
 

QEDat energies

As a firm example EIT we consider

QED at
very low energies Eze

came

We end up with non relativistic charged

particles and low energy photons
To

make our life simple let's treat the

charges as a classical source ji and four

on the effective theory of photons

which is called Euler Heisenberg Theory

For Eye c me we Gwwot produce

e et pairs Leff Leff Ars Jr



construction of Leff i

a write down most Gehret Leff
compatible with Symon of QED

Building blocks Dy ja Shu
Erupt

Symm e.g charge conjugation e o e

Ar o A so Im Fm parity

b order terms by derivative Dµ
Contribution of higher derivative
terms is suppressed by a PINED

me me
p

Expansion parameter

Leff h t L t L t

c Each operator comes with a coefficient
These couplingcomments are also called Wilso
coefficients



dimension E 3

Lowest order Lagrangian
count like D3

iDn f gonjh o

L E Ift e Aaj

Feu O Au du Ar ie iDn i Dr

ID id e Ar

Terang of D 6

Fru p
I Pm O More generally

terms with odd number of F's are

forbidden by C invariance

furry's theorem

only other possibilities
are 02 terms

0µF up d t up Frp DTP



Can use integration by part to

simplify action

Jd4 x q tip OF VP

E J d x tip D FVP

No need to include both tears

since they are equivalent

This leaves two terms

0 IN D Fy

O PFM dyFpu

sinee we can arrange for the
derivatives

not to be contracted win the field

strength they act on



using Bianchi Identity one can show

that 2 Oz I I exercise

Furthermore we must include source tens

03 j jh Ou of Fujii

and O E OrF Offpu

There is a final simplification The classical

equation of motion IEon of A reads

Gtm jufezi.FI
we will demonstrate shortly the't terms

a

O Q forth jv
Eon

operator

do not contribute to physical quantities

up to higher orders in Tl



For this reason Oz I 04 I 03
dimensionless D 6 in

jand J M fun 1
theory Oj i'r

This is a conteet interaction between the

source and does not contribute to photon

propagation or scattering

014 terms do not contribute because

they can be eliminated using field

redefinitions Proof Consider Leff ol

and redefine

of t fit
4
84



IS
Slot fd4x Lcd of

is E OM

S ol Jd f64

L1 Off 2
Eon operator

If f is higher order in a we can drop
5

Off and replace Igp by leading power

FOM In our case we would use

of a offs 0143

Ah As t kejrtpdtrp.meME

to eliminate Oz 04

The redefined fields have exactly the

same quantum numbers as the old ones

and yield the same scattering amplitudes



after LS 2 reduction
but off the
Green's functionsdiffer

In principle the redefinition generates

a Jacobian six g t ftp

Stool SOol toffI
but it is trivial in dim Reg To see

this see the EFT Lecture holes on my home

page

The fire terms involving photon interactions

arise at d 8

dimensionless

L ME I



Cz v T
t th t

p ter t
µ4

me

Ex Is this the complete list How about the

operators with jh

Lj I qjut mtputfsieesth.iethe

1 Note that eAµjh is only gaugeinv up to
a totalderivative

Learjh is therefore host gauge invariant J

Note In D 4 one can write

Fn Fy Fpr For Iq Fm Imu t I th't
w w
4 2 2

In D 4 all higher order terms are products of
these invariants

The existence of such a relation is not

a surprise I µ is a 4x4 matrix

and the fourth land higher powers of



such a metric can be expressed in terms

of tower power in variants thanks to

the Cayley Hamilton theorem

Any antisymmetric 4 4 matrix fulfils
I

t't St F Det ft I

2 Its 2 E 2

As a consequence one can express all

operators through products of the
two

invariants I and derivatives it then

There is a lot of interesting recent progress
in conerructing effective Lagrangian see

1706 08520 by Henning Lu helia BMurayama
For a taste of it see chapters in

1804 05863 by A Mano her



The next step in our construction of

the EFT is the matching But

even without performing it we een already

estimate the yep yep sealtering cross

section
C C Z

r I Tore Joel
on Ef Ci

in
a 4

Extremely small and for this reason low E

jeje sewing hes never been observed but

there are efforts to measure it usingintense

lasers It is hard to see anything but

free photons at low energies



free 1
Exact computation of unpolarized cross

painful exercisesection in c.ms yields drive Tersumen rules

compute T

DDI 1489 t 40C Cat Hei mE

o f 3 t cos
2 0

To perform the matching we can compute

the forward amplitude for two different

helicity configurations to get both

c Cz The QED amplitude is

4 I 3

A If it 2105
3 4

g 4

2 D
f h z

3



can simplify the computation by expanding

in external moments before loop integration

Then only loop integrals of the form

fddk
k2 4

K2 MEP

are heeded

f
C 42 j C 22

We find that the coefficients are finite

Must be the case the only loop diagram

at Yme4 is

f o

mmB



The first divergent loop diagrams are

C
t

Mnf 2

t n

Do

Tp
Cl 2

Rewormelize L

Powercounting
Using dim reg it is trivial to

count powers of it in any

diagram Consider dimensionless

observable The contribution



of a matrix element with N operators

with Ki hi d i i in scales as

A
dim

Q A j k ki

Proof Count the powers of f Since

these are prefactorf the counting is

trivial also for loop diagrams

With a UV cutoff Auv one gets contributions

of the form 1 and the deterrent

only holds after these power divergences
are absorbed into couplingsL



Plugging in the values of the coupling

C b Cz one sets the result

IIs 139 f J f 3 0050 t
whet are the dominant corrections

Three sources i loops from L
4

not present for E H

ii pert corr's to C

frow higher order metchiy

iii contributions from
h

higher L s n 4

suppressed by A



Neat application e corrections to

photon energy density hep pubs803216

FIT Stefan Boltzmann

This is obtained from
0 since

Tj fd4k t fork

Wu ZIT h

computed at finite T Inathfare Frequencies

Euler Heisenberg
G a

DE My I E
Me

In QED this is a three loop diagrams and

there are also two loop diagrams which



do not contribute at the end

It would be nice to continue a bit

and consider QED with e and µ and

then construct the effective theory

where the g is integrated out i.e

Lsu L A p e

Left LEA e

This Leff will contain higher dim operators

suppressed by Ymµ The most important



contribution
ones are

Ie gyu Iru Ye to anomalous

magnetic
moment

Try IT 4

For lack of time we will not persue this

here a discussion can be found in my

EFT lecture note ad also in 0908.4392

by Gropius


