
Neutrino)and)Electron)Scattering)off)Nuclei)with)SCGF

SFB1044'workshop:'Elm'Obs for'low6energy'nuclear'physics'– Mainz'163,'Oct.'2018.

2"October"2018

Carlo&Barbieri&— University&of&Surrey

16O-e- cross sections within the SCGF approach

⦿ ADC(2) truncation, NNLOsat interaction

Neutrons

Spectral function of 40Ar

40
Ar



Use a probe (ANY probe) to eject the particle we are interested to:

Basic idea:
• we know, e, e’ and p 
• “get” energy and momentum of pi: pi = ke’ + kp – ke

Ei = Ee’ + Ep - Ee
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Spectroscopy via knock out reactions-basic idea

In plane wave impulse
approximation (PWIA):

d�(e,e0p)

dEe0 d⌦e0 d⌦p
= �e p ⇥ Sh(pm, Em)

/ Spectral)distribution)is)crucial)(in)spite)of)
“non)observability”…)

/ Targets)are)lowPenergy)(ground))states

/ Energy)and)momentum)transfer)can)be)high.)
What)about)currents?)Breaking)of)EFT?

/ Use)eP scattering)to)constrain)electroweak

Better to choose
large transferred 
momentum and
weak probes!!!



Concept of correlations
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Spectral&function:*distribution*of
momentum (pm)*and*energies*(Em)

independent
particle&picture

Saclay data&for&16O(e,e’p)
[Mougey et*al.,*Nucl.*Phys.*A335,*35*(1980)]

Particle@vibration
coupling&(PV)

Configuration
interaction
(shell&model)

Understood)for)a)few)stable)closed)shells:
[CB)and))W.)H.)Dickhoff,)Prog.)Part.)Nucl.)Phys 52,)377)(2004)]



Current Status of low-energy nuclear physics
Composite)system)of)interacting)fermions
Binding)and)limits)of)stability
Coexistence)of)individual)and)collective)behaviors
SelfPorganization)and)emerging)phenomena
EOS)of)neutron)star)matter

Experimental)
programs

RIKEN,)FAIR,)FRIB…

Unstable)nuclei

• ~3,200"known"isotopes

• ~7,000"predicted"to"exist

• Correlation"characterised

in"full"for"~283"stable

Nature"473,"25""(2011);"486,"509"(2012)



Current Status of low-energy nuclear physics

I))Understanding)the)nuclear)force
QCDPderived;)3Pnucleon)forces)(3NFs)
First)principle)(abPinitio))predictions

Composite)system)of)interacting)fermions
Binding)and)limits)of)stability
Coexistence)of)individual)and)collective)behaviors
SelfPorganization)and)emerging)phenomena
EOS)of)neutron)star)matter

Experimental)
programs

RIKEN,)FAIR,)FRIB…

Unstable)nuclei

II))Nuclear)correlations
Fully)known)for)stable)isotopes
[C.)Barbieri)and)W.)H.)Dickhoff,)Prog.)Part.)Nucl.)Phys 52,)377)(2004)]

NeutronPrich)nuclei;)Shell)evolution)(far)from)stability)

• ~3,200"known"isotopes

• ~7,000"predicted"to"exist

• Correlation"characterised

in"full"for"~283"stable

Nature"473,"25""(2011);"486,"509"(2012)

III))Interdisciplinary)character
Astrophysics
Tests)of)the)standard)model
Other)fermionic systems:
ultracold gasses;)molecules;



•A complete expansion requires all 
types of particle-vibration coupling

•The Self-energy $!(#) yields both
single-particle states and scattering

The FRPA Method in Two Words

n p

% particle % hole

…these modes are all resummed
exactly and to all orders in a 

ab initio many-body expansion.

“Extended”

Hartree Fock

R(2p1h)$!(#) = R(2h1p)

CB&et&al.,&
Phys.&Rev.&C63,&034313 (2001)
Phys.&Rev.&A76,&052503&(2007)
Phys.&Rev.&C79,&064313&(2009)

Particle vibration coupling is the main mechanism driving the redistribution and fragmentation 
of particle strength—expecially in the quasielastic regions around the Fermi surface…



• Global picture of nuclear dynamics
• Reciprocal correlations among effective modes
• Guaranties macroscopic conservation laws

gII(#)

pp/hh-RPA; two-nucleon transfer

Π(ph)(#)
ph-RPA; response, giant resonances

optical potential

Dyson
Eq.

Single-
particle
motion

S(r,#)

Self-Consistent Green’s Function Approach



gII(#)

Π(ph)(#)

Dyson
Eq.

Ionization energies/
affinities, in atoms

[CB, D. Van Neck,
AIP Conf.Proc.1120,104 (‘09) & in prep]

Isovector response
for 32Ar, 34Ar
Proton 
Pygmy

[C. B., K. Langanke, et al., Phys Rev. C77, 024304 (2008)]
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16O(e,e’pn)14N @ MAINZ

[C. B., C. Giusti, et al.
Phys Rev. C70, 014606 (2004)
D. Middelton, et al.
arXiv:0907.1758; EPJA in print]
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Optical potential

Binding energies
[PRL. 111, 062501 (2013),
PRC 92, 014306 (2015), PRC89, 061301R (2014)]
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neutron'
removal

neutron'
addition

scattering

56Ni

W."Dickhoff,"CB,"Prog."Part."Nucl."Phys."53,"377"(2004)

CB,"M.Hjorth/Jensen,"Pys."Rev."C79,"064313"(2009)

One-nucleon spectral function

Distribution of particle and 
hole neutron states in 56Ni

Sp,h(r,!) = ⌥ 1

⇡
Im g(r = r0;!)



Reach of ab initio methods across the nuclear chart
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Z

○ Since 2000’s
○ SCGF, CC, IMSRG
○ Polynomial scaling

○ Since 2010’s
○ GGF, BCC, MR-IMSRG
○ Polynomial scaling

⦿ Ab initio shell model

○ Since 2014
○ Effective interaction via CC/IMSRG
○ Mixed scaling

2018

○ Since 1980’s

○ Factorial scaling
○ Monte Carlo, CI, …

⦿ “Exact” approaches

⦿ Approximate approaches for open-shells

Evolution of ab initio nuclear chart

⦿ Approximate approaches for closed-shell nuclei

Slide,"courtesy"of"V."Somà



Chiral EFT interactions
and 

3-nucleon forces

in mid-mass isotopes



July 10-12 2010, 4th TIGRESS Science Workshop, SFU Sonia Bacca

Nuclear Forces Frontiers

34

Use effective degrees of freedom: p,n,pions

Effective Field Theory:  Bridges the non-perturbative low-energy regime of QCD with forces
                                      among nucleons

L =
⇤

k

ck

�
Q

�b

⇥k

Have a systematic expansion of the Hamiltonian 
in terms of diagrams

Construct the most general Hamiltonian which is 
consistent with the chiral symmetry of QCD

(3NFs arise naturally at N2LO)

Chiral EFT for nuclear forces:
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FIG. 2: Single-particle energies of the neutron d5/2, s1/2 and
d3/2 orbitals measured from the energy of 16O as a function of
neutron number N . (a) SPE calculated from a G matrix and
from low-momentum interactions Vlow k. (b) SPE obtained
from the phenomenological forces SDPF-M [14] and USD-
B [15]. (c,d) SPE including contributions from 3N forces due
to∆ excitations and chiral EFT 3N interactions at N2LO [26].
The changes due to 3N forces based on ∆ excitations are
highlighted by the shaded areas.

sures N = 8, 14, 16, and 20. The evolution of the SPE
is due to interactions as neutrons are added. For the
SPE based on NN forces in Fig. 2 (a), the d3/2 orbital
decreases rapidly as neutrons occupy the d5/2 orbital,
and remains well-bound from N = 14 on. This leads
to bound oxygen isotopes out to N = 20 and puts the
neutron drip-line incorrectly at 28O. This result appears
to depend only weakly on the renormalization method
or the NN interaction used. We demonstrate this by
showing SPE calculated in the G matrix formalism [11],
which sums particle-particle ladders, and based on low-
momentum interactions Vlow k [12] obtained from chiral
NN interactions at next-to-next-to-next-to-leading order
(N3LO) [13] using the renormalization group. Both cal-
culations include core polarization effects perturbatively
(including diagram Fig. 3 (d) with the ∆ replaced by a
nucleon and all other second-order diagrams) and start
from empirical SPE [14] in 17O. The empirical SPEs con-
tain effects from the core and its excitations, including
effects due to 3N forces.
We next show in Fig. 2 (b) the SPE obtained from the

phenomenological forces SDPF-M [14] and USD-B [15]
that have been fit to reproduce experimental binding en-

ergies and spectra. This shows a striking difference com-
pared to Fig. 2 (a): As neutrons occupy the d5/2 orbital,
with N evolving from 8 to 14, the d3/2 orbital remains
almost at the same energy and is not well-bound out to
N = 20. The dominant differences between Figs. 2 (a)
and (b) can be traced to the two-body monopole compo-
nents, which determine the average interaction between
two orbitals. The monopole components of a general two-
body interaction V are given by an angular average over
all possible orientations of the two nucleons in orbitals lj
and l′j′ [16],

V mono
j,j′ =

∑

m,m′

⟨jm j′m′|V |jm j′m′⟩
/

∑

m,m′

1 , (1)

where the sum over magnetic quantum numbers m and
m′ can be restricted by antisymmetry (see [17, 18] for
details). The SPE of the orbital j is effectively shifted by
V mono
j,j′ multiplied by the occupation number of the orbital

j′. This leads to the change in the SPE and determines
shell structure and the location of the drip-line [17–20].
The comparison of Figs. 2 (a) and (b) suggests that the

monopole interaction between the d3/2 and d5/2 orbitals
obtained from NN theories is too attractive, and that the
oxygen anomaly can be solved by additional repulsive
contributions to the two-neutron monopole components,
which approximately cancel the average NN attraction
on the d3/2 orbital. With extensive studies based on NN
forces, it is unlikely that such a distinct property would
have been missed, and it has been argued that 3N forces
may be important for the monopole components [21].
Next, we show that 3N forces among two valence neu-

trons and one nucleon in the 16O core give rise to repul-
sive monopole interactions between the valence neutrons.
While the contributions of the FM 3N force to other
quantities can be different, the shell-model configurations
composed of valence neutrons probe the long-range parts
of 3N forces. The repulsive nature of this 3N mechanism
can be understood based on the Pauli exclusion princi-
ple. Figure 3 (a) depicts the leading contribution to NN
forces due to the excitation of a ∆, induced by the ex-
change of pions with another nucleon. Because this is
a second-order perturbation, its contribution to the en-
ergy and to the two-neutron monopole components has
to be attractive. This is part of the attractive d3/2-d5/2
monopole component obtained from NN forces.
In nuclei, the process of Fig. 3 (a) leads to a change of

the SPE of the j,m orbital due to the excitation of a core
nucleon to a ∆, as illustrated in Fig. 3 (b) where the ini-
tial valence neutron is virtually excited to another j′,m′

orbital. As discussed, this lowers the energy of the j,m
orbital and thus increases its binding. However, in nuclei
this process is forbidden by the Pauli exclusion princi-
ple, if another neutron occupies the same orbital j′,m′,
as shown in Fig. 3 (c). The corresponding contribution
must then be subtracted from the SPE change due to
Fig. 3 (b). This is taken into account by the inclusion

Need at LEAST 3NF!!!
(“cannot” do RNB physics without…)

Single particle spectrum at Efermi:

Saturation of nuclear matter:

[T. Otsuka et al.,
Phys Rev. Lett 105, 
032501 (2010)]

[A. Carbone et al., 
Phy.s Rev. C 88, 044302""(2013)]

SYMMETRIC NUCLEAR MATTER WITH CHIRAL THREE- . . . PHYSICAL REVIEW C 88, 044302 (2013)

Note that the N2LO potential yields a poorer reproduction of
the phase shifts for selected partial waves compared to the
richer N3LO force.

Most nuclear matter calculations using chiral forces have
been performed within a perturbative framework starting
from evolved interactions. In Ref. [43], convergence has
been analyzed order by order in many-body perturbation
theory. Results have been obtained up to third order, including
particle-particle and hole-hole propagation [43]. In principle,
the equation of state should be independent of the evolution
scales in the 2NF and the 3NF. Moreover, in the perturbative
regime, results should only be mildly dependent on the order in
perturbation theory. Our nonperturbative calculations include
contributions to all orders and hence are neither limited to the
perturbative regime nor dependent on the order of perturbation
theory. If the diagrammatic summation is complete, it should
lead to scale-invariant results.

We test this hypothesis by performing calculations at
different evolution scales, in both the two- and the three-
body sectors. We evolve the 2NF using a free-space SRG
transformation [37]. The transformation renormalizes the 2NF,
suppressing off-diagonal matrix elements and giving rise to
a universal low-momentum interaction. The SRG evolution
flow also induces many-body forces, which should be taken
into account to keep the calculation complete. Following the
philosophy of Ref. [43], we incorporate the effect of induced
forces through the refitting of the cD and cE LECs to the 3H
binding energy and 4He matter radius. We use the values given
in Table I of [43]. Note that in this process we assume that
the operatorial and momentum structures of the original and
the induced 3NFs are the same. Furthermore, we explore the
dependence of our results on the 3NF cutoff, !3NF, appearing
in the density-dependent 2NF. A more complete calculation
would require running a SRG evolution including the 3NF [41].

We present the results of this exploration in Fig. 8.
Numerical calculations obtained using the SRG on the 2NF
have a saturation point which is much closer to the empirical
value when compared to the original force. Moreover, if
the 2NF has been SRG-evolved, the results are somewhat
independent of the cutoff. Overall, one can say that the
more the 2NF is evolved downward, the more attractive the
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FIG. 8. (Color online) SCGF results for the energy per nucleon
of SNM as a function of the density at a temperature of T = 5 MeV.
Different lines represent different choices of cutoffs for the 2NF, λ,
and the 3NF, !3NF.

saturation curve becomes. This effect is a consequence of the
shift in importance between the 2NF and the induced 3NF
associated with the SRG. There is also a small dependence on
!3NF, but the differences agree well with those presented in
Ref. [43].

The large differences between the results obtained with
evolved and unevolved forces is striking. If correlations and
induced many-body forces had been fully taken into account,
one would have expected a much closer agreement between
the results. This difference might indicate that the assumptions
associated with induced 3NFs are not necessarily robust.
Missing induced three-body forces, which up to now have
not been included in SNM calculations, could resolve this
discrepancy. Alternatively, the difference is also an indication
of missing many-body effects such as, for instance, higher
orders in the treatment of the 3NF. It must be emphasized that
the present way to proceed when applying SRG evolution
in infinite matter should be improved by carrying out the
evolution on a full Hamiltonian with both two- and three-body
forces. Recently, improvements toward the solution of this
problem have been presented for calculations in pure neutron
matter [41], where a full Hamiltonian has been consistently
evolved. All in all, our results seem to contradict the idea that
induced 3NFs can be treated simply in nuclear matter.

In terms of evolved interactions, our nonperturbative
calculations can be used to check whether the perturbative
regime is actually reached. To this end, we compare, in
Fig. 9, our results to the perturbative calculations presented
in Ref. [43]. The BHF and SCGF calculations have been
performed with a SRG-evolved 2NF and a 3NF with the same
cut-offs, λ/!3NF = 2.0/2.0 fm−1. Whereas the Brueckner
results have been obtained with a zero-temperature code, the
SCGF calculations have been extrapolated to zero temperature
by means of a simple procedure. At low temperatures,
the Sommerfeld expansion indicates that the effect of tem-
perature is quadratic and is the same, but with opposite sign,
for the energy and the free energy [47]. Consequently, the
semi-sum of both thermodynamical potentials is an estimate
of the zero-temperature energy. We obtain an extremely
good agreement between both many-body approaches and
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FIG. 9. (Color online) Comparison of results for the energy per
nucleon of SNM obtained with different approaches using the same
SRG-evolved 2NF and a 3NF. Circles correspond to extrapolated
SCGF results, whereas squares are BHF calculations at T = 0 MeV.
Diamonds correspond to the results of Hebeler et al. [43].
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Realistic nuclear forces form Chiral EFT



Benchmark of ab-initio methods in the oxygen 
isotopic chain 

Benchmarking different ab-initio methods in the 
oxgyen chain


!

Hebeler,'Holt,'Menendez,'Schwenk,''Ann.'Rev.'Nucl.'Part.'Sci.'in'press'(2015)'

Calcula7ons'based'on'
chiral'NN'and'3NF'forces.'
Con7nuum'not'taken'into'
account''

N3LO (Λ = 500Mev/c) chiral NN interaction evolved to 2N + 3N forces (2.0fm-1)
N2LO (Λ = 400Mev/c) chiral 3N interaction  evolved (2.0fm-1)
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" 3NF tensor and 3NF near flourine’s dripline

A.*Cipollone,*CB,*P.*Navrátil,*Phys.*Rev.*Lett.*111,*062501*(2013)
and& Phys.*Rev.*C*92,*014306*(2015)



" induced and full 3NF investigated
" genuine (N2LO) 3NF needed to reproduce the energy curvature and S2n

" N=20 and Z=20 gaps overestimated!
" Full 3NF give a correct trend but over bind!

Ab-initio calculation of the whole Ca: induced and full 3NF investigated
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- New fits of chiral interactions (NNLOsat) 
highly improve comparison to data

- Deficiencies remain for neutron rich 
isotopes

structure calculations [3, 4]. Many-body techniques have
themselves undergone major progress and extended their
domain of applicability both in mass and in terms of ac-
cessible (open-shell) isotopes for a given element [5–15].
As a result, today the structure of light and medium-
mass nuclei has become a testing ground for our basic
understanding of nuclear forces.

An emblematic case that has received considerable at-
tention is the one of oxygen binding energies, where sev-
eral calculations have established the crucial role played
by 3N forces in the reproduction of the neutron drip
line at 24O (i.e. in explaining the so-called “oxygen
anomaly”) [6, 16–19]. The excellent agreement between
experimental data and theoretical calculations based on
a next-to-next-to-next-to-leading order (N3LO) 2N and
N2LO 3N chiral interaction (EM) [20–22] was greeted as
a milestone for ab initio methods and modern models
of inter-nucleon interactions, even though a consistent
description of nuclear radii could not be achieved at the
same time [23]. Since then, this mismatch has remained a
puzzle. Subsequent calculations of heavier systems [7–9]
and infinite nuclear matter [24, 25] confirmed the system-
atic underestimation of charge radii, a sizeable overbind-
ing and too spread-out spectra, all pointing to an incor-
rect reproduction of the saturation properties of nuclear
matter. This led to the development of a novel nuclear
interaction, labelled NNLOsat [26], which includes con-
tributions up to N2LO in the chiral EFT expansion (both
in 2N and 3N sector) and di↵ers from EM in two main as-
pects. First, the optimisation of the (“low-energy”) cou-
pling constants is performed simultaneously for 2N and
3N terms [27], while EM and accompanying 3N forces are
optimised sequentially. Second, experimental constraints
from light nuclei (namely energies and charge radii in
some C and O isotopes) are included in the fit of such
low-energy constants in addition to observables from few-
body systems. This second aspect represents a departure
from the usual reductionist strategy of ab initio calcula-
tions followed by EM, in which parameters in the A-body
sector are fixed uniquely by observables in A-body sys-
tems. Although first applications point to good predic-
tive power for ground-state properties [26, 28], the per-
formance of the NNLOsat potential remains to be tested
along isotopic chains and for excited states.

In the present work we employ two di↵erent
many-body approaches, self-consistent Green’s function
(SCGF) and in-medium similarity renormalisation group
(IM-SRG). Each of them is available in two versions.
The first is based on standard expansion schemes and
thus applicable only to closed-shell nuclei. It is referred
to as Dyson-SCGF (DGF) [29] and single-reference IM-
SRG (SR-IM-SRG) [30] respectively. The second version
builds on Bogoliubov-type reference states and thus allow
for a proper treatment of pairing correlations, resulting in
the description of systems displaying an open-shell char-
acter. Such version is labelled Gorkov-SCGF (GGF) [5]
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FIG. 1. Oxygen binding energies. Results from SCGF
and IMSRG calculations performed with EM [20–22] and
NNLOsat [26] interactions are displayed along with available
experimental data.

and multi-reference IM-SRG (MR-IM-SRG) [6] respec-
tively. For the MR-IM-SRG, the reference state is first
projected on good proton and neutron numbers. Hav-
ing di↵erent ab initio approaches at hand is crucial to
benchmark theoretical results and infer as unbiased as
possible information on the input of such calculations,
i.e. inter-nucleon forces. Moreover, while DGF (here in
the ADC(3) approximation scheme), SR- and MR-IM-
SRG feature a comparable content in terms of many-body
expansion, GGF currently includes a lower amount of
many-body correlations, which allows testing the many-
body convergence [7].

We first compute total binding energies EB for oxygen
isotopes 14�24O for the two sets of 2N and 3N interactions
with the four many-body schemes. EM is further evolved
to a low-momentum scale � = 1.88�2.0 fm�1 by means of
SRG techniques [31]. Results are displayed in Fig. 1. For
both interactions, di↵erent many-body calculations yield
values of EB spanning intervals of up to 10 MeV, from 5
to 10% of the total. Compared to experimental binding
energies, EM and NNLOsat perform similarly, following
the trend of available data along the chain both in ab-
solute and in relative terms. Overall, results shown in
Fig. 1 confirm previous findings for EM and validate the
use along the isotopic chain for NNLOsat .

While nuclear masses have been experimentally deter-
mined for the majority of known light and medium-mass
nuclei, measurements of charge and matter radii are typ-
ically more challenging. Charge radii for stable isotopes
have been accessed in the past by means of electron scat-
tering [32]. In addition to charge rms radii, analytical
forms of fitted experimental charge densities can be ex-
tracted from (e,e) cross sections. Standard forms include
2- or 3-parameter Fermi (2pF or 3pF) profiles [33]. For
extended sets of (e,e) data (in terms of momentum trans-
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FIG. 4. Proton (top) and neutron (bottom) radii obtained
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oxygen chain, the heaviest one for which experimental in-
formation on both binding energies and radii is available
up to the neutron drip line. We showed that analysing
(p,p) scattering data allows one to obtain information
on nuclear sizes of unstable isotopes within 0.1 fm. The
combined comparison of measured charge/matter radii
and binding energies with state-of-the-art ab initio cal-
culations o↵ers unique insight on nuclear forces. On the
one hand, EM, a current standard for nuclear theory em-
ploying only 2-, 3- and 4-body observables in the fit of
the low-energy constants thus sticking to the (strict) re-
ductionist strategy, yields an excellent reproduction of
binding energies but significantly underestimates charge
and matter radii. On the other hand, unconventional
NNLOsat , while maintaining a good energy systematics,
clearly improves the description of absolute radii, though
leaving room for refinement for what concerns isotope
shifts. Given the alternative fitting procedure, such an
output raises questions about the choice of observables
that should be included in the fit and the resulting pre-
dictive power whenever this strategy is followed.

More precise information on oxygen radii, e.g. rch via
laser spectroscopy measurements, would allow confirming
our (p,p) analysis and further refining the present discus-
sion. Future, similar studies in heavier isotopes will also
preciously contribute to the systematic development of
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nuclear forces. From the many-body point of view, the
consistent inclusion of higher-body terms in the charge
radius operator is envisaged and might eventually a↵ect
the present discussion. Finally, we stress that a simulta-
neous reproduction of binding energies and radii in stable
and neutron-rich nuclei is mandatory for reliable struc-
ture but even more for reaction calculations. Scattering
amplitudes and nucleon-nucleus interactions evolve as a
function of the size, which should be consistently taken
into account specially when more microscopic reaction
approaches are considered.
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We present a systematic study of both nuclear radii and binding energies in (even) oxygen isotopes from
the valley of stability to the neutron drip line. Both charge and matter radii are compared to state-of-the-art
ab initio calculations along with binding energy systematics. Experimental matter radii are obtained
through a complete evaluation of the available elastic proton scattering data of oxygen isotopes. We show
that, in spite of a good reproduction of binding energies, ab initio calculations with conventional nuclear
interactions derived within chiral effective field theory fail to provide a realistic description of charge and
matter radii. A novel version of two- and three-nucleon forces leads to considerable improvement of the
simultaneous description of the three observables for stable isotopes but shows deficiencies for the most
neutron-rich systems. Thus, crucial challenges related to the development of nuclear interactions remain.

DOI: 10.1103/PhysRevLett.117.052501

Our present understanding of atomic nuclei faces the
following major questions. Experimentally, we aim (i) to
determine the location of the proton and neutron drip lines
[1,2], i.e., the limits in neutron numbers N upon which, for
fixed proton number Z, with decreasing or increasing N,
nuclei are not bound with respect to particle emission, and
(ii) to measure nuclear structure observables offering sys-
tematic tests of microscopic models. While nuclear masses
have been experimentally determined for the majority of
known light and medium-mass nuclei [3], measurements of
charge and matter radii are typically more challenging.
Charge radii for stable isotopes have been accessed in the
past bymeans of electron scattering [4]. In recent years, laser
spectroscopy experiments allow extending such measure-
ments to unstable nuclei with lifetimes down to a few
milliseconds [5]. Matter radii are determined by scattering
with hadronic probes which requires a modelization of the
reaction mechanism. Theoretically, intensive works have
also been performed towards linking a universal description
of atomic nuclei to elementary interactions [6–8] amongst
constituent nucleons and, ultimately, to the underlying
theory of strong interactions, quantum chromodynamics
(QCD). If accomplished, this ab initio description would be
beneficial both for a deep understanding of known nuclei
(stable and unstable, totalling around 3300) and to predict on
reliable bases the features of undiscovered ones (few more
thousands are expected). Many of the latter are not, in the
foreseeable future, experimentally at reach, yet they are
crucial to understanding nucleosynthesis phenomena,
modelled using large sets of evaluated data and of calculated
observables.
The reliability of first-principles calculations depends

upon a consistent understanding of fundamental

observables: ground-state characteristics of nuclei related
to their existence (masses, expressed as binding energies)
and sizes (expressed as root mean square—rms—radii).
Special interest resides in the study of masses and sizes for
a given element along isotopic chains. Experimentally, their
determination is increasingly difficult as one approaches
the neutron drip line; as of today, the heaviest element with
available data on all existing bound isotopes is oxygen
(Z ¼ 8) [3]. Using theoretical simulations, the link between
nuclear properties and internucleon forces can be explored
for different N=Z values, thus, critically testing both our
knowledge of nuclear forces and many-body theories.
In this work, we focus on oxygen isotopes for which, in

spite of the tremendous progress of recent ab initiomethods,
a simultaneous reproduction of masses and radii has not yet
been achieved. We present important findings from novel
ab initio calculations along with a complete evaluation of
matter radii, rm, for stable and neutron-rich oxygen isotopes.
Here, rm are deduced via a microscopic reanalysis of proton
elastic scattering data sets. They complement charge radii
rch, offering an extended comparison through the isotopic
chain that allows testing state-of-the-art many-body calcu-
lations. We show that a recent version of two- and
three-nucleon (2N and 3N) forces leads to considerable
improvement in the critical description of radii.
A viable ab initio strategy consists in exploiting the

separation of scales between QCD and (low-energy)
nuclear dynamics, taking point nucleons as degrees of
freedom. For decades, realistic 2N interactions were built
from fitting scattering data, see, e.g., [6]. However, model
limitations were seen through discrepancies with exper-
imental data, like underbinding of finite nuclei and inad-
equate saturation properties of extended nuclear matter.
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four di↵erent (2N+3N) interactions. The experimental charge
density of 36S is also visible [17].
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- 34Si is unstable, charge distribution is still unknown

- Suggested central depletion from mean-field 
simulations

- Ab-initio theory confirms predictions

- Other theoretical and experimental evidence:
Phys. Rev. C 79, 034318 (2009),
Nature Physics 13, 152–156 (2017).

Duguet,*Somà,*Lecuse,*CB,*Navrátil,
Phys.Rev.*C95,*034319 (2017)
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Local vs. non-local chiral N2LO NNN interaction    — by P. Navrátil

• Local:*chiral*N3LO*NN+*N2LO*3N500
– cD=Y0.2***cE=Y0.205*(3H*Egs=Y8.48*MeV)
– 4He

• NonYlocal:*chiral*N2LOsat*NN+3N
– cD=+0.8168 cE=Y0.0396 (3H*Egs=Y8.53*MeV)
– 4He

• Local/NonYlocal:*chiral*N3LO*NN+*N2LO

– cD=+0.7***cE=Y0.06*(3H*Egs=Y8.44*MeV)
– 4He
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Masses in the Ti isotopic chain
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FIG. 4. The mass landscape of titanium isotopes is shown from three perspectives: (a) absolute masses (shown in binding
energy format), (b) its first “derivative” as two-neutron separation energies (S2n), and (c) its second “derivative” as empirical
neutron-shell gaps (�2n). Both theoretical ab-initio calculations (lines) and experimental values (points) are shown.

FIG. 5. Empirical neutron-shell gaps for titanium and neigh-
boring isotopic chains show the abrupt rise of the N = 32
shell closure between V and Sc. VS-IMSRG calculations us-
ing the 1.8/2.0(EM) interaction (lines) show remarkable over-
all agreement, but overpredict the extent of the N = 32 shell
closure towards heavier isotones. Data (points) were calcu-
lated from AME16 [12] values, red data points also include
the measurements reported in this work. Unconnected dashed
lines in Sc chain are guides to the eye. Each isotopic chain
was shifted by a multiple of 3.5 MeV for clarity.

trast, calculated shell gaps in titanium steeply rise from
N = 30 to N = 32 compared to experiment, indicating
that the N = 32 closure is predicted to arise too early
towards calcium. While the origin of this discrepancy is
not completely clear, we note that generally signatures
of shell closures, such as first excited 2+ energies and
neutron shell gaps, are often modestly overestimated by
VS-IMSRG [48]. From direct comparisons with coupled
cluster theory [54], it is expected that some controlled ap-
proximation to include three-body operators in the VS-
IMSRG will improve such predictions in magic nuclei and
possibly this discrepancy in titanium as well.

In summary, precision mass measurements performed
with TITAN’s Penning trap and multiple-reflection time-

of-flight mass spectrometers on neutron-rich titanium iso-
topes were able to narrow down the evolution of the
N = 32 shell and its abrupt quenching. Although cal-
culations from ab-initio theories perform well in this re-
gion, our data provide fine information on where they
can currently be improved. These results also highlight
the scientific capabilities of the new TITAN MR-TOF-
MS, whose sensitivity enables probing much rarer species
with competitive precision.
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Lepton-nucleon cross section

2

tributed in energy and momentum inside the tar-
get [? ].

The formalism based on the impulse approximation
(IA) and realistic hole spectral functions (SFs) allows to
combine a realistic description of the initial state of the
nuclear target with a fully-relativistic interaction vertex
and kinematics [16]. Calculations carried out employing
hole SF computed within the correlated-basis function
(CBF) and the SCGF theories have been extensively val-
idated against electron-nucleus scattering data on a num-
ber of nuclei [17? –19]. The somewhat oversimplified
treatment of final-state interactions (FSI) to which the
struck nucleon undergoes has been corroborated compar-
ing the electromagnetic response functions of 12C from
CBF with those of the GFMC [20].

More recently, the factorisation scheme underlying
IA and the SF formalism has been generalized to in-
clude electromagnetic relativistic meson-exchange two-
body currents (MEC), arising from pairs of interacting
nucleons [21]. Employing nuclear overlaps and consis-
tent SFs obtained within the CBF theory, the authors
of Refs. [22] have analyzed the role of MEC in electron
scattering o↵ 12C. They found that two-body currents
are mostly e↵ective in the “dip” region, between the
quasielastic and the �-production peaks. Their inclu-
sion appreciably improves the agreement between theory
and data.

In this work, we further extend the IA scheme by in-
troducing the MEC relevant for charged-current (CC)
and neutral-current (NC) interactions. We study their
role in neutrino and anti-neutrino scattering o↵ 12C and
16O nuclei, both used as targets in neutrino-oscillation
experiments. We adopt the two-body currents derived
in Ref. [23] from the weak pion-production model of
Ref. [24]. It has been shown that they provide results
consistent with those of Ref. [25], which were also
adopted in the extension of the IA and SF formal-
ism of Ref. [22].

We develop a dedicated code that automatically carries
out the calculation of the MEC spin-isospin matrix ele-
ments, performing the integration using the Metropolis
Monte Carlo algorithm [26]. To validate our implementa-
tion of the two-body currents, we perform a benchmark
calculation of the CC response functions within the rela-
tivistic Fermi gas model, comparing our results with the
findings of Ref. [23].

We consider two nuclear SFs, derived within
the framework of nuclear many-body theory us-
ing the CBF formalism [27] and the self-consistent
Green’s function (SCGF) theory [28]. These two
approaches start from di↵erent, albeit realistic, nuclear
hamiltonians to describe the interactions between pro-
tons and neutrons. Moreover, the approximations in-
volved in the calculations of the hole spectral function
are also peculiar to of each of the two methods. Hence,
a comparison of the cross sections obtained employing
the CBF and the SCGF nuclear SFs helps gauging the
theoretical error of the calculation.

More specifically, we analyze the double-di↵erential
cross sections of 12C and 16O for both CC and NC
transitions for incoming (anti)neutrino energy of 1 GeV
and two values of the scattering angle: ✓

µ

= 30� and
✓
µ

= 70�. We also present results for the total CC cross
section for neutrino and anti-neutrino scattering o↵ 12C
as a function of the incoming (anti)neutrino energy. Our
calculations are compared with the experimental data ex-
tracted by the MiniBooNE collaboration [29].
The structure of the nuclear cross section, as well as

its expression in terms of relevant response functions are
reviewed in Section II. Section III is devoted to the de-
scription of the IA, including its extension to account for
a consistent treatment of one- and two-nucleon current
contributions. The CBF theory and SCGF approaches
are also briefly outlined. In Section IV we discuss the
explicit expressions of the relativistic two-body currents
employed, while Section V is dedicated to their numeri-
cal implementation. In Section VI we present our results
and in Section VII we state our conclusions.

II. FORMALISM

The double-di↵erential cross section for ⌫ and ⌫̄ inclu-
sive scattering o↵ a nucleus can be expressed as [30, 31]

⇣ d�

dT 0d cos ✓0

⌘

⌫/⌫̄

=
G2

2⇡

k0

2E
⌫

h
L̂
CC

R
CC

+ 2L̂
CL

R
CL

+ L̂
LL

R
LL

+ L̂
T

R
T

± 2L̂
T

0R
T

0

i
, (1)

where G = G
F

and G = G
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for NC and CC pro-
cesses, respectively, with cos ✓

c

= 0.97425 [32]. The +
(�) sign corresponds to ⌫ (⌫̄) induced reactions. We
adopt the value G

F

= 1.1803⇥ 10�5 GeV�2, as from the
analysis of 0+ ! 0+ nuclear �-decays of Ref. [33], which
accounts for the bulk of the inner radiative corrections.
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with m2

`

= k0 2 being the mass of the outgoing lepton.
The five electroweak response functions are given by
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where the hadronic tensor

Wµ⌫ =
X

f

h0|jµ †|fihf |j⌫ |0i�(E
0

+ ! � E
f

) (6)

contains all information on the structure of the target. It
is defined in terms of the transition between the initial
and final nuclear states |0i and |fi, with energies E

0

and
E

f

, induced by the nuclear current operator jµ.
Note that the sum in Eq.(6) includes the con-

tributions of inelastic processes, leading to the
appearance of hadrons other than nucleons in fi-
nal state, which we will not discuss in this ar-
ticle. The derivation of the inelastic neutrino-
nucleus cross section within the SF formalism can
be found in Ref.[34].

III. IMPULSE APPROXIMATION

At relatively large values of the momentum transfer,
typically |q| & 500 MeV, the impulse approximation
(IA) can be safely applied under the assumption that
the struck nucleon is decoupled from the spectator (A-
1) particles [8, 16]. Within the IA, the nuclear current
operator reduces to a sum of one-body terms, jµ =

P
i

jµ
i

and the nuclear final state factorizes as
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In the above equation |pi denotes the final-state nucleon
with momentum p and energy e(p), while | A�1

f

i de-
scribes the (A� 1)-body spectator system. Its energy
and recoiling momentum are fixed by energy and mo-
mentum conservation
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Employing the factorization ansatz and inserting a
single-nucleon completeness relation, the matrix element
of the current operator can be written as
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Substituting the last equation in Eq. (6), the incoher-
ent contribution to the hadron tensor, dominant at large
momentum transfer, is given by
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where the subscript “1b” indicates that only one-body
currents have been included. Using the identity
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and the fact that momentum conservation in the single-
nucleon vertex implies p = k + q, we can rewrite the
hadron tensor as
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The factors m
N

/e(k) and m
N

/e(k+ q), m
N

being the
mass of the nucleon, are included to account for the im-
plicit covariant normalization of the four-spinors of the
initial and final nucleons in the matrix elements of the
relativistic current.
The hole spectral function
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provides the probability distribution of removing a nu-
cleon with momentum k from the target nucleus, leaving
the residual (A� 1)-nucleon system with an excitation
energy E. Note that in Eq. (12) we neglected Coulomb
interactions and the other (small) isospin-breaking terms
and made the assumption, largely justified in the case
of symmetric closed shell nuclei, that the proton and
neutron spectral functions are identical.

Using the Sokhotski-Plemelj theorem [35] we can
rewrite Eq. (13) as
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i and
the completeness of the A� 1 states, the hole SF can be
expressed in terms of the hole Green’s function
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Finally, it has to be noted that the single nucleon mo-
mentum distribution, corresponds to the integral of the
spectral function over the removal energy
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tributed in energy and momentum inside the tar-
get [? ].

The formalism based on the impulse approximation
(IA) and realistic hole spectral functions (SFs) allows to
combine a realistic description of the initial state of the
nuclear target with a fully-relativistic interaction vertex
and kinematics [16]. Calculations carried out employing
hole SF computed within the correlated-basis function
(CBF) and the SCGF theories have been extensively val-
idated against electron-nucleus scattering data on a num-
ber of nuclei [17? –19]. The somewhat oversimplified
treatment of final-state interactions (FSI) to which the
struck nucleon undergoes has been corroborated compar-
ing the electromagnetic response functions of 12C from
CBF with those of the GFMC [20].

More recently, the factorisation scheme underlying
IA and the SF formalism has been generalized to in-
clude electromagnetic relativistic meson-exchange two-
body currents (MEC), arising from pairs of interacting
nucleons [21]. Employing nuclear overlaps and consis-
tent SFs obtained within the CBF theory, the authors
of Refs. [22] have analyzed the role of MEC in electron
scattering o↵ 12C. They found that two-body currents
are mostly e↵ective in the “dip” region, between the
quasielastic and the �-production peaks. Their inclu-
sion appreciably improves the agreement between theory
and data.

In this work, we further extend the IA scheme by in-
troducing the MEC relevant for charged-current (CC)
and neutral-current (NC) interactions. We study their
role in neutrino and anti-neutrino scattering o↵ 12C and
16O nuclei, both used as targets in neutrino-oscillation
experiments. We adopt the two-body currents derived
in Ref. [23] from the weak pion-production model of
Ref. [24]. It has been shown that they provide results
consistent with those of Ref. [25], which were also
adopted in the extension of the IA and SF formal-
ism of Ref. [22].

We develop a dedicated code that automatically carries
out the calculation of the MEC spin-isospin matrix ele-
ments, performing the integration using the Metropolis
Monte Carlo algorithm [26]. To validate our implementa-
tion of the two-body currents, we perform a benchmark
calculation of the CC response functions within the rela-
tivistic Fermi gas model, comparing our results with the
findings of Ref. [23].

We consider two nuclear SFs, derived within
the framework of nuclear many-body theory us-
ing the CBF formalism [27] and the self-consistent
Green’s function (SCGF) theory [28]. These two
approaches start from di↵erent, albeit realistic, nuclear
hamiltonians to describe the interactions between pro-
tons and neutrons. Moreover, the approximations in-
volved in the calculations of the hole spectral function
are also peculiar to of each of the two methods. Hence,
a comparison of the cross sections obtained employing
the CBF and the SCGF nuclear SFs helps gauging the
theoretical error of the calculation.

More specifically, we analyze the double-di↵erential
cross sections of 12C and 16O for both CC and NC
transitions for incoming (anti)neutrino energy of 1 GeV
and two values of the scattering angle: ✓

µ

= 30� and
✓
µ

= 70�. We also present results for the total CC cross
section for neutrino and anti-neutrino scattering o↵ 12C
as a function of the incoming (anti)neutrino energy. Our
calculations are compared with the experimental data ex-
tracted by the MiniBooNE collaboration [29].
The structure of the nuclear cross section, as well as

its expression in terms of relevant response functions are
reviewed in Section II. Section III is devoted to the de-
scription of the IA, including its extension to account for
a consistent treatment of one- and two-nucleon current
contributions. The CBF theory and SCGF approaches
are also briefly outlined. In Section IV we discuss the
explicit expressions of the relativistic two-body currents
employed, while Section V is dedicated to their numeri-
cal implementation. In Section VI we present our results
and in Section VII we state our conclusions.

II. FORMALISM

The double-di↵erential cross section for ⌫ and ⌫̄ inclu-
sive scattering o↵ a nucleus can be expressed as [30, 31]
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Nuclear structure is in the
hadronic tensor:
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tributed in energy and momentum inside the tar-
get [? ].

The formalism based on the impulse approximation
(IA) and realistic hole spectral functions (SFs) allows to
combine a realistic description of the initial state of the
nuclear target with a fully-relativistic interaction vertex
and kinematics [16]. Calculations carried out employing
hole SF computed within the correlated-basis function
(CBF) and the SCGF theories have been extensively val-
idated against electron-nucleus scattering data on a num-
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where �̃
↵

(k) is the Fourier transform of the single-
particle wave function

�̃
↵

(k) =

Z
d3r eik r�

↵

(r) . (35)

In this work, the SCGF calculations are performed em-
ploying a spherical harmonic-oscillator basis, with fre-
quency ~⌦ = 20 MeV and dimension N

max

= max{2n+
`} = 11.

The SCGF correlated one-body propagator obtained
by solving the Dyson equation of Eq. (30) is used to de-
termine the hole SF of 16O. The results for open shell
nuclei, such as 12C discussed in this work, have been
obtained within the Gorkov’s theory, in which the de-
scription of pairing correlations characterizing open shell
systems is achieved by breaking the particle number sym-
metry [54–56].

C. Inclusion of two-body currents

The inclusion of two-body current operator requires
the generalization of the factorization ansatz of Eq. (9).
Following Refs. [21, 22] and neglecting the contribution of
[h A�1

f

|⌦ hp|]|jµ
2b

| A

0

i, the matrix element of the nuclear
current reads

h A

f

|jµ
2b

| A

0

i !
X

k k

0

[h A�2

f

|⌦ hk k0|] | A

0

i
a

hp p0|
X

ij

jµ
ij

|k k0i . (36)

where |p p0i
a

= |p p0i� |p0 pi. In infinite matter the corre-
lated nuclear many-body state can be labeled with their
single-particle momenta, implying | A�2

f

i = |hh0i, where
|hh0i with |h|, |h0|  k

F

denotes a 2-hole state of (A� 2)
nucleons. A diagrammatic analysis of the cluster expan-
sion of the overlap �hh

0

kk

0 ⌘ h 
0

|[|kk0i⌦ | 
hh

0i was carried
out by the Authors of Ref. [57]. Their analysis shows
that only unlinked graphs (i.e., those in which the points
reached by the k

1

, k
2

lines are not connected to one other
by any dynamical or statistical correlation lines) survive
in the A ! 1 limit

�hh
0

kk

0 = �h
k

�h
0

k

0 (2⇡)3�(3)(h� k)(2⇡)3�(3)(h0 � k0) , (37)

where �h
k

is the the Fourier transform of the overlap be-
tween the ground state and the one-hole (A� 1)-nucleon
state, the calculation of which is discussed in Ref. [42]

Therefore, using the �(3)-function to perform the inte-
gration over p0 = k+k0+q�p, the pure two-body current
component of the hadron tensor in nuclear matter turns
out to be [21]

Wµ⌫

2b

(q,!) =
V

4

Z
dE

d3k

(2⇡)3
d3k0

(2⇡)3
d3p

(2⇡)3
m4

e(k)e(k0)e(p)e(p0)

⇥ PNM

h

(k,k0, E)2
X

ij

hk k0|jµ
ij

†|p p0i
a

hp p0|j⌫
ij

|k k0i

⇥ �(! + E � e(p)� e(p0)) . (38)

The normalization volume for the nuclear wave func-
tions V = ⇢/A with ⇢ = 3⇡2k3

F

/2 depends on the Fermi
momentum of the nucleus, which we take to be k

F

= 225
MeV. The factor 1/4 accounts for the fact that we sum
over indistinguishable pairs of particles, while the factor
2 stems from the equality of the product of the direct
terms and the product of the two exchange terms after
interchange of indices [58]. The two-nucleon SF entering
the hadron tensor is

PNM

h

(k,k0, E) =

Z
d3h

(2⇡)3
d3h0

(2⇡)3
|�hh0

kk

0 |2�(E + e(h) + e(h0))

⇥ ✓(k
F

� |h|)✓(k
F

� |h0|) . (39)

Consistently with the fact that, in absence of long-range
correlations, the two-nucleon momentum distribution of
infinite systems factorizes according to [59]

n(k,k0) = n(k)n(k0) +O
✓
1

A

◆
, (40)

exploiting the factorization of the two-nucleon overlaps of
Eq. (37), the two-body contribution of the hadron tensor
can be rewritten as

Wµ⌫

2b

(q,!) =
V

2

Z
dẼ

d3k

(2⇡)3
dẼ0 d

3k0

(2⇡)3
d3p

(2⇡)3

⇥ m4

e(k)e(k0)e(p)e(p0)
PNM

h

(k, Ẽ)PNM

h

(k0, Ẽ0)

⇥
X

ij

hk k0|jµ
ij

†|p p0ihp p0|j⌫
ij

|k k0i

⇥ �(! + Ẽ + Ẽ0 � e(p)� e(p0)) . (41)

In order to make contact with finite systems, we take

PNM

h

(k, E) ' k3
F

6⇡2

P
h

(k, E) (42)

where the hole SF of the nucleus P
h

(k, E) is obtained
from either the CBF theory or the SCGF approach.
We are aware that the assumptions made to include

the contribution of two-body currents deserve further in-
vestigations. For instance, the strong isospin-dependence
of short-range correlations, elucidated in a number of re-
cent works [60–62], is not properly accounted for if the
factorization of Eq. (37). In this regard, it has to be men-
tioned that in the present work we do not account for the
interference between one- and two-body currents. While
in the two-nucleon knockout final states this contribution
is relatively small [21, 22], it has been argued that ten-
sor correlations strongly enhance the interference terms
for final states associated single-nucleon knock out pro-
cesses [63]. This is consistent with the Green’s function
Monte Carlo calculations of Refs. [64, 65], in which the
interference between one- and two-body currents domi-
nate the total two-body current contribution.
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The energy-dependence exhibited by P corr

h

(k, E),
showing a widespread background extending up to large
values of both k and E, is completely di↵erent from that
of P 1h

h

(k, E). For k > p
F

, P corr

h

(k, E) coincides with
P
h

(k, E) and its integral over the energy gives the so-
called continuous part of the momentum distribution.

B. Self-consistent Green’s function

The one-body Green’s Function is written as a sum of
two di↵erent contributions describing the propagation of
a particle and hole state [46]:

g
↵�

(!) = h A

0

|a
↵

1

! � (H � EA

0

) + i⌘
a†
�

| A

0

i

+ h A

0

|a†
�

1

! + (H � EA

0

)� i⌘
a
↵

| A

0

i , (25)

where  A

0

is the ground state wave function of A nucle-
ons, a†

↵

and a
↵

are the creation and annihilation opera-
tor in the quantum state ↵, respectively. The so-called
Lehmann representation results from inserting complete-
ness relations in Eq. (25). This is

g
↵�

(!) =
X

n

h A

0

|a
↵

| A+1

n

ih A+1

n

|a†
�

| A

0

i
! � (EA+1

n

� EA

0

) + i⌘

+
X

k

h A

0

|a†
�

| A�1

k

ih A�1

k

|a
↵

| A

0

i
! � (EA

0

� EA�1

k

)� i⌘
, (26)

where | A+1

n

i (| A�1

k

i) are the eigenstates and EA+1

n

(EA�1

k

) the eigenvalues of the (A ± 1)-body system. In-
troducing the transition amplitudes

(Xn

↵

)⇤ = h A

0

|a
↵

| A+1

n

i ,
Yk

↵

= h A�1

k

|a
↵

| A

0

i (27)

and the corresponding quasiparticle energies

✏+
n

= EA+1

n

� EA

0

,

✏�
k

= EA

0

� EA�1

k

(28)

leads to the more compact expression

g
↵�

(!) =
X

n

(Xn

↵

)⇤ Xn

�

! � ✏+
n

+ i⌘
+

X

k

Yk

↵

(Yk

�

)⇤

! � ✏�
k

� i⌘
. (29)

The one-body propagator given in Eqs. (25) and (26) is
completely determined by solving the Dyson equation

g
↵�

(!) = g0
↵�

(!) +
X

��

g0
↵�

(!)⌃?

��

(!)g
��

(!) , (30)

where g0
↵�

(!) is the unperturbed single-particle propaga-
tor and ⌃?

��

(!) is the irreducible self-energy that encodes

nuclear medium e↵ects in the particle propagator [46].
The latter is given by the sum of two di↵erent terms

⌃?

↵�

(!) = ⌃1
↵�

+ ⌃̃
↵�

(!) , (31)

the first one describes the average mean field while the
second one contains dynamic correlations. In practi-
cal calculations the self-energy is expanded as a func-
tion of the propagator itself, implying that an iterative
procedure is required to solve the Dyson equation self-
consistently. The self-energy can be calculated system-
atically within the Algebraic Diagrammatic Construc-
tion (ADC) method. The third order truncation of this
scheme [ADC(3)] yields a propagator that includes all
possible Feynman contributions up to third order but it
further resums infinite series of relevant diagrams in a
non-perturbative fashion [28, 47]. A first organization of
the contributions to the self-energy comes by considering
the particle irreducible (PI) and skeleton diagrams. In
order to reduce the number of Feynman diagrams con-
taining two- and three-body forces to be considered, a
useful strategy is to include only interaction-irreducible
diagrams [48] in which medium dependent or e↵ective
one- and two-body interactions are used. The residual
contribution of e↵ective three-body forces is expected to
be smaller and can be safely neglected [49–52].
The expressions of the static and dynamic self-energy

up to third order, including all possible two- and three-
nucleon terms that enter the expansion of the self-energy,
as well as interaction-irreducible (i.e. not averaged)
three-nucleon diagrams have been recently derived in
Ref. [53].
The dynamical part of the self-energy of Eq.(31) can be
rewritten in the Lehmann representation as

⌃̃
↵�

(!) =
X

ij

0

D†
↵i

h 1

! � (K+C)

i

ij

D†
j�

, (32)

where K are the unperturbed 2p1h and 2h1p energies,
D coupling matrices and C interaction matrices for the
forward and backward intermediate states.
Rewriting the nuclear matrix element entering Eq. (13)

as

[ h A�1

f

|⌦ hk|]| A

0

i =
X

↵

Yk

↵

�̃
↵

(k)

=
X

↵

�̃
↵

(k)h A�1

f

|a
↵

| A

0

i , (33)

we recover the more familiar expression of the spectral
function written as the imaginary part of the Green’s
function describing the propagation of a hole state

P
h

(k, E) =
1

⇡

X

↵�

�̃⇤
�

(k)�̃
↵

(k)

⇥ Imh A

0

|a†
�

1

E + (H � EA

0

)� i✏
a
↵

| A

0

i , (34)
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In the kinematical region in which the interactions be-
tween the struck particle and the spectator system can-
not be neglected, the IA results are modified to include
the e↵ect of final-state interactions (FSI). The multiple
scatterings that the struck particle undergoes during its
propagation through the nuclear medium can be taken
into account through a convolution scheme [17, 36], which
amounts to integrating the IA prediction with a folding
function that describes the e↵ects of FSI between the
struck particle and the A � 1 spectator system. In ad-
dition, to describe the propagation of the knocked-out
particle in the mean-field generated by the spectator sys-
tem, the energy spectrum of the knocked-out nucleon is
modified with the real part of an optical potential derived
from the Dirac phenomenological fit of Ref [37].

In this work, aimed at devising the formalism for in-
cluding relativistic meson-exchange currents within two
realistic models of the nuclear ground-state, FSI are dis-
regarded. On the other hand, we will fully account them
in the forthcoming calculations of the flux-integrated
double-di↵erential neutrino-nucleus cross sections.

A. Correlated basis function theory

Exploiting the spectral representation of the
two-point Green’s function, the CBF hole SFs of
12C and 16O can be written as the sum of two
contributions [38]

P
h

(k, E) = P 1h

h

(k, E) + P corr

h

(k, E) . (17)

The one-hole term is obtained from a modified mean-
field scheme

P 1h

h

(k, E) =
X

↵2{F}

Z
↵

|�
↵

(k)|2F
↵

(E � e
↵

) , (18)

where the sum runs over all occupied single-particle nu-
clear states, labeled by the index ↵, and �

↵

(k) is the
Fourier transform of the shell-model orbital with energy
e
↵

. The spectroscopic factor Z
↵

< 1 and the function
F
↵

(E � e
↵

), describing the energy width of the state
↵, account for the e↵ects of residual interactions that
are not included in the mean-field picture. In the ab-
sence of residual interactions, Z

↵

! 1 and F
↵

(E�e
↵

) !
�
↵

(E � e
↵

). The spectroscopic factors and the widths of
the s and p states of 12C and 16O have been taken from
the analysis of (e, e0p) data carried out in Refs. [39–41].

To evaluate the correlated part, P corr

h

(k, E), at first
CBF calculations of the hole SF in isospin-symmetric
nuclear matter are carried out for several values of the
density, considering overlaps involving the ground-state
and one-hole and two-holes-one-particle excitations in
| A�1

f

i [38, 42]. They are consistently obtained from the
following set of correlated basis (CB) states

| 
n

i
CB

=
F|�

n

i
h�

n

|F†F|�
n

i1/2 , (19)

where |�
n

i is an independent-particle state, generic
eigenstate of the free Fermi gas Hamiltonian, and the
many-body correlation operator F is given by

F = S
h AY

j>i=1

F
ij

i
. (20)

The form of the two-body correlation operator F
ij

reflects
the complexity of realitistic NN potential [43]

F
ij

=
6X

n=1

fn(r
ij

)On

ij

, (21)

with r
ij

= |r
i

� r
j

| and

On6

ij

= [1, (�
i

· �
j

), S
ij

]⌦ [1, (⌧
i

· ⌧
j

)] , (22)

In the above equation, �
i

and ⌧
i

are Pauli matrices acting
in the spin and isospin space, respectively, and S

ij

is the
tensor operator given by

S
ij

=
3

r2
ij

(�
i

· r
ij

)(�
j

· r
ij

)� (�
i

· �
j

) . (23)

The CB states are first orthogonalized (OCB) [44] pre-
serving, in the thermodynamical limit, the diagonal ma-
trix elements between CB states. Then, standard per-
turbation theory is used to express the eigenstates of the
nuclear Hamiltonian in terms of the OCB. Any eigenstate
has a large overlap with the n�hole-m�particle OCB and
hence perturbation theory in this basis is rapidly converg-
ing.
The nuclear-matter SF can be conveniently split into

two components, displaying distinctly di↵erent energy
dependences [8, 16, 38, 45]. The single-particle one, as-
sociated to one-hole states in | A�1

f

i of Eq. (34), ex-
hibits a collection of peaks corresponding to the energies
of the single-particle states belonging to the Fermi sea.
The continuum, or correlation, component corresponds
to states involving at least two-hole–one-particle contri-
butions in | A�1

f

i. Its behavior as a function of E is
smooth and it extends to large values of removal energy
and momentum [42]. It has to be noted that the corre-
lated part would be strictly zero if nuclear correlations
were not accounted for.
Finally, the correlated part of the SF for finite nu-

clei is then obtained through local density approximation
(LDA) procedure

P corr

h

(k, E) =

Z
d3R ⇢

A

(R)P corr

h,NM

(k, E; ⇢
A

(R)) , (24)

where ⇢
A

(R) is the nuclear density distribution of the
nucleus and P corr

h ,NM

(k, E; ⇢) is the correlation component
of the SF of isospin-symmetric nuclear matter at density
⇢. The use of the LDA to account for P corr

h

(k, E) is
based on the premise that short-range nuclear dynamics
are largely una↵ected by surface and shell e↵ects.

4

In the kinematical region in which the interactions be-
tween the struck particle and the spectator system can-
not be neglected, the IA results are modified to include
the e↵ect of final-state interactions (FSI). The multiple
scatterings that the struck particle undergoes during its
propagation through the nuclear medium can be taken
into account through a convolution scheme [17, 36], which
amounts to integrating the IA prediction with a folding
function that describes the e↵ects of FSI between the
struck particle and the A � 1 spectator system. In ad-
dition, to describe the propagation of the knocked-out
particle in the mean-field generated by the spectator sys-
tem, the energy spectrum of the knocked-out nucleon is
modified with the real part of an optical potential derived
from the Dirac phenomenological fit of Ref [37].

In this work, aimed at devising the formalism for in-
cluding relativistic meson-exchange currents within two
realistic models of the nuclear ground-state, FSI are dis-
regarded. On the other hand, we will fully account them
in the forthcoming calculations of the flux-integrated
double-di↵erential neutrino-nucleus cross sections.

A. Correlated basis function theory

Exploiting the spectral representation of the
two-point Green’s function, the CBF hole SFs of
12C and 16O can be written as the sum of two
contributions [38]

P
h

(k, E) = P 1h

h

(k, E) + P corr

h

(k, E) . (17)

The one-hole term is obtained from a modified mean-
field scheme

P 1h

h

(k, E) =
X

↵2{F}

Z
↵

|�
↵

(k)|2F
↵

(E � e
↵

) , (18)

where the sum runs over all occupied single-particle nu-
clear states, labeled by the index ↵, and �

↵

(k) is the
Fourier transform of the shell-model orbital with energy
e
↵

. The spectroscopic factor Z
↵

< 1 and the function
F
↵

(E � e
↵

), describing the energy width of the state
↵, account for the e↵ects of residual interactions that
are not included in the mean-field picture. In the ab-
sence of residual interactions, Z

↵

! 1 and F
↵

(E�e
↵

) !
�
↵

(E � e
↵

). The spectroscopic factors and the widths of
the s and p states of 12C and 16O have been taken from
the analysis of (e, e0p) data carried out in Refs. [39–41].

To evaluate the correlated part, P corr

h

(k, E), at first
CBF calculations of the hole SF in isospin-symmetric
nuclear matter are carried out for several values of the
density, considering overlaps involving the ground-state
and one-hole and two-holes-one-particle excitations in
| A�1

f

i [38, 42]. They are consistently obtained from the
following set of correlated basis (CB) states
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where |�
n

i is an independent-particle state, generic
eigenstate of the free Fermi gas Hamiltonian, and the
many-body correlation operator F is given by

F = S
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. (20)

The form of the two-body correlation operator F
ij

reflects
the complexity of realitistic NN potential [43]
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In the above equation, �
i

and ⌧
i

are Pauli matrices acting
in the spin and isospin space, respectively, and S

ij

is the
tensor operator given by
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The CB states are first orthogonalized (OCB) [44] pre-
serving, in the thermodynamical limit, the diagonal ma-
trix elements between CB states. Then, standard per-
turbation theory is used to express the eigenstates of the
nuclear Hamiltonian in terms of the OCB. Any eigenstate
has a large overlap with the n�hole-m�particle OCB and
hence perturbation theory in this basis is rapidly converg-
ing.
The nuclear-matter SF can be conveniently split into

two components, displaying distinctly di↵erent energy
dependences [8, 16, 38, 45]. The single-particle one, as-
sociated to one-hole states in | A�1

f

i of Eq. (34), ex-
hibits a collection of peaks corresponding to the energies
of the single-particle states belonging to the Fermi sea.
The continuum, or correlation, component corresponds
to states involving at least two-hole–one-particle contri-
butions in | A�1

f

i. Its behavior as a function of E is
smooth and it extends to large values of removal energy
and momentum [42]. It has to be noted that the corre-
lated part would be strictly zero if nuclear correlations
were not accounted for.
Finally, the correlated part of the SF for finite nu-

clei is then obtained through local density approximation
(LDA) procedure
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Z
d3R ⇢
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h,NM

(k, E; ⇢
A

(R)) , (24)

where ⇢
A

(R) is the nuclear density distribution of the
nucleus and P corr

h ,NM

(k, E; ⇢) is the correlation component
of the SF of isospin-symmetric nuclear matter at density
⇢. The use of the LDA to account for P corr

h

(k, E) is
based on the premise that short-range nuclear dynamics
are largely una↵ected by surface and shell e↵ects.
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In the kinematical region in which the interactions be-
tween the struck particle and the spectator system can-
not be neglected, the IA results are modified to include
the e↵ect of final-state interactions (FSI). The multiple
scatterings that the struck particle undergoes during its
propagation through the nuclear medium can be taken
into account through a convolution scheme [17, 36], which
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dition, to describe the propagation of the knocked-out
particle in the mean-field generated by the spectator sys-
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The CB states are first orthogonalized (OCB) [44] pre-
serving, in the thermodynamical limit, the diagonal ma-
trix elements between CB states. Then, standard per-
turbation theory is used to express the eigenstates of the
nuclear Hamiltonian in terms of the OCB. Any eigenstate
has a large overlap with the n�hole-m�particle OCB and
hence perturbation theory in this basis is rapidly converg-
ing.
The nuclear-matter SF can be conveniently split into

two components, displaying distinctly di↵erent energy
dependences [8, 16, 38, 45]. The single-particle one, as-
sociated to one-hole states in | A�1
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i of Eq. (34), ex-
hibits a collection of peaks corresponding to the energies
of the single-particle states belonging to the Fermi sea.
The continuum, or correlation, component corresponds
to states involving at least two-hole–one-particle contri-
butions in | A�1
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smooth and it extends to large values of removal energy
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where τ = −q2/(4m2). Finally, using the identity

δ
(
ω − e(p) − EA−1

f + EA
0

)

=
∫

dE δ(ω + E − e(p)) δ
(
E + EA−1

f − EA
0

)
, (33)

we can rewrite the hadron tensor as

Wµν(q,ω) =
∫

d3k

(2π )3
dEPh(k,E)
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e(k)e(k + q)

×
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i

⟨k|jµ
i
†|k + q⟩⟨k + q|j ν

i |k⟩

× δ(ω + E − e(k + q)) , (34)

where the factors m/e(k) and m/e(k + q) have to be included
to account for the implicit covariant normalization of the four-
spinors of the initial and final nucleons in the matrix elements
of the relativistic current.

The hole spectral function

Ph(k,E) =
∑

f

∣∣〈ψA
0

∣∣[|k⟩ ⊗
∣∣ψA−1

f

〉]∣∣2

× δ
(
E + EA−1

f − EA
0

)
(35)

gives the probability distribution of removing a nucleon with
momentum k from the target nucleus, leaving the residual
(A − 1) system with an excitation energy E. Note that in
Eq. (34) we neglected Coulomb interactions and the other
(small) isospin-breaking terms and made the assumption,
largely justified in the case of closed-shell nuclei, that the
proton and neutron spectral functions are identical.

Rewriting the nuclear matrix element as
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we recover the more familiar expression of the spectral function
written as the imaginary part of the Green’s function describing
the propagation of a hole state

Ph(k,E) = 1
π
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× Im
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1
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0

〉
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In the kinematical region in which the interactions between
the struck particle and the spectator system cannot be ne-
glected, the IA results have to be modified to include the effect
of FSI. Following Refs. [19,20], the multiple scatterings that
the struck particle undergoes during its propagation through the
nuclear medium are taken into account through a convolution
scheme. The IA responses are folded with a function fk+q,

normalized as
∫ +∞

−∞
dωfk+q(ω) = 1 . (38)

The double differential cross section is then given by
(

d2σ

dEe′d,e′

)

FSI

=
∫

d3k

(2π )3
dE

∫
dω′ fk+q(ω − ω′)

× m

e(k)
m

e(k + q)
Ph(k,E)

α2

q4

Ee′

Ee

× Lµν

∑
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⟨k|
(
j

µ
i

)†|k + q⟩⟨k + q|j ν
i |k⟩

× δ(ω′ + E − ẽ(k + q))θ (|k + q| − pF ).

(39)

In the last equation, we modified the energy spectrum of the
struck nucleon

ẽ(k + q) = e(k + q) + U (tkin(k + q)) (40)

by considering the real part of the optical potential U derived
from the Dirac phenomenological fit of Ref. [37]. This allows
to describe the propagation of the knocked-out particle in the
mean-field generated by the spectator system.

IV. RESULTS

Our calculations have been performed using the NNLOsat
chiral interaction [15], which was specifically designed to
accurately describe both binding energies and nuclear radii of
midmass nuclei [38,39]. In Fig. 2 we analyze the convergence
of the SCGF-ADC(3) point-proton densities of 4He with
respect to the oscillator frequency (h̄,) and the size of the
model space (Nmax). The different lines almost superimpose,
indicating that for h̄, ≈ 20 MeV and Nmax ! 11 the cal-
culation converges and no longer depends on the oscillator
parameters. The density calculated from the OpRS is also
displayed. The nice agreement with the SCGF-ADC(3) curves
follows from the requirement that the overlap functions in the

FIG. 2. Point proton densities in 4He, as predicted by NNLOsat.
The dashed (blue) line corresponds to the OpRS derived for Nmax =
11 and h̄, = 20 MeV. The other lines have been obtained using the
SCGF full propagator for Nmax = 11, 13 and h̄, = 20, 22 MeV.
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Lepton-nucleon cross section
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tributed in energy and momentum inside the tar-
get [? ].

The formalism based on the impulse approximation
(IA) and realistic hole spectral functions (SFs) allows to
combine a realistic description of the initial state of the
nuclear target with a fully-relativistic interaction vertex
and kinematics [16]. Calculations carried out employing
hole SF computed within the correlated-basis function
(CBF) and the SCGF theories have been extensively val-
idated against electron-nucleus scattering data on a num-
ber of nuclei [17? –19]. The somewhat oversimplified
treatment of final-state interactions (FSI) to which the
struck nucleon undergoes has been corroborated compar-
ing the electromagnetic response functions of 12C from
CBF with those of the GFMC [20].

More recently, the factorisation scheme underlying
IA and the SF formalism has been generalized to in-
clude electromagnetic relativistic meson-exchange two-
body currents (MEC), arising from pairs of interacting
nucleons [21]. Employing nuclear overlaps and consis-
tent SFs obtained within the CBF theory, the authors
of Refs. [22] have analyzed the role of MEC in electron
scattering o↵ 12C. They found that two-body currents
are mostly e↵ective in the “dip” region, between the
quasielastic and the �-production peaks. Their inclu-
sion appreciably improves the agreement between theory
and data.

In this work, we further extend the IA scheme by in-
troducing the MEC relevant for charged-current (CC)
and neutral-current (NC) interactions. We study their
role in neutrino and anti-neutrino scattering o↵ 12C and
16O nuclei, both used as targets in neutrino-oscillation
experiments. We adopt the two-body currents derived
in Ref. [23] from the weak pion-production model of
Ref. [24]. It has been shown that they provide results
consistent with those of Ref. [25], which were also
adopted in the extension of the IA and SF formal-
ism of Ref. [22].

We develop a dedicated code that automatically carries
out the calculation of the MEC spin-isospin matrix ele-
ments, performing the integration using the Metropolis
Monte Carlo algorithm [26]. To validate our implementa-
tion of the two-body currents, we perform a benchmark
calculation of the CC response functions within the rela-
tivistic Fermi gas model, comparing our results with the
findings of Ref. [23].

We consider two nuclear SFs, derived within
the framework of nuclear many-body theory us-
ing the CBF formalism [27] and the self-consistent
Green’s function (SCGF) theory [28]. These two
approaches start from di↵erent, albeit realistic, nuclear
hamiltonians to describe the interactions between pro-
tons and neutrons. Moreover, the approximations in-
volved in the calculations of the hole spectral function
are also peculiar to of each of the two methods. Hence,
a comparison of the cross sections obtained employing
the CBF and the SCGF nuclear SFs helps gauging the
theoretical error of the calculation.

More specifically, we analyze the double-di↵erential
cross sections of 12C and 16O for both CC and NC
transitions for incoming (anti)neutrino energy of 1 GeV
and two values of the scattering angle: ✓

µ

= 30� and
✓
µ

= 70�. We also present results for the total CC cross
section for neutrino and anti-neutrino scattering o↵ 12C
as a function of the incoming (anti)neutrino energy. Our
calculations are compared with the experimental data ex-
tracted by the MiniBooNE collaboration [29].
The structure of the nuclear cross section, as well as

its expression in terms of relevant response functions are
reviewed in Section II. Section III is devoted to the de-
scription of the IA, including its extension to account for
a consistent treatment of one- and two-nucleon current
contributions. The CBF theory and SCGF approaches
are also briefly outlined. In Section IV we discuss the
explicit expressions of the relativistic two-body currents
employed, while Section V is dedicated to their numeri-
cal implementation. In Section VI we present our results
and in Section VII we state our conclusions.

II. FORMALISM

The double-di↵erential cross section for ⌫ and ⌫̄ inclu-
sive scattering o↵ a nucleus can be expressed as [30, 31]
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where G = G
F

and G = G
F

cos ✓
c

for NC and CC pro-
cesses, respectively, with cos ✓

c

= 0.97425 [32]. The +
(�) sign corresponds to ⌫ (⌫̄) induced reactions. We
adopt the value G

F

= 1.1803⇥ 10�5 GeV�2, as from the
analysis of 0+ ! 0+ nuclear �-decays of Ref. [33], which
accounts for the bulk of the inner radiative corrections.
With k = (E

⌫

,k) and k0 = (E
`

,k0) we denote the initial
neutrino and the final lepton four-momenta, respectively,
and ✓ is the lepton scattering angle. Introducing the four-
momentum
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and the momentum transfer
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the kinematical factors can be conveniently cast in the
form
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tributed in energy and momentum inside the tar-
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The formalism based on the impulse approximation
(IA) and realistic hole spectral functions (SFs) allows to
combine a realistic description of the initial state of the
nuclear target with a fully-relativistic interaction vertex
and kinematics [16]. Calculations carried out employing
hole SF computed within the correlated-basis function
(CBF) and the SCGF theories have been extensively val-
idated against electron-nucleus scattering data on a num-
ber of nuclei [17? –19]. The somewhat oversimplified
treatment of final-state interactions (FSI) to which the
struck nucleon undergoes has been corroborated compar-
ing the electromagnetic response functions of 12C from
CBF with those of the GFMC [20].

More recently, the factorisation scheme underlying
IA and the SF formalism has been generalized to in-
clude electromagnetic relativistic meson-exchange two-
body currents (MEC), arising from pairs of interacting
nucleons [21]. Employing nuclear overlaps and consis-
tent SFs obtained within the CBF theory, the authors
of Refs. [22] have analyzed the role of MEC in electron
scattering o↵ 12C. They found that two-body currents
are mostly e↵ective in the “dip” region, between the
quasielastic and the �-production peaks. Their inclu-
sion appreciably improves the agreement between theory
and data.

In this work, we further extend the IA scheme by in-
troducing the MEC relevant for charged-current (CC)
and neutral-current (NC) interactions. We study their
role in neutrino and anti-neutrino scattering o↵ 12C and
16O nuclei, both used as targets in neutrino-oscillation
experiments. We adopt the two-body currents derived
in Ref. [23] from the weak pion-production model of
Ref. [24]. It has been shown that they provide results
consistent with those of Ref. [25], which were also
adopted in the extension of the IA and SF formal-
ism of Ref. [22].

We develop a dedicated code that automatically carries
out the calculation of the MEC spin-isospin matrix ele-
ments, performing the integration using the Metropolis
Monte Carlo algorithm [26]. To validate our implementa-
tion of the two-body currents, we perform a benchmark
calculation of the CC response functions within the rela-
tivistic Fermi gas model, comparing our results with the
findings of Ref. [23].

We consider two nuclear SFs, derived within
the framework of nuclear many-body theory us-
ing the CBF formalism [27] and the self-consistent
Green’s function (SCGF) theory [28]. These two
approaches start from di↵erent, albeit realistic, nuclear
hamiltonians to describe the interactions between pro-
tons and neutrons. Moreover, the approximations in-
volved in the calculations of the hole spectral function
are also peculiar to of each of the two methods. Hence,
a comparison of the cross sections obtained employing
the CBF and the SCGF nuclear SFs helps gauging the
theoretical error of the calculation.
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transitions for incoming (anti)neutrino energy of 1 GeV
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section for neutrino and anti-neutrino scattering o↵ 12C
as a function of the incoming (anti)neutrino energy. Our
calculations are compared with the experimental data ex-
tracted by the MiniBooNE collaboration [29].
The structure of the nuclear cross section, as well as

its expression in terms of relevant response functions are
reviewed in Section II. Section III is devoted to the de-
scription of the IA, including its extension to account for
a consistent treatment of one- and two-nucleon current
contributions. The CBF theory and SCGF approaches
are also briefly outlined. In Section IV we discuss the
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employed, while Section V is dedicated to their numeri-
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and in Section VII we state our conclusions.
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Nuclear structure is in the
hadronic tensor:
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where �̃
↵

(k) is the Fourier transform of the single-
particle wave function

�̃
↵

(k) =

Z
d3r eik r�

↵

(r) . (35)

In this work, the SCGF calculations are performed em-
ploying a spherical harmonic-oscillator basis, with fre-
quency ~⌦ = 20 MeV and dimension N

max

= max{2n+
`} = 11.

The SCGF correlated one-body propagator obtained
by solving the Dyson equation of Eq. (30) is used to de-
termine the hole SF of 16O. The results for open shell
nuclei, such as 12C discussed in this work, have been
obtained within the Gorkov’s theory, in which the de-
scription of pairing correlations characterizing open shell
systems is achieved by breaking the particle number sym-
metry [54–56].

C. Inclusion of two-body currents

The inclusion of two-body current operator requires
the generalization of the factorization ansatz of Eq. (9).
Following Refs. [21, 22] and neglecting the contribution of
[h A�1

f

|⌦ hp|]|jµ
2b

| A

0

i, the matrix element of the nuclear
current reads
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k k
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ij
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|k k0i . (36)

where |p p0i
a

= |p p0i� |p0 pi. In infinite matter the corre-
lated nuclear many-body state can be labeled with their
single-particle momenta, implying | A�2

f

i = |hh0i, where
|hh0i with |h|, |h0|  k

F

denotes a 2-hole state of (A� 2)
nucleons. A diagrammatic analysis of the cluster expan-
sion of the overlap �hh

0

kk

0 ⌘ h 
0

|[|kk0i⌦ | 
hh

0i was carried
out by the Authors of Ref. [57]. Their analysis shows
that only unlinked graphs (i.e., those in which the points
reached by the k

1

, k
2

lines are not connected to one other
by any dynamical or statistical correlation lines) survive
in the A ! 1 limit

�hh
0

kk

0 = �h
k

�h
0

k

0 (2⇡)3�(3)(h� k)(2⇡)3�(3)(h0 � k0) , (37)

where �h
k

is the the Fourier transform of the overlap be-
tween the ground state and the one-hole (A� 1)-nucleon
state, the calculation of which is discussed in Ref. [42]

Therefore, using the �(3)-function to perform the inte-
gration over p0 = k+k0+q�p, the pure two-body current
component of the hadron tensor in nuclear matter turns
out to be [21]

Wµ⌫

2b
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V

4

Z
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(2⇡)3
d3k0

(2⇡)3
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X

ij

hk k0|jµ
ij

†|p p0i
a

hp p0|j⌫
ij

|k k0i

⇥ �(! + E � e(p)� e(p0)) . (38)

The normalization volume for the nuclear wave func-
tions V = ⇢/A with ⇢ = 3⇡2k3

F

/2 depends on the Fermi
momentum of the nucleus, which we take to be k

F

= 225
MeV. The factor 1/4 accounts for the fact that we sum
over indistinguishable pairs of particles, while the factor
2 stems from the equality of the product of the direct
terms and the product of the two exchange terms after
interchange of indices [58]. The two-nucleon SF entering
the hadron tensor is

PNM

h

(k,k0, E) =

Z
d3h

(2⇡)3
d3h0

(2⇡)3
|�hh0

kk

0 |2�(E + e(h) + e(h0))

⇥ ✓(k
F

� |h|)✓(k
F

� |h0|) . (39)

Consistently with the fact that, in absence of long-range
correlations, the two-nucleon momentum distribution of
infinite systems factorizes according to [59]

n(k,k0) = n(k)n(k0) +O
✓
1

A

◆
, (40)

exploiting the factorization of the two-nucleon overlaps of
Eq. (37), the two-body contribution of the hadron tensor
can be rewritten as

Wµ⌫
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In order to make contact with finite systems, we take

PNM

h

(k, E) ' k3
F

6⇡2

P
h

(k, E) (42)

where the hole SF of the nucleus P
h

(k, E) is obtained
from either the CBF theory or the SCGF approach.
We are aware that the assumptions made to include

the contribution of two-body currents deserve further in-
vestigations. For instance, the strong isospin-dependence
of short-range correlations, elucidated in a number of re-
cent works [60–62], is not properly accounted for if the
factorization of Eq. (37). In this regard, it has to be men-
tioned that in the present work we do not account for the
interference between one- and two-body currents. While
in the two-nucleon knockout final states this contribution
is relatively small [21, 22], it has been argued that ten-
sor correlations strongly enhance the interference terms
for final states associated single-nucleon knock out pro-
cesses [63]. This is consistent with the Green’s function
Monte Carlo calculations of Refs. [64, 65], in which the
interference between one- and two-body currents domi-
nate the total two-body current contribution.
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where τ = −q2/(4m2). Finally, using the identity

δ
(
ω − e(p) − EA−1

f + EA
0

)

=
∫

dE δ(ω + E − e(p)) δ
(
E + EA−1

f − EA
0

)
, (33)

we can rewrite the hadron tensor as

Wµν(q,ω) =
∫

d3k

(2π )3
dEPh(k,E)

m2

e(k)e(k + q)

×
∑

i

⟨k|jµ
i
†|k + q⟩⟨k + q|j ν

i |k⟩

× δ(ω + E − e(k + q)) , (34)

where the factors m/e(k) and m/e(k + q) have to be included
to account for the implicit covariant normalization of the four-
spinors of the initial and final nucleons in the matrix elements
of the relativistic current.

The hole spectral function

Ph(k,E) =
∑

f

∣∣〈ψA
0

∣∣[|k⟩ ⊗
∣∣ψA−1

f

〉]∣∣2

× δ
(
E + EA−1

f − EA
0

)
(35)

gives the probability distribution of removing a nucleon with
momentum k from the target nucleus, leaving the residual
(A − 1) system with an excitation energy E. Note that in
Eq. (34) we neglected Coulomb interactions and the other
(small) isospin-breaking terms and made the assumption,
largely justified in the case of closed-shell nuclei, that the
proton and neutron spectral functions are identical.

Rewriting the nuclear matrix element as

[ 〈
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〉
, (36)

we recover the more familiar expression of the spectral function
written as the imaginary part of the Green’s function describing
the propagation of a hole state

Ph(k,E) = 1
π

∑

αβ

(̃∗
β(k)(̃α(k)

× Im
〈
ψA

0

∣∣a†
β

1
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0 ) − iϵ
aα

∣∣ψA
0

〉
. (37)

In the kinematical region in which the interactions between
the struck particle and the spectator system cannot be ne-
glected, the IA results have to be modified to include the effect
of FSI. Following Refs. [19,20], the multiple scatterings that
the struck particle undergoes during its propagation through the
nuclear medium are taken into account through a convolution
scheme. The IA responses are folded with a function fk+q,

normalized as
∫ +∞

−∞
dωfk+q(ω) = 1 . (38)

The double differential cross section is then given by
(

d2σ
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)
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× δ(ω′ + E − ẽ(k + q))θ (|k + q| − pF ).

(39)

In the last equation, we modified the energy spectrum of the
struck nucleon

ẽ(k + q) = e(k + q) + U (tkin(k + q)) (40)

by considering the real part of the optical potential U derived
from the Dirac phenomenological fit of Ref. [37]. This allows
to describe the propagation of the knocked-out particle in the
mean-field generated by the spectator system.

IV. RESULTS

Our calculations have been performed using the NNLOsat
chiral interaction [15], which was specifically designed to
accurately describe both binding energies and nuclear radii of
midmass nuclei [38,39]. In Fig. 2 we analyze the convergence
of the SCGF-ADC(3) point-proton densities of 4He with
respect to the oscillator frequency (h̄,) and the size of the
model space (Nmax). The different lines almost superimpose,
indicating that for h̄, ≈ 20 MeV and Nmax ! 11 the cal-
culation converges and no longer depends on the oscillator
parameters. The density calculated from the OpRS is also
displayed. The nice agreement with the SCGF-ADC(3) curves
follows from the requirement that the overlap functions in the

FIG. 2. Point proton densities in 4He, as predicted by NNLOsat.
The dashed (blue) line corresponds to the OpRS derived for Nmax =
11 and h̄, = 20 MeV. The other lines have been obtained using the
SCGF full propagator for Nmax = 11, 13 and h̄, = 20, 22 MeV.

025501-5
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The 4He  SGFC charge density distribution
• The nuclear charge density distribution is written in terms of the  charge elastic form factor

• The cOm issue: The subtraction of the cOm contribution from the wave function is a long standing 
problem affecting a number of many-body approaches relying on single-nucleon basis

To estimate the error due to residual 
cOm contribution in 4He we developed 
Metropolis Monte Carlo calculation 


• Trial wave function: | V i = | OpRS
0 i

• A sequence of points in the 3A-
dimensional space are generated by 
sampling from P (R) = | OpRS

0 (R)|2

• The intrinsic coordinates are given by

r̃i = ri �Rcm , Rcm =
1

A

X

i

ri

He4
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FIG. 2. Point proton densities in 4He, as predicted by
NNLOsat. The dashed (blue) line corresponds to the OpRS
derived for N

max

= 11 and ~⌦ = 20 MeV. The other
lines have been obtained using the SCGF full propagator for
N
max

=11, 13 and ~⌦ =20, 22 MeV.

IV. RESULTS

Our calculations have been performed using the
NNLOsat chiral interaction [15], which was specifically
designed to accurately describe both binding energies and
nuclear radii of mid-mass nuclei [38, 39]. In Fig. 2 we an-
alyze the convergence of the SCGF-ADC(3) point-proton
densities of 4He with respect to the oscillator frequency
(~⌦) and the size of the model space (N

max

). The di↵er-
ent lines almost superimpose, indicating that for ~⌦ ⇡ 20
MeV and N

max

�11 the calculation converges and no
longer depends on the oscillator parameters. The den-
sity calculated from the OpRS is also displayed. The
nice agreement with the SCGF-ADC(3) curves follows
from the requirement that the single particle energies and
overlap functions in the OpRS propagator are chosen to
approximate at best the true (correlated) one-body den-
sity.

The charge densities in 4He can be obtained from the
point-proton densities through Eqs. (17) and (18). In
Fig. 3 we compare the experimental charge density de-
termined through the “Sum-of-Gaussians” parametriza-
tion given in Ref. [40] with those obtained from the QMC
results of Ref. [41] and from the OpRS calculated in the
present work. For the latter, we display both the result
already shown in Fig. 2 and the distribution obtained af-
ter subtracting the center of mass e↵ect with the MMC
algorithm outlined in Sec. II. When the center of mass
contamination is subtracted, we obtain the short-dashed
(black) line. The comparison with the total OpRS re-
sults, corresponding to the dot-dashed (blue) line, clearly
shows that for 4He the center of mass contribution is size-
able and can not be neglected. The use of the intrinsic
wave function yields a strong enhancement of the charge
density, which turns out to be very close to the QMC re-
sult. Note that the discrepancy between the experiment
and the intrinsic OpRS and QMC calculations is moti-
vated by the absence of the two-body meson exchange

FIG. 3. Charge densities of 4He. The (green) dots have
been obtained using the “Sum-of-Gaussians” parametrization
of the charge densities given in Ref. [40]. The dashed (red)
line refers to the QMC calculation of Ref. [41] that used
the AV18+UIX two- and three-body interactions. The dot-
dashed (blue) line corresponds to the same OpRS propagator
shown in Fig. 2, while in the short-dashed (black) line the
center-of-mass contamination has been subtracted from the
OpRS wave function by means a MMC calculation.

FIG. 4. Charge elastic form factor for 4He. The solid
(light green) and (violet) lines correspond to the calculation
of Ref. [44] where chiral two- and three-body interactions
at N2LO have been used for R0 = 1.0fm and R0 = 1.2fm
coordinate- space cuto↵s, respectively. The uncertainty bands
include the statistical MC uncertainties added in quadrature
to the uncertainty from the truncation of the chiral expansion.
The dashed (red) line is obtained within QMC Ref. [44] while
the dot-dashed (blue) and short-dashed (black) line refers to
the OpRS calculation with and without the center-of-mass
contamination. The shaded area indicates the statistical MC
uncertainty. Experimental data are from an unpublished com-
pilation by I. Sick, based on Refs. [45–48].

current contributions. These are known to have little
e↵ect on larger nuclei such as 16O but their inclusion
is fundamental in order to correctly reproduce the 4He
elastic form factor, from which the charge densities are
extracted [30, 41–43].
In Fig. 4 we compare the results for the charge elastic

form factor for 4He obtained within three many-body ap-

✤ The QMC AV18+UIX results are taken from D. Lonardoni et al, Phys. Rev. C96, 024326 (2017) 

4He

• Single particle momentum distribution of 16O, log scale
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FIG. 7. Momentum distributions of 4He. The dashed (red)
line corresponds to the QMC calculation [41], the dotted
(green) curve have been obtained using the SCGF-ADC(3)
propagator while the short-dashed (blue) and solid (black)
lines correspond to the total and intrinsic OpRS results, re-
spectively.

lations strongly reduce the SCGF-ADC(3) momentum
distribution in the high momentum region. In the upper
panel we observe an enhancement of the SCGF-ADC(3)
results with respect to the QMC calculation. This can
be understood by recalling that the QMC and SCGF-
ADC(3) momentum distribution are normalized to num-
ber of nucleons. In order for the normalization condition
to be satisfied, the missing strength in the tails of the
NNLOsat curve has to be compensated by an enhance-
ment in the low-momentum region.

Fig. 9 shows the electron-4He inclusive double-
di↵erential cross sections at di↵erent values of Ee and
✓e. The curves are obtained from the full SCGF-ADC(3)
spectral function, from its OpRS approximation and from
the intrinsic OpRS. The SCGF-ADC(3) cross-section
represented by the dashed (red) line is quenched with
respect to the solid (green) line that refers to the un-
corrected OpRS. This has to be attributed to the di↵er-
ent behavior of the curves displayed in Fig. 7. Whilst
the OpRS wave functions are built to reproduce low-
est energy momenta of the ADC(3) propagator—which
optimizes the quasiparticle energies and strength near
the Fermi surface—this leaves small discrepancies in the
single-nucleon momentum distribution. The compari-
son between the solid (green) and dashed (black) curve
clearly shows that the subtraction of the center of mass
component from the wave function leads to a reduction of
the width and an enhancement of the quasielastic peak.
Since this strongly a↵ects the cross section in all the kine-
matical setups that we considered, we applied FSI cor-
rections only to the intrinsic OpRS calculation. In order
to do it, we follow the approach outlined in Sec. III, with
the di↵erence that the optical potential has been disre-
garded in the energy conserving �-function since to the
best of our knowledge neither the 3H-p nor the 3He-n op-
tical potentials are present in the literature. The results
are shown in Fig. 10. The convolution of the OpRS cross

FIG. 8. Computed momentum distributions of 16O. The
dashed (red) and solid (black) lines are obtained within
QMC [41] and SCGF-ADC(3) approaches, respectively. In
the lower panel, a logarithmic scale has been used to demon-
strate the weak tail at large momenta that arises from the soft
chiral interaction adopted in the SCGF-ADC(3) calculation.

section with the folding function of Eq. (38) leads to a
redistribution of the strength, which quenches the peak
and enhances the tails. For Ee = 300 MeV, ✓ = 60�,
and Ee = 500 MeV, ✓ = 34� the OpRS intrinsic calcu-
lation overestimates the data. Moreover, in all the kine-
matical configurations under consideration the position
of the quasielastic peak is not correctly reproduced. This
is likely to be ascribed to the approximate procedure we
adopted to account for FSI e↵ects, i.e. we neglected the
real part of the optical potential. Its inclusion would
shift the cross section towards lower values of ! possibly
improving the agreement with the experimental data.

In Fig. 11 we compare the experimental data of the in-
clusive double-di↵erential electron-16O cross sections as
computed from the fully correlated SCGF-ADC(3) spec-
tral function. In the dashed (green) curve FSI e↵ects
have been implemented in full, yielding a very nice agree-
ment with the data. In particular, the inclusion of the
real part of the optical potential in the final state nu-
cleon energy shifts the cross sections towards lower val-
ues of ! and the quasielastic-peak position is correctly
reproduced.

The 16O  SGFC momentum distribution

• The momentum distribution reflects the fact that NNLOsat is softer the AV18+UIX.

16O

The charge elastic form factor 4He 

• The charge elastic form factor is given by 

✤ The N2LO results are taken from J. E. Lynn et al, Phys. Rev. C 96, 054007 (2017) where two different 
coordinate space cut offs have been adopted
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✤ The N2LO results are taken from D. Lonardoni, et. al, Phys. Rev. C97, 044318 (2018) where two 
different coordinate-space cutoffs have been adopted
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FIG. 5. Charge densities in 16O. The (green) dots and the
dashed (red) line are the same as Fig. 3. The dot-dashed
(black) line corresponds to the full SCGF density calculated
at the ADC(3) level.

It is visible that up to q = 3 fm�1 the removal of the
center-of-mass contamination enhances the strength and
improves the agreement between the OpRS and the QMC
and the calculations of Ref. [44]. For larger values of
the momentum we found some discrepancies for both the
OpRS calculations.

For medium-mass nuclei, the center of mass correc-
tions are known to be less significant. Therefore, in
Fig. 5 we compare the experimental charge density in
16O with the full SCGF-ADC(3) and the QMC calcula-
tions. There is an overall nice agreement between the
theoretical curves. The SCGF-ADC(3) results perfectly
reproduce the experimental points, confirming the good-
ness of the NNLOsat potential which was fitted to repro-
duce the experimental radius of 16O.

Figure 6 displays the charge elastic form factor for 16O.
In this case we find an excellent agreement between the
SCGF, the QMC calculations and the experimental data.
The results of Ref. [49] for two di↵erent values of the
coordinate cuto↵s are also shown. While for R0=1.0 fm
the curve has the correct behavior some discrepancies are
visible for R0=1.2 fm.

In Fig. 7 we benchmark the intrinsic and uncorrected
OpRS single-nucleon momentum distribution of 4He with
the QMC calculation of Ref. [41]. The OpRS result, cor-
responding to the dashed (blue) line, correctly follows
that of the dressed ADC(3) propagator, although the
agreement is not as close as in Fig. 2. Note that, also
in this case the subtraction of the center of mass compo-
nent has a sizable e↵ect, which is crucial for recovering
the agreement with the intrinsic QMC results.

The 16O single-nucleon momentum distributions ob-
tained within the SCGF-ADC(3) and QMC approach are
compared in Fig. 8. The di↵erences displayed in the tails
of the single-nucleon momentum distributions are clearly
visible in the lower panel of Fig. 8 where the logarithmic
scale has been used. The dashed (red) line, corresponding
to the QMC calculation, is found to be above the SCGF-
ADC(3) results for high momenta. This is likely to be

FIG. 6. Charge elastic form factor for 16O. The solid
(light green) and (violet) lines correspond to the calculation
of Ref. [49] for R0 = 1.0fm and R0 = 1.2fm coordinate-
space cuto↵s, respectively. The uncertainty bands include
the statistical MC uncertainties added in quadrature to the
uncertainty from the truncation of the chiral expansion. The
dashed (red) line is obtained within QMC Ref. [44] while the
dot-dashed (black) refers to the SCGF results calculated at
the ADC(3) level. The shaded area indicates the statistical
MC uncertainty. Experimental data are from Ref. [40].

FIG. 7. Momentum distributions of 4He. The dashed (red)
line corresponds to the QMC calculation [41], the dotted
(green) curve have been obtained using the SCGF-ADC(3)
propagator while the short-dashed (blue) and solid (black)
lines correspond to the total and intrinsic OpRS results, re-
spectively.

ascribed to the di↵erent choice made for the potentials.
In fact, the NNLOsat is much softer than the AV18+UIX
potential adopted in the QMC study. The use of an hard
potential implies the presence of stronger high momen-
tum components in the nuclear wave function. While the
QMC momentum distribution exhibits a long tail extend-
ing to p > 1 GeV, the softer potential adopted in our cal-
culations strongly reduce the SCGF-ADC(3) momentum
distribution in the high momentum region. In the upper
panel we observe an enhancement of the SCGF-ADC(3)
results with respect to the QMC calculation. This can be
explained by recalling that the QMC and SCGF-ADC(3)

16O

The charge elastic form factor 4He 

• The charge elastic form factor is given by 

✤ The N2LO results are taken from J. E. Lynn et al, Phys. Rev. C 96, 054007 (2017) where two different 
coordinate space cut offs have been adopted
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N. Rocco, CB, Phys. Rev. C98, 025501 (2018).



4He-e- cross sections from the SCGF Spect. Fnct.4He-e- cross sections within the SCGF approach
• ADC(3) and OpRS results:  IA • Including FSI in the OpRS intrinsic resultsPW Impulse approximation: Adding FSI:

N. Rocco, CB, Phys. Rev. C98, 025501 (2018).
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Role of two-body (meson exchange) currents in !-A
CC0π total cross section: MiniBooNE data

The 2p2h contribution is needed to explain the
magnitude of the total cross section 

The inclusive cross section of the process in which a neutrino or antineutrino scatters off a 
nucleus can be written in terms of five response functions
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• Two-body diagrams contributing to the axial 
and vector responses 

• Preliminary implementation discards 1b-2b 
interference:
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Neutrino Oscillations – next generation experiments

DUNE experiment will measure long base line 
neutrino oscillations to:

- Resolve neutrino mass hierarchy
- Search for CP violation in weak interaction
- Search for other physics beyond SM

Liquid Argon projection chamber is being used.  It will require 
one order of magnitude (20% " 2%) improvement in theoretical 
prediction for  ν-40Ar  cross sections to achieve proper event 
reconstruction.

# Need)good)knowledge)of)40Ar)spectral)functions)and)consistent)
structureMscattering)theories.



Spectral function for 40Ar and Ti
Jlab experiment E12-14-012 (Hall A)

Phys. Rev. C 98, 014617 (2018)
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Proton distribution in Ti similar 
to neutron in 40Ar ??



Spectral function for 40Ar⦿ ADC(2) truncation, NNLOsat interaction

Neutrons

Spectral function of 40Ar

N."Rocco,"V."Somà,"CB,"in"preparation

- Experimental datat now available for Jlab:
H. Dai et al., arXiv:1803.01910

- Ab initio simulations based on the ADC(2)
truncation of the N2LO-sat Hamiltoninan

# Want validation of initial state correlation 
before they are implementer in neutrino-40Ar 
simulations
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FIG. 3. (color online). Double di↵erential cross section for
the Ti(e, e0) process measured at beam energy of 2.222 GeV
and fixed scattering angle of 15.541 deg. The inner and outer
uncertainty bars correspond to statistical and total uncertain-
ties, respectively. The maximum uncertainties in the full kine-
matical range are provided.

tainty includes beam charge (0.03%), detector and trig-
ger e�ciencies (0.1%), DAQ live-time (0.02%), VDC, and
VDC track reconstruction e�ciencies (0.1%) and uncer-
tainties due to the charge-symmetric background predic-
tion [31] (0.01%). A detailed list of the systematic un-
certainties is given in Table I. All uncertainties are con-
sidered as fully uncorrelated.

The solid line of Fig. 2 represents theoretical results ob-
tained within the scheme described in Refs. [12, 14, 15,
32], based on the factorization ansatz dictated by the IA
and the spectral function formalism. Note that this ap-
proach does not involve any adjustable parameters, and
allows for a consistent inclusion of single-nucleon inter-
actions—both elastic and inelastic—and meson-exchange
current (MEC) contributions. The e↵ects of FSI on the
quasielastic cross section has been taken into account fol-
lowing the procedure developed in Ref. [32]. A detailed
account of the calculation of the electron-carbon cross
section will be provided in a forthcoming paper [33].

Figure 3 presents the inclusive electron-titanium cross
section, measured at the same kinematics as for carbon
and with an error up to ⇠2.75%, sum in quadrature of
statistical (1.65%) and systematic (2.2%) uncertainties.
In the absence of any previous electron-scattering studies
carried out using a titanium target, we determined the
Ti(e, e0) cross sections using:

✓
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Ti
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Ti

Yieldi
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(2)

where Yieldi
C/Ti

denotes the luminosity normalized yield
respectively for C and Ti. By normalizing the yield ratio
to published radiatively unfolded carbon cross sections
d�Born

C , we are implicitly unfolding bremsstrahlung from
the quoted Ti cross sections. In this approach, most of
the systematic uncertainties are fully correlated between
C and Ti, due to the fact that the data was collected in
the same kinematical setup and analyzed using the same
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FIG. 4. (color online). Ratios defined by Eq.(3), computed
using the measured carbon and titanium cross sections.

cuts of the carbon data. Uncertainties due to radiative
corrections, target thickness and density were evaluated
independently for Ti, and added in quadrature to the
uncertainties from C. Note that this is the first electron-
scattering data ever collected using a titanium target.
Therefore, the model of Refs. [12, 14, 15, 32], requiring
as an input the target spectral function, could not be
used to obtain theoretical results comparable to the data
of Fig. 3. As a matter of fact, the determination of the
titanium and argon spectral functions—to be extracted
from the analysis of the (e, e0p) cross sections—is the pri-
mary purpose of our experiment.
Figure 4 shows the ratio

(d2�/d⌦dE0)/[Z�ep + (A� Z)�en] , (3)

for carbon and titanium,. Here �ep and �en denote
the elastic electron-proton and electron-neutron cross
sections stripped of the energy-conserving delta func-
tion. The di↵erence between the results obtained us-
ing the measured carbon and titanium cross sections re-
flect di↵erent nuclear e↵ects, that can be conveniently
parametrized in terms of a nuclear Fermi momentum ex-
ploiting the concept of scaling of second kind, or super-
scaling [34]. The superscaling analysis of our data, illus-
trated in Fig. 5, suggests that the Fermi momentum in
titanium is ⇠240 MeV, to be compared to 220 MeV in
carbon [35].
In this Letter, we have reported the first results of

JLab experiment E12-14-012, consisting of the Ti(e, e0)
and C(e, e0) cross sections at beam energy E = 2.222
GeV and scattering angle ✓ =15.541 deg. The quality
of the CEBAF electron beam and the excellent perfor-
mances of the high resolution spectrometer and detec-
tor packages available in Hall A allowed for a quick and
smooth data taking, and an accurate determination of
the cross sections over the broad range of energy transfer
in which quasielastic scattering—induced by both one-
and two-nucleon currents—and resonance production are
the main contributions to the inclusive cross sections.
Our measurement, providing the first experimental in-

formation ever on electron-titanium scattering, will be of

Electron and ν scattering on 40Ar and Ti
Jlab experiment E12-14-012 (Hall A)

Phys. Rev. C 98, 014617 (2018)

40Ar(e,e’p)  and  Ti(e,e’p)  data being analyzed

N. Rocco, CB and V. Somà, in preparation.

Ti protons contribution 
(‘mix’) is nearly identical 
to neutrons in 40Ar.



Summary
Saturating chiral interactions and 3N forces:

" Description of nuclear g.s. in the pf shell is improved-especially in the 
trends w.r.t. iso-sopin asymmetry.

" Radii: newer generations of chiral interaction can give satisfactory radii.
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The charge elastic form factor for16O

✤ The N2LO results are taken from D. Lonardoni, et. al, Phys. Rev. C97, 044318 (2018) where two 
different coordinate-space cutoffs have been adopted
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FIG. 5. Charge densities in 16O. The (green) dots and the
dashed (red) line are the same as Fig. 3. The dot-dashed
(black) line corresponds to the full SCGF density calculated
at the ADC(3) level.

It is visible that up to q = 3 fm�1 the removal of the
center-of-mass contamination enhances the strength and
improves the agreement between the OpRS and the QMC
and the calculations of Ref. [44]. For larger values of
the momentum we found some discrepancies for both the
OpRS calculations.

For medium-mass nuclei, the center of mass correc-
tions are known to be less significant. Therefore, in
Fig. 5 we compare the experimental charge density in
16O with the full SCGF-ADC(3) and the QMC calcula-
tions. There is an overall nice agreement between the
theoretical curves. The SCGF-ADC(3) results perfectly
reproduce the experimental points, confirming the good-
ness of the NNLOsat potential which was fitted to repro-
duce the experimental radius of 16O.

Figure 6 displays the charge elastic form factor for 16O.
In this case we find an excellent agreement between the
SCGF, the QMC calculations and the experimental data.
The results of Ref. [49] for two di↵erent values of the
coordinate cuto↵s are also shown. While for R0=1.0 fm
the curve has the correct behavior some discrepancies are
visible for R0=1.2 fm.

In Fig. 7 we benchmark the intrinsic and uncorrected
OpRS single-nucleon momentum distribution of 4He with
the QMC calculation of Ref. [41]. The OpRS result, cor-
responding to the dashed (blue) line, correctly follows
that of the dressed ADC(3) propagator, although the
agreement is not as close as in Fig. 2. Note that, also
in this case the subtraction of the center of mass compo-
nent has a sizable e↵ect, which is crucial for recovering
the agreement with the intrinsic QMC results.

The 16O single-nucleon momentum distributions ob-
tained within the SCGF-ADC(3) and QMC approach are
compared in Fig. 8. The di↵erences displayed in the tails
of the single-nucleon momentum distributions are clearly
visible in the lower panel of Fig. 8 where the logarithmic
scale has been used. The dashed (red) line, corresponding
to the QMC calculation, is found to be above the SCGF-
ADC(3) results for high momenta. This is likely to be

FIG. 6. Charge elastic form factor for 16O. The solid
(light green) and (violet) lines correspond to the calculation
of Ref. [49] for R0 = 1.0fm and R0 = 1.2fm coordinate-
space cuto↵s, respectively. The uncertainty bands include
the statistical MC uncertainties added in quadrature to the
uncertainty from the truncation of the chiral expansion. The
dashed (red) line is obtained within QMC Ref. [44] while the
dot-dashed (black) refers to the SCGF results calculated at
the ADC(3) level. The shaded area indicates the statistical
MC uncertainty. Experimental data are from Ref. [40].

FIG. 7. Momentum distributions of 4He. The dashed (red)
line corresponds to the QMC calculation [41], the dotted
(green) curve have been obtained using the SCGF-ADC(3)
propagator while the short-dashed (blue) and solid (black)
lines correspond to the total and intrinsic OpRS results, re-
spectively.

ascribed to the di↵erent choice made for the potentials.
In fact, the NNLOsat is much softer than the AV18+UIX
potential adopted in the QMC study. The use of an hard
potential implies the presence of stronger high momen-
tum components in the nuclear wave function. While the
QMC momentum distribution exhibits a long tail extend-
ing to p > 1 GeV, the softer potential adopted in our cal-
culations strongly reduce the SCGF-ADC(3) momentum
distribution in the high momentum region. In the upper
panel we observe an enhancement of the SCGF-ADC(3)
results with respect to the QMC calculation. This can be
explained by recalling that the QMC and SCGF-ADC(3)

16O⦿ ADC(2) truncation, NNLOsat interaction

Neutrons

Spectral function of 40Ar

Applications to electron and neutrino scattering:

" Spectral functions are extracted naturally from the SCGF formalism.

" good reproduction of charge/momentum distribution and electron scattering.

" Inclusion of electroweak currents (1b and 2b) underway (by N. Rocco).

A.'Cipollone,)A.)Rios,
A.)Idini,)F.'Raimondi

P.)NavratilV.)Somà,)T.)Duguet

A.'Carbone

A.)Lovato,)N.'Rocco O.)Benhar



Results for Oxygen isotopes 

F. Raimondi, CB, arXiv:1711.04698 + in prep.
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                      Results for Oxygen isotopes 

•  GDR position of 16O reproduced
•  Hint of a soft dipole mode on the neutron-rich isotope

NNLOsat

σ from RPA response (discretized spectrum) vs σ from photoabsorption and Coulomb excitation
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                      Results for Oxygen isotopes 

•  GDR position of 16O reproduced
•  Hint of a soft dipole mode on the neutron-rich isotope
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σ from RPA response (discretized spectrum) vs σ from photoabsorption and Coulomb excitation

- GDR position of 16O reproduced

- Hint of a soft dipole mode on the 
neutron-rich isotope 

NNLOsat



Results for Calcium isotopes                      Results for Calcium isotopes 

•  GDR positions reproduced
•  Total sum rule reproduced but poor strength distribution (Lack of correlations)

NNLOsat

σ from RPA response (discretized spectrum) vs σ from photoabsorption and Coulomb excitation

                     Results for Calcium isotopes 

•  GDR positions reproduced
•  Total sum rule reproduced but poor strength distribution (Lack of correlations)

NNLOsat

σ from RPA response (discretized spectrum) vs σ from photoabsorption and Coulomb excitation

- Positions of GDRs reproduced

NNLOsat

F. Raimondi, CB, arXiv:1711.04698 + in prep.



Two-nucleon emission

CB, C. Giusti, et al., Phys Rec C70 , 014606 (2004)

D. Middelton et al.:   Eur. Phys. J. A 29, 261–270 (2006) 
Eur. Phys. J. A 43, 137–143 (2010)

M. Makek et al.: Eur. Phys. J. A 52, 298 (2016)



Calculating (e,e’pN) cross sections @ low energy

The*reaction*rate*is:

,*********,************and*********are*known.

The*hadronic current********is*the*nonYtrivial*part

final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]

d8"
dE0!d#dE1!d#1!d#2!

= K# f f rec#j$J$#2. !1"

In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0

2 /4%2Q4, where Q2=q2!&2, with &
=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor

f rec
!1 = 1 !

E2!
EB

p2! · pB
#p2!#2

, !2"

where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states

J$!q" =$ %' f#Ĵ$!r"#'i&eiq·rdr . !3"
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final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]

d8"
dE0!d#dE1!d#1!d#2!

= K# f f rec#j$J$#2. !1"

In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0

2 /4%2Q4, where Q2=q2!&2, with &
=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor

f rec
!1 = 1 !

E2!
EB

p2! · pB
#p2!#2

, !2"

where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states

J$!q" =$ %' f#Ĵ$!r"#'i&eiq·rdr . !3"
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final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]

d8"
dE0!d#dE1!d#1!d#2!

= K# f f rec#j$J$#2. !1"

In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0

2 /4%2Q4, where Q2=q2!&2, with &
=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor

f rec
!1 = 1 !

E2!
EB

p2! · pB
#p2!#2

, !2"

where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states

J$!q" =$ %' f#Ĵ$!r"#'i&eiq·rdr . !3"
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final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]
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dE0!d#dE1!d#1!d#2!

= K# f f rec#j$J$#2. !1"

In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0

2 /4%2Q4, where Q2=q2!&2, with &
=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor
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where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states
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final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]
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dE0!d#dE1!d#1!d#2!

= K# f f rec#j$J$#2. !1"

In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0

2 /4%2Q4, where Q2=q2!&2, with &
=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor
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where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states

J$!q" =$ %' f#Ĵ$!r"#'i&eiq·rdr . !3"
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final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]
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In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0
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=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor
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where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states
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final state of the residual nucleus, in particular its angular
momentum and parity. The latter quantities therefore act as a
filter for the study of various reaction processes. Clearly,
while this richness of details complicates the extraction of
information related to SRC, it also identifies two-nucleon
emission reactions as a unique tool to probe different aspects
of two-body correlations in finite systems.
The model of the reaction mechanism employed in Ref.

[15] was discussed in Ref. [25]. In this work the excitation
process includes the contribution of the usual one-body
terms as well as those two-body currents which involve the
intermediate excitation of the !-isobar. In the present work
the improved treatment of the nuclear currents, given in
Refs. [26–28] will be employed. The treatment of the final-
state interaction accounts for the distorting effect of their
interaction with the remaining nucleons in terms of an opti-
cal potential. As in previous works, the mutual interaction
between the two outgoing nucleons will be neglected here.
This approximation has been adopted in the past by noting
that the pair of protons will leave the nucleus largely back to
back, making this type of final-state interaction less impor-
tant. However, recent perturbative calculations on the
!e ,e!pp" process [29–31] show that this effect can produce a
significant increase of the experimental yield. Work is in
progress to include these contributions completely [32].
Since higher-order effects in such a complete treatment may
lead to different conclusions, we consider this issue beyond
the scope of the present investigation.
An important element in the calculation of the cross sec-

tion is the two-body overlap (or removal) amplitude, which
contains the information on the correlations between the pair
of nucleons inside the system. These amplitudes were com-
puted in Ref. [33] for two protons by partitioning the full
Hilbert space to obtain a model space large enough to ac-
count for the most relevant LRC. This is based on the as-
sumption that the effects of SRC concern high relative mo-
mentum states (at high energy) and that these are sufficiently
decoupled from the collective motion at low energy. The
LRC were then obtained by solving the two-hole dressed
random phase approximation (hh-DRPA) inside the model
space, while the distortion due to SRC was included by add-
ing appropriate defect functions, computed for the specifi-
cally excluded space. In Ref. [33], the nonlocality of the
Pauli operator was neglected, resulting in a set of only few
defect functions that were essentially independent of the
center-of-mass (c.m.) motion of the pair. The resulting two-
nucleon spectral function was then employed in the calcula-
tion of the 16O!e ,e!pp" cross section in Ref. [15]. A similar
approach was followed in Ref. [16] for the 16O!e ,e!pn" case
also by employing the same model [25–27] of the reaction
mechanism. In this work the two-hole spectral function for a
proton-neutron pair was obtained by employing a coupled-
cluster approach. The S2 approximation employed in Ref.
[16] is quite similar to the evaluation of the short-range part
of the two-body spectral function in terms of a Brueckner G
matrix, as employed in Ref. [33], but does not account analo-
gously well for the effects of LRC. However, a full set of
defect functions, including their dependence on the c.m. of
the pair, is obtained naturally in this approach. Given the
differences between the above calculations, it is interesting

to compare the emission of both a pp and a pn pair by
evaluating them within the same description of the nuclear
structure effects. Furthermore, the description of nuclear
structure effects related to the description of the fragmenta-
tion of the single-particle strength has been improved by
applying a Faddeev technique to the description of the inter-
nal propagators in the nucleon self-energy [34,35]. This de-
velopment provides an additional incentive to study the re-
sulting consequences for the description of two-nucleon
removal reactions. In the present work we pursue these aims
by employing the hh-DRPA approach of Refs. [15,33] while
improving on the computation of the defect functions, in
order to obtain a description of SRC comparable to the one
of Ref. [16]. We then apply this model to study both the
16O!e ,e!pp" and 16O!e ,e!pn" reactions.
In Sec. II of this paper the essential steps in the calcula-

tion of the !e ,e!pN" cross sections are summarized. The cal-
culation of the two-nucleon removal amplitudes, that de-
scribe the correlations, is discussed in Sec. III. There, the
approach of separating the contributions of long-range
(LRC) and short-range correlations (SRC) introduced in Ref.
[33] is reviewed and the present calculation of defect func-
tions is described in some detail. Section III A also summa-
rizes the updated results for the nuclear structure calculation.
The numerical results of 16O!e ,e!pp" and 16O!e ,e!pn" cross
sections are presented and discussed in Sec. IV, while con-
clusions are drawn in Sec. V.

II. REACTION MECHANISM OF THE „e ,e!pN…
CROSS SECTIONS

The coincidence cross section for the reaction induced by
an electron with momentum p0 and energy E0, with E0
= #p0 # =p0, where two nucleons, with momenta p1! and p2! and
energies E1! and E2!, are ejected from a nucleus is given, in
the one-photon exchange approximation and after integrating
over E2!, by [36,37]

d8"
dE0!d#dE1!d#1!d#2!

= K# f f rec#j$J$#2. !1"

In Eq. (1) E0! is the energy of the scattered electron with
momentum p0!, K=e4p!0

2 /4%2Q4, where Q2=q2!&2, with &
=E0!E0! and q=p0!p0!, is the four-momentum transfer. The
quantity # f=p1!E1!p2!E2! is the phase-space factor and integra-
tion over E2! produces the recoil factor

f rec
!1 = 1 !

E2!
EB

p2! · pB
#p2!#2

, !2"

where EB and pB are the energy and momentum of the re-
sidual nucleus. The cross section is given by the square of
the scalar product of the relativistic electron current j$ and of
the nuclear current J$, which is given by the Fourier trans-
form of the transition matrix elements of the charge-current
density operator between initial and final nuclear states

J$!q" =$ %' f#Ĵ$!r"#'i&eiq·rdr . !3"
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If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]

J!!q" =# " f
*!r1!1,r2!2"J!!r,r1!1,r2!2"

#"i!r1!1,r2!2"eiq·rdrdr1dr2d!1d!2. !4"

Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,

J!2"!r,r1!1,r2!2" = Jsea!r,r1!1,r2!2" + J&!r,r1!1,r2!2"

+ J%!r,r1!1,r2!2" . !5"

Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:

R̂!(" = V̂ + V̂
1

( ! T̂ + i*
R̂!(" , !8"

where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation

Ĝ!(" = V̂ + V̂
Q

( ! QT̂Q + i*
Ĝ!(" . !9"

Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]

J!!q" =# " f
*!r1!1,r2!2"J!!r,r1!1,r2!2"

#"i!r1!1,r2!2"eiq·rdrdr1dr2d!1d!2. !4"

Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,

J!2"!r,r1!1,r2!2" = Jsea!r,r1!1,r2!2" + J&!r,r1!1,r2!2"

+ J%!r,r1!1,r2!2" . !5"

Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:

R̂!(" = V̂ + V̂
1

( ! T̂ + i*
R̂!(" , !8"

where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation

Ĝ!(" = V̂ + V̂
Q

( ! QT̂Q + i*
Ĝ!(" . !9"

Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]

J!!q" =# " f
*!r1!1,r2!2"J!!r,r1!1,r2!2"

#"i!r1!1,r2!2"eiq·rdrdr1dr2d!1d!2. !4"

Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,

J!2"!r,r1!1,r2!2" = Jsea!r,r1!1,r2!2" + J&!r,r1!1,r2!2"

+ J%!r,r1!1,r2!2" . !5"

Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:

R̂!(" = V̂ + V̂
1

( ! T̂ + i*
R̂!(" , !8"

where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation

Ĝ!(" = V̂ + V̂
Q

( ! QT̂Q + i*
Ĝ!(" . !9"

Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]
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Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,
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Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:
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where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation
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Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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direct two-body currents
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Correlated 2-nucleon wave function

Obtained from RPA resummation of ladder diagrams
(similarly to shell model configuration mixing 
between two-nucleon states):

Direct calculations of correlations are possible in a finite space P (e.g. 4-10 osc. 
shells – NO CORE) which is complete for LRC:

Effects from SRC are then included by calculating ladders in the 
excluded space Q: 

…

If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]
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Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,
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Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:

R̂!(" = V̂ + V̂
1

( ! T̂ + i*
R̂!(" , !8"

where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation

Ĝ!(" = V̂ + V̂
Q

( ! QT̂Q + i*
Ĝ!(" . !9"

Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]

J!!q" =# " f
*!r1!1,r2!2"J!!r,r1!1,r2!2"

#"i!r1!1,r2!2"eiq·rdrdr1dr2d!1d!2. !4"

Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,

J!2"!r,r1!1,r2!2" = Jsea!r,r1!1,r2!2" + J&!r,r1!1,r2!2"

+ J%!r,r1!1,r2!2" . !5"

Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:

R̂!(" = V̂ + V̂
1

( ! T̂ + i*
R̂!(" , !8"

where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation

Ĝ!(" = V̂ + V̂
Q

( ! QT̂Q + i*
Ĝ!(" . !9"

Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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Ĝ!!" = V̂!"" , #10$

where !!" represents the two-body wave function within the
space P and !"" is the fully correlated one that takes into
account the distortion due to SRC. The latter regularizes the
otherwise large matrix elements of V̂ that would be generated
by its repulsive core at small interparticle distances. The cor-
related wave function is obtained in terms of the uncorrelated
one !!" as

!"" = !!" +
Q

# ! QT̂Q + i$
Ĝ##$!!" , #11$

which generalizes the Lippmann-Schwinger equation for two
particles in the vacuum and gives an expression for the cor-
relation operator X̂ of Eq. (7).
It should be noted that the separation between long-range

(inside the model space) and short-range degrees of freedom
(outside the model space) depends on the specific choice of
P and Q. Moreover, tensor correlations also induce high
momentum components that belong to the complementary
space Q. This separation scheme is based on the assumption
of decoupling between the two types of correlations. Still, it
is important to treat those contributions in a consistent way
and to avoid any kind of double counting. This is an impor-
tant merit of the present approach [33]. The solution of the
Bethe-Goldstone equation yields the residual interaction of
the nucleons inside the model space as well as the defect
functions needed to obtain the complete wave function, as in
Eq. (7).

A. Two-nucleon overlap inside the space P

The effects of LRC have been determined by performing
a nuclear structure calculation within the same shell-model
space as employed in Refs. [35,42], based on harmonic os-
cillator single-particle (sp) states with an oscillator parameter
b=1.76 fm (corresponding to %#=13.4 MeV). The space P
was chosen to contain all the first four major shells (from 0s
to 1p0f) plus the 0g9/2 orbital. The results of Refs. [42–46],
suggest that this is large enough to properly account for the
relevant low-energy collective states. The effective interac-
tion (G matrix) was derived from the Bonn-C model of the
NN potential V̂ [47]. Equation (9) was solved according to
the method of Ref. [40] by first computing the real reaction
matrix associated with R̂, Eq. (8), in momentum space as a
reference interaction. A correction term was then computed
to account for the effects of the Pauli operator, which was
treated in angle-averaged approximation.
The fragmentation of one-nucleon removal strength is de-

scribed by the coupling of the fully dressed sp propagator to
both two-particle #pp$, two-hole #hh$, and particle-hole #ph$
excitations of the nuclear medium [35]. The simultaneous
inclusion of all these collective modes into the nucleon self-
energy &* is computationally intensive and requires the so-
lution of a set of Faddeev equations for the two-particle-one–
hole and two-hole–one-particle motions [34]. This self-
energy has been used to solve the Dyson equation for the
one-body propagator

g'(##$ = g'(
0 ##$ +%

)*
g')
0 ##$&)*

* ##$g*(##$ #12$

to obtain the one-nucleon removal spectroscopic factors for
the low-energy final states in 15N [35,48]. In these works, the
depletion of filled orbits by SRC is also incorporated in the
shell-model space calculation by including the energy depen-
dence of the G matrix interaction, which yields an energy-
dependent Hartree-Fock term in the self-energy [48]. In Ref.
[35], the collective pp#hh$ and ph motion was studied at the
level of the dressed RPA approximation by taking into ac-
count the fragmentation of the one-body spectral function.
The propagator resulting from Eq. (12) was then substituted
back into the calculation of the collective surface modes and
in the Faddeev equations. This whole procedure was iterated
until full self-consistency was obtained. The resulting de-
scription of the sp strength and corresponding two-hole
states therefore represents an improvement of the description
of LRC as compared to the work of Ref. [33]. Nevertheless,
there are still features of the two-hole spectrum that cannot
yet be described by the present method.
For the particular case of the two-hole motion, one solves

the Bethe-Salpeter equation [49,50] for the two-nucleon
propagator GII within the shell-model space. In the present
hh-DRPA approach this reduces to

G'(,)*
II #t1,t2,t3,t4$

= i&g')#t1 ! t3$g(*#t2 ! t4$ ! g'*#t1 ! t4$g()#t2 ! t3$'

! (
!+

+

dt1!dt2!dt3!dt4! %
,-,./

&g',#t1 ! t1!$g(-#t2 ! t2!$'

0),-!G#t1!,t2!,t3!,t4!$!./"G./,)*
II #t3!,t4!,t3,t4$ , #13$

where ),- !G#t1! , t2! , t3! , t4!$!./" denote the elements of the G
matrix interaction. From the Lehmann representation of the
two-nucleon propagator GII one obtains the reduced matrix
elements of the two-nucleon removal tensor operators
[49,51,52]

XabJ
i = )"J

i,A!2*#c(̃c'̄$J*"0
A" , #14$

where the Latin subscripts denote the basis states without the
magnetic quantum number, a= +n' , l' , j',, and '̃
= +n' , l' , j' ,!m', corresponds to the time reverse of '.
In Eq. (14), the quantities XabJ

i represent the components
of the two-nucleon overlap integral of Eq. (4) in the basis
states of the model space. These can be expanded in terms of
harmonic oscillator wave functions and transformed to a rep-
resentation in terms of the relative and c.m. motion. For a
discrete final state i of the #A -2$-nucleon system, with angu-
lar momentum quantum numbers JM, one obtains

!i#r1!1,r2!2$ = %
nlSjNL

cnlSjNL
i RNL#R$1nl#r$

0&IlS
j #2r,!1,!2$YL#2R$'JM , #15$

where
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Ĝ!!" = V̂!"" , #10$

where !!" represents the two-body wave function within the
space P and !"" is the fully correlated one that takes into
account the distortion due to SRC. The latter regularizes the
otherwise large matrix elements of V̂ that would be generated
by its repulsive core at small interparticle distances. The cor-
related wave function is obtained in terms of the uncorrelated
one !!" as

!"" = !!" +
Q

# ! QT̂Q + i$
Ĝ##$!!" , #11$

which generalizes the Lippmann-Schwinger equation for two
particles in the vacuum and gives an expression for the cor-
relation operator X̂ of Eq. (7).
It should be noted that the separation between long-range

(inside the model space) and short-range degrees of freedom
(outside the model space) depends on the specific choice of
P and Q. Moreover, tensor correlations also induce high
momentum components that belong to the complementary
space Q. This separation scheme is based on the assumption
of decoupling between the two types of correlations. Still, it
is important to treat those contributions in a consistent way
and to avoid any kind of double counting. This is an impor-
tant merit of the present approach [33]. The solution of the
Bethe-Goldstone equation yields the residual interaction of
the nucleons inside the model space as well as the defect
functions needed to obtain the complete wave function, as in
Eq. (7).

A. Two-nucleon overlap inside the space P

The effects of LRC have been determined by performing
a nuclear structure calculation within the same shell-model
space as employed in Refs. [35,42], based on harmonic os-
cillator single-particle (sp) states with an oscillator parameter
b=1.76 fm (corresponding to %#=13.4 MeV). The space P
was chosen to contain all the first four major shells (from 0s
to 1p0f) plus the 0g9/2 orbital. The results of Refs. [42–46],
suggest that this is large enough to properly account for the
relevant low-energy collective states. The effective interac-
tion (G matrix) was derived from the Bonn-C model of the
NN potential V̂ [47]. Equation (9) was solved according to
the method of Ref. [40] by first computing the real reaction
matrix associated with R̂, Eq. (8), in momentum space as a
reference interaction. A correction term was then computed
to account for the effects of the Pauli operator, which was
treated in angle-averaged approximation.
The fragmentation of one-nucleon removal strength is de-

scribed by the coupling of the fully dressed sp propagator to
both two-particle #pp$, two-hole #hh$, and particle-hole #ph$
excitations of the nuclear medium [35]. The simultaneous
inclusion of all these collective modes into the nucleon self-
energy &* is computationally intensive and requires the so-
lution of a set of Faddeev equations for the two-particle-one–
hole and two-hole–one-particle motions [34]. This self-
energy has been used to solve the Dyson equation for the
one-body propagator

g'(##$ = g'(
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)*
g')
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* ##$g*(##$ #12$

to obtain the one-nucleon removal spectroscopic factors for
the low-energy final states in 15N [35,48]. In these works, the
depletion of filled orbits by SRC is also incorporated in the
shell-model space calculation by including the energy depen-
dence of the G matrix interaction, which yields an energy-
dependent Hartree-Fock term in the self-energy [48]. In Ref.
[35], the collective pp#hh$ and ph motion was studied at the
level of the dressed RPA approximation by taking into ac-
count the fragmentation of the one-body spectral function.
The propagator resulting from Eq. (12) was then substituted
back into the calculation of the collective surface modes and
in the Faddeev equations. This whole procedure was iterated
until full self-consistency was obtained. The resulting de-
scription of the sp strength and corresponding two-hole
states therefore represents an improvement of the description
of LRC as compared to the work of Ref. [33]. Nevertheless,
there are still features of the two-hole spectrum that cannot
yet be described by the present method.
For the particular case of the two-hole motion, one solves

the Bethe-Salpeter equation [49,50] for the two-nucleon
propagator GII within the shell-model space. In the present
hh-DRPA approach this reduces to
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where ),- !G#t1! , t2! , t3! , t4!$!./" denote the elements of the G
matrix interaction. From the Lehmann representation of the
two-nucleon propagator GII one obtains the reduced matrix
elements of the two-nucleon removal tensor operators
[49,51,52]

XabJ
i = )"J

i,A!2*#c(̃c'̄$J*"0
A" , #14$

where the Latin subscripts denote the basis states without the
magnetic quantum number, a= +n' , l' , j',, and '̃
= +n' , l' , j' ,!m', corresponds to the time reverse of '.
In Eq. (14), the quantities XabJ

i represent the components
of the two-nucleon overlap integral of Eq. (4) in the basis
states of the model space. These can be expanded in terms of
harmonic oscillator wave functions and transformed to a rep-
resentation in terms of the relative and c.m. motion. For a
discrete final state i of the #A -2$-nucleon system, with angu-
lar momentum quantum numbers JM, one obtains
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If the residual nucleus is left in a discrete eigenstate of its
Hamiltonian, i.e., for an exclusive process, and under the
assumption of a direct knockout mechanism, the matrix ele-
ments of Eq. (3) can be written as [25,37]

J!!q" =# " f
*!r1!1,r2!2"J!!r,r1!1,r2!2"

#"i!r1!1,r2!2"eiq·rdrdr1dr2d!1d!2. !4"

Equation (4) contains three main ingredients: the final-state
wave function $ f, the nuclear current J!, and the two-
nucleon overlap integral $i.
The nuclear current operator is the sum of a one-body and

a two-body part. The one-body part contains the usual charge
operator and the convective and spin currents. The two-body
current is derived from the effective Lagrangian of Ref. [38],
performing a nonrelativistic reduction of the lowest-order
Feynman diagrams with one-pion exchange. We therefore
have currents corresponding to the seagull and pion-in-flight
diagrams and to the diagrams with intermediate %-isobar
configurations [27], i.e.,

J!2"!r,r1!1,r2!2" = Jsea!r,r1!1,r2!2" + J&!r,r1!1,r2!2"

+ J%!r,r1!1,r2!2" . !5"

Details of the nuclear current components and the values of
the parameters used in the calculations are given in Refs.
[26–28].
Equation (4) involves bound and scattering states, $i and

$ f, which should consistently be obtained from an energy-
dependent non-Hermitian Feshbach-type Hamiltonian for the
considered final state of the residual nucleus. They are eigen-
functions of this Hamiltonian at negative and positive energy
eigenvalues, respectively [36,37]. In practice, it is not pos-
sible to achieve this consistency and the treatment of initial
and final state correlations proceeds separately with different
approximations.
The final-state wave function $ f includes the interaction

of each one of the two outgoing nucleons with the residual
nucleus. The mutual interaction between the two outgoing
nucleons has been studied in Ref. [29] in nuclear matter and,
more recently, in two-nucleon knockout from 16O in Refs.
[30,31] within a perturbative treatment. This contribution is
neglected in the calculation of the present paper, which is
aimed at investigating the effects of a consistent treatment of
SRC and LRC in the initial state $i. Therefore, the scattering
state is here given by the product of two uncoupled single-
particle distorted wave functions, eigenfunctions of a com-
plex phenomenological optical potential [39] which contains
a central, a Coulomb, and a spin-orbit term. The two-nucleon
overlap integral $i contains the information on nuclear struc-
ture and correlations. These have been obtained using the
same many-body approach for both pp and pn knockout, as
described in the next section.

III. STRUCTURE AMPLITUDES

Following Ref. [15], the two-nucleon overlap integral $i
[see Eq. (4)] has been computed by solving the hh-DRPA

equation for the two-particle Green’s function. This approach
allows to accurately take into account the effects of LRC that
are important at the small missing energies considered in this
work. However, the description of the high-momentum com-
ponents due to SRC requires a large number of basis states,
including configurations up to 100'( in an harmonic oscil-
lator basis [40], which is too large for practical applications.
The guiding principle followed in the present calculation

was presented earlier in Ref. [33] and attempts to treat LRC
and SRC in a separate but consistent way. This is done by
splitting the complete Hilbert space into a model space P,
large enough to contain the relevant long-range effects, and a
complementary space Q=1!P. The general formalism of
the effective interactions considers a number of exact eigen-
states of the system, $"i%, that diagonalize the complete
Hamiltonian Ĥ= T̂+ V̂ with eigenvalues Ei. One then seeks
for an effective Hamiltonian Ĥeff that is defined in the space
P and has the same exact eigenvalues (see for example Ref.
[41]),

PĤeffP$)i% = Ei$)i% , !6"

where P is the projection operator onto the space P and the
eigenstates given by $)i%=P$"i%. The complete wave func-
tions $"i%, that belong to the full Hilbert space, can be ob-
tained from the latter by means of

$"i% = !1 + X̂"$)i%= $)i% + $Xi% , !7"

where the correlation operator X̂=QX̂P converts the compo-
nent inside the model space into the corresponding part that
belongs to the space Q. The latter, $Xi%, are usually referred
to as “defect functions.”
In the present case, the nuclear correlations that lie in the

space Q are those due to SRC. For the case of two nucleons
in free space the two-body correlations can be accounted for
completely by solving the following equation for the transi-
tion matrix R̂:

R̂!(" = V̂ + V̂
1

( ! T̂ + i*
R̂!(" , !8"

where V̂ and T̂ are the NN potential and the kinetic energy,
respectively, and ( is the energy of the correlated pair. A
good approximation of the effective interaction, Eq. (6), that
takes into account the effects of short-range distortion, is
obtained by replacing the bare NN interaction V̂ with the G
matrix, obtained by solving the Bethe-Goldstone equation

Ĝ!(" = V̂ + V̂
Q

( ! QT̂Q + i*
Ĝ!(" . !9"

Equation (9) accounts for the short-range effects in a way
completely analogous to Eq. (8) except that the projection
operator Q now allows the intermediate propagation of the
two particles only within the space Q (therefore excluding
the correlations within the model space P). The G matrix (9)
plays the role of a transition matrix within the model space:
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Fig. 1. The 16O(e,e′pn)14N cross-section shown as a function
of the missing momentum for events in the range 2 ≤ Ex ≤
9 MeV for central energy and momentum transfers of 215 MeV
and 316 MeV/c. The curves show the results from theoretical
calculations of the cross-section which includes transitions to
the following excited states in 14N: 2.31 MeV (0+), 3.95 MeV
(1+) and 7.03 (2+). The dashed line is calculated only with
the one-body currents; the dotted line also includes the π-
seagull term; the dash-dotted line includes the one-body, π-
seagull term and pion-in-flight terms and the solid line is for
the complete cross-section including contributions from the IC.

4 Results

The experimental cross-sections and theoretical calcula-
tions for both sets of data shown in the following subsec-
tions are presented as a function of the absolute magnitude
of the missing momentum pm = q−p

′

p−p
′

n, where p
′

p and
p′

n are the momenta of the ejected nucleons. The missing
momentum of the reaction represents the momentum of
the recoiling 14N in the final state and thus, for direct
two-nucleon knockout reactions, probes the momentum of
the proton-neutron pair in the initial state, especially at
low missing momentum where the recoiling 14N nucleus
can be regarded as a spectator.

4.1 The 16O(e,e′pn)14N reaction

Figure 1 shows the experimental and theoretical cross-
sections for the 16O(e,e′pn)14N reaction as a function of
the missing momentum, pm, of the reaction. The experi-
mental cross-section has been determined for a group of
states in the residual 14N for an excitation energy range
of 2 to 9MeV. The theoretical curves are the result of
DW calculations and are the average cross-section of cal-
culations for the kinematic settings as given in [13]. The
calculations represent the sum of contributions for tran-
sitions to three excited states in 14N: the 2.31MeV (0+),
3.95MeV (1+) and 7.03MeV (2+) states.

The theoretical curves of fig. 1 also show the con-
tributions of different terms of the nuclear current to
the cross-section. Cumulative contributions of the one-
body, π-seagull, pion-in-flight and ∆-isobar currents are
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Fig. 2. Theoretical 16O(e,e′pn)14N cross-sections for en-
ergy and momentum transfers of 215 MeV and 316 MeV/c.
The cross-sections for the population of the 2.31 MeV (0+),
3.95 MeV (1+), 7.03 (2+) and the three states combined are
represented by the dashed, dotted, dash-dotted and solid lines,
respectively. The plots are for the full cross-section including
the one-body, π-seagull, pion-in-flight and IC terms.

all shown. At low missing momentum the largest contri-
bution to the theoretical cross-section is from one-body
hadronic currents. Above pm = 150MeV/c the π-seagull
and ICs become increasingly more important with increas-
ing pm. The pion-in-flight contribution is relatively small
over the whole missing-momentum range shown.

The shapes of the experimental and theoretical cross-
sections in fig. 1 show reasonable agreement in that they
both decrease roughly exponentially with increasing pm

and both show a flattening in the cross-section at pm ≈

175MeV/c. The magnitude of the two cross-sections is in
much better agreement compared to the previous com-
parison in [13] where the theoretical calculations under-
predicted the experimental data at low pm.

Figure 2 shows a comparison of calculations of the full
cross-sections, including the one-body and two-body cur-
rents, for transitions to the three different excited states
included in the curves of fig. 1. The main strength in the
cross-section is predicted to come from transitions to the
3.95MeV (1+) state up to pm ≈ 290MeV/c where transi-
tions to the 7.03 (2+) state become dominant. The calcu-
lated contribution from transitions to the 2.31MeV (0+)
state is at least an order of magnitude weaker, over the
full pm range shown, than those involving transitions to
either of the other two states.

The improved agreement between the present calcula-
tions and the 16O(e,e′pn)14N data is due to the enhance-
ment, at low pm, of the contribution from the one-body
current produced by the CM effects included in the or-
thogonalized approach [6]. The enhancement is particu-
larly strong in the case of the transition to the 3.95Mev
(1+) excited state, where the CM effects increase the con-
tribution of the one-body current by more than one order
of magnitude at low pm and make this contribution dom-
inant at low momenta. It was shown in [6] that the con-
tribution of the one-body current and also the relevance
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Fig. 1. The 16O(e,e′pn)14N cross-section shown as a function
of the missing momentum for events in the range 2 ≤ Ex ≤
9 MeV for central energy and momentum transfers of 215 MeV
and 316 MeV/c. The curves show the results from theoretical
calculations of the cross-section which includes transitions to
the following excited states in 14N: 2.31 MeV (0+), 3.95 MeV
(1+) and 7.03 (2+). The dashed line is calculated only with
the one-body currents; the dotted line also includes the π-
seagull term; the dash-dotted line includes the one-body, π-
seagull term and pion-in-flight terms and the solid line is for
the complete cross-section including contributions from the IC.

4 Results

The experimental cross-sections and theoretical calcula-
tions for both sets of data shown in the following subsec-
tions are presented as a function of the absolute magnitude
of the missing momentum pm = q−p

′

p−p
′

n, where p
′

p and
p′

n are the momenta of the ejected nucleons. The missing
momentum of the reaction represents the momentum of
the recoiling 14N in the final state and thus, for direct
two-nucleon knockout reactions, probes the momentum of
the proton-neutron pair in the initial state, especially at
low missing momentum where the recoiling 14N nucleus
can be regarded as a spectator.

4.1 The 16O(e,e′pn)14N reaction

Figure 1 shows the experimental and theoretical cross-
sections for the 16O(e,e′pn)14N reaction as a function of
the missing momentum, pm, of the reaction. The experi-
mental cross-section has been determined for a group of
states in the residual 14N for an excitation energy range
of 2 to 9MeV. The theoretical curves are the result of
DW calculations and are the average cross-section of cal-
culations for the kinematic settings as given in [13]. The
calculations represent the sum of contributions for tran-
sitions to three excited states in 14N: the 2.31MeV (0+),
3.95MeV (1+) and 7.03MeV (2+) states.

The theoretical curves of fig. 1 also show the con-
tributions of different terms of the nuclear current to
the cross-section. Cumulative contributions of the one-
body, π-seagull, pion-in-flight and ∆-isobar currents are
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Fig. 2. Theoretical 16O(e,e′pn)14N cross-sections for en-
ergy and momentum transfers of 215 MeV and 316 MeV/c.
The cross-sections for the population of the 2.31 MeV (0+),
3.95 MeV (1+), 7.03 (2+) and the three states combined are
represented by the dashed, dotted, dash-dotted and solid lines,
respectively. The plots are for the full cross-section including
the one-body, π-seagull, pion-in-flight and IC terms.

all shown. At low missing momentum the largest contri-
bution to the theoretical cross-section is from one-body
hadronic currents. Above pm = 150MeV/c the π-seagull
and ICs become increasingly more important with increas-
ing pm. The pion-in-flight contribution is relatively small
over the whole missing-momentum range shown.

The shapes of the experimental and theoretical cross-
sections in fig. 1 show reasonable agreement in that they
both decrease roughly exponentially with increasing pm

and both show a flattening in the cross-section at pm ≈

175MeV/c. The magnitude of the two cross-sections is in
much better agreement compared to the previous com-
parison in [13] where the theoretical calculations under-
predicted the experimental data at low pm.

Figure 2 shows a comparison of calculations of the full
cross-sections, including the one-body and two-body cur-
rents, for transitions to the three different excited states
included in the curves of fig. 1. The main strength in the
cross-section is predicted to come from transitions to the
3.95MeV (1+) state up to pm ≈ 290MeV/c where transi-
tions to the 7.03 (2+) state become dominant. The calcu-
lated contribution from transitions to the 2.31MeV (0+)
state is at least an order of magnitude weaker, over the
full pm range shown, than those involving transitions to
either of the other two states.

The improved agreement between the present calcula-
tions and the 16O(e,e′pn)14N data is due to the enhance-
ment, at low pm, of the contribution from the one-body
current produced by the CM effects included in the or-
thogonalized approach [6]. The enhancement is particu-
larly strong in the case of the transition to the 3.95Mev
(1+) excited state, where the CM effects increase the con-
tribution of the one-body current by more than one order
of magnitude at low pm and make this contribution dom-
inant at low momenta. It was shown in [6] that the con-
tribution of the one-body current and also the relevance

2.31 MeV

3.95 MeV

g.s.

7.03 MeV

0+

1+

2+

experim
ental resolution

2 M
eV < E

x < 9 M
eV 

0+
1+

2+ total

1-body current

1-b + " + segall

total (inc. Δ)

16O(e,e’pn)14C
Partial final states

16O(e,e’pn)14C
Currents contributions

D.G. Middleton et al.: Knockout of proton-neutron pairs from 16O with electromagnetic probes 141

 [MeV/c]
m

p
0 50 100 150 200 250 300 350

]
3

s
r

2
  
[p

b
/M

e
V

n
Ω

d
p

Ω
d

e
'

Ω
d

p
d

T
e

'
/d

T
σ

8
d

-1
10

1

10

210

Fig. 3. The experimental data of fig. 1 compared to the results
of theoretical calculations of 16O(e,e′pn)14N cross-sections for
transitions to the 3.95 MeV (1+) excited state of 14N for en-
ergy and momentum transfers of 215 MeV and 316 MeV/c. The
solid curve results from the DW approach, the dashed line from
the DW-NN approach for FSI.

of these CM effects depend on the TOF that is used in
the calculations. Different overlap functions with different
treatments of correlations can produce large differences in
the shape and magnitude of the cross-sections. The dif-
ferences emphasize the role of correlations, in particular
of long range and tensor type. The most complete micro-
scopic treatment of correlations in [4,18] is essential to
produce the results of fig. 1.

The calculations in figs. 1 and 2 are performed in the
DW approach for FSI. NN-FSI effects depend on kinemat-
ics and on the reaction type and are generally small in
proton-neutron emission [19,20]. For the 16O(e,e′pn)14N
reaction in super-parallel kinematics NN-FSI are small
but not negligible [6]. The effect of the mutual interac-
tion between the two outgoing nucleons is shown in fig. 3
compared to the experimental data of fig. 1. The calcu-
lated cross-sections obtained using the DW and DW-NN
approaches are compared for transitions to the 3.95MeV
(1+) state in 14N. This one state dominates the reac-
tion over nearly all of the measured pm range as seen
in fig. 2. The effects of NN-FSI on the calculated cross-
section are relatively small. There is a slight decrease in
the cross-section for pm ≤ 50MeV/c and a slight increase
for 150 ≤ pm ≤ 225MeV/c and above pm = 300 MeV/c.
In general the calculations predict that NN-FSI have lit-
tle importance for the kinematics shown here. This fact
justifies the perturbative treatment of NN-FSI.

4.2 The 16O(γ,pn)14N reaction

Figure 4 shows the cross-section for the 16O(γ,pn)14N re-
action as a function of the missing momentum, pm, of the
reaction. The data are shown for an incident photon en-
ergy range of 150 ≤ Eγ ≤ 250MeV for back-to-back kine-
matics where the proton and neutron are emitted anti-
parallel to one another. To do this the proton in-plane
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Fig. 4. The 16O(γ,pn)14N cross-section as a function of the
missing momentum for events in the range 2 ≤ Ex ≤ 10 MeV.
The incident photon energy range was 150 ≤ Eγ ≤ 250 MeV.
The curves show the theoretical cross-section for transitions to
the 3.95 MeV (1+) state. The dashed line is calculated with
only one-body currents included; the dotted line also includes
the π-seagull term; the dash-dotted line includes the one-body,
π-seagull term and pion-in-flight terms and the solid line is for
the complete cross-section including contributions from IC.

polar acceptance was restricted to 142 ≤ θp ≤ 158◦ and
neutron in-plane polar acceptance restricted to 8 ≤ θn ≤

32◦. The experimental cross-section has been determined
for a group of states in the recoiling 14N nucleus for an ex-
citation energy range of 2 to 10MeV. Figure 4 also shows
the results of DW theoretical calculations for the reaction.
The curves are for transitions to the 3.95MeV (1+) state
which the previous measurements of [15] and [16] suggest
dominate the cross-section and have been averaged over
the kinematic settings which cover the acceptance of the
experimental data.

The theoretical curves of fig. 4 show the contribu-
tions of different terms of the nuclear current to the
cross-section. Cumulative contributions of the one-body,
π-seagull, pion-in-flight and isobar currents are all shown,
see the caption of fig. 4 for details. At low pm the largest
contribution to the theoretical cross-section is from one-
body hadronic currents. The inclusion of the π-seagull
term causes a decrease in calculated cross-section until
roughly pm = 200MeV/c where it has very little ef-
fect. The further inclusion of the pion-in-flight contri-
butions increases the cross-section to roughly the same
strength as the one-body hadronic current cross-section
for pm < 100MeV/c after which point it increases the
calculated cross-section relative to the one-body hadronic
currents alone. The inclusion of ICs increases the calcu-
lated cross-section for the whole pm range shown.

The calculations in fig. 4 over-predict the experimental
data at low pm. For pm > 50MeV/c, however, no definitive
statement can be made due to the large error bars.

The effect of the mutual interaction between the two
outgoing nucleons for the (γ,pn) reaction is shown in fig. 5
compared to the experimental data of fig. 4. Theoretical

16O(#,pn)14C
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• 16O(e,e’pn)14N
• initial wave function from SCGF or ‘CCM’

• Pavia model for final state interactions
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Table 1. The contributions of the systematic errors to the
cross section.

Source of error Contribution

Phase-space simulation 8.8%

Luminosity calculation 5.2%

Background subtraction 1.9%

Detector efficiency 1.7%

Ground state cut 0.8%

Total systematic error 10.6%

Table 2. The differential cross section of the 12C(e, e′pp)
10Beg.s. reaction. The values refer to bin centers of pm with
the bin width of 30MeV/c.

pm [MeV/c] d8σ
dΩe′dE′dΩp1dTp1dΩp2

[10−6 fm4 sr−3]

−75.0 1.8 ± 0.3 (stat) ± 0.2 (sys)

−45.0 2.4 ± 0.2 (stat) ± 0.2 (sys)

−15.0 3.4 ± 0.4 (stat) ± 0.4 (sys)

15.0 2.6 ± 0.4 (stat) ± 0.3 (sys)

45.0 1.8 ± 0.2 (stat) ± 0.2 (sys)

75.0 1.2 ± 0.1 (stat) ± 0.1 (sys)

105.0 0.3 ± 0.2 (stat) ± 0.03 (sys)

The largest contribution comes from the uncertainty
of the phase-space simulation, due to the difference in the
shape of the ground state peak in simulation and data.
The second largest contribution comes from the error of
the luminosity calculation caused by the uncertainty of the
target angle with respect to the beam. The third contri-
bution comes from the uncertainty of the background esti-
mation, due to inhomogeneities of the background shape.
The uncertainty of the combined detector efficiency is an-
other contribution and another comes from the cut on the
ground state of 10Be, which can potentially have a small
contribution from the first excited state. This contribution
is estimated from the Gaussian fits in fig. 3.

5 Results and discussion

The differential cross section for the 12C(e, e′pp)10Beg.s.

reaction has been extracted as a function of the mo-
mentum of the recoiling nucleus, pm = |pm|. In super-
parallel kinematics this momentum is either parallel or
anti-parallel to the momentum transfer q, so we define
pm to be positive when parallel and negative when anti-
parallel to q. The events in the 10Be ground state have
been selected by applying a cut on the excitation energy
|Ex| ≤ 1.8MeV.

The acceptances of the detectors determine the range
of pm between −90MeV/c and 120MeV/c for which the
differential cross section was determined. It was calculated
according to the relation (8) with a bin width for pm of
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Fig. 4. The differential cross section of the 12C(e, e′pp)10Beg.s.

reaction as a function of the momentum of the recoiling nu-
cleus, pm. The vertical straight lines behind the experimental
points represent the statistical errors, while the shaded boxes
are the systematic errors. The dash-double-dotted line gives
the cross section calculated with the overlap function of eq. (4),
while the full line is the result from SCGF in the two-hole
DRPA, which includes all correlations microscopically.

30MeV/c and the final values are reported in table 2 and
fig. 4.

The differential cross sections calculated with the
two different approaches for the two-nucleon overlap, de-
scribed in sect. 2, are also shown in fig. 4. The two results
are dramatically different. The dashed line corresponds
to the overlap of eq. (4), where only SRC are included
by means of a central and state-independent correlation
function. This simpler model is unable to describe the size
and the shape of the experimental cross section, which
is underestimated by about one order of magnitude. A
larger cross section and a much better description of data
is given by the full line corresponding to the microscopic
calculation based on the SCGF method. The main cause
for the enhancement of the cross section is low-energy cor-
relations between the two protons, which are taken into
account in the two-nucleon DRPA through the fragmen-
tation of the single-particle spectral function and the in-
medium scattering of the two nucleons. These LRC effects
interfere constructively with SRC contributions, increas-
ing the reactions rate by an order of magnitude and re-
producing the observed dependence on pm. The resulting
microscopic calculation is found in fairly good agreement
with the experimental cross section.

In the (uncorrelated) independent particle model, the
recoiling momentum pm yields the total momentum of the
struck pp pair. Hence, the measured cross section suggests
that two-proton substructures in the 12C target carry a
rather uniform total momentum up to about 100MeV/c
but with zero-momentum states being more probable.
Note that the two-nucleon overlap function depends only
on the magnitude of the recoiling momentum, pm, due to
spherical symmetry. Hence, the asymmetries in the mea-
sured and calculated cross sections of fig. 4 are due to
nuclear currents and FSI effects. Measurements in differ-
ent kinematics, with pm not aligned with the momentum
transfer q, may bring useful information not only to test

Correlations in proton-neutron knock out
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Can we learn something form (e,e’pN) at MESA ??

• Direct two-nucleon emission directly sensitive to currents (2N currents too!)

• Low-energy correlation effects may be relevant in appropriate kinematics

• Old experiments very difficult and difficult E/p resolution

# BUT what about MESA??

• Viable way to test currents and interaction theories/models?

• Applications from EFT/ab initio?  (though FSI requitre optical models…)

• Utility to constrain $$-decay??


