
10
culations by other authors [32,33] sho
-3
10
This confirms the attribution of the large
tum cross section to non-single-nucleon
1
-1
Figure 1 also shows !e, e0 pn" and !e
10
tions to the !e, e0 p" cross section calculat
-2
et al. [34] in a Hartree-Fock (HF) fram
10
-3
section for the two particle knockout ha
10 -1
in the “spectator approximation” assumin
10
cleons escape from the residual A 2 2 s
-2
ing subject to inelastic collisions with oth
10
calculation includes pion exchange curr
-3
D creation, and central and tensor short-r
10
According to this calculation, in our kine
-4
10 -2
currents (pion-exchange and D) account
10
85% of the calculated !e, e0 pn" and !e
Short-range
tensor correlations contribu
-3
10
13% while short-range central correlatio
about 2%. Since the two-body currents a
-4
transverse, the calculated !e, e0 pn" and !e
10
tion is mainly transverse. The flat cross
20
40
60
80
100
120
Em (MeV)
by this calculation for Em . 50 MeV
the data, but it accounts for only about
I The determination FIG.
1. Average
cross sections
measured atat
different
outgoing
of the
spectral
function
large
missing
and
cross energy
section. Hence,
additional contribu
proton angles as a function of missing energy. The cross section
section such
as heavier meson exchange
shown
each angle is the
between the cross
missing momentum
is athindered
byaverage
significant
FSIsections
and MEC
effects
volving more than two hadrons must be
measured at either side of q" at that angle. The curves show the
Figures 2 and 3 present the separate
s-shell single-particle strength calculated by Kelly folded with
Pm ! 340 MeV#c by relativistic distorted wave impulse
approximation (DWIA) calculations. However, the spectra
for Em . 20 MeV exhibit very different behavior. At the
lowest missing momentum, Pm $ 50 MeV#c, the wide
peak centered at Em $ 40 MeV is due predominantly to
knockout of 1s1#2 -state protons. This peak is less prominent at Pm $ 145 MeV#c and has vanished beneath a flat
missing
energy
spectrum
background for
Pm $ 200
MeV#c. At Emin
. Oxygen.
60 MeV or

d6σ/dωdepdΩedΩp (nb/MeV2/sr2)

L ARGE |p | AND E S TRENGTH IN O XYGEN

the Lorentzian parametrization of Mahaux. The dashed line
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S PECTRAL F UNCTION AND M OMENTUM D ISTRIBUTION OF 16 O
? n(k) =

R

dE P (k, E)

? shell model states account for ∼ 80% of the strenght

? the remaining ∼ 20% , arising from NN correlations, is located
at high momentum and large removal energy
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D ETERMINATION OF THE S PECTROSCOPIC FACTOR
? The spectroscopic factor of the p-state with j = 3/2 is obtained
from
Z
Z
(2j + 1)
d3 k
Zp =
dE Pexpt (|k|, E) = 0.625
3
Z
∆k (2π)
∆E
with
∆k ≡ [0–310] MeV

,

∆E ≡ [15–22.5] MeV

? Models based on the mean field approximation predict Zp = 1
? The deviation of Zp from unity implies that dynamical effects not
taken into account within the independent particle picture
reduce the average number of protons occupying the j = 3/2
p-state from 4 to 2.5
? The result obtained from the LDA analysis is within 2% of the
experimental value
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E ARLY S TUDIES OF THE C ORRELATION S TRENGTH
I

The (e, e0 p) cross section at large Em and pm , tipically
> 50 MeV and p
>
Em ∼
m ∼ 250 MeV, gives access to the correlation
strength. Strong energy–momentum correlation clearly observed.
J. Mougey / Coincidence experiments at CEBAF
transverse cross section. Counting rate estimates under
CEBAF conditions (2 to 100 events h-’
for the
3He(e, e’2p)n reaction at 2 GeV) have shown the feasibility of the experiment although a longitudinal/transverse separation would be very difficult to achieve.
Moreover, the use of three spectrometers would put
constraints on kinematics. A broad survey of twonucleon emission processes using the LAS (see section
4) may be an appropriate way of starting this program.
3.3. (e, e’K ‘) reactions and the formation

E, (MeVl
Fig. 5. Missing energy spectra form 3He(e, e’p), showing evidence for an interaction on a two-nucleon
(from ref. [7]).

correlated

pair

istic and off-shell effects. Complete studies of selected
cases, in particular of disintegration of few nucleon

of hypernuclei

Photo- or electroproduction of kaons can be used to
produce hypemuclei [9], i.e. nuclei in which one nucleon
is replaced by a hyperon, usually a A, of strangeness
S = - 1. In the nuclear medium, the hyperon can be
viewed as an impurity living long enough (- 1OW”) to
interact with its environment, being not restricted by
the Pauli principle (except maybe at the quark level). At
present most of our knowledge about the structure of
hypemuclei comes from hadronic reactions, mainly the
strangeness exchange (K-, n-) one, over which electromagnetic production has the important advantages of
cleaner mechanism and minimal distortion. Another
specific feature of electromagnetic production is that,
due to the vector spin nature of the photon, non-natural
parity (spin-flip) states can be excited as well as natural
parity (non-spin-flip) ones. Finally, the kinematics is
different: recoiless A-production is not possible in (y,
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