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Introdution

Introdution

•
A Lorentz invariant QFT ouples to a (pseudo)-Riemannian metri

(gµν ,M).

•
A Galilean invariant QFT ouples to a Newton-Cartan geometry

(τµ, h
µν , vµ,Aµ,M). [Son, 2013℄ [Jensen, 2014℄

•
In the AdS/CFT ontext these strutures arise as the boundary

geometry of some dual spae-time.

◮ Newton-Cartan arises at the boundary of Lifshitz spae-times

[Hartong, Kiritsis, Obers, 2014℄
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Introdution

The goals

•
A Lorentz invariant QFT ouples to a (pseudo)-Riemannian metri

(gµν ,M).

•
A Galilean invariant QFT ouples to a Newton-Cartan geometry

(τµ, h
µν , vµ,Aµ,M). [Son, 2013℄ [Jensen, 2014℄

•
In the AdS/CFT ontext these strutures arise as the boundary

geometry of some dual spae-time.

◮ Newton-Cartan arises at the boundary of Lifshitz spae-times

[Hartong, Kiritsis, Obers, 2014℄

1 What bakground geometry does a Warped CFT (WCFT) ouple to ?

2 Construt a minimal framework to realize a WCFT holographially.
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Introdution

Warped AdS

3

spae-times

AdS

3

has isometry group SL(2,R)L × SL(2,R)R . We pik a Killing vetor

ξa ∈ SL(2,R)R . A warped AdS

3

spae is obtained by the deformation

ds2
AdS

3

→ ds2
WAdS

3

= ds2
AdS

3

+ ξa ⊗ ξa

•
The remaining isometries are SL(2,R)L × U(1)R .

•
The norm (length) of ξa generates a time-like, spae-like (strethed or

squashed) or null WAdS

3

.

•
Not a vauum solution of Einstein gravity but a solution to many

theories, e.g. Topologially Massive Gravity.

In the holographi ontext

•
The asymptoti symmetry algebra is Virasoro ⊕ Ka-Moody

[Compère, Detournay, 2008℄.
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Introdution

What is a Warped CFT

In 2D, sale invariane implies onformal invariane (for a unitary, Poinaré

invariant theory with disrete non-negative saling spetrum). [Polhinski, 1988℄

Consider a 2D QFT invariant under translations and a hiral (left) saling

(assuming loality, unitarity and a disrete non-negative dilatation spetrum)

x− → λx− + ǫ− , x+ → x+ + ǫ+ .

•
The left moving saling and translation get enhaned to a full left

onformal symmetry.

•
The right moving translation beomes either

◮ a right onformal symmetry, VirasoroL⊕VirasoroR , a regular CFT

◮ a left urrent algebra, VirasoroL⊕Ka-MoodyL, a Warped CFT

[Hofman, Strominger, 2011℄
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Introdution

•
The zero modes generate a global SL(2,R)× U(1) symmetry.

◮ The zero mode of the U(1) urrent algebra orresponds to a

spae-time translation.

◮ There is a higher mode that orresponds to a Galilean boost.

•
A WCFT is invariant under transformations of the form

x− → f (x−) , x+ → x+ + g(x−)

for arbitrary funtions f (x−) and g(x−).

A WCFT an be seen as a sort of geometrization of a U(1) urrent algebra.
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Boundary geometry

Bakground geometry I

Consider a 2D QFT with two translations and one Galilean boost

[H,P ] = 0 , [H,G ] = P , [P ,G ] = 0 .

•
Introdue a gauge �eld τµ, eµ and ωµ for eah symmetry (H,P ,G ).

◮ We think of τµ, eµ as vielbeins and introdue inverses τµ, eµ with

τµτ
µ = 1, τµe

µ = 0, eµτ
µ = 0, eµe

µ = 1.

•
The transformations of the gauge �elds under the Galilean boost are

δτµ = 0 , δeµ = λτµ , δωµ = ∂µλ .

◮ The boost invariant objets are τµ, e
µ
and τ[µeν].

◮ The volume form does ontain the same information as τµ and eµ.
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Boundary geometry

Bakground geometry I

Consider a 2D QFT with two translations and one Galilean boost

[H,P ] = 0 , [H,G ] = P , [P ,G ] = 0 .

•
Introdue a gauge �eld τµ, eµ and ωµ for eah symmetry (H,P ,G ).

◮ We think of τµ, eµ as vielbeins and introdue inverses τµ, eµ with

τµτ
µ = 1, τµe

µ = 0, eµτ
µ = 0, eµe

µ = 1.

•
We de�ne a ovariant derivative Dµ and we impose a vielbein postulate

0 = Dµτν = ∇µτν ,

0 = Dµeν = ∇µeν − ωµτν ,

• ∇µe
ν = 0 follows, hene ∇µ is ompatible with (τµ, e

µ).
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Boundary geometry

Bakground geometry II

The �eld strengths are

RH = dτ ,

RP = de + τ ∧ ω ,

RG = dω .
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Boundary geometry

Bakground geometry II

The �eld strengths are

RH = dτ ,

RP = de + τ ∧ ω ,

RG = dω .

•
We keep a non-trivial urvature only in RP , as a non-trivial torsion.

•
The onditions RH = 0 and RG = 0 imply that RP is fully gauge

invariant, δRP = 0.

•
We solve RG = 0 using a Weitzenbök onnetion, ωµ = 0.

◮ Intrinsially no metri formulation.

◮ Parallel transport of vetors is path independent.

◮ Related to the urrent algebra of the WCFT.
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Boundary geometry

Proposal

A WCFT ouples to a bakground (M, gµν , e
µ) in a way that is invariant

under reparametrizations, Galilean boosts and hiral Weyl transformations.

•
The objet gµν must satisfy gµνe

ν = 0. It is a boost invariant

degenerate metri, gµν = τµτν in 2D.

•
This geometry an be thought of as a onjugated version of a

Newton-Cartan geometry.

Let us onsider a small variations of the bakground, shematially

δS =

∫

det(ea
µ
)T a

µδe
µ

a .

•
Invariane under hiral Weyl resalings, τµ → Λτµ eµ → eµ, and
Galilean boosts imply Tµ

ν = eµJν where Tµ
ν ≡ e

µ

a T
a
ν .

◮ The bakground ouples to the two omponents of Jµ.

◮ These are morally the omponents of the urrents that generate the

left onformal and left urrent algebras.
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Boundary geometry

Null Warped AdS

3

The onjugated Newton-Cartan geometry is expeted to be the relevant

geometry at the boundary of any WAdS spae-time.

This is ompatible with the boundary onditions on a null WAdS

3

spae-time. A null WAdS

3

spae an always be written as

ds2 =
(

−e+
µ
e+
ν
− e+

µ
e−
ν
− e+

ν
e−
µ

)

dxµdxν +
dr2

r2
,

with boundary onditions e+
µ

= r−2e+(0)µ + . . . , e−
µ

= e−(0)µ + . . . .

•
Bulk SO(1, 2) loal Lorentz transformations that leave er

µ
= r−1δr

µ

inert at on the boundary as Galilean boosts. [Hartong, Rollier, 2013℄

•
The hiral saling follows from the boundary onditions.
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Bulk geometry

Extension of the geometry in the bulk

•
We add a spae-like diretion to form a bulk in a way that is

onjugated to Newton-Cartan

◮ The additional vielbein �behaves morally� like τµ, we form the

ombinations τ±
µ
.

◮ The invariant degenerate metri is extended gµν = τ+
µ
τ−
ν

+ τ+
ν
τ−
µ

and

still satis�es gµνe
ν = 0.

•
The symmetries are extended in a natural way

◮ Two Galilean boosts ating on (τ±
µ
, eµ) respetively.

◮ One relativisti boost ating on (τ+
µ
, τ−

µ
) leaving eµ invariant.

•
We impose vanishing Galilean urvature and vanishing torsion on gµν
◮ Weitzenbök onnetions are assoiated to the Galilean boosts.

◮ A usual spin onnetion is assoiated to the relativisti boost.
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Bulk geometry

•
This allows us to solve for the spae-time onnetion

Γρ
µν

=
1

2

gρσ (∂µgνσ + ∂νgµσ − ∂σgµν) + eρ∂µeν ,

where gµν = τµ+τ
ν

−
+ τν+τ

µ

−

.

•
This onnetion satis�es ∇µgνρ = ∇µe

ν = 0.

•
The bulk splits into Riemannian/Weitzenbök parts.

•
We would like to allow for non-trivial urvature in the Riemannian part

(gµν) and non-trivial torsion in the Weitzenbök part (eµ).
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Outlook

Outlook

•
We onstruted a new holographi framework to study WCFT's.

•
Our framework an be expressed in terms of a Chern-Simons theory.

•
For example, if we add a osmologial onstant for gµν and onsider

vanishing torsion in the Weitzenbök part, the equations of motion

beome those of an SL(2,R)× U(1) Chern-Simons theory.

•
In ontrast to higher spin Chern-Simons theories we do not have an

sl(2,R)⊕ sl(2,R) subalgebra.

Blaise Rollier (U. of Amsterdam) String Theory Universe Mainz Sept. 22th, 2014 12



Outlook

Outlook

•
The solutions to this theory will have SL(2,R)× U(1) global
isometries.

•
We expet to reover the harges of the WCFT and to reprodue a

Virasoro×Ka-Moody asymptoti symmetry group.

•
Can this full holographi framework be embedded in a larger theory

suh as Topologially Massive Gravity or an other theory of gravity ?
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