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Review of the path integral

> Remember:

Z =

∫
Dφ exp (iS[φ]) , S[φ] =

∫
d4x L [φ] . (1)

> Perform a Wick rotation in time to obtain positive weight
(unnormalised probability distribution)

DP [φ] = Dφ exp
(
−Seucl[φ]

)
, (2)

this corresponds to x0 → ixeucl
0 , i.e. switching to Euclidean space with

Euclidean time xeucl
0 .
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Lattice regularisation

Two ways to interpret the lattice spacing a:
1 Numerics: Estimate occurring derivatives

∂µf (x) = f (x + aµ̂)− f (x − aµ̂)
2a + O(a2) . (3)

2 Field theory: Introduce a UV regulator in form of the lattice spacing
limiting momenta via |pµ| ≤ π

a ∀µ.
Caveat: This breaks O(4)-invariance explicitly.

Remark: Finite volume introduces an additional IR cut-off. Assume
large volume, i.e. box size L ' 2 fm for pure gauge, with negligible finite
volume effects.
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Gauge fields on the lattice

Starting from the (Euclidean) Lagrangian of free fermions one finds

Seucl
ferm[ψ] =

∫
d4x ψ̄(x)(γµ∂µ + M)ψ(x) (4)

=a4
∑
n∈Z4

ψ̄(n)
(
γµ
ψ(n + aµ̂)− ψ(n − aµ̂)

2a + Mψ(n) + O(a3)
)
.
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Gauge fields on the lattice

Performing the usual SU(N) transformation

ψ(n) → Ω(n)ψ(n) , ψ̄(n) → ψ̄(n)Ω†(n) , Ω(n) ∈ SU(N) , (5)

yields

ψ̄(n)ψ(n) → ψ̄(n)ψ(n) ,
ψ̄(n)ψ(n ± aµ̂) → ψ̄(n)Ω†(n)Ω(n ± aµ̂)ψ(n ± aµ̂) . (6)

⇒ Introduce multiplicatively a gauge transporter between the next
neighbouring ψ

SU(N) 3 Uµ(n) =P exp

 n+aµ̂∫
n

dxµAµ(x)

 = exp
[
aAµ(n) + O(a2)

]
,

Uµ(n) →Ω(n)Uµ(n)Ω†(n + aµ̂) . (7)
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Gauge fields on the lattice

This yields the ”naive” fermion action [Wilson, 1974],

S latt
ferm =

a3
2

∑
m,n∈Z4

µ

ψ̄(m)
[
γµUµ(m)δm+aµ̂,n + γµU†

µ(n)δm,n+aµ̂

+ 2aMδm,n
]
ψ(n) . (8)
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Figure: 2D-schematic of the lattice.
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Gauge fields on the lattice

For a general class of the lattice gauge actions, see e.g. [Weisz, 1983],
one simple example [Wilson, 1974]

S latt
gauge =

β̂(g2
0 )

N
∑

n
µ<ν

Re tr (1 − Uµν(n)) , β̂(g2
0 ) =

2N
g2
0

. (9)
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Observables, renormalisation etc.
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Scale setting

Idea: Translate lattice units into physical units.

E.g. by use of a force between static quarks using a phenomenological
potential [Sommer, 1994]

r2F (r) = c ⇒ r0 = r |c=1.65 ≈ 0.5 fm . (10)

Thus we know r0/a in lattice units and more importantly the lattice
spacing a/r0 multiplied by a constant.
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Continuum limit

From the scale setting we can infer the ratio of lattice spacings
corresponding to different choices of β̂. Make sure to keep the physical
volume fixed.

Not rigorously proven: g0 → 0 and thus β̂ → ∞ correspond to the
continuum limit. Educated guess due to asymptotic freedom.
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Continuum limit

3 Open boundaries and small flow time

The Wilson flow [18] is employed to determine the scale t0 and to obtain the deviation of the action
density near the boundary from the plateau value t2

0

〈
E(t, x) − E(t, xplat)

〉
, where t = t0 as well as

small flow times t/t0 ∈ [0.06, 0.17]. The action density is considered in both the clover and plaquette
discretisation

Eclover(t, x) = −1
2

tr
(
Glat
µν(t, x)Glat

µν(t, x)
)
, Eplaq(t, x) =

1
a4

∑

µ,ν

Re tr
(
1 − Vµν(t, x)

)
, (5)

where Vµν is the plaquette and Glat
µν is the clover definition of the field strength tensor [19] computed

at flow time t.

3.1 The action density near the boundary

The action density at t = t0 is first used as a test quantity to determine whether the extent of the
plateau region increases for smaller lattice spacings and to find the overall shape of its x0-dependence.
Three examples at finite lattice spacings and the obtained continuum limit are shown in figure 1a. The
deviation near the boundary is significantly affected by discretisation effects as the height of the peak
shrinks towards the continuum but the width of the boundary region is roughly constant at around√

20t0. Hence there is no way to increase the plateau region significantly by more precise coefficients
of the used boundary counterterms. Additionally the discretisation effects are quite small at t = t0, see
also figure 1b.
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(b) Examples of continuum extrapolations at flow
times t ∈ {0.06, 0.16, 1}t0.

Figure 1: Action density near the time boundary for different flow times. On the right hand side, the
continuum limit is taken by an extrapolation linearly in a2, omitting O(a) terms which in principle are
present due to imprecisions of the boundary counterterms. The data supports their smallness.

Figure: Example of continuum limits in pure gauge [Husung et al., 2018].
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Symanzik effective theory of lattice artifacts

Consider an arbitrary Renormalisation Group Invariant observable XRGI
on the lattice

〈XRGI〉latt(a),R = 〈XRGI〉cont,R + O(an) . (11)

Choose a basis O of mass dimension 6 operators diagonal under
renormalisation to write down an effective Lagrangian [Symanzik, 1980,
1982]

Leff = LQCD + a2
∑

i
bi(aµ, α)Oi . (12)
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Symanzik effective theory of lattice artifacts

Leff = LQCD + a2
∑
i

bi(aµ, α)Oi

For the observable XRGI(a) = XRGI(0) + a2δX + O(a3) one finds

〈XRGI〉latt(a),R =〈XRGI〉cont,R+ (13)

a2
[
〈δX〉cont,R +

∑
i

bi(aµ, α)
∫

d4y 〈XRGIOi(y)〉cont,R

]
.
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Symanzik effective theory of lattice artifacts

Leff = LQCD + a2
∑
i

bi(aµ, α)Oi

For the observable XRGI(a) = XRGI(0) + a2δX + O(a3) one finds

〈XRGI〉latt(a),R
µ= 1

a= 〈XRGI〉cont,R + a2
[
〈δX〉cont,R+ (13)∑

i
bi(1, α)[− ln(aΛ)]γ̄i/b0

∫
d4y

〈
XRGIOi,RGI(y)

〉
cont,R

]
,

where

µ2
dOi,R
dµ2 =γi(α)Oi,R = [γ̄iα+ O(α2)]Oi,R , (14)

Oi,R(1/a) =[− ln(aΛ)]γ̄i/b0Oi,RGI × [1 + O(α)] . (15)
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Conclusion and outlook

Pros and cons of lattice regularisation:
+ Non-perturbative description of QCD.
+ Regularisation, renormalisation etc. get a descriptive method on the

lattice.
– Breaks Lorentz-/O(4)-invariance explicitly for a > 0, since only

discrete translations and rotations are allowed.
– Lattice PT: Each loop order yields additional vertices and finite sums

may be more complicated.
– Can be hard to extract observables like PDFs.
± Currently only Nf = 2 + 1, 2 + 1 + 1 accessible, see e.g. FLAG [Aoki

et al., 2017].
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Outlook
Not covered in this talk:
> Quantities: ΛQCD, structure constants, glueball and meson spectra,

quasi-PDFs etc.
> Scale setting, see e.g. [Sommer, 1994; Lüscher, 2010; Sommer, 2014].
> Symanzik-improvement, see e.g. [Sheikholeslami and Wohlert, 1985;

Lüscher et al., 1996, 1997].
> HQET.
> Gradient-flow scheme and small flow-time expansion, see

e.g. [Lüscher, 2010; Lüscher and Weisz, 2011; Suzuki, 2013;
Harlander and Neumann, 2016; Ejiri et al., 2017].

> Numerical aspects.
> …
Contact

DESYª Deutsches Nikolai Husung
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John von Neumann-Institute for Computing (NIC)
nikolai.husung@desy.de

www.desy.de
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