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c.f., Fernando Marchesano’s nice review
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F-theory (12dim)    =    Type IIB String Theory (10dim) 
•! w/ back-reacted  

(p,q) 7-branes   
•! regions with finite/infinite 

gs on non-Calabi-Yau space 

•! on elliptically fibered  
Calabi-Yau manifold 

Q'

Through chain of dualities related  to:  

M-theory (w/ limit 11dim Supergravity) [via a  limiting T-duality] 

Heterotic String Theory (10dim)  [via ``stable degeneration’’] 
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[Donagi,Wijnholt;Beasley,Heckman,Vafa;… Font,Ibanez;… 
Hayashi,Kawano,Tsuchiya,Watari,Yamazaki;…Dudas,Palti;…

Cecotti,Cheng,Heckman,Vafa; …Marchesano,Martucci;…]


[Blumenhagen,Grimm,Jurke,Weigand;

Marsano,Saulina,SchäferNameki;Grimm,Krause,Weigand;…
M.C.,Halverson,Garcia-Etxebarria;…] SM [Lin,Weigand;…]


Focus on [SU(5)] GUT: 
Local model building: 

Global model building: 
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Focus on [SU(5)] GUT: 
Local model building: 

Global model building:  
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Primarily discrete data: 
Gauge symmetries, matter repres .& multiplicities,Yukawa couplings,… 

[Vafa; Vafa,Morrison,…]
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                                                                                                         [Kodaira; Tate;Morrison,Vafa;

                                                                 Bershadsky,Intriligator,Kachru,Morrison,Sadov,Vafa; Candelas,Font,…]         

 Recently: [Esole,Yau;Marsano,Schäfer-Nameki; Morrison,Taylor; M.C.,Grimm,Klevers,Piragua;                

                         Braun,Grimm,Kapfer,Keitel; Borchman,Krause,Mayrhofer,Palti,Weigand; 

                         Hayashi,Lawrie,Morrison, Schäfer-Nameki; Esole,Shao,Yau;…]


While non-Abelian symmetries extensively studied: 
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Until recently, Abelian sector rather unexplored 
Few early examples: [Aldazabal,Font,Ibanez,Uranga; 

                                            Klemm Mayr,Vafa] 


                                                                                                         [Kodaira; Tate;Morrison,Vafa;
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While non-Abelian symmetries extensively studied: 
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Until recently, Abelian sector rather unexplored 
Few early examples: [Aldazabal,Font,Ibanez,Uranga; 

                                            Klemm Mayr,Vafa] 


A lot of recent progress: [Grimm,Weigand;Esole,Fullwood,Yau; Morrison,Park; M.C.,Grimm,Klevers; 
Braun,Grimm,Keitel; Lawrie,Schäfer-Nameki; Borchmann,Mayrhofer,Palti,Weigand; M.C.,Klevers,Piragua; 
Grimm,Kapfer,Keitel;Braun,Grimm,Keitel; MC,Grassi,Klevers,Piragua;Borchman,Mayrhofer,Palti,Weigand; 
M.C.,Klevers,Piragua; M.C.,Klevers,Piragua,Song; Braun,Collinucci,Valandro; Morrison,Taylor; 

Kuntzler,Schäfer-Nameki] 


                                                                                                         [Kodaira; Tate;Morrison,Vafa;

                                                                 Bershadsky,Intriligator,Kachru,Morrison,Sadov,Vafa; Candelas,Font,…]         
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While non-Abelian symmetries extensively studied: 
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(not in this talk) 
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3.! Applications: 
     - Construction  of rank 3  [U(1)3]  - complete intersection CY in     
     - D=4 GUT’s w/ SU(5)xU(1)2: all Yukawa couplings 
     - Study of moduli space of U(1)2 with non-Abelian enhancement (un-Higgsing)  

- 
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P3(only results) 

(not in this talk) 
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y2 = x3 + fxz 4 + gz6

[Kodaira;Tate;Vafa;Morrison,Vafa; Bershadsky,Intriligator,Kachru,Morrison,Sadov,Vafa;…]


 [ordS(f),ordS(g),ordS(Δ)]           Singularity type of fibration of X 
 B 
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y2 = x3 + fxz 4 + gz6

[Kodaira;Tate;Vafa;Morrison,Vafa; Bershadsky,Intriligator,Kachru,Morrison,Sadov,Vafa;…]


Recent refinements: [Esole,Yau;…;Hayashi,Lawrie,Schäfer-Nameki,Morrison;…]


P1

In-singularity: 

 [ordS(f),ordS(g),ordS(Δ)]           Singularity type of fibration of X 
 B 

P1
1 P1

2 P1
3 P1

4
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[Kodaira;Tate;Vafa;Morrison,Vafa; Bershadsky,Intriligator,Kachru,Morrison,Sadov,Vafa;…]


Recent refinements: [Esole,Yau;…;Hayashi,Lawrie,Schäfer-Nameki,Morrison;…]
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In-singularity: 

 [ordS(f),ordS(g),ordS(Δ)]           Singularity type of fibration of X 
 B 

P1
1 P1

2 P1
3 P1

4

- ! Cartan generators  for Ai gauge bosons: in M-theory via Kaluza-Klein 
(KK)  reduction of C3 forms  along (1,1)-forms                  on X 

- ! Non-Abelian generators: light M2-brane excitations on     ‘s 
C3 ! Ai ! i

! i ! P1
i

P1 [Witten] 
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          (1,1) - form                    rational section  !m [Morrison,Vafa II]
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Consequences for Weierstrass form (WSF) w/ rat. point Q=                                             

1. Implies constraint relation between f, g 

2. Implies singularity at codimension two in B:   

    -Factorization: 
    - Singularity:                                    WSF singular at Q 
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1.! Consider line bundle M=O(P+Q1+…+Qn) of degree n+1 on E:  

1) H0(M)=<x1,…,xn+1>, n+1 sections  

2) H0(Mk)= k(n+1) sections,                     sections known (deg. k monomials in xi) 

•!  r < k(n+1): need to introduce new sections in Mk (n=0, 1)                 
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2.! Existence of rational points Q1,…, Qn:  

        E non-generic Calabi-Yau one-fold in           
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ösP , ösQ , ösR

fiber E, as discussed below (2.6). They are encoded in the intersections (2.15). Next, we
introduce the divisors �(ŝQ), �(ŝR) in (2.17). The map � is the Shioda map that takes
here the form

�(ŝm) := Sm ! S̃P ! ⇡(Sm áS̃P ) , (2.20)

where we introduced the combination [?, ?]

S̃P = SP +
1

2
[K �1

B ] . (2.21)

We refer to [?, ?, ?, ?, ?] for more details on the Shioda map and to section 6 for the
inclusion of an SU(5)-sector. We note that the divisors (2.17) support U(1)-gauge fields
in F-theory due to their vanishing intersections with vertical divisors D↵ and the zero-
section, as well as potential Cartan divisors Di of non-Abelian groups. Finally, we have
calculated the intersection matrix of the Shioda map of ŝQ, ŝR in (2.18).

We finish this section by some concluding definitions and remarks on the general
structure of the fibrations (2.7) and X̂ . First, we summarize the basis of divisors on X̂
as

DA = (S̃P , D↵, Di ,�(ŝm)) , A = 0, 1, . . . , h(1,1)(B̂ ) + rk(G) + 3 , (2.22)

where we have collectively denoted the basis (2.17) as �(ŝm). We have also introduced
one set of Cartan divisors Di with i = 1, . . . , rk(G) in order to prepare for the presence
of a non-Abelian group G, as in section 6 with G =SU(5). These divisors Di are present
for non-generic X̂ with a resolved singularity of type G of the elliptic fibration over
codimension one in B . The Di admit a fibration

c�↵i
// Di

✏✏

Sb
G

(2.23)

where the general fiber is a rational curve c�↵i
"= P1 that corresponds to the simple

root ! ↵i of G. The divisor Sb
G in B physically supports 7-branes that give rise to the

non-Abelian gauge symmetry G in F-theory [?, ?, ?].

Next, we expand the canonical bundle K B of the base B in terms of the vertical
divisors D↵ as

[K B ] = K ↵D↵ (2.24)

with coe�cients K ↵. Similarly, we expand the divisors

S7 = n↵
7 D b

↵ , S9 = n↵
9 D b

↵ , (2.25)

with general positive integral coe�cients n↵
7 , n↵

9 , ↵ = 1, . . . , h(1,1)(B ). It is important
to emphasize that the coe�cients n↵

7 , n↵
9 are in general further bounded from above by

the requirement that all sections si in (2.10) are generic, i.e. that the line bundle of si
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    irreducible components  
  = associated prime ideals  

Individual matter loci 
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¥ We develop techniques to calculate explicitly the most generalG4-ßux that belongs
to the vertical cohomologyH(2,2)

V resolved Calabi-Yau fourfolds. (See Section 3.2 and 4).
To this end we algebraically calculate the full vertical cohomology ring of these Calabi-
Yau fourfolds. These cohomology calculations allow us to compute the general expression
for the Euler number and the Chern classes of these fourfolds, both in the U(1)! U(1)
and SU(5)! U(1)! U(1) cases. As an application of these techniques we derive an ex-
plicit basis of the cohomology group for all elliptically Þbered Calabi-Yau fourfolds with
Þber in dP2 and baseB = P3.3 Again these techniques are general and not restricted
to toric examples. When theG4-ßux is integrated over matter surfaces (determined via
the geometric techniques mentioned above) we obtain the chirality of three matter repre-
sentations (second set in Table 1.1). Chiralities of the remaining matter representations
are determined by a subset of the 3D CS-terms of the dual M-theory invoking M-/F-
theory duality. 4D anomalies are found to be cancelled. We note that the rest of the
3D CS-terms, in particular those for the Kaluza-Klein vector, provide an independent
check for chiralities of matter multiplets obtained via geometric results. It is impor-
tant to note that, given the representations that are geometrically realized, all CS-terms
taken together are su! cient to determine chiralities of all the matter multiplets. Our
geometric techniques allow us to have an independent determination for a subset of them
(See Section 5). We also perform an independent check that with the obtained spectrum
the four-dimensional anomalies are cancelled. Explicit results are presented for the most
generalG4-ßux for all generic resolved elliptic Calabi-Yau fourfolds over the baseB = P3,
both for U(1) ! U(1) and SU(5)! U(1) ! U(1) (for a speciÞc embedding of SU(5)).

U (1) ! U (1) SU (5) ! U (1) ! U (1)

(1, 0) (0, 1) (1, " 1) (5, " 2
5 , 0) (5, 35 , 0) (5, " 2

5 , " 1)

(" 1, 1) (0, 2) (" 1, " 2) (5, " 2
5 , 1) (5, 35 , 1) (10, " 1

5 , 0)

Table 1.1: Matter representation for F-theory compactiÞcations with rank- two Mordell
Weil group. While U (1) ! U (1) charges for SU(5) singlets are general,U (1) ! U (1)
charges for the additional non-singlet matter representations of SU(5) depend on a speciÞc
realization of theSU (5) gauge symmetry.

We would like to emphasize that our calculations are performed for general globally
deÞned elliptic Calabi-Yau fourfolds and arenot restricted to geometries described by
toric reßexive polytopes. In recent works [45, 54, 47] a classiÞcation of toric Calabi-Yau

3These techniques have been used in the context of mirror symmetry on Calabi-Yau fourfolds in
[51, 52, 53].

5

Type B 

Type A  
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¥ We develop techniques to calculate explicitly the most generalG4-ßux that belongs
to the vertical cohomologyH(2,2)

V resolved Calabi-Yau fourfolds. (See Section 3.2 and 4).
To this end we algebraically calculate the full vertical cohomology ring of these Calabi-
Yau fourfolds. These cohomology calculations allow us to compute the general expression
for the Euler number and the Chern classes of these fourfolds, both in the U(1)! U(1)
and SU(5)! U(1)! U(1) cases. As an application of these techniques we derive an ex-
plicit basis of the cohomology group for all elliptically Þbered Calabi-Yau fourfolds with
Þber in dP2 and baseB = P3.3 Again these techniques are general and not restricted
to toric examples. When theG4-ßux is integrated over matter surfaces (determined via
the geometric techniques mentioned above) we obtain the chirality of three matter repre-
sentations (second set in Table 1.1). Chiralities of the remaining matter representations
are determined by a subset of the 3D CS-terms of the dual M-theory invoking M-/F-
theory duality. 4D anomalies are found to be cancelled. We note that the rest of the
3D CS-terms, in particular those for the Kaluza-Klein vector, provide an independent
check for chiralities of matter multiplets obtained via geometric results. It is impor-
tant to note that, given the representations that are geometrically realized, all CS-terms
taken together are su! cient to determine chiralities of all the matter multiplets. Our
geometric techniques allow us to have an independent determination for a subset of them
(See Section 5). We also perform an independent check that with the obtained spectrum
the four-dimensional anomalies are cancelled. Explicit results are presented for the most
generalG4-ßux for all generic resolved elliptic Calabi-Yau fourfolds over the baseB = P3,
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5 , " 1)

(" 1, 1) (0, 2) (" 1, " 2) (5, " 2
5 , 1) (5, 35 , 1) (10, " 1

5 , 0)

Table 1.1: Matter representation for F-theory compactiÞcations with rank- two Mordell
Weil group. While U (1) ! U (1) charges for SU(5) singlets are general,U (1) ! U (1)
charges for the additional non-singlet matter representations of SU(5) depend on a speciÞc
realization of theSU (5) gauge symmetry.

We would like to emphasize that our calculations are performed for general globally
deÞned elliptic Calabi-Yau fourfolds and arenot restricted to geometries described by
toric reßexive polytopes. In recent works [45, 54, 47] a classiÞcation of toric Calabi-Yau

3These techniques have been used in the context of mirror symmetry on Calabi-Yau fourfolds in
[51, 52, 53].
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(q1, q2) Multiplicity

(1, 0) 54 ! 15n9 + n2
9 + (12 + n9) n7 ! 2n2

7

(0, 1) 54 + 2
�
6n9 ! n2

9 + 6n7 ! n2
7

�

(1, 1) 54 + 12n9 ! 2n2
9 + (n9 ! 15) n7 + n2

7

(! 1, 1) n7 (3 ! n9 + n7)

(0, 2) n9n7

(! 1, ! 2) n9 (3 + n9 ! n7)
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1
4n7n9(! 2a4 + a5(4 ! n7 + n9))

! 1
4 n9(n7 ! n9 ! 4)(a3 + 2a4 + a5(n7 ! 2n9))

1
4 (a3 ! a4) n7 (4 + n7 ! n9)

1
2 [a5n9 (4 ! n7 + n9) (12 ! n9) ! a4 (n7 (8 ! n7) + (12 ! n9) (4 + n9))]

1
4

!
a5n7n9 (4 ! n7 + n9) + a3

"
2n2

7 ! (12 ! n9) (8 ! n9) ! n7 (16 + n9)
#$

1
4

⇥
2a5n9(4 ! n7 + n9)(12 ! n9) ! (a3 + a4)(n

2
7 + n7(n9 ! 20) + 2(12 ! n9)(4 + n9))

⇤

abE'40"#%;"+*?'

(1, 0)
(0, 1)
(1, 1)

(! 1, 1)

(0, 2)
(�1,�2)

(q1, q2)

Here we have also employed that ! 0(X̂ ) = 2, cf. (3.29). Using the flux quantization
condition (4.1) this can be written as

nD 3 = ! 60 !
1

2

!

öX

"
x2 ! x " c2(X̂ )

#
, (5.2)

where we used x = G4 +
1
2c2(X̂ ). By flux quantization (4.1) we know that x is integral,

i.e. an element in H 4(X̂, Z). This implies by Wu’s theorem that x2 #= c2(X̂ ) " x mod 2
[?], so that the integrand in (5.2) is divisible by two. Thus, the number nD 3 of D3-branes
is integral for every elliptically Calabi-Yau fourfold X̂ with general elliptic fiber in dP2.

The G4-Flux on X̂ with B = P3

Next we explicitly determine the G4-flux on X̂ for a general elliptic fibration over the
base B = P3, i.e. for all integers n7, n9 in the allowed region in figure 2.

We begin by expanding the G4-flux according to (4.3) into the basis of H (2,2)
V (X̂ )

determined in (3.34),

G4 = a1H 2
B + a2HB · SP + a3HB · " (ŝQ) + a4HB · " (ŝR) + a5S2

P , (5.3)

for general coe�cients ai , where as before the application of Poincaré duality is under-
stood. Then we calculate the CS-levels (4.4) employing the intersection ring (B.4) in the
basis of divisors (3.31), but with S̃P = SP + 2HB as defined in (2.21) replacing the zero
section SP . The generic solution is a three-parameter family of G4-flux given by

G4 = a5n9 (4 ! n7 + n9)H 2
B + 4a5HB SP + a3HB " (ŝQ) + a4HB " (ŝR) + a5S2

P , (5.4)

which is valid for all values of n7 and n9 in the allowed region figure 2.

This generic three-parameter solution for the G4-flux is expected since there are
generically five di↵erent surfaces in (5.3) and two independent conditions (4.10), namely
⇥0↵ = ⇥↵� = 0 with #, $ = 1. However, the situation becomes more interesting at spe-
cial values for (n7, n9). First, we recall that for (n7, n9) on the boundary of the region in

figure 2, the dimensionality of H (2,2)
V (X̂ ) decreases to 4. The surface S2

P becomes linearly
dependent in homology on the four other surfaces, as noted below (3.36). At the same
time, the number of independent conditions on the G4-flux remains two. Thus, we find
two independent G4-fluxes on the boundary. We have depicted this situation in figure 3

In all these cases we can obtain the expression for the G4-flux by specializing (5.4).
This ensures that all quantities, in particular the chiralities of 4D charged matter, that
are calculated from the most general G4-flux specialize correctly for non-generic values
of (n7, n9). We discuss this specialization at the end of this subsection, but note that
the reader may want to skip these details on a first read and proceed with the chirality
formulas in section 5.2.

Before delving into the details of this analysis, we evaluate the D3-brane tadpole
(4.2) for the Calabi-Yau fourfold X̂ $ P3 and the G4-flux (5.4). First, we calculate
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 Application: Exploration of gauge symmetry enhancement (un-Higgsing) 

                       specific  SU(5)xU(1)2  rank-preserving non-Abelian symmetry  
D=4 examples of spectrum and couplings, fit into SU(6)xSU(2);SO(10)xU(1);   E6 

   [but NOT into SU(7)]        Primarily field theory analysis; further study of geometry  
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KD@D@.DL'
KC@D@BL'
KD@C@BL'
K.D@C@DL'
KC@.D@DL'

K.D@.D@.BL'
KC@C@BL'

KD@D@DL'

KD@D@CL'

KD@C@DL'

KC@D@DL'

KD@C@CL'

KC@D@CL'

KC@C@DL'

x(1,0,1) = 2[K �1
B ]2 + 3([ p2]b)2 + 2[K �1

B ] öS7 + 3([ p2]b) öS7 ! 3[K �1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K �1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K �1
B ]2 + 3([ p2]b)2 ! 3[K �1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K �1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K �1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K �1
B ]2 + 3([ p2]b)2 + 2[K �1

B ] öS7 + 3([ p2]b) öS7 + 2[K �1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K �1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K �1
B ]2 ! 3([p2]b)2 ! 2[K �1

B ] öS7 ! 3([p2]b) öS7 ! 2[K �1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K �1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2) x(1,1,1)

(1, 0, 1) �gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) �gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) �gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K �1
B ]2 ! 3([p2]b)2 ! 2[K �1

B ] öS7 ! 3([p2]b) öS7 + 2[K �1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K �1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K �1
B ]2 ! 3([p2]b)2 + 2[K �1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K �1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K �1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K �1
B ]2 ! 4([p2]b)2 + 2[K �1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K �1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K �1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) �gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) �gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) �gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2) x(1,0,1) x(0,1,1) x(1,1,0) x(1,1,1)

g

Q
9 = g

Q
12 = 0 1 0 1 1 0 1 0 1 0 1 1

g

R
9 = g

R
12 = 0 1 1 0 0 1 1 0 0 1 1 1

g

S
9+ = g

S
12+ = 0 1 16 16 1 1 16 16 1 1 0 1

(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2) x(1,0,1) x(0,1,1) x(1,1,0) x(1,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR
9 = gR

12 = 0 1 1 0 0 1 1 0 0 1 1 1
gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([p2]

b)2 + 2[K ! 1
B ]Ŝ7 + 3([p2]

b)Ŝ7 � 3[K ! 1
B ]S̃7 + 3([p2]

b)S̃7

+2Ŝ7S̃7 + S̃2
7 + 2[K ! 1

B ]S9 � 9([p2]
b)S9 � 5Ŝ7S9 � 4S̃7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([p2]

b)2 � 3[K ! 1
B ]Ŝ7 + 3([p2]

b)Ŝ7 + Ŝ2
7 + 2[K ! 1

B ]S̃7

+3([p2]
b)S̃7 + 2Ŝ7S̃7 + 2[K ! 1

B ]S9 � 9([p2]
b)S9 � 4Ŝ7S9 � 5S̃7S9 + 6S2

9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([p2]

b)2 + 2[K ! 1
B ]Ŝ7 + 3([p2]

b)Ŝ7 + 2[K ! 1
B ]S̃7 + 3([p2]

b)S̃7

+Ŝ7S̃7 � 3[K ! 1
B ]S9 � 9([p2]

b)S9 � 4Ŝ7S9 � 4S̃7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 � 3([p2]

b)2 � 2[K ! 1
B ]Ŝ7 � 3([p2]

b)Ŝ7 � 2[K ! 1
B ]S̃7 � 3([p2]

b)S̃7

�2Ŝ7S̃7 + 2[K ! 1
B ]S9 + 9([p2]

b)S9 + 5Ŝ7S9 + 5S̃7S9 � 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) �gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) �gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) �gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees [HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

g

Q
9 = g

Q
12 = 0 1 0 1 1 0 1 0 1 0 1 1

g

R
9 = g

R
12 = 0 1 1 0 0 1 1 0 0 1 1 1

g

S
9+ = g

S
12+ = 0 1 16 16 1 1 16 16 1 1 0 1

(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 � 3([p2]

b)2 � 2[K ! 1
B ]Ŝ7 � 3([p2]

b)Ŝ7 + 2[K ! 1
B ]S̃7 � 3([p2]

b)S̃7

�Ŝ7S̃7 � 2S̃2
7 � 2[K ! 1

B ]S9 + 9([p2]
b)S9 + 4Ŝ7S9 + 5S̃7S9 � 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 � 3([p2]

b)2 + 2[K ! 1
B ]Ŝ7 � 3([p2]

b)Ŝ7 � 2Ŝ2
7 � 2[K ! 1

B ]S̃7

�3([p2]
b)S̃7 � Ŝ7S̃7 � 2[K ! 1

B ]S9 + 9([p2]
b)S9 + 5Ŝ7S9 + 4S̃7S9 � 6S2

9 ,

x(0,0,1) = 4[K ! 1
B ]2 � 4([p2]

b)2 + 2[K ! 1
B ]Ŝ7 � 4([p2]

b)Ŝ7 � 2Ŝ2
7 + 2[K ! 1

B ]S̃7 � 4([p2]
b)S̃7

�2Ŝ7S̃7 � 2S̃2
7 + 2[K ! 1

B ]S9 + 12([p2]
b)S9 + 6Ŝ7S9 + 6S̃7S9s� 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K �1
B ]2 + 3([p2]

b)2 + 2[K �1
B ]Ŝ7 + 3([p2]

b)Ŝ7 ! 3[K �1
B ]S̃7 + 3([p2]

b)S̃7

+2Ŝ7S̃7 + S̃2
7 + 2[K �1

B ]S9 ! 9([p2]
b)S9 ! 5Ŝ7S9 ! 4S̃7S9 + 6S2

9 ,

x(0,1,1) = 2[K �1
B ]2 + 3([p2]

b)2 ! 3[K �1
B ]Ŝ7 + 3([p2]

b)Ŝ7 + Ŝ2
7 + 2[K �1

B ]S̃7

+3([p2]
b)S̃7 + 2Ŝ7S̃7 + 2[K �1

B ]S9 ! 9([p2]
b)S9 ! 4Ŝ7S9 ! 5S̃7S9 + 6S2

9 ,

x(1,1,0) = 2[K �1
B ]2 + 3([p2]

b)2 + 2[K �1
B ]Ŝ7 + 3([p2]

b)Ŝ7 + 2[K �1
B ]S̃7 + 3([p2]

b)S̃7

+Ŝ7S̃7 ! 3[K �1
B ]S9 ! 9([p2]

b)S9 ! 4Ŝ7S9 ! 4S̃7S9 + 7S2
9 ,

x(1,1,1) = 4[K �1
B ]2 ! 3([p2]

b)2 ! 2[K �1
B ]Ŝ7 ! 3([p2]

b)Ŝ7 ! 2[K �1
B ]S̃7 ! 3([p2]

b)S̃7

! 2Ŝ7S̃7 + 2[K �1
B ]S9 + 9([p2]

b)S9 + 5Ŝ7S9 + 5S̃7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees [HP:
How can we center this table]

Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,0,1) x(0,1,1) x(1,1,0) x(1,1,1)

g

Q
9 = g

Q
12 = 0 1 0 1 1 0 1 0 1 0 1 1

g

R
9 = g

R
12 = 0 1 1 0 0 1 1 0 0 1 1 1

g

S
9+ = g

S
12+ = 0 1 16 16 1 1 16 16 1 1 0 1

(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K �1
B ]2 ! 3([p2]

b)2 ! 2[K �1
B ]Ŝ7 ! 3([p2]

b)Ŝ7 + 2[K �1
B ]S̃7 ! 3([p2]

b)S̃7

! Ŝ7S̃7 ! 2S̃2
7 ! 2[K �1

B ]S9 + 9([p2]
b)S9 + 4Ŝ7S9 + 5S̃7S9 ! 6S2

9 ,

x(0,1,0) = 4[K �1
B ]2 ! 3([p2]

b)2 + 2[K �1
B ]Ŝ7 ! 3([p2]

b)Ŝ7 ! 2Ŝ2
7 ! 2[K �1

B ]S̃7

! 3([p2]
b)S̃7 ! Ŝ7S̃7 ! 2[K �1

B ]S9 + 9([p2]
b)S9 + 5Ŝ7S9 + 4S̃7S9 ! 6S2

9 ,

x(0,0,1) = 4[K �1
B ]2 ! 4([p2]

b)2 + 2[K �1
B ]Ŝ7 ! 4([p2]

b)Ŝ7 ! 2Ŝ2
7 + 2[K �1

B ]S̃7 ! 4([p2]
b)S̃7

! 2Ŝ7S̃7 ! 2S̃2
7 + 2[K �1

B ]S9 + 12([p2]
b)S9 + 6Ŝ7S9 + 6S̃7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([p2]

b)2 + 2[K ! 1
B ]Ŝ7 + 3([p2]

b)Ŝ7 � 3[K ! 1
B ]S̃7 + 3([p2]

b)S̃7

+2Ŝ7S̃7 + S̃2
7 + 2[K ! 1

B ]S9 � 9([p2]
b)S9 � 5Ŝ7S9 � 4S̃7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([p2]

b)2 � 3[K ! 1
B ]Ŝ7 + 3([p2]

b)Ŝ7 + Ŝ2
7 + 2[K ! 1

B ]S̃7

+3([p2]
b)S̃7 + 2Ŝ7S̃7 + 2[K ! 1

B ]S9 � 9([p2]
b)S9 � 4Ŝ7S9 � 5S̃7S9 + 6S2

9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([p2]

b)2 + 2[K ! 1
B ]Ŝ7 + 3([p2]

b)Ŝ7 + 2[K ! 1
B ]S̃7 + 3([p2]

b)S̃7

+Ŝ7S̃7 � 3[K ! 1
B ]S9 � 9([p2]

b)S9 � 4Ŝ7S9 � 4S̃7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 � 3([p2]

b)2 � 2[K ! 1
B ]Ŝ7 � 3([p2]

b)Ŝ7 � 2[K ! 1
B ]S̃7 � 3([p2]

b)S̃7

�2Ŝ7S̃7 + 2[K ! 1
B ]S9 + 9([p2]

b)S9 + 5Ŝ7S9 + 5S̃7S9 � 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) �gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) �gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) �gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees [HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 � 3([p2]

b)2 � 2[K ! 1
B ]Ŝ7 � 3([p2]

b)Ŝ7 + 2[K ! 1
B ]S̃7 � 3([p2]

b)S̃7

�Ŝ7S̃7 � 2S̃2
7 � 2[K ! 1

B ]S9 + 9([p2]
b)S9 + 4Ŝ7S9 + 5S̃7S9 � 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 � 3([p2]

b)2 + 2[K ! 1
B ]Ŝ7 � 3([p2]

b)Ŝ7 � 2Ŝ2
7 � 2[K ! 1

B ]S̃7

�3([p2]
b)S̃7 � Ŝ7S̃7 � 2[K ! 1

B ]S9 + 9([p2]
b)S9 + 5Ŝ7S9 + 4S̃7S9 � 6S2

9 ,

x(0,0,1) = 4[K ! 1
B ]2 � 4([p2]

b)2 + 2[K ! 1
B ]Ŝ7 � 4([p2]

b)Ŝ7 � 2Ŝ2
7 + 2[K ! 1

B ]S̃7 � 4([p2]
b)S̃7

�2Ŝ7S̃7 � 2S̃2
7 + 2[K ! 1

B ]S9 + 12([p2]
b)S9 + 6Ŝ7S9 + 6S̃7S9s� 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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abc'!%U*#'J'!N;+3;"4"82'S1#''>KDLQ'
Starting with the counting, the simplest singularities were found in Bl3P3 as the

vanishing of two coe! cients. The multiplicities are directly calculated from their classes

Loci qQ qR qS Multiplicity
s8 = s18 = 0 1 1 ! 1 [s8] á[s18]
s9 = s19 = 0 0 1 2 [s9] á[s19]
s10 = s20 = 0 1 0 2 [s10] á[s20]

(4.42)

Then we proceed to the apparent singularities in thedP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the Þrst case. For example the singularities at the loci ÷s3 = ÷s7 = 0,
that in the original coe! cients read (! s18s6 + s16s8) = ( ! s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0, ! 1, 1) is calculated as

x(0,! 1,1) = [÷s3] á ÷S7 ! [s8] á[s18]

= ([ p2]b)2 + [ p2]b á öS7 + c1 á ÷S7 + [ p2]b á ÷S7 + ÷S2
7 ! 3[p2]b á ÷S9 ! öS7 á S9 ! 2 ÷S7 á S9 + 2S2

9 ,

(4.43)

where we used the notationx(qQ ,qR ,qS ) for the multiplicity of hypermultiplets with charge
(qQ, qR , qS). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(! 1, 0, 1) ÷s3 = ÷s7 = 0 [÷s3] á ÷S7 ! [s8] á[s18]
(0, ! 1, 1) ös3 = ös7 = 0 [ös3] á öS7 ! [s8] á[s18]

(! 1, ! 1, ! 2) ÷s8 = ÷s9 = 0 or ös8 = ös9 = 0 [÷s8] á S9 ! [s10] á[s20] = [ös8] á S9 ! [s9] á[s19]
(0, 0, 2) ÷s7 = ÷s9 = 0 or ös7 = ös9 = 0 ÷S7 á S9 ! [s19][s9] = öS7 á S9 ! [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The ! 1 in the columnx(1,1,! 1) is related to some missing factor ofs8 and s18 in ! gQR
6 =

R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12
This variety can be seen as a determinantal variety, see (2.7). Following this approach, the first

Chern class of the variety can be calculated using Porteous formula.
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Starting with the counting, the simplest singularities were found in Bl3P3 as the
vanishing of two coe�cients. The multiplicities are directly calculated from their classes

Loci qQ qR qS Multiplicity
s8 = s18 = 0 1 1 ! 1 [s8] á[s18]
s9 = s19 = 0 0 1 2 [s9] á[s19]
s10 = s20 = 0 1 0 2 [s10] á[s20]

(4.42)

Then we proceed to the apparent singularities in the dP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the first case. For example the singularities at the loci s̃3 = s̃7 = 0,
that in the original coe�cients read (! s18s6 + s16s8) = (! s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0, ! 1, 1) is calculated as

x(0,�1,1) = [s̃3] áS̃7 ! [s8] á[s18]

= ([p2]
b)2 + [p2]

b áŜ7 + c1 áS̃7 + [p2]
b áS̃7 + S̃2

7 ! 3[p2]
b áS̃9 ! Ŝ7 á S9 ! 2S̃7 á S9 + 2S2

9 ,

(4.43)

where we used the notation x(qQ ,qR ,qS ) for the multiplicity of hypermultiplets with charge
(qQ, qR, qS). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(! 1, 0, 1) s̃3 = s̃7 = 0 [s̃3] áS̃7 ! [s8] á[s18]
(0, ! 1, 1) ŝ3 = ŝ7 = 0 [ŝ3] áŜ7 ! [s8] á[s18]

(! 1, ! 1, ! 2) s̃8 = s̃9 = 0 or ŝ8 = ŝ9 = 0 [s̃8] á S9 ! [s10] á[s20] = [ŝ8] á S9 ! [s9] á[s19]
(0, 0, 2) s̃7 = s̃9 = 0 or ŝ7 = ŝ9 = 0 S̃7 á S9 ! [s19][s9] = Ŝ7 á S9 ! [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The ! 1 in the column x(1,1,�1) is related to some missing factor of s8 and s18 in ! gQR
6 =

R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12
This variety can be seen as a determinantal variety, see (2.7). Following this approach, the first

Chern class of the variety can be calculated using Porteous formula.
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Starting with the counting, the simplest singularities were found in Bl3P3 as the
vanishing of two coe�cients. The multiplicities are directly calculated from their classes

Loci q
Q

q
R

q
S

Multiplicity
s8 = s18 = 0 1 1 �1 [s8] á[s18]
s9 = s19 = 0 0 1 2 [s9] á[s19]
s10 = s20 = 0 1 0 2 [s10] á[s20]

(4.42)

Then we proceed to the apparent singularities in the dP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the first case. For example the singularities at the loci s̃3 = s̃7 = 0,
that in the original coe�cients read (�s18s6 + s16s8) = (�s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0,�1, 1) is calculated as

x(0,! 1,1) = [s̃3] áS̃7 � [s8] á[s18]

= ([p2]
b)2 + [p2]

b áŜ7 + c1 áS̃7 + [p2]
b áS̃7 + S̃2

7 � 3[p2]
b áS̃9 � Ŝ7 á S9 � 2S̃7 á S9 + 2S2

9 ,

(4.43)

where we used the notation x(qQ ,qR ,qS ) for the multiplicity of hypermultiplets with charge
(q

Q

, q
R

, q
S

). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(�1, 0, 1) s̃3 = s̃7 = 0 [s̃3] áS̃7 � [s8] á[s18]
(0,�1, 1) ŝ3 = ŝ7 = 0 [ŝ3] áŜ7 � [s8] á[s18]

(�1,�1,�2) s̃8 = s̃9 = 0 or ŝ8 = ŝ9 = 0 [s̃8] á S9 � [s10] á[s20] = [ŝ8] á S9 � [s9] á[s19]
(0, 0, 2) s̃7 = s̃9 = 0 or ŝ7 = ŝ9 = 0 S̃7 á S9 � [s19][s9] = Ŝ7 á S9 � [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The �1 in the column x(1,1,! 1) is related to some missing factor of s8 and s18 in �gQR

6 =
R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12This variety can be seen as a determinantal variety, see (2.7). Following this approach, the Þrst
Chern class of the variety can be calculated using Porteous formula.
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Starting with the counting, the simplest singularities were found in Bl3P3 as the
vanishing of two coe! cients. The multiplicities are directly calculated from their classes

Loci qQ qR qS Multiplicity
s8 = s18 = 0 1 1 �1 [s8] · [s18]
s9 = s19 = 0 0 1 2 [s9] · [s19]
s10 = s20 = 0 1 0 2 [s10] · [s20]

(4.42)

Then we proceed to the apparent singularities in thedP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the Þrst case. For example the singularities at the loci ÷s3 = ÷s7 = 0,
that in the original coe! cients read (�s18s6 + s16s8) = ( �s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0,�1, 1) is calculated as

x(0,�1,1) = [÷s3] · ÷S7 � [s8] · [s18]

= ([ p2]b)2 + [ p2]b · öS7 + c1 · ÷S7 + [ p2]b · ÷S7 + ÷S2
7 � 3[p2]b · ÷S9 � öS7 · S9 � 2 ÷S7 · S9 + 2S2

9 ,

(4.43)

where we used the notationx(qQ,qR,qS ) for the multiplicity of hypermultiplets with charge
(qQ, qR, qS). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(�1, 0, 1) ÷s3 = ÷s7 = 0 [÷s3] · ÷S7 � [s8] · [s18]
(0,�1, 1) ös3 = ös7 = 0 [ös3] · öS7 � [s8] · [s18]

(�1,�1,�2) ÷s8 = ÷s9 = 0 or ös8 = ös9 = 0 [÷s8] · S9 � [s10] · [s20] = [ös8] · S9 � [s9] · [s19]
(0, 0, 2) ÷s7 = ÷s9 = 0 or ös7 = ös9 = 0 ÷S7 · S9 � [s19][s9] = öS7 · S9 � [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The �1 in the column x(1,1,�1) is related to some missing factor ofs8 and s18 in ! gQR
6 =

R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12
This variety can be seen as a determinantal variety, see (2.7). Following this approach, the first

Chern class of the variety can be calculated using Porteous formula.
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Starting with the counting, the simplest singularities were found in Bl3P3 as the
vanishing of two coe! cients. The multiplicities are directly calculated from their classes

Loci qQ qR qS Multiplicity
s8 = s18 = 0 1 1 ! 1 [s8] á[s18]
s9 = s19 = 0 0 1 2 [s9] á[s19]
s10 = s20 = 0 1 0 2 [s10] á[s20]

(4.42)

Then we proceed to the apparent singularities in the dP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the first case. For example the singularities at the loci s̃3 = s̃7 = 0,
that in the original coe! cients read (! s18s6 + s16s8) = (! s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0, ! 1, 1) is calculated as

x(0,! 1,1) = [s̃3] áS̃7 ! [s8] á[s18]

= ([p2]
b)2 + [p2]

b áŜ7 + c1 áS̃7 + [p2]
b áS̃7 + S̃2

7 ! 3[p2]
b áS̃9 ! Ŝ7 á S9 ! 2S̃7 á S9 + 2S2

9 ,

(4.43)

where we used the notation x(qQ ,qR ,qS ) for the multiplicity of hypermultiplets with charge
(qQ, qR, qS). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(! 1, 0, 1) s̃3 = s̃7 = 0 [s̃3] áS̃7 ! [s8] á[s18]
(0, ! 1, 1) ŝ3 = ŝ7 = 0 [ŝ3] áŜ7 ! [s8] á[s18]

(! 1, ! 1, ! 2) s̃8 = s̃9 = 0 or ŝ8 = ŝ9 = 0 [s̃8] á S9 ! [s10] á[s20] = [ŝ8] á S9 ! [s9] á[s19]
(0, 0, 2) s̃7 = s̃9 = 0 or ŝ7 = ŝ9 = 0 S̃7 á S9 ! [s19][s9] = Ŝ7 á S9 ! [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The ! 1 in the column x(1,1,! 1) is related to some missing factor of s8 and s18 in ! gQR
6 =

R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12This variety can be seen as a determinantal variety, see (2.7). Following this approach, the Þrst
Chern class of the variety can be calculated using Porteous formula.
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Starting with the counting, the simplest singularities were found in Bl3P3 as the
vanishing of two coe! cients. The multiplicities are directly calculated from their classes

Loci qQ qR qS Multiplicity
s8 = s18 = 0 1 1 ! 1 [s8] á[s18]
s9 = s19 = 0 0 1 2 [s9] á[s19]
s10 = s20 = 0 1 0 2 [s10] á[s20]

(4.42)

Then we proceed to the apparent singularities in thedP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the Þrst case. For example the singularities at the loci ÷s3 = ÷s7 = 0,
that in the original coe! cients read (! s18s6 + s16s8) = ( ! s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0, ! 1, 1) is calculated as

x(0,�1,1) = [÷s3] á ÷S7 ! [s8] á[s18]

= ([ p2]b)2 + [ p2]b á öS7 + c1 á ÷S7 + [ p2]b á ÷S7 + ÷S2
7 ! 3[p2]b á ÷S9 ! öS7 á S9 ! 2 ÷S7 á S9 + 2S2

9 ,

(4.43)

where we used the notationx(qQ ,qR ,qS ) for the multiplicity of hypermultiplets with charge
(qQ, qR, qS). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(! 1, 0, 1) ÷s3 = ÷s7 = 0 [÷s3] á ÷S7 ! [s8] á[s18]
(0, ! 1, 1) ös3 = ös7 = 0 [ös3] á öS7 ! [s8] á[s18]

(! 1, ! 1, ! 2) ÷s8 = ÷s9 = 0 or ös8 = ös9 = 0 [÷s8] á S9 ! [s10] á[s20] = [ös8] á S9 ! [s9] á[s19]
(0, 0, 2) ÷s7 = ÷s9 = 0 or ös7 = ös9 = 0 ÷S7 á S9 ! [s19][s9] = öS7 á S9 ! [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,�1) x(0,1,2) x(1,0,2) x(�1,0,1) x(0,�1,1) x(�1,�1,�2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The ! 1 in the column x(1,1,�1) is related to some missing factor ofs8 and s18 in ! gQR
6 =

R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12This variety can be seen as a determinantal variety, see (2.7). Following this approach, the Þrst
Chern class of the variety can be calculated using Porteous formula.
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Starting with the counting, the simplest singularities were found in Bl3P3 as the
vanishing of two coe! cients. The multiplicities are directly calculated from their classes

Loci qQ qR qS Multiplicity
s8 = s18 = 0 1 1 ! 1 [s8] á[s18]
s9 = s19 = 0 0 1 2 [s9] á[s19]
s10 = s20 = 0 1 0 2 [s10] á[s20]

(4.42)

Then we proceed to the apparent singularities in thedP2 picture. The multiplicities are
given by the multiplication of the classes and the subtraction of the loci already taken
into account in the Þrst case. For example the singularities at the loci ÷s3 = ÷s7 = 0,
that in the original coe! cients read (! s18s6 + s16s8) = ( ! s19s8 + s18s9) = 0, contain
the loci s8 = s18 = 0 with degree one12. After the subtraction, the multiplicity of the
hypermultiplet with charge (0, ! 1, 1) is calculated as

x(0,! 1,1) = [÷s3] á ÷S7 ! [s8] á[s18]

= ([ p2]b)2 + [ p2]b á öS7 + c1 á ÷S7 + [ p2]b á ÷S7 + ÷S2
7 ! 3[p2]b á ÷S9 ! öS7 á S9 ! 2 ÷S7 á S9 + 2S2

9 ,

(4.43)

where we used the notationx(qQ ,qR ,qS ) for the multiplicity of hypermultiplets with charge
(qQ, qR, qS). Calculating the other multiplicities, without expanding the classes, we obtain

Charges Contained in Loci Multiplicity
(! 1, 0, 1) ÷s3 = ÷s7 = 0 [÷s3] á ÷S7 ! [s8] á[s18]
(0, ! 1, 1) ös3 = ös7 = 0 [ös3] á öS7 ! [s8] á[s18]

(! 1, ! 1, ! 2) ÷s8 = ÷s9 = 0 or ös8 = ös9 = 0 [÷s8] á S9 ! [s10] á[s20] = [ös8] á S9 ! [s9] á[s19]
(0, 0, 2) ÷s7 = ÷s9 = 0 or ös7 = ös9 = 0 ÷S7 á S9 ! [s19][s9] = öS7 á S9 ! [s10][s20]

(4.44)
The last two multiplicities in the table can be calculated using any of the codimension
loci, but in each case we have to subtract the right sub-loci.

Finally for the hypermultiplets found from the WSF, we start with the charge (1, 1, 1).
In this case, the degree of vanishing of the other loci are given by

Charges Loci contianed in x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2)

(1, 1, 1) h1 = h2 = 0 0 1 1 0 0 4 0
(4.45)

The ! 1 in the column x(1,1,! 1) is related to some missing factor ofs8 and s18 in ! gQR
6 =

R = 0. Thus in order to obtain the right spectrum we have to add that class instead of
subtract it.

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)

12This variety can be seen as a determinantal variety, see (2.7). Following this approach, the Þrst
Chern class of the variety can be calculated using Porteous formula.

32

x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1

gR
9 = gR

12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1

(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1

gR
9 = gR

12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1

(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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x(1,0,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 ! 3[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+2 öS7
÷S7 + ÷S2

7 + 2[K ! 1
B ]S9 ! 9([p2]b)S9 ! 5 öS7S9 ! 4 ÷S7S9 + 6S2

9 ,

x(0,1,1) = 2[K ! 1
B ]2 + 3([ p2]b)2 ! 3[K ! 1

B ] öS7 + 3([ p2]b) öS7 + öS2
7 + 2[K ! 1

B ] ÷S7

+3([ p2]b) ÷S7 + 2 öS7
÷S7 + 2[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 5 ÷S7S9 + 6S2
9 ,

x(1,1,0) = 2[K ! 1
B ]2 + 3([ p2]b)2 + 2[K ! 1

B ] öS7 + 3([ p2]b) öS7 + 2[K ! 1
B ] ÷S7 + 3([ p2]b) ÷S7

+ öS7
÷S7 ! 3[K ! 1

B ]S9 ! 9([p2]b)S9 ! 4 öS7S9 ! 4 ÷S7S9 + 7S2
9 ,

x(1,1,1) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! 2 öS7
÷S7 + 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 5 ÷S7S9 ! 8S2
9 , (4.46)

Proceeding in a similar way for the hympermultiplets (1, 0, 1), (0, 1, 1) and (1, 1, 0)
we get the orders of vanishing

Charges Loci x(1,1,! 1) x(0,1,2) x(1,0,2) x(! 1,0,1) x(0,! 1,1) x(! 1,! 1,! 2) x(0,0,2) x(1,1,1)

(1, 0, 1) ! gQS
6 = gQ

9 = 0 0 0 4 0 0 4 0 1
(0, 1, 1) ! gRS

6 = gR
9 = 0 0 4 0 0 0 4 0 1

(1, 1, 0) ! gQR
6 = gQ

9 = 0 1 0 0 0 0 1 0 1
(4.47)

Finally for the hypermultiplets (1, 0, 0), (0, 1, 0) and (0, 0, 1) we obtain the degrees[HP:
How can we center this table]

Loci x(1 ,1,! 1) x(0 ,1,2) x(1 ,0,2) x( ! 1,0,1) x(0 ,! 1,1) x( ! 1,! 1,! 2) x(0 ,0,2) x(1 ,0,1) x(0 ,1,1) x(1 ,1,0) x(1 ,1,1)

gQ
9 = gQ

12 = 0 1 0 1 1 0 1 0 1 0 1 1
gR

9 = gR
12 = 0 1 1 0 0 1 1 0 0 1 1 1

gS
9+ = gS

12+ = 0 1 16 16 1 1 16 16 1 1 0 1
(4.48)

After subtraction the multiplicites are

x(1,0,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 ! 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 + 2[K ! 1
B ] ÷S7 ! 3([p2]b) ÷S7

! öS7
÷S7 ! 2 ÷S2

7 ! 2[K ! 1
B ]S9 + 9([ p2]b)S9 + 4 öS7S9 + 5 ÷S7S9 ! 6S2

9 ,

x(0,1,0) = 4[K ! 1
B ]2 ! 3([p2]b)2 + 2[K ! 1

B ] öS7 ! 3([p2]b) öS7 ! 2 öS2
7 ! 2[K ! 1

B ] ÷S7

! 3([p2]b) ÷S7 ! öS7
÷S7 ! 2[K ! 1

B ]S9 + 9([ p2]b)S9 + 5 öS7S9 + 4 ÷S7S9 ! 6S2
9 ,

x(0,0,1) = 4[K ! 1
B ]2 ! 4([p2]b)2 + 2[K ! 1

B ] öS7 ! 4([p2]b) öS7 ! 2 öS2
7 + 2[K ! 1

B ] ÷S7 ! 4([p2]b) ÷S7

! 2 öS7
÷S7 ! 2 ÷S2

7 + 2[K ! 1
B ]S9 + 12([p2]b)S9 + 6 öS7S9 + 6 ÷S7S9s ! 10S2

9 .

With the degrees of vanishing at hand, the calculation of multiplicities is straightfor-
ward: multiply the classes of the two polynomials and subtract each multiplicity with
the multiplicity shown in the tables.
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tri-fundamental 
(non-pert.)! 

[Calabi-Yau elliptic fibrations of E over given base B classified] 



'IFI. 9gZiG9I'M9>MZ'ZIe9I(!ZI/ '1S'>KDL_?''
933;"4%+16^'N6.e"==?"6='1S'>KDLB'



''''''' Z;;"3+4'5:#%+16?'7"80'0"=0*#'#%6`'!1#R*;; .O*";'=#1N3'4#N4"%;'S1#''''''''''''

'''''''N6R*#?8%6R"6='80*'&1RN;"'?3%4*'1S'-.80*1#2''41&3%4+54%+16?'

'''''''' <8NR2'N6.e"==?"6='"6'41&3;*X'?8#N48N#*'&1RN;"'?3%4*^'

'''''''' *60%64*&*68'1S''>KDL_?'''81'616.9:*;"%6'?2&&*8#2''

'''''''f%6`'D'4%?*'N6R*#?811R^'

''''''' abc''-.80*1#2'7"80'?"6=;*'>KDL''N6.e"==?*?'81'<>KBL

'''''''M*1&*8#"4^'8#%6?"+16'1S')*#+4%;'R")"?1#'"681'#%+16%;'?*4+16'

U(1)                                          SU(2) on Riemann surface                           ! g

[Morrison, Taylor]


adjoint  matter VEV 

I16. 9:*;"%6'M%N=*'Z60%64*&*68'''''''

tuning comp. str. moduli 



Z60%64*&*68'1S'>KDLX>KDL^'#"40*#'?8#N48N#*'

f*RN4*'!O.#%6`'81'A*#1':2'&*#="6='#%+16%;'31"68?'Q@'R'7"80'A*#1'P	
  

uf2(u, v, w) +
3Y

i=1

(aiv + biw) = 0E 

[M.C.,Klevers,Piragua,Taylor] 
I16. 9:*;"%6'M%N=*'Z60%64*&*68^>KDLB'''''' '



[M.C.,Klevers,Piragua,Taylor] 

•! rk(MW)=2  1 as          0 PQ

uf 2(u, v, w) + �1(a1v + b1w)2(a3v + b3w) = 0E 

I16. 9:*;"%6'M%N=*'Z60%64*&*68^>KDLB'''''' '

Z60%64*&*68'1S'>KDLX>KDL^'#"40*#'?8#N48N#*'

f*RN4*'!O.#%6`'81'A*#1':2'&*#="6='#%+16%;'31"68?'Q@'R'7"80'A*#1'P	
  



•! rk(MW)=2  1 as          0 
•! rk(MW)=1  0 as          0 

PQ

PR

uf2(u, v, w) + ! 1! 2(a1v + b1w)3 = 0E 

[M.C.,Klevers,Piragua,Taylor] 
I16. 9:*;"%6'M%N=*'Z60%64*&*68^>KDLB'''''' '

Z60%64*&*68'1S'>KDLX>KDL^'#"40*#'?8#N48N#*'

f*RN4*'!O.#%6`'81'A*#1':2'&*#="6='#%+16%;'31"68?'Q@'R'7"80'A*#1'P	
  

Tuned fibration with codimension one  singularity built in: 
1.! U(1)xU(1)  SU(3): set              at locus                             in B  

2.! U(1)xU(1)  SU(2)xSU(2): set  

3.! General case not rank preserving: U(1)2   SU(3)xSU(2)2 

! i = 1 f 2(0, ! b1, a1) = 0

f 2(0,�b1, a1) = 1

I2-fiber at             in B:                                   uf 2(u, v, w) = 0

I3-singularity at P 

! i = 0



<N&&%#2'

•! <2?8*&%+4'416?8#N4+16'1S'*;;"3+4'5:#%+16?'7 W''!1#R*; .O*";'=#1N3?'

     (explicit n=2,3 w/ general: U(1)x U(1) and U(1)xU(1)xU(1) [& w/ SU(5)] 

•! a*)*;13'8*406"[N*?'K=*6*#%;L^''

'''''.'abc '&%U*#'3#*?*68%+16?@'&N;+3;"4"82''

'''' '.'abE''\N`%7%'41N3;"6=?'J'40"#%;"82'KME'dNX'reH
KB@BLKl@jWBLx'416?8#%"68?L'

'''' -#1&'=*1&*8#2'Ta*8*#&"6%68%;')%#"*82'8*406"[N*?Y^''

'''' miraculous structure of codim. 2 and 3 singularities: tri-fund. reps., couplings,…                                  

•! Applications:'
'''' '.'explicit rank 2 (hypersurface in dP2 ):  U(1)2 [& w/ SU(5)] 
     -explicit rank 3  (complete intersections in             ): U(1)3        

     -study of un-Higgsing of U(1)2  [w/ SU(5)]  non-Abelian gauge symmetries 
Bl3(P3)



•! abE'=;1:%;'<!WM>/'&1R*;?'7 W'>KDL^'=*6*#%;':%?*x'<><\'416R"+16?@'

[N%6+A%+16'1S'ME''dNX@m''''''''''' ]%#+4;*']02?"4?'G&3;"4%+16?'

•! 6zQ^'*X3;"4"8'416?8#N4+16'S1#'6bE''

•! (1&3#*0*6?")*'?8NR2'1S'&1RN;"'?3%4*'S1#'N6.e"==?"6=̂'

''''>KDL6''616.9:*;"%6'=%N=*'80*1#2'*60%64*&*68''

•! <8NR2'1S'0*8*#1+4'RN%;?'1S'-.80*1#2''7"80'>KDL_?'

FN8;11`'

[M.C.,Klevers,Langacker,Piragua] - in progress


[M.C.,Klevers,Piragua,Song]- in progress


[M.C.,Klevers,Piragua,Taylor] - in progress


[M.C.,Grassi,Klevers,Piragua,Song]- in progress 




•! F-theory  without zero section   
    Discrete symmetries  (Tate-Shafarevich Group) 

•! [Braun,Morrison],[Morisson,Taylor],[Anderson,Garcia-Extebarria Grimm],
[Klevers,Pena,Oehlmann,Piragua,Reuter] (beyond Z2) c.f., KleverÕs  talk; !

     [Garcia-Extebarria, Grimm,Keitel],[Mayrhofer,Palti,Till,Weigad] (Z2)

      c.f., MayrhoferÕs  talk   !

FN8;11`'

Mordell-Weil   meets   Tate-Shafarevich ! 

 work in progress  


