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In Cosmology always true because 
we must have gravity

GR	itself	should	be	understood	as	an	EFT	with	a	Planck	scale	
physics	-	no	problem	quantizing	gravity	as	a	LEEFT,		

see e.g. reviews by Donoghue, Burgess

For example, we have no trouble computing loop corrections to 
scalar and tensor fluctuations produced during inflation
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Are all EFTs allowed?

Answer:	NO!	Certain	low	energy	effective	theories	do	not	
admit	well	defined	UV	completions	

More	precise	form	of	question:	Are	Wilson	coefficients	free	
to	take	any	O(1)	value?		Answer:	NO!

Recent Recognition: Requirement that a given low 
energy theory admits such a UV completion imposes an 
(infinite) number of constraints on the form of the low 

energy effective theory

With typical assumption that:
 UV completion is Local, Causal, Poincare Invariant and Unitary

Positivity Constraints!



Low Energy Criteria
Commonly Imposed Criteria:

Causality                                       , absence of caustics, strong 
hyperbolicity

Problems: 1. Causality is difficult in gravitational theories since the 
speed of light is not invariant under field redefinitions of the 

metric
gµ⌫ ! gµ⌫ + ↵@µ�@⌫�

2. Caustics are ok - can arise in LEEFT of a UV theory without 
caustics

3.  Strong hyperbolicity is gauge dependent and field redefinition 
dependent, while desirable for numerics unclear if important

cs(background)  1







Positivity Constraints 
Signs of UV completion



Lets Start Simple: 
Two-point function of  a scalar field

Suppose we have a scalar operator Ô(x)

Relativistic Locality tells us that ……

[Ô(x), Ô(y)] = 0 if (x� y)2 > 0

Unitarity (positivity) tells us that

where Ô(f) =

Z
d
4
x f(x)Ô(x)h |Ô(f)2| i > 0



Kallen-Lehmann Spectral 
Representation
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Introduce the Complex Plane 
To simplify a problem you should make it complex

Define complex momenta squared z = �k2 + i✏

Two point function is an analytic 
function with a pole and a branch cut

Discontinuity across branch cut is 
positive definite

Pole Branch cut
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What does this tell us about EFT?
e.g. Suppose scalar field in EFT with tree level action …….

S =

Z
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4
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Feynman propagator is

Positivity Bounds:
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What about gravity?
If we repeat the same argument for gravity:
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S-matrix Positivity Constraints 
Signs of UV completion



Crossing Symmetry

s = (p1 + p2)
2

t = (p1 � p3)
2

u = (p1 � p4)
2

s+ t+ u = 4m2

�p4 �p2

A+B ! C +D

A+ D̄ ! C + B̄

s-channel

u-channel s $ u

A

B

C

D

D̄ B̄

A C

Identical scattering amplitudes for s and u channel 
interactions (up to analytic continuation)



Forward Scattering Limit Amplitude 
Analyticity

	 	 	

Complex s plane Physical scattering 
region is   s � 4m2
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Unitarity=Positivity

Number of subtractions determined by Froissart bound:
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Why it is crucial external scatterers are massive



Positivity Constraint

Recipe: Subtract pole, differentiate to remove subtraction 
constants 
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E.g. Assume Weakly Coupled UV Completion

Constraints can be applied directly on LEEFT 
tree level scattering amplitudes

M � 2

Adams	et.	al.	2006

Btree(s, 0) = Atree(s, 0)� �tree

m2 � s
� �tree

m2 � u

⇤th = threshold for new physics, i.e. cutoff of LEEFT
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Directly translates into constraints on Wilsonian action



Improved Positivity Bound

What if we can’t assume weakly coupled UV completion?

Consider exact amplitude MINUS calculable low energy 
imaginary part

Ã(s, 0) = A(s, 0)� s2
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Ã(s, 0) has the same analyticity properties as A(s, 0)

with a branch cut which starts at s = ✏2⇤2

Calculate in LEEFT



Example: Positivity Bounds for P(X)
	

Positivity bounds requires: 

Adams	et.	al.	2006

P(X) models with cannot admit a local/Poincare 
invariant UV completion



Model	that	naturally	emerges	as	
probe	brane	in	extra	dimension

No	obstructions	to	standard	
UV	completion	(known	so	far)

Model	relevant	for	inflation

Model	that	naturally	emerges	as	probe	
brane	in	extra	time	dimension…

Model	relevant	for	dark	energy	with	 
screening	in	dense	environments

Known	obstructions	to	
standard	UV	completion

DBI versus anti-DBI



Extension away from forward 
scattering limit

So far we have only used Optical Theorem in the forward 
scattering limit, and not the full implications of Unitarity



Extension away from forward 
scattering limit
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Non-forward analyticity

Scattering amplitude A(s, t)

is an analytic function of s for fixed t in the range 

0  t < 4m2

and has an imaginary part bounded by Im(A(s, t)) < as2

which continues to imply a dispersion relation 
with 2 subtractions!!

Theorems!



Non-forward analyticity
Scattering amplitude A(s, t)

is an analytic function of s for fixed t in the range 0  t < 4m2
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Non-forward analyticity
Defining 
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And	for	spin	-1	Proca	field,	see	Bonifacio,	
Hinterbichler	&	Rosen	PRD94	(2016)

Eg.	see	Cheung	&	Remmen,	JHEP	1604	(2016)	  
for	massive	gravity

both	in	the	forward	scattering	limit

Constrains on the mass parameters 
in massive gravity

What about general spins?
In forward limit, dispersion relation holds for helicity amplitudes

A�1�2�3�4(s, 0) has dispersion relation with subtractions2

Also applies to INDEFINITE helicity

spherical and plane wave states before relating them by means of the partial wave expansion.

For definiteness, we consider the scattering plane to be the xz plane, and the y direction to be

orthogonal to the scattering plane. We further fix coordinates so that the incoming particles

move along the z-axis without loss of generality.

Spherical wave states: Irreducible representations of the SOp3q rotational symmetry pro-

vide the basis of the ‘spherical wave’ states

J
2|jmy “ jpj ` 1q|jmy, Jz|jmy “ m|jmy , (2.4)

where of course, here m is the spin projection along the z direction, rather than the particle

mass m. Any three-dimensional rotation can be characterized by three Euler angles p↵,�, �q,
and implemented on a state via the operator Rp↵,�, �q “ e

´i↵Jze´i�Jye´i�Jz , where Jx, Jy
and Jz are the angular momentum operators. The action of Rp↵,�, �q on the spherical wave

states can be expressed in terms of the Wigner D matrices [21]

Rp↵,�, �q|jmy “
jÿ

m1“´j

D
j
m1mp↵,�, �q|jm1y , (2.5)

where

D
j
m1mp↵,�, �q “ e

´i↵m1
d
j
m1mp�qe´i�m

, with d
j
m1mp�q “ xjm1|e´i�Jy |jmy . (2.6)

Explicit expressions for the small d matrix are given in Appendix F.

Plane wave states: On the other hand, one particle ‘plane wave’ states are eigenstates of

momentum, with well-defined angular momentum in the rest frame

J
2|p “ 0, S,�y “ SpS ` 1q|p “ 0, S,�y, Jz|p “ 0, S,�y “ �|p “ 0, S,�y , (2.7)

where S is the spin of the particle. These transform into each other under boosts and rotations.

For example, a nonzero momentum state is constructed from the rest frame as

|p, S,�y “ Rp�, ✓, 0qLppq|0, S,�y for p “ pp sin ✓ cos�, p sin ✓ sin�, p cos ✓q , (2.8)

where Lppq is the boost along the z direction to momentum pẑ. Note that a finite momentum

state no longer has well-defined angular momentum, except along the momentum axis

J ¨ p
|p| |p, S,�y “ �|p, S,�y. (2.9)

Physically, this is because the orbital angular momentum L “ rˆp is zero along this axis. �

is called helicity, and is a good quantum number in all reference frames [10].

– 5 –

Helicity:



Can we extend these results away 
from the forward scattering limit?

Very non-trivial because of 2 things
1. Crossing Symmetry is very complicated 

for general spin scattering 
2. Discontinuity along left hand branch 

cut is no longer positive definite
3. Scattering amplitude for general spin 

have a significantly more complicated 
analytic structure



Crossing Symmetry for Spins

A	definite	helicity	mode	transforms	non-trivially	under	crossing

	

	

	

	
d:	Wigner	matrices

	 	 	
	

	
No	obvious	positivity	properties	in	the	
2nd	branch	cut	in	helicity	formalism

A+B ! C +D A+ D̄ ! C + B̄

s

u

s-channel u-channel

Results from change of c.o.m. frame



Analyticity for Spins

	 	 	

In addition to usual scalar
poles and branch cuts 
we have ……..

1. Kinematic (unphysical) poles at
2.            branch cuts
3.  For Boson-Fermion scattering                branch cuts   

p
stu

s = 4m2

p
�su

Origin: non-analyticities of polarization vectors/spinors

cos ✓ = � 2t

(s� 4m2)



Both Problems Solvable!

1. Kinematic (unphysical) poles at
2.            branch cuts
3.  For Boson-Fermion scattering                branch cuts   

p
stu

s = 4m2

p
�su

All kinematic singularities are factorizable or removable by 
taking special linear combinations of helicity amplitudes 
(known historically as regularized helicity amplitudes)

Problem 2 Solution



Transversity Formalism
Problem 1 Solution Change of Basis

Crossing now 1-1 between s and u channel:

T s
⌧1⌧2⌧3⌧4(s, t, u) = e�i

P
i ⌧i�Tu

�⌧1�⌧4�⌧3�⌧2(u, t, s)

Figure 1. The di↵erence between the helicity and transversity formalism. The horizontal plane (xz
plane) is the particle interaction plane. In the helicity formalism particle spins are projected onto the
direction of motion, while in the transversity formalism particle spins are projected in the vertical
direction, which is transverse to the interaction plane.

2.2 Transversity Formalism

Since H�1�2�3�4ps, t, uq contains a branch cut on the real axis of the complex s plane between

s “ 4m2 and 8, the crossing symmetry implies that there is a second branch cut in the real

axis between s “ ´t and ´8. However, this second branch cut has no obvious positivity

properties in the helicity formalism, due to the complicated crossing mixing of di↵erent he-

licity amplitudes as can be seen from Eq. (2.23) (unless �u “ 0, corresponding to the forward

scattering limit t “ 0, or unless all particles have zero spin). To go beyond the forward

scattering limit for non-zero spins, we first need to simplify the crossing relation by going to

the transversity basis, see Fig. 1.

Transversity Amplitudes: We define the transversity eigenstates [20, 26] as a particular

combination of the helicity eigenstates

|p, S, ⌧y ”
ÿ

�

u
S
�⌧ |p, S,�y , (2.26)

where the unitary matrix u
S
�⌧ is simply the Wigner D

S matrix associated with the rotation

R “ e
´i⇡{2Jze´i⇡{2Jyei⇡{2Jz ,

u
S
�⌧ “ D

S
�⌧

´
⇡

2
,
⇡

2
,´⇡

2

¯
. (2.27)

This unitary u
S matrix has the virtue of diagonalizing any of the Wigner d

S matrix, inde-

pendently of their angles. See Appendix F for properties of the u
S matrices.

The transversity amplitudes are thus related to the helicity amplitude via

T⌧1⌧2⌧3⌧4 “
ÿ

�1�2�3�4

u
S1
�1⌧1

u
S2
�2⌧2

u
S1˚
⌧3�3

u
S2˚
⌧4�4

H�1�2�3�4 . (2.28)

– 9 – Nasty :(

Nice :)



Transversity Formalism
Problem 2 Solution

Work with regularized transversity amplitudes

For elastic scattering T⌧1⌧2⌧1⌧2p´✓q “ T´⌧1´⌧2´⌧1´⌧2p✓q, and so in this case the sum

(2.35) and di↵erence (2.36) can also be written as

T⌧1⌧2⌧1⌧2ps, t, uq ` T´⌧1´⌧2´⌧1´⌧2ps, t, uq , (2.39)

or ?
stu pT⌧1⌧2⌧1⌧2ps, t, uq ´ T´⌧1´⌧2´⌧1´⌧2ps, t, uqq , (2.40)

and have trivial monodromy and carry no branch cut from stu “ 0.

In summary, we shall consider the regularized amplitudes7

T
`
⌧1⌧2⌧3⌧4ps, ✓q “

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ` T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.41)

T
´
⌧1⌧2⌧3⌧4ps, ✓q “ ´i

?
stu

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ´ T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.42)

where S “ sps ´ 4m2q as defined in (2.3), ⇠ “ 1 if S1 ` S2 is half integer and ⇠ “ 0

otherwise. These have nicer crossing relations than the helicity amplitudes, (see Eq. (2.30)

or even Eq. (2.31) in the elastic case) and are also free of all kinematical singularities (poles

and branch points).

3 Positivity Bounds

In this section, we make use of the transversity amplitudes to derive an infinite number of

positivity bounds for non-forward scattering amplitudes of arbitrary spins.

3.1 Unitarity and the Right Hand Cut

To begin with we consider the case of elastic scattering of particles of definite transversity, so

that

⌧3 “ ⌧1 and ⌧4 “ ⌧2. (3.1)

The partial wave expansion for transversity eigenstates is rather complicated [26, 30], in

essence because one cannot define a rotationally invariant notion of transversity in a state

with only two particles. Instead, we use the helicity partial wave expansion

T⌧1⌧2⌧1⌧2ps, ✓q “
ÿ

J�1�2�3�4

u
S1
�1⌧1

u
S2
�2⌧2

u
S1˚
⌧1�3

u
S2˚
⌧2�4

d
J
µ�p✓qT̄ J

�1�2�3�4
psq , (3.2)

where we have set the interaction plane to lie along � “ 0 and in analogy with (2.15), we

have defined

T̄
J
�1�2�3�4

“ 4⇡p2J ` 1q
c

s

pipf
T
J
�1�2�3�4

. (3.3)

7
The expressions (2.41) and (2.42) are the most convenient ones when dealing with elastic scattering. As

already emphasize, when dealing with inelastic scattering, the prefactor
`?´su

˘⇠SS1`S2 should instead be

replaced by
`?´u

˘⇠ `?
s ´ 4m2

˘| ∞
i ⌧i|

as determined in (2.33).
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Example:

Although this was derived under the assumption S3 • S1, S2 • S4 and S1 ` S2 • S3 ` S4,

the final result cannot depend on this fact, which can be demonstrated by recomputing for

interactions in the opposite case following the same procedure. Focusing on the elastic (for

spins but not necessarily transversities) case S1 “ S3 and S2 “ S4 this becomes simply

T
s
⌧1⌧2⌧3⌧4ps, t, uq “ p´1q2pS1`S2q

e
i⇡

∞
i ⌧ie

´i�u
∞

i ⌧iT
u
´⌧1´⌧4´⌧3´⌧2pu, t, sq . (B.44)

Finally for elastic transversities as well ⌧1 “ ⌧3, ⌧2 “ ⌧4 this is

T
s
⌧1⌧2⌧1⌧2ps, t, uq “ e

´i�u
∞

i ⌧iT
u
´⌧1´⌧2´⌧1´⌧2pu, t, sq . (B.45)

which is the result needed in the main text.

C Explicit Examples

In this Appendix we give some of the simplest scattering amplitudes between spin-0, spin-1/2

and (now irreducible!) spin-1 particles, and show that they behave exactly as expected with

regards to their kinematic singularities and crossing properties. We consider di↵erent types

of four-point interactions and confirm their analyticity and crossing relations.

C.1 Scalar-Scalar

The simplest four-scalar interaction in this context is a ��4 interaction, which gives a trivial

tree-level scattering amplitude Asps, t, uq “ �. The analyticity and crossing property are then

manifestly trivial,

A
sps, t, uq “ A

tpt, s, uq “ A
upu, t, sq . (C.1)

C.2 Scalar-Spinor

Next we turn to scalar-spinor interactions and start with the four-point of the form �  ̄��

interaction, where for simplicity we consider scattering between four distinct particles (i.e.

the two scalars are distinct – even if they carry the same mass – and so are the two fermions).

‚  � Ñ  � scattering: Let us consider the following interaction in the Lagrangian,

Lint “ � ̄C A�B�
:
D . (C.2)

Then the s channel transversity amplitudes for the scattering process  A�B Ñ  C�D is

T
s
⌧10⌧30ps, t, uq “ T

 �Ñ �
⌧10⌧30 “ �ū⌧3p✓3qu⌧1p✓1q “ �s?´su

?
S

ˆ
´u ` i⌧1

?
stu

m

˙
�⌧1⌧3 , (C.3)

where the angles ✓i are given in (B.3).
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Tree level scalar fermion scattering:

Although this was derived under the assumption S3 • S1, S2 • S4 and S1 ` S2 • S3 ` S4,

the final result cannot depend on this fact, which can be demonstrated by recomputing for
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spins but not necessarily transversities) case S1 “ S3 and S2 “ S4 this becomes simply

T
s
⌧1⌧2⌧3⌧4ps, t, uq “ p´1q2pS1`S2q

e
i⇡

∞
i ⌧ie

´i�u
∞

i ⌧iT
u
´⌧1´⌧4´⌧3´⌧2pu, t, sq . (B.44)
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which is the result needed in the main text.

C Explicit Examples
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and (now irreducible!) spin-1 particles, and show that they behave exactly as expected with

regards to their kinematic singularities and crossing properties. We consider di↵erent types

of four-point interactions and confirm their analyticity and crossing relations.

C.1 Scalar-Scalar

The simplest four-scalar interaction in this context is a ��4 interaction, which gives a trivial

tree-level scattering amplitude Asps, t, uq “ �. The analyticity and crossing property are then

manifestly trivial,

A
sps, t, uq “ A

tpt, s, uq “ A
upu, t, sq . (C.1)

C.2 Scalar-Spinor

Next we turn to scalar-spinor interactions and start with the four-point of the form �  ̄��

interaction, where for simplicity we consider scattering between four distinct particles (i.e.

the two scalars are distinct – even if they carry the same mass – and so are the two fermions).

‚  � Ñ  � scattering: Let us consider the following interaction in the Lagrangian,

Lint “ � ̄C A�B�
:
D . (C.2)

Then the s channel transversity amplitudes for the scattering process  A�B Ñ  C�D is

T
s
⌧10⌧30ps, t, uq “ T

 �Ñ �
⌧10⌧30 “ �ū⌧3p✓3qu⌧1p✓1q “ �s?´su

?
S

ˆ
´u ` i⌧1
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˙
�⌧1⌧3 , (C.3)

where the angles ✓i are given in (B.3).
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Analyticity: First we can clearly see that the combinations T ˘ defined in (2.41) and (2.42)

(with ⇠ “ 1 since we are dealing with BF scattering) are explicitly analytic in s, t and u and

free of all kinematical singularities as argued in section 2.2. Indeed for the u channel scattering

process  � Ñ  �,

T
`
⌧10⌧30ps, t, uq “ ´2�su �⌧1⌧3 (C.4)

T
´
⌧10⌧30ps, t, uq “ 2⌧1�

m
s
2
tu �⌧1⌧3 . (C.5)

Crossing: Next, when it comes to the crossing relation, we can see that the u channel

transversity amplitude is identical to the s channel,

T
u
⌧10⌧30ps, t, uq “ T

s
⌧10⌧30ps, t, uq , (C.6)

and so for any ⌧1 “ ˘1{2 and any ⌧3 “ ˘1{2 the following relation is identically satisfied,

T
s
⌧10⌧30ps, t, uq “ e

´i�up∞
⌧iqT u

´⌧10´⌧30pu, t, sq , (C.7)

with

e
´i�u “ T

s
`0`0ps, t, uq

T
u

´0´0pu, t, sq “ s

u

c
U

S

u ´ i
2m

?
stu

s ` i
2m

?
stu

“ 1?
SU

´
´su ` 2im

?
stu

¯
, (C.8)

which is precisely the crossing relation (B.42) derived in appendix B with in this case,

⌘
1
u “ p´1q2S3 “ ´1, e

i⇡
∞
⌧i “ e

2i⇡⌧1 “ ´1 and with the angle �u precisely as in (D.38)

or (2.24) .

‚ �� Ñ  ̄ scattering: We now consider the interaction Lint “ ��A�B ̄C D̄. The s channel

transversity amplitudes for the process �A�B Ñ  C D is then

T
s
00⌧3⌧4ps, t, uq “ T

��Ñ ̄ 
00⌧3⌧4 “ � x0|aCaD

`
 ̄C D̄�A�B

˘
a

:
Ba

:
A|0y (C.9)

“ �ū⌧3p✓3qv⌧4p✓4q x0|aCaDa:
Ca

:
D|0y (C.10)

“ ´�ū⌧3p✓3qv⌧4p✓4q (C.11)

“ ´�⌧3

m

c
S

s
�⌧3,⌧4 . (C.12)

The combinations T ˘ are again manifestly analytic (note that since we are not dealing with

an elastic process one should use the prefactor introduced in (2.33) instead of that in (2.34)),

T
`
00⌧3⌧4 “ ´2�⌧3

m
ps ´ 4m2q�⌧3,⌧4 and T

´
00⌧3⌧4 “ 0 . (C.13)

The corresponding u channel �A D̄ Ñ  C�B transversity amplitude is

T
u
0⌧2⌧30ps, t, uq “ T

� ̄Ñ ̄�
0⌧2⌧30 “ � x0|aCaB

`
 ̄C D̄�A�B

˘
a

:
D̄
a

:
A|0y (C.14)

“ �ū⌧3p✓3qu⌧2p✓2q (C.15)

“ ´i�?
S

?
u

´?
stu ´ i⌧3

su

m

¯
�⌧3,⌧2 , (C.16)
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Analyticity
Punch line: The specific combinations:

For elastic scattering T⌧1⌧2⌧1⌧2p´✓q “ T´⌧1´⌧2´⌧1´⌧2p✓q, and so in this case the sum

(2.35) and di↵erence (2.36) can also be written as

T⌧1⌧2⌧1⌧2ps, t, uq ` T´⌧1´⌧2´⌧1´⌧2ps, t, uq , (2.39)

or ?
stu pT⌧1⌧2⌧1⌧2ps, t, uq ´ T´⌧1´⌧2´⌧1´⌧2ps, t, uqq , (2.40)

and have trivial monodromy and carry no branch cut from stu “ 0.

In summary, we shall consider the regularized amplitudes7

T
`
⌧1⌧2⌧3⌧4ps, ✓q “

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ` T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.41)

T
´
⌧1⌧2⌧3⌧4ps, ✓q “ ´i

?
stu

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ´ T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.42)

where S “ sps ´ 4m2q as defined in (2.3), ⇠ “ 1 if S1 ` S2 is half integer and ⇠ “ 0

otherwise. These have nicer crossing relations than the helicity amplitudes, (see Eq. (2.30)

or even Eq. (2.31) in the elastic case) and are also free of all kinematical singularities (poles

and branch points).

3 Positivity Bounds

In this section, we make use of the transversity amplitudes to derive an infinite number of

positivity bounds for non-forward scattering amplitudes of arbitrary spins.

3.1 Unitarity and the Right Hand Cut

To begin with we consider the case of elastic scattering of particles of definite transversity, so

that

⌧3 “ ⌧1 and ⌧4 “ ⌧2. (3.1)

The partial wave expansion for transversity eigenstates is rather complicated [26, 30], in

essence because one cannot define a rotationally invariant notion of transversity in a state

with only two particles. Instead, we use the helicity partial wave expansion

T⌧1⌧2⌧1⌧2ps, ✓q “
ÿ

J�1�2�3�4

u
S1
�1⌧1

u
S2
�2⌧2

u
S1˚
⌧1�3

u
S2˚
⌧2�4

d
J
µ�p✓qT̄ J

�1�2�3�4
psq , (3.2)

where we have set the interaction plane to lie along � “ 0 and in analogy with (2.15), we

have defined

T̄
J
�1�2�3�4

“ 4⇡p2J ` 1q
c

s

pipf
T
J
�1�2�3�4

. (3.3)

7
The expressions (2.41) and (2.42) are the most convenient ones when dealing with elastic scattering. As

already emphasize, when dealing with inelastic scattering, the prefactor
`?´su

˘⇠SS1`S2 should instead be

replaced by
`?´u

˘⇠ `?
s ´ 4m2

˘| ∞
i ⌧i|

as determined in (2.33).
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have the same analyticity structure 
as scalar scattering amplitudes!!!!!!!

Implies Dispersion Relation

the contributions from the LH and RH cut are not identical. Before getting to the general

case, we can get a feel for how the bounds work by considering the first t derivative of (3.41).

Defining new variables s “ 2m2 ´ t{2 ` v, so that

f⌧1⌧2pv, tq “ 1

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ 2m2 ` t{2 ´ vqNS`1
` 1

⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ 2m2 ` t{2 ` vqNS`1
,

(3.45)

then di↵erentiating with respect to t gives

B
Btf⌧1⌧2pv, tq “ ´pNS ` 1q

2⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ 2m2 ` t{2 ´ vqNS`2
(3.46)

´pNS ` 1q
2⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ 2m2 ` t{2 ` vqNS`2

` 1

⇡

ª 8

4m2
dµ

BtAbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ 2m2 ` t{2 ´ vqNS`1

` 1

⇡

ª 8

4m2
dµ

BtAbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ 2m2 ` t{2 ` vqNS`1
.

Defining

M
2 “ Minµ•4m2rµ ´ 2m2 ` t{2s “ 2m2 ` t{2 , (3.47)

and using the integral inequality that for any positive definite function ⇢pµq ° 0

1

M2

ª 8

4m2

⇢pµq
pµ ´ 2m2 ` t{2qN dµ °

ª 8

4m2

⇢pµq
pµ ´ 2m2 ` t{2qN`1

dµ , (3.48)

and evaluating at v “ 0 we then infer that,

B
Btf⌧1⌧2p0, tq ` NS ` 1

2M2
f⌧1⌧2p0, tq ° 1

⇡

ª 8

4m2
dµ

BtAbssT⌧̀1⌧2⌧1⌧2pµ, tq
pµ ´ 2m2 ` t{2qNS`1

(3.49)

` 1

⇡

ª 8

4m2
dµ

BtAbsuT⌧̀1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq
pµ ´ 2m2 ` t{2qNS`1

° 0 .

Thus our second non-trivial bound is

B
Btf⌧1⌧2p0, tq ` NS ` 1

2M2
f⌧1⌧2p0, tq ° 0 , 0 § t † m

2
. (3.50)

In practice, the above form of this bound is not so interesting since we have in mind M
2 „ m

2

and so this will be dominated by the second term. Since f⌧1⌧2p0, tq is already positive from the

lower bound, then there is little new content in this new bound. The situation is very di↵erent

however if we imagine that the EFT has a weakly coupled UV completion. In this case, we

expect the scattering amplitude already computed at tree level to satisfy all of the properties

that we have utilized, specifically the Froissart bound. Given this, the above bound can be

applied directly to the tree level scattering amplitudes. These amplitudes by definition do
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general spins, such a subtraction would not be convenient since the residue of the t-channel

pole is itself a function of s, and subtracting it can modify the behaviour of the amplitude12

at large s.

Consider a contour C for T̃⌧̀ ps, tq in the complex s plane, which encircles the poles at

s
1 “ m

2 and s
1 “ 3m2 ´ t as well as a generic point s, as shown in Figure 2. By Cauchy’s

integral formula, we have

T̃
`
⌧1⌧2⌧1⌧2ps, tq “ 1

2⇡i

¿

C

ds1 T̃
`
⌧1⌧2⌧1⌧2ps1

, tq
ps1 ´ sq . (3.39)

We can deform this contour so that it runs around the branch cuts and closes with circular

arcs at infinity (contour C 1). We emphasize that even when we are considering higher spins,

a Froissart bound still applies [19] and |T `
⌧1⌧2⌧1⌧2ps, tq||s|Ñ8 † |s|NS . This allows us to neglect

the arcs at infinity by performing a su�cient number of subtractions. We can then obtain

the following dispersion relation:

T̃
`
⌧1⌧2⌧1⌧2ps, tq “

NS´1ÿ

n“0

anptqsn` s
NS

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

µNS pµ ´ sq

`u
NS

⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

µNS pµ ´ uq , (3.40)

where NS is given by Eq. (3.36).

The subtraction functions anptq in the dispersion relation are undetermined by analyticity

and depend on the detailed information of the particular theory involved. To eliminate them,

we simply take Ns derivatives and consider the quantity

f⌧1⌧2ps, tq “ 1

NS !

dNS

dsNS
T̃

`
⌧1⌧2⌧1⌧2ps, tq , (3.41)

“ 1

2⇡i

¿

C

ds1 T̃
`
⌧1⌧2⌧1⌧2ps1

, tq
ps1 ´ sqNS`1

, (3.42)

“ 1

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ sqNS`1
` 1

⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ uqNS`1
. (3.43)

Since we have already established that the absorptive parts are positive on both the RH and

LH cuts in section 3.1 and 3.2, then our first positivity bounds is the simple statement that

f⌧1⌧2ps, tq ° 0 , ´t † s † 4m2
, 0 § t † m

2
, (3.44)

12
The concern is that the tree-level or finite loop residue may already violate the Froissart bound, and

so subtracting it modifies the analyticity arguments which rely on the assumption of the Froissart bound in

determining the overall number of subtractions.
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General Spin Positivity Bounds

For elastic scattering T⌧1⌧2⌧1⌧2p´✓q “ T´⌧1´⌧2´⌧1´⌧2p✓q, and so in this case the sum

(2.35) and di↵erence (2.36) can also be written as

T⌧1⌧2⌧1⌧2ps, t, uq ` T´⌧1´⌧2´⌧1´⌧2ps, t, uq , (2.39)

or ?
stu pT⌧1⌧2⌧1⌧2ps, t, uq ´ T´⌧1´⌧2´⌧1´⌧2ps, t, uqq , (2.40)

and have trivial monodromy and carry no branch cut from stu “ 0.

In summary, we shall consider the regularized amplitudes7

T
`
⌧1⌧2⌧3⌧4ps, ✓q “

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ` T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.41)

T
´
⌧1⌧2⌧3⌧4ps, ✓q “ ´i

?
stu

`?´su
˘⇠
S
S1`S2

`
T⌧1⌧2⌧3⌧4ps, ✓q ´ T⌧1⌧2⌧3⌧4ps,´✓q

˘
, (2.42)

where S “ sps ´ 4m2q as defined in (2.3), ⇠ “ 1 if S1 ` S2 is half integer and ⇠ “ 0

otherwise. These have nicer crossing relations than the helicity amplitudes, (see Eq. (2.30)

or even Eq. (2.31) in the elastic case) and are also free of all kinematical singularities (poles

and branch points).

3 Positivity Bounds

In this section, we make use of the transversity amplitudes to derive an infinite number of

positivity bounds for non-forward scattering amplitudes of arbitrary spins.

3.1 Unitarity and the Right Hand Cut

To begin with we consider the case of elastic scattering of particles of definite transversity, so

that

⌧3 “ ⌧1 and ⌧4 “ ⌧2. (3.1)

The partial wave expansion for transversity eigenstates is rather complicated [26, 30], in

essence because one cannot define a rotationally invariant notion of transversity in a state

with only two particles. Instead, we use the helicity partial wave expansion

T⌧1⌧2⌧1⌧2ps, ✓q “
ÿ

J�1�2�3�4

u
S1
�1⌧1

u
S2
�2⌧2

u
S1˚
⌧1�3

u
S2˚
⌧2�4

d
J
µ�p✓qT̄ J

�1�2�3�4
psq , (3.2)

where we have set the interaction plane to lie along � “ 0 and in analogy with (2.15), we

have defined

T̄
J
�1�2�3�4

“ 4⇡p2J ` 1q
c

s

pipf
T
J
�1�2�3�4

. (3.3)

7
The expressions (2.41) and (2.42) are the most convenient ones when dealing with elastic scattering. As

already emphasize, when dealing with inelastic scattering, the prefactor
`?´su

˘⇠SS1`S2 should instead be

replaced by
`?´u

˘⇠ `?
s ´ 4m2

˘| ∞
i ⌧i|

as determined in (2.33).
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general spins, such a subtraction would not be convenient since the residue of the t-channel

pole is itself a function of s, and subtracting it can modify the behaviour of the amplitude12

at large s.

Consider a contour C for T̃⌧̀ ps, tq in the complex s plane, which encircles the poles at

s
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2 and s
1 “ 3m2 ´ t as well as a generic point s, as shown in Figure 2. By Cauchy’s
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We can deform this contour so that it runs around the branch cuts and closes with circular

arcs at infinity (contour C 1). We emphasize that even when we are considering higher spins,

a Froissart bound still applies [19] and |T `
⌧1⌧2⌧1⌧2ps, tq||s|Ñ8 † |s|NS . This allows us to neglect

the arcs at infinity by performing a su�cient number of subtractions. We can then obtain

the following dispersion relation:
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⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

µNS pµ ´ uq , (3.40)

where NS is given by Eq. (3.36).

The subtraction functions anptq in the dispersion relation are undetermined by analyticity

and depend on the detailed information of the particular theory involved. To eliminate them,

we simply take Ns derivatives and consider the quantity

f⌧1⌧2ps, tq “ 1

NS !

dNS

dsNS
T̃

`
⌧1⌧2⌧1⌧2ps, tq , (3.41)

“ 1

2⇡i

¿

C

ds1 T̃
`
⌧1⌧2⌧1⌧2ps1

, tq
ps1 ´ sqNS`1

, (3.42)

“ 1

⇡

ª 8

4m2
dµ

AbssT `
⌧1⌧2⌧1⌧2pµ, tq

pµ ´ sqNS`1
` 1

⇡

ª 8

4m2
dµ

AbsuT `
⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq

pµ ´ uqNS`1
. (3.43)

Since we have already established that the absorptive parts are positive on both the RH and

LH cuts in section 3.1 and 3.2, then our first positivity bounds is the simple statement that

f⌧1⌧2ps, tq ° 0 , ´t † s † 4m2
, 0 § t † m

2
, (3.44)

12
The concern is that the tree-level or finite loop residue may already violate the Froissart bound, and

so subtracting it modifies the analyticity arguments which rely on the assumption of the Froissart bound in

determining the overall number of subtractions.
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and T s
⌧1⌧2⌧3⌧4ps, t, uq the u-channel process A ` D̄ Ñ B ` C̄, then crossing symmetry states

that:

T s
⌧1⌧2⌧3⌧4ps, t, uq “ ei⇡

∞
i ⌧ie´i�u

∞
i ⌧iT u

´⌧1´⌧4´⌧3´⌧2pu, t, sq, (2.2)

where expp˘i�uq “ p´su ¯ 2im
?
stuq{

a
sps ´ 4m2qupu ´ 4m2q. For any process T⌧1⌧2⌧3⌧4

contains unphysical kinematic singularities, so we instead consider the modified amplitude

T `
⌧1⌧2⌧3⌧4ps, ✓q “ psps ´ 4m2qqNS{2´1 pT⌧1⌧2⌧3⌧4ps, ✓q ` T⌧1⌧2⌧3⌧4ps,´✓qq (2.3)

where ✓ is the scattering angle in the center of mass frame, and NS is a su�ciently large

integer, NS • 2 ` 2|⌧1 ` ⌧2| that will determine the number of subtractions needed in the

dispersion relation. Then one can show that the t derivatives of the imaginary part of an

elastic amplitude T `
⌧1⌧2⌧1⌧2 are both positive on the left and right hand branch cuts of the s

complex plane away from the forward limit (0 § t † m2), which puts T `
⌧1⌧2⌧1⌧2 on the same

footing as a scalar amplitude. When considering the forward limit we may take superpositions

of transversity states for which the number of subtractions must be taken to be at least

NS “ 2 ` 2pS1 ` S2q to be valid for all combinations of transversities.

Dispersion Relation: In particular, the pole subtracted T̃ `
⌧1⌧2⌧1⌧2 obeys a dispersion rela-

tion analogous to the scalar case. Performing NS subtractions to ensure that an integration

contour in the complex s plane can be closed at infinity3,

f⌧1⌧2pv, tq “ 1

NS !

BNS

BsNS
T̃ `
⌧1⌧2⌧1⌧2ps“2m2 ´ t{2 ` v, tq (2.4)

we have the dispersion relation,

f⌧1⌧2pv, tq “ 1

⇡

ª 8

µb

dµ
AbssT `

⌧1⌧2⌧1⌧2pµ, tq
pµ ´ 2m2 ` t{2 ´ vqNS`1

` 1

⇡

ª 8

µb

dµ
AbsuT `

⌧1⌧2⌧1⌧2p4m2 ´ t ´ µ, tq
pµ ´ 2m2 ` t{2 ` vqNS`1

,

(2.5)

where µb is the scale at which the branch cut begins—in general µb “ 4m2 from light loops,

but when considering tree-level scattering µb can be taken as ⇤2
th, where ⇤th is the mass of

the first new heavy degrees of freedom outside the EFT.

Positivity Bounds: Manipulating (2.5), the following positivity bounds can be established,

f⌧1⌧2pv, tq ° 0, (2.6)

B
Btf⌧1⌧2pv, tq ` NS ` 1

2M2
f⌧1⌧2pv, tq ° 0, (2.7)

1

2

B2

Bt2 f⌧1⌧2pv, tq ` NS ` 1

2M2

ˆ B
Btf⌧1⌧2pv, tq ` NS ` 1

2M2
f⌧1⌧2pv, tq

˙
° 0, (2.8)

for any tv, t,Mu in the ranges,

|v| † µb ´ 2m2 ` t{2, 0 § t † m2, M2 § µb ´ 2m2 ` t{2 ˘ v, (2.9)

3
From the Froissart-Martin bound applied even away from the forward limit 0 § t † m2 ??, the asymptotic

growth of T
`
⌧1⌧2⌧1⌧2 is at most sNS .
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NS = 2 + 2(S1 + S2) + ⇠

Following Identical Steps to the Scalar Case:



Application Massive Spin 1
Since we are interested in applying the tree-level 2 ´ 2 amplitude positivity bounds, it is

su�cient to focus on the following contributions to the Proca EFT5,

LProca Å ´1

4
F ⌫
µF

µ
⌫ ´ 1

2
�2
µ ` a0

⇤4
�

�4
µ ` a1

⇤3
�

Bµ�⌫�
µ�⌫ (3.5)

` 1

⇤6
�

´
a3p�µBµ�⌫q2 ` a4pBµ�⌫�

⌫q2 ` a5�
2
µB↵��B��↵

¯

` m2

⇤6
�

`
c1F

µ
⌫F

⌫
⇢F

⇢
�F

�
µ ` c2pF ⌫

µF
µ
⌫ q2

˘

` m2

⇤6
�

`
C1�µ�

⌫F↵µF↵⌫ ` C2�
2
µF

2
↵�

˘
,

where we have used extensively integration by parts and field redefinition to eliminate re-

dundant terms. We can further remove the cubic term with coe�cient a1 by performing the

non-linear local field redefinition � Ñ � ´ a1{p4⇤3
�q�2

µ and absorb the quartic contribution

into a redefinition of a4. Without loss of generality we can therefore ignore the cubic operator

going as a1 in the rest of the discussion.

For explicit calculations of scattering amplitudes, it is convenient to choose the unitary

gauge � “ 0, so the EFT becomes

Lunitary
Proca Å ´1

4
F ⌫
µF

µ
⌫ ´ 1

2
m2AµA

µ ` m4a0
⇤4
�

pAµA
µq2 (3.6)

` m4

⇤6
�

´
a3AµA⌫BµA⇢B⌫A⇢ ` a4AµA⌫B⇢AµB⇢A⌫ ` a5AµA

µB↵A�B�A↵
¯

` m2

⇤6
�

`
c1F

µ
⌫ F

⌫
⇢ F

⇢
�F

�
µ ` c2pF 2

µ⌫q2
˘

` m4

⇤6
�

`
C1AµA

⌫F↵µF↵⌫ ` C2F
2
µ⌫ A↵A

↵
˘
.

Here and in the following, by using Å, we mean only to include terms that will continue to

the leading order in the amplitude (that is, power counting at the level of amplitudes). Note

that the suppression scales in the unitary gauge look far from intuitive, which is the reason

that we power-count in the Stückelberg formalism and then take the unitary gauge. In the

following, we will constrain the parameter space of this theory using the positivity bounds.

5
Note that to compare with Ref. [7] one may replace our coe�cients with a1 “ �3, a0 “ ´�6m

2{⇤2
�, a3 “

�7, a4 “ �5 ´ 2�6 ´ �7, a5 “ ´�4 ` �5{2 ´ �6 and take ⇤
3
� “ m2MPl and ⇤

2
A “ mMPl. Ref. [7] does not

explicitly contains a A4
term but the term nonetheless arises by field redefinition. Note that in this approach,

we have not imposed the Galileon decoupling limit condition of [7], as having operators at a scale ⇤� with

higher order equations of motion simply signals that the EFT can no longer be trusted at that scale, as already

expected from the EFT approach. However after completely removing any total derivatives or field redefinition

redundancy we retain the same number of free parameters as in [7].

– 9 –

Then in addition to the operators considered in EFT of such a theory (3.1), the EFT also

involves operators built out of the “covariant4” term

�µ “ Dµ� “ Bµ� ` mAµ , (3.2)

leading to an additional sector of the form

L� “ ⇤4
�F

«
B
⇤�

,
�µ

⇤2
�

�
, (3.3)

where the cuto↵ scale ⇤� for the symmetry breaking sector may be independent to ⇤A (note

that for the EFT description to make sense we require m ! ⇤A,�). Quantum corrections

generically cause the scales to flow between di↵erent operators, so care must be taken if one

is to ensure that the Wilson coe�cients are reliably of order unity. For instance, the symmetry

breaking sector involves a wavefunction renormalization of the form

�L� Å ⇤4
�

ˆ B
⇤�

˙n
˜
mA

⇤2
�

¸n

„
ˆ

m

⇤�

˙n Fn

⇤2n´4
�

, (3.4)

and stability of the gauge invariant sector under loops of the Stückelberg field the requires

⇤3
� ° m⇤2

A. Depending on the UV completion, ⇤2
A may be much lower than ⇤3

�{m. But if

⇤A starts out larger at tree level, loop corrections will bring it down. However since m ! ⇤�,

this requirement may easily be satisfied even if ⇤A " ⇤�. Although the Lagrangian terms

may have multiple suppression scales, we stress that the theory still only has a single strong

coupling scale, determined by the breakdown of perturbative unitarity. Generically, we expect

the higher derivative operators to break perturbative unitarity at energies s „ Min
!
⇤2
�,⇤

2
A

)
.

3.2 Proca EFT

In what follows, we consider for simplicity the typical (technically natural) hierarchy ⇤3
� “

⇤2
Am. Then there is a natural decoupling limit defined by taking the massless limit m Ñ 0,

while keeping the scale ⇤� fixed so that ⇤A Ñ 8. In this limit the scalar decouples from

the vector, i.e. we obtain a free Maxwell theory and an interacting Goldstone mode �. This

decoupling limit describes at the level of the Lagrangian, the essence of the Goldstone equiv-

alence theorem, that in the high energy limit m ! E ! ⇤A, the scattering amplitudes are

dominated by the Goldstone/Stückelberg mode. In order to apply the positivity bounds how-

ever we must maintain m ‰ 0 which is required so that the Froissart-Martin bound (which

determines the number of subtractions in the dispersion relation) applies. For this reason we

need to work beyond the decoupling limit.

4
Note that the notation Dµ� should not be confused with the usual fundamental/adjoint gauge covariant

derivative; Here � transforms non-linearly under the gauge symmetry.

– 8 –

� Stueckelberg Field

Then in addition to the operators considered in EFT of such a theory (3.1), the EFT also

involves operators built out of the “covariant4” term

�µ “ Dµ� “ Bµ� ` mAµ , (3.2)

leading to an additional sector of the form

L� “ ⇤4
�F

«
B
⇤�

,
�µ

⇤2
�

�
, (3.3)

where the cuto↵ scale ⇤� for the symmetry breaking sector may be independent to ⇤A (note

that for the EFT description to make sense we require m ! ⇤A,�). Quantum corrections

generically cause the scales to flow between di↵erent operators, so care must be taken if one

is to ensure that the Wilson coe�cients are reliably of order unity. For instance, the symmetry

breaking sector involves a wavefunction renormalization of the form

�L� Å ⇤4
�

ˆ B
⇤�

˙n
˜
mA

⇤2
�

¸n

„
ˆ

m

⇤�

˙n Fn

⇤2n´4
�

, (3.4)

and stability of the gauge invariant sector under loops of the Stückelberg field the requires

⇤3
� ° m⇤2

A. Depending on the UV completion, ⇤2
A may be much lower than ⇤3

�{m. But if

⇤A starts out larger at tree level, loop corrections will bring it down. However since m ! ⇤�,

this requirement may easily be satisfied even if ⇤A " ⇤�. Although the Lagrangian terms

may have multiple suppression scales, we stress that the theory still only has a single strong

coupling scale, determined by the breakdown of perturbative unitarity. Generically, we expect

the higher derivative operators to break perturbative unitarity at energies s „ Min
!
⇤2
�,⇤

2
A

)
.

3.2 Proca EFT

In what follows, we consider for simplicity the typical (technically natural) hierarchy ⇤3
� “

⇤2
Am. Then there is a natural decoupling limit defined by taking the massless limit m Ñ 0,

while keeping the scale ⇤� fixed so that ⇤A Ñ 8. In this limit the scalar decouples from

the vector, i.e. we obtain a free Maxwell theory and an interacting Goldstone mode �. This

decoupling limit describes at the level of the Lagrangian, the essence of the Goldstone equiv-

alence theorem, that in the high energy limit m ! E ! ⇤A, the scattering amplitudes are

dominated by the Goldstone/Stückelberg mode. In order to apply the positivity bounds how-

ever we must maintain m ‰ 0 which is required so that the Froissart-Martin bound (which

determines the number of subtractions in the dispersion relation) applies. For this reason we

need to work beyond the decoupling limit.

4
Note that the notation Dµ� should not be confused with the usual fundamental/adjoint gauge covariant

derivative; Here � transforms non-linearly under the gauge symmetry.
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Then in addition to the operators considered in EFT of such a theory (3.1), the EFT also

involves operators built out of the “covariant4” term

�µ “ Dµ� “ Bµ� ` mAµ , (3.2)

leading to an additional sector of the form

L� “ ⇤4
�F

«
B
⇤�

,
�µ

⇤2
�

�
, (3.3)

where the cuto↵ scale ⇤� for the symmetry breaking sector may be independent to ⇤A (note

that for the EFT description to make sense we require m ! ⇤A,�). Quantum corrections

generically cause the scales to flow between di↵erent operators, so care must be taken if one

is to ensure that the Wilson coe�cients are reliably of order unity. For instance, the symmetry

breaking sector involves a wavefunction renormalization of the form

�L� Å ⇤4
�

ˆ B
⇤�

˙n
˜
mA

⇤2
�

¸n

„
ˆ

m

⇤�

˙n Fn

⇤2n´4
�

, (3.4)

and stability of the gauge invariant sector under loops of the Stückelberg field the requires

⇤3
� ° m⇤2

A. Depending on the UV completion, ⇤2
A may be much lower than ⇤3

�{m. But if

⇤A starts out larger at tree level, loop corrections will bring it down. However since m ! ⇤�,

this requirement may easily be satisfied even if ⇤A " ⇤�. Although the Lagrangian terms

may have multiple suppression scales, we stress that the theory still only has a single strong

coupling scale, determined by the breakdown of perturbative unitarity. Generically, we expect

the higher derivative operators to break perturbative unitarity at energies s „ Min
!
⇤2
�,⇤

2
A

)
.

3.2 Proca EFT

In what follows, we consider for simplicity the typical (technically natural) hierarchy ⇤3
� “

⇤2
Am. Then there is a natural decoupling limit defined by taking the massless limit m Ñ 0,

while keeping the scale ⇤� fixed so that ⇤A Ñ 8. In this limit the scalar decouples from

the vector, i.e. we obtain a free Maxwell theory and an interacting Goldstone mode �. This

decoupling limit describes at the level of the Lagrangian, the essence of the Goldstone equiv-

alence theorem, that in the high energy limit m ! E ! ⇤A, the scattering amplitudes are

dominated by the Goldstone/Stückelberg mode. In order to apply the positivity bounds how-

ever we must maintain m ‰ 0 which is required so that the Froissart-Martin bound (which

determines the number of subtractions in the dispersion relation) applies. For this reason we

need to work beyond the decoupling limit.

4
Note that the notation Dµ� should not be confused with the usual fundamental/adjoint gauge covariant

derivative; Here � transforms non-linearly under the gauge symmetry.
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Application Massive Spin 1
Then in addition to the operators considered in EFT of such a theory (3.1), the EFT also

involves operators built out of the “covariant4” term

�µ “ Dµ� “ Bµ� ` mAµ , (3.2)

leading to an additional sector of the form

L� “ ⇤4
�F

«
B
⇤�

,
�µ

⇤2
�

�
, (3.3)

where the cuto↵ scale ⇤� for the symmetry breaking sector may be independent to ⇤A (note

that for the EFT description to make sense we require m ! ⇤A,�). Quantum corrections

generically cause the scales to flow between di↵erent operators, so care must be taken if one

is to ensure that the Wilson coe�cients are reliably of order unity. For instance, the symmetry

breaking sector involves a wavefunction renormalization of the form

�L� Å ⇤4
�

ˆ B
⇤�

˙n
˜
mA

⇤2
�

¸n

„
ˆ

m

⇤�

˙n Fn

⇤2n´4
�

, (3.4)

and stability of the gauge invariant sector under loops of the Stückelberg field the requires

⇤3
� ° m⇤2

A. Depending on the UV completion, ⇤2
A may be much lower than ⇤3

�{m. But if

⇤A starts out larger at tree level, loop corrections will bring it down. However since m ! ⇤�,

this requirement may easily be satisfied even if ⇤A " ⇤�. Although the Lagrangian terms

may have multiple suppression scales, we stress that the theory still only has a single strong

coupling scale, determined by the breakdown of perturbative unitarity. Generically, we expect

the higher derivative operators to break perturbative unitarity at energies s „ Min
!
⇤2
�,⇤

2
A

)
.

3.2 Proca EFT

In what follows, we consider for simplicity the typical (technically natural) hierarchy ⇤3
� “

⇤2
Am. Then there is a natural decoupling limit defined by taking the massless limit m Ñ 0,

while keeping the scale ⇤� fixed so that ⇤A Ñ 8. In this limit the scalar decouples from

the vector, i.e. we obtain a free Maxwell theory and an interacting Goldstone mode �. This

decoupling limit describes at the level of the Lagrangian, the essence of the Goldstone equiv-

alence theorem, that in the high energy limit m ! E ! ⇤A, the scattering amplitudes are

dominated by the Goldstone/Stückelberg mode. In order to apply the positivity bounds how-

ever we must maintain m ‰ 0 which is required so that the Froissart-Martin bound (which

determines the number of subtractions in the dispersion relation) applies. For this reason we

need to work beyond the decoupling limit.

4
Note that the notation Dµ� should not be confused with the usual fundamental/adjoint gauge covariant

derivative; Here � transforms non-linearly under the gauge symmetry.
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Same action in Unitary Gauge

Since we are interested in applying the tree-level 2 ´ 2 amplitude positivity bounds, it is

su�cient to focus on the following contributions to the Proca EFT5,

LProca Å ´1

4
F ⌫
µF

µ
⌫ ´ 1

2
�2
µ ` a0

⇤4
�

�4
µ ` a1

⇤3
�

Bµ�⌫�
µ�⌫ (3.5)

` 1

⇤6
�

´
a3p�µBµ�⌫q2 ` a4pBµ�⌫�

⌫q2 ` a5�
2
µB↵��B��↵

¯

` m2

⇤6
�

`
c1F

µ
⌫F

⌫
⇢F

⇢
�F

�
µ ` c2pF ⌫

µF
µ
⌫ q2

˘

` m2

⇤6
�

`
C1�µ�

⌫F↵µF↵⌫ ` C2�
2
µF

2
↵�

˘
,

where we have used extensively integration by parts and field redefinition to eliminate re-

dundant terms. We can further remove the cubic term with coe�cient a1 by performing the

non-linear local field redefinition � Ñ � ´ a1{p4⇤3
�q�2

µ and absorb the quartic contribution

into a redefinition of a4. Without loss of generality we can therefore ignore the cubic operator

going as a1 in the rest of the discussion.

For explicit calculations of scattering amplitudes, it is convenient to choose the unitary

gauge � “ 0, so the EFT becomes

Lunitary
Proca Å ´1

4
F ⌫
µF

µ
⌫ ´ 1

2
m2AµA

µ ` m4a0
⇤4
�

pAµA
µq2 (3.6)

` m4

⇤6
�

´
a3AµA⌫BµA⇢B⌫A⇢ ` a4AµA⌫B⇢AµB⇢A⌫ ` a5AµA

µB↵A�B�A↵
¯

` m2

⇤6
�

`
c1F

µ
⌫ F

⌫
⇢ F

⇢
�F

�
µ ` c2pF 2

µ⌫q2
˘

` m4

⇤6
�

`
C1AµA

⌫F↵µF↵⌫ ` C2F
2
µ⌫ A↵A

↵
˘
.

Here and in the following, by using Å, we mean only to include terms that will continue to

the leading order in the amplitude (that is, power counting at the level of amplitudes). Note

that the suppression scales in the unitary gauge look far from intuitive, which is the reason

that we power-count in the Stückelberg formalism and then take the unitary gauge. In the

following, we will constrain the parameter space of this theory using the positivity bounds.

5
Note that to compare with Ref. [7] one may replace our coe�cients with a1 “ �3, a0 “ ´�6m

2{⇤2
�, a3 “

�7, a4 “ �5 ´ 2�6 ´ �7, a5 “ ´�4 ` �5{2 ´ �6 and take ⇤
3
� “ m2MPl and ⇤

2
A “ mMPl. Ref. [7] does not

explicitly contains a A4
term but the term nonetheless arises by field redefinition. Note that in this approach,

we have not imposed the Galileon decoupling limit condition of [7], as having operators at a scale ⇤� with

higher order equations of motion simply signals that the EFT can no longer be trusted at that scale, as already

expected from the EFT approach. However after completely removing any total derivatives or field redefinition

redundancy we retain the same number of free parameters as in [7].
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Transversity Amplitudes
3.3 Scattering Amplitudes

To compute the amplitudes, we use the polarization vectors in the transversity basis as given

in [15]

✏µ⌧“˘1 “ i?
2m

pp,E sin ✓ ˘ im cos ✓, 0, E cos ✓ ¯ im sin ✓q, (3.7)

✏µ⌧“0 “ p0, 0, 1, 0q, (3.8)

where E and p are the energy and the absolute value of the momentum in the center of

mass frame. To leading order at tree level, the only independent elastic amplitudes in the

transversity basis are

T `
0000 “ 2s2s̃2

˜
24

m4

⇤4
�

a0 ´ 8
m6

⇤6
�

pa4 ` C1 ` 2C2q ` 8
m2

`
6m4 ` x

˘

⇤6
�

pc1 ` 2c2q
¸

, (3.9)

T `
´11´11 “ 2s2s̃2

«
x ´ 4m2pt ´ 4m2q

⇤4
�

˜
a0 ´ 1

2

m2

⇤2
�

pa4 ´ 4pc1 ` 2c2q ` C1q
¸

`3

8

y

⇤6
�

pa3 ` a4 ´ 2a5q ´ m2su

⇤6
�

ˆ
3

2
a3 ´ a4 ` a5 ` 3

2
C1 ` 2C2

˙ �
, (3.10)

T `
0101 “ m2s2s̃pst ´ 4m2uq

⇤4
�

«
4a0 ´ 1

2

u

⇤2
�

pa3 ` C1q ` 2
s ´ t

⇤2
�

c1 (3.11)

` t

⇤2
�

p´a4 ` a5q ´ 4
2t ´ 4m2

⇤2
�

c2 ` 2
t ´ 4m2

⇤2
�

C2

�
` m2s2s̃3ps ´ uq

2⇤6
�

pa3 ` 4c1 ` C1q ,

T `
1111 “ 2s2

⇤4
�

“
s̃2pt2 ` ts̃ ` s̃2q ` 4m2sp8t2 ` 8ts̃ ` s̃2q

‰
˜
a0 ` 2m2

⇤2
�

pc1 ` 2c2 ´ C2q
¸

` s2s̃

4⇤6
�

“
s̃2p4m2s ´ 3tuq ` 16m2tpt ` s̃qp3s ´ 4m2q

‰
pa3 ` a4 ´ 2a5q , (3.12)

where we write s̃ “ s ´ 4m2 and keep otherwise a similar notation as in [8, 14] and denote

the Lorentz crossing-symmetric invariants as x “ ´pst ` su ` utq and y “ ´stu.

Even though we will apply most of our bounds in the definite transversity basis, it is

useful to define quantities which are valid for generic states,

↵˘ ” 1?
2

p↵´1 ˘ ↵`1q , �˘ ” 1?
2

p�´1 ˘ �`1q . (3.13)

where ↵˘1,0,�˘1,0 designate the projection along the definite polarization vectors in the

transversity basis. In what follows we first apply the positivity bounds in the forward limit

(t “ 0) and recover the results presented in [7]. We then consider definite transversity bounds

beyond the forward limit.
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Transversity Polarizations:

3.3 Scattering Amplitudes

To compute the amplitudes, we use the polarization vectors in the transversity basis as given

in [15]

✏µ⌧“˘1 “ i?
2m

pp,E sin ✓ ˘ im cos ✓, 0, E cos ✓ ¯ im sin ✓q, (3.7)

✏µ⌧“0 “ p0, 0, 1, 0q, (3.8)

where E and p are the energy and the absolute value of the momentum in the center of

mass frame. To leading order at tree level, the only independent elastic amplitudes in the

transversity basis are

T `
0000 “ 2s2s̃2

˜
24

m4

⇤4
�

a0 ´ 8
m6

⇤6
�

pa4 ` C1 ` 2C2q ` 8
m2

`
6m4 ` x

˘

⇤6
�

pc1 ` 2c2q
¸

, (3.9)

T `
´11´11 “ 2s2s̃2

«
x ´ 4m2pt ´ 4m2q

⇤4
�

˜
a0 ´ 1

2

m2
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Forward Limit Bounds
Forward Limit: The contributions of the previous operators to the forward limit bound

is6

f↵�
ˇ̌
ˇ
t“0

“ 8

⇤4
�

˜
a0 ´ 1

2

m2

⇤2
�

pa4 ` C1q
¸

|↵`|2|�`|2 (3.14)

` 4m2

⇤6
�

pa3 ´ 2a4 ` 2a5 ` C1 ` 4C2q
`
Rer↵˚

0↵`sRer�˚
0�`s ´ Rer↵˚

´↵`sRer�˚
´�`s

˘

` 2m2

⇤6
�

pa3 ` C1q
`
|↵`|2|�|2 ` |↵|2|�`|2

˘

` 8m2

⇤6
�

c1
`
|↵0|2 ` |↵´|2

˘ `
|�0|2 ` |�´|2

˘

` 8m2

⇤6
�

pc1 ` 4c2q
´

|↵0�0 ´ ↵´�´|2 ´ 2Imr↵˚
0↵´sImr�˚

0�´s
¯
.

This can be simplified by exploiting the normalization |↵|2 “ |�|2 “ 1 as we shall do below.

However first we notice that so long as a0 ° 0, we need not worry about the contributions

from the second line. Indeed the second line can only contribute if ↵`�` ‰ 0, in which

case the term proportional to a0 dominates anyways (as we shall see below in section 4, the

situation is quite di↵erent if the scaling of the operator A4
µ is taken di↵erently).

With a0 ° 0 as our first requirement, the rest of the bounds can be determined by

assuming �` “ 0 without loss of generality. The indefinite positivity bounds then require

pa3 ` C1q |↵`|2 ` 4c1
`
1 ´ |↵`|2

˘
(3.15)

` 4pc1 ` 4c2q
´

|↵0�0 ´ ↵´�´|2 ´ 2Imr↵˚
0↵´sImr�˚

0�´s
¯

° 0 ,

for all choices of normalized states with �` “ 0. Choosing say ↵0 “ �´ “ 0, we see

immediately that the first line should be positive, leading to the two conditions a3 ` C1 ° 0

and c1 ° 0. Finally by spanning over the possible states, we see that the only last condition

is c1 ` 8c2 ° 0, so in summary, the positivity bounds set the requirements

a0 ° 0 , c1 ° 0 , c1 ` 2c2 ° 0 , and a3 ` C1 ° 0 . (3.16)

At this level we can also notice that truncating the Proca EFT at that stage would lead

to bounds that would seem to be violated at that order, for instance for states with ↵˘1 “
˘1{

?
2, ↵0 “ 0 and �˘1 “ 1{

?
2, �0 “ 0 we would have f↵� “ 0. In reality this simply ex-

presses the fact that we may not truncate the theory at that order and higher order operators

that lead to contributions at order m4{⇤8
� in f have to contribute.

6
For the forward limit, we may extend the bounds to generic indefinite transversity (or helicity) states.
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Positivity Bounds:

3.3 Scattering Amplitudes
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mass frame. To leading order at tree level, the only independent elastic amplitudes in the

transversity basis are

T `
0000 “ 2s2s̃2

˜
24

m4

⇤4
�

a0 ´ 8
m6

⇤6
�

pa4 ` C1 ` 2C2q ` 8
m2

`
6m4 ` x

˘

⇤6
�

pc1 ` 2c2q
¸

, (3.9)

T `
´11´11 “ 2s2s̃2

«
x ´ 4m2pt ´ 4m2q

⇤4
�

˜
a0 ´ 1

2

m2

⇤2
�

pa4 ´ 4pc1 ` 2c2q ` C1q
¸

`3

8

y

⇤6
�

pa3 ` a4 ´ 2a5q ´ m2su

⇤6
�

ˆ
3

2
a3 ´ a4 ` a5 ` 3

2
C1 ` 2C2

˙ �
, (3.10)

T `
0101 “ m2s2s̃pst ´ 4m2uq

⇤4
�

«
4a0 ´ 1

2

u

⇤2
�

pa3 ` C1q ` 2
s ´ t

⇤2
�

c1 (3.11)

` t

⇤2
�

p´a4 ` a5q ´ 4
2t ´ 4m2

⇤2
�

c2 ` 2
t ´ 4m2

⇤2
�

C2

�
` m2s2s̃3ps ´ uq

2⇤6
�

pa3 ` 4c1 ` C1q ,

T `
1111 “ 2s2

⇤4
�

“
s̃2pt2 ` ts̃ ` s̃2q ` 4m2sp8t2 ` 8ts̃ ` s̃2q

‰
˜
a0 ` 2m2

⇤2
�

pc1 ` 2c2 ´ C2q
¸

` s2s̃

4⇤6
�

“
s̃2p4m2s ´ 3tuq ` 16m2tpt ` s̃qp3s ´ 4m2q

‰
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where we write s̃ “ s ´ 4m2 and keep otherwise a similar notation as in [8, 14] and denote

the Lorentz crossing-symmetric invariants as x “ ´pst ` su ` utq and y “ ´stu.

Even though we will apply most of our bounds in the definite transversity basis, it is

useful to define quantities which are valid for generic states,
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where ↵˘1,0,�˘1,0 designate the projection along the definite polarization vectors in the

transversity basis. In what follows we first apply the positivity bounds in the forward limit

(t “ 0) and recover the results presented in [7]. We then consider definite transversity bounds

beyond the forward limit.
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Beyond Forward Limit

Positivity Bounds:

Probing beyond the forward limit: The leading contribution to the first t derivative is,

B
Btf↵�

ˇ̌
ˇ
t“0

“ 3

4

a3 ` a4 ´ 2a5
⇤6
�

|↵`|2|�`|2 . (3.17)

Remembering the general form of the first t derivative bound

B
Btf⌧1⌧2 ` NS ` 1

2M2
f⌧1⌧2 ° 0 (3.18)

where hereNS “ 2`4 “ 6 and since we are applying tree level bounds thenM2 “ ⇤2
th´2m2 „

⇤2
th where ⇤th is the mass of the next state the lightest state not included in the EFT, i.e. the

cuto↵. Since in a weakly coupled UV completion we expect ⇤� „ ⇤th, i.e. the interactions

of the Goldstone arise from integrating out the massive modes, we may choose to define the

Lagrangian parameters so that ⇤� “ ⇤th. Then with only the further assumption of the

hierarchy m ! ⇤� the first t derivative positivity bound amounts to

3pa3 ` a4 ´ 2a5q ` 112a0 Ç 0 . (3.19)

Note that as stated this is a linear condition on dimensional coe�cients which are expected

to be of order unity in a Wilsonian sense. Crucially this is quite independent of the forward

limit bounds and so provides new information on the parameter space and constrains the

operators of the form A2pBAq2 in a way which would not have been possible without going

beyond the forward limit. This demonstrates the usefulness of non-forward limit positivity

bounds.

These bounds are the ones derived for a generic Proca EFT with the scale counting

as explained in section 3.1. Note that this scaling di↵ers from that we would encounter in

a “charged Galileon” e↵ective theory where a Galileon shift symmetry is imposed for the

helicity-0 mode, symmetry which is then only softly broken by other operators. In such an

EFT, operators that break the Galileon invariance (for instance operators of the form pB�q4)
are required to be additionally suppressed by powers of m2{⇤2

�. Such a tuning is expected to

be stable and hence self-consistent [25–27].

4 Charged Galileon

If we consider a theory with a global Galileon symmetry

�pxq Ñ �pxq ` c ` bµx
µ, (4.1)

that is only softly broken, all operators that break this Galileon symmetry are then naturally

suppressed by the symmetry breaking parameter. In practise, when considering a generic

scalar field EFT with an unbroken shift symmetry � Ñ � ` c, the soft breaking of an ad-

ditional Galileon symmetry suppresses all operators of the form pB�qn. This enhanced soft

– 12 –
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Application Massive Spin 2
Unitary Gauge Massive Gravity

the scattering amplitude for those finite number of terms that give non-trivial independent

information. Once this has been done, the O
`
g2˚{⇤12

5

˘
EFT corrections may be included which

compete with the 1{M2 suppressed terms from the leading interactions in 2.6. The bounds

should then be applied for only those terms for which the leading interactions contributed

zero. Repeating this process, nontrivial bounds may be applied to the coe�cients of the

interactions to any order in the EFT expansion.

Scattering Amplitudes: Following the above discussion, we may first consider only the

leading interactions that come from the mass potential, which may in unitary gauge be written

in the form:

L Å M2
Pl

2

ˆ
R rgs ´ m2

4
V pg, hq

˙
(6.14)

In order to compare with previous works we further parameterize the interactions to quartic

order in the manner7

V pg, hq Årh2s ´ rhs2 ` pc1 ´ 2qrh3s ` pc2 ` 5

2
qrh2srhs (6.15)

` pd1 ` 3 ´ 3c1qrh4s ` pd3 ´ 5

4
´ c2qrh2s2 ` ... . (6.16)

Here rhs “ ⌘µ⌫hµ⌫ , rh2s “ ⌘µ⌫hµ↵⌘↵�h�⌫ , etc.. The expected order of magnitude for the

coe�cients c1, c2, d1, d3 can be determined by matching in unitary gauge to the expansion of

the action 6.9 or 6.10. In order to bridge comparison with previous treatments and the ⇤5

theory we shall however continue to remain agnostic about their magnitude. The fluctuations

are then canonically normalized by performing the redefinition hµ⌫ Ñ 2hµ⌫{MPl so that the

propagator is

Dµ⌫↵�ppq “ 1

p2 ` m2

ˆ
1

2
⇧µ↵⇧⌫� ` 1

2
⇧µ�⇧⌫↵ ´ 1

3
⇧µ⌫⇧↵�

˙
, ⇧µ⌫ “ ⌘µ⌫ ` pµp⌫

m2
. (6.17)

It is convenient to define

d3 “ ´d1{2 ` 3{32 ` �d, c2 “ ´3c1{2 ` 1{4 ` �c, (6.18)

and interpret the bounds on the parameter space tc1, d1,�c,�du. �c “ �d “ 0 corresponds

to the dRGT tuning which results in the ⇤3 theory to be considered later.

7
There are a few parametrizations for the mass terms. The relation between c3 and d5 and ↵3 and ↵4 is

given right after Eq. (23) of [23]: ↵3 “ ´2c3 and ↵4 “ ´4d5. The relation between ↵i and �i can be found,

for instance, in Eq.(6.24) of [28].
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leading interactions that come from the mass potential, which may in unitary gauge be written

in the form:

L Å M2
Pl

2

ˆ
R rgs ´ m2

4
V pg, hq

˙
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In order to compare with previous works we further parameterize the interactions to quartic

order in the manner7

V pg, hq Årh2s ´ rhs2 ` pc1 ´ 2qrh3s ` pc2 ` 5

2
qrh2srhs (6.15)

` pd1 ` 3 ´ 3c1qrh4s ` pd3 ´ 5

4
´ c2qrh2s2 ` ... . (6.16)

Here rhs “ ⌘µ⌫hµ⌫ , rh2s “ ⌘µ⌫hµ↵⌘↵�h�⌫ , etc.. The expected order of magnitude for the

coe�cients c1, c2, d1, d3 can be determined by matching in unitary gauge to the expansion of

the action 6.9 or 6.10. In order to bridge comparison with previous treatments and the ⇤5

theory we shall however continue to remain agnostic about their magnitude. The fluctuations

are then canonically normalized by performing the redefinition hµ⌫ Ñ 2hµ⌫{MPl so that the

propagator is

Dµ⌫↵�ppq “ 1

p2 ` m2

ˆ
1

2
⇧µ↵⇧⌫� ` 1

2
⇧µ�⇧⌫↵ ´ 1

3
⇧µ⌫⇧↵�

˙
, ⇧µ⌫ “ ⌘µ⌫ ` pµp⌫

m2
. (6.17)

It is convenient to define

d3 “ ´d1{2 ` 3{32 ` �d, c2 “ ´3c1{2 ` 1{4 ` �c, (6.18)

and interpret the bounds on the parameter space tc1, d1,�c,�du. �c “ �d “ 0 corresponds

to the dRGT tuning which results in the ⇤3 theory to be considered later.

7
There are a few parametrizations for the mass terms. The relation between c3 and d5 and ↵3 and ↵4 is

given right after Eq. (23) of [23]: ↵3 “ ´2c3 and ↵4 “ ´4d5. The relation between ↵i and �i can be found,

for instance, in Eq.(6.24) of [28].
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Einstein-Hilbert Mass Term

Parameterize mass 
term as

where



Application Massive Spin 2

Polarizations: To exploit crossing symmetry, it is helpful to work in the transversity basis.

For momenta kµ “ p!, 0, 0, kq, the corresponding polarizations are,

✏p⌧“˘2q
µ⌫ “ 1

2m2

¨

˚̊
˚̋

k2 ˘ikm 0 kw

˘ikm ´m2 0 ˘imw

0 0 0 0

kw ˘imw 0 w2

˛

‹‹‹‚, ✏p⌧“˘1q
µ⌫ “ 1

2m

¨

˚̊
˚̋

0 0 ik 0

0 0 ¯m 0

ik ¯m 0 iw

0 0 iw 0

˛

‹‹‹‚,

✏p⌧“0q
µ⌫ “ 1?

6m2

¨

˚̊
˚̋

k2 0 0 kw

0 m2 0 0

0 0 ´2m2 0

kw 0 0 w2

˛

‹‹‹‚ (6.19)

and we can express a general spin state via a five component vector ↵,

✏p↵q
µ⌫ “

ÿ

⌧

↵⌧ ✏
p⌧q
µ⌫ . (6.20)

These polarizations are related to the standard SV T decomposition by
¨

˚̊
˚̊
˚̊
˚̋

↵T1

↵T2

↵V1

↵V2

↵S

˛

‹‹‹‹‹‹‹‚

“ 1

2
?
2

¨

˚̊
˚̊
˚̊
˚̋

´1 0
?
6 0 ´1

0 2 0 ´2 0

´2 0 0 0 2

0 2 0 2 0?
3 0

?
2 0

?
3

˛

‹‹‹‹‹‹‹‚

¨

˚̊
˚̊
˚̊
˚̋

↵´2

↵´1

↵0

↵`1

↵`2

˛

‹‹‹‹‹‹‹‚

, (6.21)

It is more useful to express the residues f↵� in terms of ↵S,V,T because these polarizations

have definite scaling with s

✏pT q „ s0, ✏pV q „ s

m
, ✏pSq „ s2

m2
, (6.22)

and correspond more closely to scattering �, A or h Stückelberg fields.

Forward Limit: We define the positive residue

f⌧1⌧2 “ 1

10!

B10

Bs10
“
s4ps ´ 4m2q4 pT⌧1⌧2⌧1⌧2ps, ✓q ` T⌧1⌧2⌧1⌧2ps,´✓qq

‰

as described in Section 2. We will explore bounds provided by f⌧1⌧2 in what follows, but first

we consider the bound imposed by imposing indefinite transversity B2

Bv2 f↵� ° 0 in the forward

limit as it is allows us to restrict the parameter space.

In the forward limit, we have the leading order bound

2M2
Plm

6 B2

Bv2 f↵� |t“0 “352

9
|↵S�S |2 p�c p´6 ` 9c1 ´ 4�cq ´ 6�dq

` 176

3
↵˚
S�

˚
Sp↵V1�V1 ´ ↵V2�V2q�c p3 ´ 3c1 ` 4�cq . (6.23)
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Forward Limit

where ↵⌧ and �⌧ are purely real8.

Significantly, there exists a choice of polarizations, namely,

↵S “ ✏, |↵T1 |2 ` |↵T2 |2 “ 1 ´ ✏2 ´ |↵V1 |2 ´ |↵V2 |2 (6.24)

such that

2M2
Plm

6 B2

Bv2 f↵↵|t“0 “ 176

3
p↵V1↵V1 ´ ↵V2↵V2q�c p3 ´ 3c1 ` 4�cq

`
✏2 ` Op✏4q

˘
(6.25)

This must be positive for all values of ↵V1 and ↵V2 (with |↵V1 |2 ` |↵V2 |2 § 1), and therefore

one is forced to set

�c “ 0 (6.26)

to this order9, which further imposes �d § 0. Remarkably one of the dRGT tunings is then

forced on us by the positivity bounds.

The other forward limit bound is quite cumbersome to display, but can be written more

succinctly by noting that only certain combinations of the polarization ↵⌧ may appear (while

respecting particle exchange and parity invariance). Specifically using the definitions in Ap-

pendix B , then we have

2m2M2
Plf↵� |t“0 “2↵2

T�
2
T ` X2

S

ˆ
55

18
` 10

3
c1 ´ 2c21 ´ 32

9
d1 ` 32

3
�dp2 ´ 11

v2

m4
q
˙

` X2
V`

ˆ
´7

2
` 12c1 ´ 15

2
c21 ´ 16�d

˙
` X2

V´

ˆ
6 ´ 6c1 ` 9

2
c21 ´ 4d1

˙

` XSV

ˆ
8 ´ 9c1 ` 9

2
c21 ´ 8

3
d1

˙
` XSXV`

`
18 ´ 38c1 ` 21c21

˘

` XST

ˆ
16

3
´ 4c1

˙
` XSXT

ˆ
´52

3
` 32c1 ´ 24c21 ` 32

3
d1 ´ 64

3
�d

˙

` XV`XT

`
12 ´ 24c1 ` 12c21

˘
` XV T p4 ´ 3c1q

`
?
3XSTV V

ˆ
4

3
´ 2c1 ` 3c21 ´ 8

3
d1

˙
´ 1?

3
XSV V T

`
3c21 ´ 2

˘2
. (6.27)

Note that a negative �d can relax the bounds imposed by SS, V1V1 and V2V2 scattering.

Finding the analytic minimum of this expression (a quartic form in ↵⌧�⌧↵˚
⌧�

˚
⌧ ) is an NP hard

problem [6], so we present an allowed region of parameter space which is found by approxi-

mate numerical minimization (Figure 2).

Therefore, positivity requirements on the four point function require that the coe�cients

c1, c2 are tuned to their dRGT values, but d1 and d3 may di↵er. In particular, minimizing

8
Considering complex ↵⌧ and �⌧ does not yield stronger bounds, so for brevity we shall quote the real

expressions.
9
In principle, it could be Op1{MPlq in such a way that higher derivative operators are capable of satisfying

the bound.
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Positivity for general helicity implies:

Beyond forward

the bound numerically, it is found that when considering the leading order bound alone in

the forward limit, then analyticity prefers a large negative �d, but this is no longer true

beyond the forward limit. Note that tc3, d2, d4, d5u are not constrained by the 2 to 2 tree

level analysis, but in principle they can be likewise constrained via loop amplitudes.

First t derivatives: The leading s5 contribution gives

2M2
Plm

8BtB2
vf↵�9�c2 |↵S |2|�S |2, (6.28)

which vanishes to this order when we take �c “ 0 to satisfy the forward limit bounds. (Note

that the t derivative bounds only apply for definite transversity bounds; here the use of f↵� is

only for book-keeping, i.e., to write the various independent f⌧1⌧2 quantities in more compact

way.) The other t derivative bound may be written as

2M2
Plm

6 B
Btf↵�

ˇ̌
ˇ
t“0

“ ` 2↵2
T�

2
T ` X2

V`

ˆ
41

4
´ 33

2
c1 ` 27

4
c21

˙
` X2

V´

ˆ
8 ´ 12c1 ` 9

2
c21

˙

` X2
S

ˆ
925

36
´ 43c1 ` 21c21 ´ 32

9
d1 ` 32

9
�dp´6 ` 22

v

m2
q
˙

` XV T p4 ´ 3c1q

` XST p7 ´ 6c1q `
?
3↵S�S p↵S�T1 ` �S↵T1q

ˆ
´4

9
` 2c1 ´ 16

9
d1 ` 32

9
�d

˙

` p↵2
S�

2
V1

` �2
S↵

2
V1

q
ˆ
40

3
´ 21c1 ` 33

4
c21 ´ 32

3
�d

˙

` p↵2
S�

2
V2

` �2
S↵

2
V2

q
ˆ
44

3
´ 23c1 ` 45

4
c21 ´ 8

3
d1

˙

` ↵S�S↵V1�V1

ˆ
101

6
´ 33c1 ` 33

2
c21 ´ 176

3
�d

˙

` ↵S�S↵V2�V2

ˆ
43

6
´ 11c1 ` 27

2
c21 ´ 32

3
d1 ` 16�d

˙
. (6.29)

These tree level amplitudes can be used in the positivity bounds with M5 „ MPlm4 “ ⇤5
5 as

the cuto↵, and as we have discussed for the leading interactions it is consistent to take the

bounds (6.12)

B
Btf⌧1⌧2pv, tq ° 0, (6.30)

B3

BtBv2 rf⌧1⌧2pv, tqs ° 0. (6.31)

The latter simply sets �c “ 0 as before.

Assuming a hierarchy betweenm2 and µb Á ⇤5 (the scale at which the branch cut begins),

we can consider |v| in the range m2 ! |v| ! µb, and the first t derivative bound gives,

B
Btf⌧1⌧2pv, tq 9 v

⇤10
5

�d ` O
ˆ
m2

⇤10
5

˙
° 0 (6.32)
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As v can take either sign, this enforces the condition,

�d “ 0. (6.33)

Of the parameters which appear in the 2 to 2 scattering amplitude, analyticity requires the

dRGT ⇤3 tuning.

Goldstone Equivalence: The bound which forces �d “ 0 beyond the forward limit is

from SS scattering. While it is not yet known whether scattering arbitrary superpositions

of transversities should obey positivity conditions beyond the forward limit, this particular

combination,

✏S “ 1

2
✏⌧“0 `

?
6

4
p✏⌧“`2 ` ✏⌧“´2q (6.34)

becomes the scalar component (Goldstone) at high energies, where we expect similarities with

the Galileon. Therefore While it not yet known whether indefinite transversity combinations

satisfy t derivative positivity bounds in general, this particular SSSS amplitude does because

it has trivial crossing properties at high energies.

Significantly, while the forward limit bound strengthens gradually as �d is made more

negative (imposing ´0.3 À �d § 0), as shown in Fig. 2, the first t derivative bound imposes

the much stricter requirment that �d “ 0. It is this analyticity result that makes raising

the cuto↵ from ⇤5 a well-motivated thing to do in the massive spin-2 EFT, supposing that

the theory had come from an underlying, analytical, local, Lorentz-invariant UV completion,

then the näıvely eight-dimensional parameter space in tci, diu is (at least partially) projected

onto ⇤3 massive gravity.

7 ⇤3 Massive Gravity

In this section, we consider the consequences of the dRGT tuning [23] which raises the cuto↵

of massive gravity from ⇤5 to ⇤3.

Raising the cuto↵: Generic massive gravity has a unitarity cuto↵ at ⇤5 “ pm4MPlq1{5

due to the infamous Boulware-Deser ghost. In the EFT construction, this manifests itself as

an SSSS which scales as s5{⇤10
5 . This cuto↵ can be raised as high as ⇤3 “ pm2MPlq1{3 by

performing the tuning

c1 “ 2c3 ` 1

2
, c2 “ ´3c3 ´ 1

2
, d1 “ ´6d5 ` 3

2
c2 ` 5

16
, d3 “ 3d5 ´ 3

4
c3 ´ 1

16
. (7.1)

This removes the s5 and s4 contributions to every four-point function at tree level (and

projects out the Boulware-Deser ghostly degree of freedom). As discussed earlier, removing

ghosts in this way is not, a priori, a particularly natural thing to do in a bottom-up approach

of EFT. However, we have seen that positivity requires that the coe�cients are tuned so

that the cuto↵ is at least above ⇤4. It is interesting to study the case where the further
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These are precisely the tunings that raise the cutoff from 

⇤5 = (m4MPlanck)
1/5 ⇤3 = (m2MPlanck)

1/3



Summary
For the 2-2 scattering amplitude for four particles 

of different masses and spins 
(bosons AND fermions)

SA,mA SB ,mB

SC ,mC SD,mD

We have been able to derive an infinite 
number of conditions on s and t derivatives 
of transversity scattering amplitude 
which impose positive properties on 
combinations of coefficients in the EFT

Largest set of conditions we know 
that determine whether a given 
EFT admits a local UV completion

In the case of Massive Spin 2, positivity 
bounds impose special tunings that raise
 the cutoff to ⇤3 = (m2MPlanck)

1/3


