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• Transport coefficients can be split in term of dissipative and non-dissipative ones. To 
compute them it is necessary to couple the system to external background fields.


• For the non-dissipative case symmetries are enough to get universal results related 
to transport coefficients.


• In relativistic systems, see for example Son, Surowka 0906.5044, N. Banerjee, et 
al 1203.3544.


• For Schrödinger systems, see Son 1306.0638 also see Moroz’ talk.


• …


• To systematically construct effective field theories, is crucial to know the proper 
symmetries of the system and how to couple it with external fields.
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Abstract

1 Our goal

As it well known in 2d systems without time reversal symmetry an odd viscosity
tensor is allowed, the purpose of these notes is to compute the odd viscosity
tensor for the system given by
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in the presence of a magnetic field. The expectation is to get more than one
viscosity given the fact that rotational symmetry is broken for such a model.
The viscosity tensor is the transport coe�cient associated to the stress created
by the strain rate ⇠̇ij ⌘ @t⇠ij = @i⇠̇j + @j ⇠̇i, where ⇠i is the displacement vector.

Tij / �⌘ijkl⇠̇kl. (2)

The Hall viscosity is the antisymmetric part of the viscosity ⌘
(A)
ijkl = �⌘

(A)
klij . The

usual way of computing it is by deforming adiabatically the background geom-
etry, due to the fact that small strain can be modelled as a metric deformation

gij = �ij + hij , hij = @i⇠j + @j⇠i . (3)

At this level the main problem arises because the system described by (1) is
anisotropic and non relativistic therefore we don’t know how to put it on a
curved background.

2 The strategy

To sort out this problem we substitute the original Hamiltonian for the following
four bands one
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As it well known in 2d systems without time reversal symmetry an odd viscosity
tensor is allowed, the purpose of these notes is to compute the odd viscosity
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in the presence of a magnetic field. The expectation is to get more than one
viscosity given the fact that rotational symmetry is broken for such a model.
The viscosity tensor is the transport coe�cient associated to the stress created
by the strain rate ⇠̇ij ⌘ @t⇠ij = @i⇠̇j + @j ⇠̇i, where ⇠i is the displacement vector.

Tij / �⌘ijkl⇠̇kl. (2)

The Hall viscosity is the antisymmetric part of the viscosity ⌘
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usual way of computing it is by deforming adiabatically the background geom-
etry, due to the fact that small strain can be modelled as a metric deformation

gij = �ij + hij , hij = @i⇠j + @j⇠i . (3)

At this level the main problem arises because the system described by (1) is
anisotropic and non relativistic therefore we don’t know how to put it on a
curved background.
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Abstract

1 Our goal

As it well known in 2d systems without time reversal symmetry an odd viscosity
tensor is allowed, the purpose of these notes is to compute the odd viscosity
tensor for the system given by

H =
1

2M

�
P

2
x � �

2
�
�x + Py�y , (1)

in the presence of a magnetic field. The expectation is to get more than one
viscosity given the fact that rotational symmetry is broken for such a model.
The viscosity tensor is the transport coe�cient associated to the stress created
by the strain rate ⇠̇ij ⌘ @t⇠ij = @i⇠̇j + @j ⇠̇i, where ⇠i is the displacement vector.

Tij / �⌘ijkl⇠̇kl. (2)

The Hall viscosity is the antisymmetric part of the viscosity ⌘
(A)
ijkl = �⌘

(A)
klij . The

usual way of computing it is by deforming adiabatically the background geom-
etry, due to the fact that small strain can be modelled as a metric deformation

gij = �ij + hij , hij = @i⇠j + @j⇠i . (3)

At this level the main problem arises because the system described by (1) is
anisotropic and non relativistic therefore we don’t know how to put it on a
curved background.

2 The strategy

To sort out this problem we substitute the original Hamiltonian for the following
four bands one

H̄ =
p
g�

0
�
�
i
pi +m+ bi�

i
�
5
�
, (4)

1

Px
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Figure 1: Left panel: For b2 > M2
there are two Weyl nodes in the spectrum. They are

separated by the distance
p
b2 �M2 in momentum space. Right panel: For b2 < M2

the

system is gapped with gap Me↵ =
p
M2 � b2.

might be present. Then the topologically trivial phase would not be gapped but is

itself a semi-metal. The quantum phase transition is then between a topological and a

trivial semi-metal. As we will see this is the case in our holographic model.

The axial anomaly

@µJ
µ
5
=

1

16⇡2
✏µ⌫⇢�Fµ⌫F⇢� + 2M ̄�5 (1.2)

implies the anomalous Hall e↵ect [5, 6, 7, 8, 9]

~J =
1

2⇡2

~be↵ ⇥ ~E . (1.3)

The anomalous Hall e↵ect arises as a one-loop contribution to the polarization tensor.

This calculation has a long history and is plagued by regularization ambiguities [10].

In the context of Weyl semi-metal physics these regularization ambiguities have been

argued to be resolved either by matching to a high energy model [11], e.g. a tight

binding model [12] or by considering anomaly cancellation arising from chiral edge

states at boundaries (Fermi arcs) [13]. As we will see imposing gauge invariance in the

holographic model resolves the ambiguities in a unique form. The wave function of a

Weyl spinor can be understood as a monopole of the Berry curvature in momentum

space. Left-handed Weyl fermions have monopole charge +1 and the right-handed

one having monopole charge �1 [14, 15]. This semiclassical reasoning gives indeed

good intuition about the presence or absence of the (instrinsic) anomalous Hall e↵ect.

Since the monopole charge in momentum space is a topological invariant it is still

present in fermionic two point correlation functions when interactions are taken into

account [16]. At strong coupling such semiclassical reasoning based on fermionic wave

functions or correlators might however not always be available. The question arises
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FIG. 2 (left to right) Energy spectra of "sµ(0, py, pz) for the Dirac semimetal (m = b = b
0 = 0), magnetic semiconductor

(m = 1, b = 0.5, b0 = 0), Weyl semimetal (m = 0.5, b = 1, b0 = 0), and line node semimetal (m = 0, b = 0, b0 = 1) for the
Hamiltonian Eq. 8. From (Koshino and Hizbullah, 2016).

special limit where v0 = 0 and va = v0â (a = 1, . . . 3),
we obtain the Weyl equation (3). We therefore refer to
these band touchings as Weyl nodes. While this makes
a connection to Weyl fermions with a fixed chirality
(C = sign (vx · vy ⇥ vz)) it remains unclear why Weyl
nodes should come in opposite chirality pairs. To real-
ize this we need a topological characterization of Weyl
nodes which is furnished by calculating the Berry flux on
a surface surrounding the Weyl point.

Furthermore, we can check that the Berry flux pierc-
ing any surface enclosing the point k0 is exactly 2⇡C ,
where C is the chirality e.g. Weyl points are monopoles
of Berry flux. If we consider the sphere surrounding a
Weyl point, and consider its 2D band structure, it has
a nonvanishing Chern number C = ±1. However, if we
expand this surface so that it covers the entire Brillouin
zone, then by periodicity, it is actually equivalent to a
point, and must have net Chern number zero. Therefore,
the net Chern number of all Weyl points in the Brillouin
zone must vanish. This can be seen from the Fig. 1
where we isolate band touchings within the volumes Vi.
The integral of rk · B(k) = 0 over this volume vanishes,
but can be expressed as an integral over the surfaces of
the excluded volumes

P
i

H
@Vi

B(k) · dSk = �2⇡
P

i Ci

which must vanish. In the continuum, one can define a
single Weyl node, since the momentum space is no longer
compact. However, in lattice model realizations of Weyl
fermions the net chirality must vanish. This also shows
that Weyl nodes can only be eliminated by distortions to
the Hamiltonian in a pairwise fashion e.g. by annihila-
tion with another Weyl node of opposite chirality. Note
also, the Berry flux must be an integer multiple of 2⇡
which allows, for example, band touching with C = ±2,
which corresponds to “double Weyl” nodes, which do not
have a linear dispersion in all directions.

To build intuition and make the possibilities more
explicit in the space of 4 ⇥ 4 Hamiltonians (Burkov
et al., 2011), we can consider a simple continuum system
with two orbitals plus spin, which describes the cases of

WSMs, “line node” semimetals1, as well as conventional
gapped magnetic semiconductors. Expanding around the
� point, we consider a 4⇥ 4 Hamiltonian matrix,

H = v⌧x(� · k) +m⌧z + b�z + b
0
⌧z�x

=

✓
mI+ b�z + b

0
�x v� · k

v� · k �mI+ b�z � b
0
�x

◆
, (8)

where k = (kx, ky, kz) is the momentum, and the ⌧n’s
are Pauli matrices for the pseudospin orbital degrees of
freedom. Here m is a mass parameter, and b and b

0 are
Zeeman fields that physically can correspond to magnetic
field in the z and x directions respectively. A number
of interesting and relevant cases can be obtained as a
function of m, b, and b

0. For b0 equal to zero, one obtains
the eigenvalues

"sµ(k) = s

q
m2 + b2 + v2k2 + µ2b

p
v2k2z +m2, (9)

where k = |k|, and s = ±1 and µ = ±1. The spectrum
for "sµ(0, ky, kz) is plotted in Fig. 2 for cases (a) m = b =
0, which corresponds to a Dirac semimetal composed of
a pair of degenerate linear bands, which touch at k = 0,
(b) |m| > |b| describes a gapped magnetic semiconductor,
where the energy bands are gapped in the range |E| <
|m|�|b|, and (c) |b| > |m| that represents the WSM where
the middle bands touch at a pair of isolated point-nodes
k = (0, 0,±

p
b2 �m2/v).

For the case of m = b = 0, but b
0 finite, one obtains

the eigenvalues

"sµ(k) = s

r
v2k2x +

h
v

q
k2y + k2z + µb0

i2
, (10)

where the zero-energy contour becomes a circle at kx =

0 and
q

k2y + k2z = b
0
/v as shown in Fig. 2 (d). The

spectrum is immediately gapped with kx away from 0.

1 As pointed out elsewhere (Burkov et al., 2011), this term is an
oxymoron. Yet it persists.

b0 6= 0
<latexit sha1_base64="WWbtKRbKZpeqgJdEGnvRNbH5Kd8=">AAAB6HicdZDNTgIxFIU7+If4h7p000iMrkhLjMCO6MYlJo6QwIR0yh1o6PzYdkzIhIfQjTG68nl8Ad/GDmKiRs/q9H6nyT3XT6TQhpB3p7C0vLK6VlwvbWxube+Ud/dudJwqDi6PZay6PtMgRQSuEUZCN1HAQl9Cx59c5LxzB0qLOLo20wS8kI0iEQjOjB11/eN+BLeYDMoVUiWEUEpxbmj9jFjTbDZqtIFpjqwqaKH2oPzWH8Y8DSEyXDKte5QkxsuYMoJLmJX6qYaE8QkbQc/aiIWgvWy+7wwfBbHCZgx4/v6ezVio9TT0bSZkZqx/s3z4F+ulJmh4mYiS1EDEbcSyIJXYxDivjYdCATdyag3jStgtMR8zxbixxynZ+l8d8f/GrVWbVXp1WmmdL+5QRAfoEJ0giuqohS5RG7mII4ke0DN6cSbOvfPoPH1GC87izz76Ief1A56jjOI=</latexit><latexit sha1_base64="WWbtKRbKZpeqgJdEGnvRNbH5Kd8=">AAAB6HicdZDNTgIxFIU7+If4h7p000iMrkhLjMCO6MYlJo6QwIR0yh1o6PzYdkzIhIfQjTG68nl8Ad/GDmKiRs/q9H6nyT3XT6TQhpB3p7C0vLK6VlwvbWxube+Ud/dudJwqDi6PZay6PtMgRQSuEUZCN1HAQl9Cx59c5LxzB0qLOLo20wS8kI0iEQjOjB11/eN+BLeYDMoVUiWEUEpxbmj9jFjTbDZqtIFpjqwqaKH2oPzWH8Y8DSEyXDKte5QkxsuYMoJLmJX6qYaE8QkbQc/aiIWgvWy+7wwfBbHCZgx4/v6ezVio9TT0bSZkZqx/s3z4F+ulJmh4mYiS1EDEbcSyIJXYxDivjYdCATdyag3jStgtMR8zxbixxynZ+l8d8f/GrVWbVXp1WmmdL+5QRAfoEJ0giuqohS5RG7mII4ke0DN6cSbOvfPoPH1GC87izz76Ief1A56jjOI=</latexit><latexit sha1_base64="WWbtKRbKZpeqgJdEGnvRNbH5Kd8=">AAAB6HicdZDNTgIxFIU7+If4h7p000iMrkhLjMCO6MYlJo6QwIR0yh1o6PzYdkzIhIfQjTG68nl8Ad/GDmKiRs/q9H6nyT3XT6TQhpB3p7C0vLK6VlwvbWxube+Ud/dudJwqDi6PZay6PtMgRQSuEUZCN1HAQl9Cx59c5LxzB0qLOLo20wS8kI0iEQjOjB11/eN+BLeYDMoVUiWEUEpxbmj9jFjTbDZqtIFpjqwqaKH2oPzWH8Y8DSEyXDKte5QkxsuYMoJLmJX6qYaE8QkbQc/aiIWgvWy+7wwfBbHCZgx4/v6ezVio9TT0bSZkZqx/s3z4F+ulJmh4mYiS1EDEbcSyIJXYxDivjYdCATdyag3jStgtMR8zxbixxynZ+l8d8f/GrVWbVXp1WmmdL+5QRAfoEJ0giuqohS5RG7mII4ke0DN6cSbOvfPoPH1GC87izz76Ief1A56jjOI=</latexit><latexit sha1_base64="WWbtKRbKZpeqgJdEGnvRNbH5Kd8=">AAAB6HicdZDNTgIxFIU7+If4h7p000iMrkhLjMCO6MYlJo6QwIR0yh1o6PzYdkzIhIfQjTG68nl8Ad/GDmKiRs/q9H6nyT3XT6TQhpB3p7C0vLK6VlwvbWxube+Ud/dudJwqDi6PZay6PtMgRQSuEUZCN1HAQl9Cx59c5LxzB0qLOLo20wS8kI0iEQjOjB11/eN+BLeYDMoVUiWEUEpxbmj9jFjTbDZqtIFpjqwqaKH2oPzWH8Y8DSEyXDKte5QkxsuYMoJLmJX6qYaE8QkbQc/aiIWgvWy+7wwfBbHCZgx4/v6ezVio9TT0bSZkZqx/s3z4F+ulJmh4mYiS1EDEbcSyIJXYxDivjYdCATdyag3jStgtMR8zxbixxynZ+l8d8f/GrVWbVXp1WmmdL+5QRAfoEJ0giuqohS5RG7mII4ke0DN6cSbOvfPoPH1GC87izz76Ief1A56jjOI=</latexit>

b = m = 0
<latexit sha1_base64="7tGU3qbofy38TpQQ3g04QDzCbhg=">AAAB5nicdZDNTgIxFIXv4B/iH+rSTSMxcUVaYgQWJEQ3LjFxgAQmpFM6UOn8pO2YEMIz6MYYXflAvoBvYwcxUaNndXq/0+Se6ydSaIPxu5NbWV1b38hvFra2d3b3ivsHbR2ninGXxTJWXZ9qLkXEXSOM5N1EcRr6knf8yWXGO3dcaRFHN2aacC+ko0gEglFjR22/gcIGHhRLuIwxJoSgzJDqObamXq9VSA2RDFmVYKnWoPjWH8YsDXlkmKRa9whOjDejyggm+bzQTzVPKJvQEe9ZG9GQa2+22HaOToJYITPmaPH+np3RUOtp6NtMSM1Y/2bZ8C/WS01Q82YiSlLDI2YjlgWpRCZGWWk0FIozI6fWUKaE3RKxMVWUGXuagq3/1RH9b9xKuV4m12el5sXyDnk4gmM4BQJVaMIVtMAFBrfwAM/w4gjn3nl0nj6jOWf55xB+yHn9AAJsi+4=</latexit><latexit sha1_base64="7tGU3qbofy38TpQQ3g04QDzCbhg=">AAAB5nicdZDNTgIxFIXv4B/iH+rSTSMxcUVaYgQWJEQ3LjFxgAQmpFM6UOn8pO2YEMIz6MYYXflAvoBvYwcxUaNndXq/0+Se6ydSaIPxu5NbWV1b38hvFra2d3b3ivsHbR2ninGXxTJWXZ9qLkXEXSOM5N1EcRr6knf8yWXGO3dcaRFHN2aacC+ko0gEglFjR22/gcIGHhRLuIwxJoSgzJDqObamXq9VSA2RDFmVYKnWoPjWH8YsDXlkmKRa9whOjDejyggm+bzQTzVPKJvQEe9ZG9GQa2+22HaOToJYITPmaPH+np3RUOtp6NtMSM1Y/2bZ8C/WS01Q82YiSlLDI2YjlgWpRCZGWWk0FIozI6fWUKaE3RKxMVWUGXuagq3/1RH9b9xKuV4m12el5sXyDnk4gmM4BQJVaMIVtMAFBrfwAM/w4gjn3nl0nj6jOWf55xB+yHn9AAJsi+4=</latexit><latexit sha1_base64="7tGU3qbofy38TpQQ3g04QDzCbhg=">AAAB5nicdZDNTgIxFIXv4B/iH+rSTSMxcUVaYgQWJEQ3LjFxgAQmpFM6UOn8pO2YEMIz6MYYXflAvoBvYwcxUaNndXq/0+Se6ydSaIPxu5NbWV1b38hvFra2d3b3ivsHbR2ninGXxTJWXZ9qLkXEXSOM5N1EcRr6knf8yWXGO3dcaRFHN2aacC+ko0gEglFjR22/gcIGHhRLuIwxJoSgzJDqObamXq9VSA2RDFmVYKnWoPjWH8YsDXlkmKRa9whOjDejyggm+bzQTzVPKJvQEe9ZG9GQa2+22HaOToJYITPmaPH+np3RUOtp6NtMSM1Y/2bZ8C/WS01Q82YiSlLDI2YjlgWpRCZGWWk0FIozI6fWUKaE3RKxMVWUGXuagq3/1RH9b9xKuV4m12el5sXyDnk4gmM4BQJVaMIVtMAFBrfwAM/w4gjn3nl0nj6jOWf55xB+yHn9AAJsi+4=</latexit><latexit sha1_base64="7tGU3qbofy38TpQQ3g04QDzCbhg=">AAAB5nicdZDNTgIxFIXv4B/iH+rSTSMxcUVaYgQWJEQ3LjFxgAQmpFM6UOn8pO2YEMIz6MYYXflAvoBvYwcxUaNndXq/0+Se6ydSaIPxu5NbWV1b38hvFra2d3b3ivsHbR2ninGXxTJWXZ9qLkXEXSOM5N1EcRr6knf8yWXGO3dcaRFHN2aacC+ko0gEglFjR22/gcIGHhRLuIwxJoSgzJDqObamXq9VSA2RDFmVYKnWoPjWH8YsDXlkmKRa9whOjDejyggm+bzQTzVPKJvQEe9ZG9GQa2+22HaOToJYITPmaPH+np3RUOtp6NtMSM1Y/2bZ8C/WS01Q82YiSlLDI2YjlgWpRCZGWWk0FIozI6fWUKaE3RKxMVWUGXuagq3/1RH9b9xKuV4m12el5sXyDnk4gmM4BQJVaMIVtMAFBrfwAM/w4gjn3nl0nj6jOWf55xB+yHn9AAJsi+4=</latexit>

b0 = 0
<latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit><latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit><latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit><latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit>

b0 = 0
<latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit><latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit><latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit><latexit sha1_base64="jAWtWKonEoL4QRYpNGbB4F9QICs=">AAAB5HicdZDNSgMxFIUz9a/Wv6pLN8EiuipJEdsuhKIblxWsLbRDyaR3OqGZH5KMUIY+gm5EdOUT+QK+jZlaQUXP6uR+J3DP9RIptCHk3SksLa+srhXXSxubW9s75d29Wx2nikOHxzJWPY9pkCKCjhFGQi9RwEJPQtebXOa8ewdKizi6MdME3JCNI+ELzkw+8o7PybBcIVVCCKUU54bWz4g1zWajRhuY5siqghZqD8tvg1HM0xAiwyXTuk9JYtyMKSO4hFlpkGpIGJ+wMfStjVgI2s3mu87wkR8rbALA8/f3bMZCraehZzMhM4H+zfLhX6yfGr/hZiJKUgMRtxHL/FRiE+O8Mh4JBdzIqTWMK2G3xDxginFjD1Oy9b864v9Np1ZtVun1aaV1sbhDER2gQ3SCKKqjFrpCbdRBHAXoAT2jF2fs3DuPztNntOAs/uyjH3JePwDDS4s3</latexit>

b0 = b = 0
<latexit sha1_base64="V9FUAFEIZRKah0l/5FSy3SvkZvs=">AAAB5nicdZDNTgIxFIU7/iL+oS7dNBKjK9ISI7AgIbpxiYkDJDAhnXIHKp2ftB0TQngG3RijKx/IF/Bt7CAmavSsTu93mtxz/UQKbQh5d5aWV1bX1nMb+c2t7Z3dwt5+S8ep4uDyWMaq4zMNUkTgGmEkdBIFLPQltP3xZcbbd6C0iKMbM0nAC9kwEoHgzNhRyz+p+3XSLxRJiRBCKcWZoZVzYk2tVi3TKqYZsiqihZr9wltvEPM0hMhwybTuUpIYb8qUEVzCLN9LNSSMj9kQutZGLATtTefbzvBxECtsRoDn7+/ZKQu1noS+zYTMjPRvlg3/Yt3UBFVvKqIkNRBxG7EsSCU2Mc5K44FQwI2cWMO4EnZLzEdMMW7safK2/ldH/L9xy6VaiV6fFRsXizvk0CE6QqeIogpqoCvURC7i6BY9oGf04gjn3nl0nj6jS87izwH6Ief1A/xSi+o=</latexit><latexit sha1_base64="V9FUAFEIZRKah0l/5FSy3SvkZvs=">AAAB5nicdZDNTgIxFIU7/iL+oS7dNBKjK9ISI7AgIbpxiYkDJDAhnXIHKp2ftB0TQngG3RijKx/IF/Bt7CAmavSsTu93mtxz/UQKbQh5d5aWV1bX1nMb+c2t7Z3dwt5+S8ep4uDyWMaq4zMNUkTgGmEkdBIFLPQltP3xZcbbd6C0iKMbM0nAC9kwEoHgzNhRyz+p+3XSLxRJiRBCKcWZoZVzYk2tVi3TKqYZsiqihZr9wltvEPM0hMhwybTuUpIYb8qUEVzCLN9LNSSMj9kQutZGLATtTefbzvBxECtsRoDn7+/ZKQu1noS+zYTMjPRvlg3/Yt3UBFVvKqIkNRBxG7EsSCU2Mc5K44FQwI2cWMO4EnZLzEdMMW7safK2/ldH/L9xy6VaiV6fFRsXizvk0CE6QqeIogpqoCvURC7i6BY9oGf04gjn3nl0nj6jS87izwH6Ief1A/xSi+o=</latexit><latexit sha1_base64="V9FUAFEIZRKah0l/5FSy3SvkZvs=">AAAB5nicdZDNTgIxFIU7/iL+oS7dNBKjK9ISI7AgIbpxiYkDJDAhnXIHKp2ftB0TQngG3RijKx/IF/Bt7CAmavSsTu93mtxz/UQKbQh5d5aWV1bX1nMb+c2t7Z3dwt5+S8ep4uDyWMaq4zMNUkTgGmEkdBIFLPQltP3xZcbbd6C0iKMbM0nAC9kwEoHgzNhRyz+p+3XSLxRJiRBCKcWZoZVzYk2tVi3TKqYZsiqihZr9wltvEPM0hMhwybTuUpIYb8qUEVzCLN9LNSSMj9kQutZGLATtTefbzvBxECtsRoDn7+/ZKQu1noS+zYTMjPRvlg3/Yt3UBFVvKqIkNRBxG7EsSCU2Mc5K44FQwI2cWMO4EnZLzEdMMW7safK2/ldH/L9xy6VaiV6fFRsXizvk0CE6QqeIogpqoCvURC7i6BY9oGf04gjn3nl0nj6jS87izwH6Ief1A/xSi+o=</latexit><latexit sha1_base64="V9FUAFEIZRKah0l/5FSy3SvkZvs=">AAAB5nicdZDNTgIxFIU7/iL+oS7dNBKjK9ISI7AgIbpxiYkDJDAhnXIHKp2ftB0TQngG3RijKx/IF/Bt7CAmavSsTu93mtxz/UQKbQh5d5aWV1bX1nMb+c2t7Z3dwt5+S8ep4uDyWMaq4zMNUkTgGmEkdBIFLPQltP3xZcbbd6C0iKMbM0nAC9kwEoHgzNhRyz+p+3XSLxRJiRBCKcWZoZVzYk2tVi3TKqYZsiqihZr9wltvEPM0hMhwybTuUpIYb8qUEVzCLN9LNSSMj9kQutZGLATtTefbzvBxECtsRoDn7+/ZKQu1noS+zYTMjPRvlg3/Yt3UBFVvKqIkNRBxG7EsSCU2Mc5K44FQwI2cWMO4EnZLzEdMMW7safK2/ldH/L9xy6VaiV6fFRsXizvk0CE6QqeIogpqoCvURC7i6BY9oGf04gjn3nl0nj6jS87izwH6Ief1A/xSi+o=</latexit>

m = 0
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3+1 dimensions

• the topological nature of the nodes imply interesting 
observable effects 
• Chiral magnetic effet 

• Fermi arcs (surface states) 
• anomalous Hall conductivity 

Topological response in Weyl semimetals and the chiral anomaly
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(Dated: September 27, 2012)

We demonstrate that topological transport phenomena, characteristic of Weyl semimetals, namely
the semi-quantized anomalous Hall e↵ect and the chiral magnetic e↵ect (equilibrium magnetic-
field-driven current), may be thought of as two distinct manifestations of the same underlying
phenomenon, the chiral anomaly. We show that the topological response in Weyl semimetals is
fully described by a ✓-term in the action for the electromagnetic field, where ✓ is not a constant
parameter, like e.g. in topological insulators, but is a field, which has a linear dependence on the
space-time coordinates. We also show that the ✓-term and the corresponding topological response
survive for su�ciently weak translational symmetry breaking perturbations, which open a gap in
the spectrum of the Weyl semimetal, eliminating the Weyl nodes.

I. INTRODUCTION

Weyl semimetals have attracted attention recently as
a new kind of topologically-nontrivial phase of matter:
Weyl semimetal is gapless in the bulk yet possesses pro-
tected surface states and the corresponding topological
transport phenomena.1–19 Topological protection in this
case results from the separation of the individual Weyl
band-touching nodes with opposite topological charges
in momentum space, which makes it impossible to hy-
bridize the nodes and produce a fully gapped insulating
state without violating translational symmetry.20–23 Such
separation requires breaking of either time-reversal (TR)
or inversion (I) symmetry, or both,24 as in the presence
of TR and I all bands are doubly-degenerate by Kramers
theorem.

As has long been known in the quantum field the-
ory context, chiral Weyl fermions are associated with
the phenomenon of chiral anomaly.25–27 Chiral anomaly
manifests in nonconservation of the numbers of particles
of a specific chirality in the presence of topologically-
nontrivial configurations of the background gauge field
(electromagnetic field in our context), even though these
numbers are conserved classically (for massless particles).
This phenomenon plays an important role in the Stan-
dard model of particle physics.28,29 In the condensed mat-
ter context, the 2+1-dimensional relative of the chiral
anomaly, the parity anomaly, has mainly been discussed,
due to its close relation to the quantum Hall e↵ect.30–34

The discovery of Weyl semimetals provides a concrete
condensed matter system, where 3+1-dimensional chiral
anomaly and related e↵ects can be realized.11,13,14

In this paper, we focus on a specific realization of a
Weyl semimetal in a magnetically-doped multilayer het-
erostructure, made of alternating layers of topological in-
sulator35,36 (TI) and normal insulator (NI) materials.4

This system realizes the simplest possible kind of Weyl
semimetal, with only two Weyl nodes of opposite chiral-
ity, the smallest number allowed by the Nielsen-Ninomiya
theorem,37 in its bandstructure (identical results are ob-
tained by magnetically doping a bulk TI with a small
bandgap). We have demonstrated before that such a sys-
tem possesses topologically-nontrivial transport proper-

ties, namely the semi-quantized anomalous Hall e↵ect4,5

and the chiral magnetic e↵ect (generation of equilibrium
current by magnetic field).6 The chiral magnetic e↵ect
has been known for some time in the particle physics
context13,38–41 and may have recently been observed ex-
perimentally in relativistic heavy ion collisions.42 Obser-
vation of this e↵ect in Weyl semimetals would be of sig-
nificant interest.

In this work we demonstrate that both the quantum
anomalous Hall e↵ect and the chiral magnetic e↵ect in
Weyl semimetals are manifestations of the same under-
lying phenomenon, the chiral anomaly. We show that
opposite-chirality Weyl nodes, separated in momentum
space and in energy, give rise to an induced ✓-term in the
action of the electromagnetic field

S✓ =
e
2

32⇡2

Z
dtdr ✓(r, t)✏µ⌫↵�Fµ⌫F↵� , (1)

where h̄ = c = 1 units are used henceforth. ✓(r, t) is an
“axion” field,43 which has the following form

✓(r, t) = 2b · r� 2b0t, (2)

where 2b is the separation between the Weyl nodes in
momentum space and 2b0 is the separation between the
nodes in energy.

In the rest of the paper, we will give a derivation of
Eq. (1) using Fujikawa’s method,28,29,44 which clearly
demonstrates the relation of the ✓-term to the chiral
anomaly, and show that both the anomalous Hall and
the chiral magnetic e↵ects follow directly from Eq. (1).
We will also demonstrate that, somewhat contrary to the
commonly expressed belief that Weyl semimetal is only
topologically stable in the presence of translational sym-
metry, which prohibits the mixing of Weyl nodes, the
✓-term in Eq. (1) in fact survives even when the trans-
lational symmetry is broken and the Weyl nodes are hy-
bridized and gapped out, provided the translational sym-
metry breaking is su�ciently weak.The quantum anoma-
lous Hall e↵ect and the chiral magnetic e↵ect are thus
more robust than the Weyl nodes themselves.
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and

j⌫ = � e
2

2⇡2
b0✏

0⌫↵�
@↵A� . (35)

It is easy to see that Eq. (34) represents the anomalous
Hall e↵ect,4 while Eq. (35) the chiral magnetic e↵ect,6,40

i.e. generation of equilibrium current in response to an
applied magnetic field.

It is worth noting that the chiral magnetic e↵ect and
the anomalous Hall e↵ect are closely related to the
topological magnetoelectric e↵ect, characterizing TR-
invariant topological insulators.48 Indeed, we can rewrite
Eq. (35) as

j = � e
2

4⇡2
@t✓B. (36)

Using j = @tP, where P is the electric polarization, i.e.
identifying j with the polarization current (one of two
types of currents, which may exist in the bulk of an in-
sulator), we have

@tP = � e
2

4⇡2
@t✓B, (37)

which gives

P = � e
2

4⇡
B, (38)

in the TR-invariant case, when ✓ = ⇡, which is precisely
the quantized topological magnetoelectric e↵ect.48 In a
Weyl semimetal sample the chiral magnetic e↵ect can
also be measured as charge polarization (voltage), arising
in response to an applied external magnetic field (the
voltage will of course not be universal in this case).

The anomalous Hall e↵ect can similarly be related to
another, equivalent, form for the topological magneto-
electric e↵ect. Indeed, Eq. (34) can be written as

j =
e
2

4⇡2
r✓ ⇥E. (39)

Identifying j with the magnetization current, j = r ⇥ M
(second kind of current, possible in the bulk of an insu-
lator), we obtain

M =
e
2

4⇡
E, (40)

which is an equivalent form of the topological magneto-
electric e↵ect.

III. EFFECT OF SPECTRAL GAP

It is often stated that Weyl semimetal is a topologically
stable phase, but only provided translational symmetry is
preserved. Indeed, any potential (even random, but with
a nonvanishing mean value), that can scatter electrons

between the Weyl nodes, will open up a gap and elimi-
nate the nodes. Even more alarmingly, in the presence of
a nonvanishing chiral chemical potential b0, which shifts
the left and right nodes in opposite directions in energy
and thus creates perfectly nested electron and hole Fermi
surfaces, the translational symmetry will be broken spon-
taneously due to the formation of an excitonic condensate
for arbitrarily weak electron-electron interactions. Thus,
in this case, Weyl semimetal, strictly speaking, is never
a ground state, and exists only at temperatures above
the excitonic condensation transition temperature (which
is most likely very low). In this section we show, that
topological transport properties of the Weyl semimetal,
which, as we have demonstrated in the previous section,
are closely related to the chiral anomaly, in fact survive
even when a spectral gap is opened due to either an ex-
ternal potential, or spontaneously, as a result of electron-
electron interactions, provided the gap is small enough.
We will focus on the case of the spectral gap result-

ing from the Coulomb interaction-driven formation of an
excitonic condensate in the presence of nonzero chiral
chemical potential (the final result should not depend on
the origin of the gap). Let us first briefly demonstrate
that nonzero chiral chemical potential b0 leads to the
spontaneous breaking of translational symmetry in the
presence of electron-electron interactions.
Adding electron-electron interactions to the Hamilto-

nian Eq. (6), restricting ourselves to the lowest-energy de-
grees of freedom near the nested electron and hole Fermi
surfaces, enclosing the right (R) and left (L) Weyl nodes
correspondingly, and eliminating the b · � term by the
chiral gauge transformation, discussed above, we obtain
a BCS-like e↵ective Hamiltonian

H =
X

k

h
(k � b0)c

†
kRckR + (�k + b0)c

†
kLckL

i

+
U

V

X

k,k0

c
†
kRc

†
k0LckLck0R. (41)

Here U is the screened Coulomb interaction potential,
whose approximate value can be estimated as

U <⇠ lim
q!0

4⇡e2

q2 + 2g(b0)4⇡e2
=

1

2g(b0)
, (42)

where g(✏) = ✏
2
/2⇡2 is the density of states of a sin-

gle Weyl cone and the factor of 2 in the denominator in
Eq. (42) comes from the two Weyl nodes. Introducing
excitonic order parameter

� =
U

V

X

k

hc†kRckLi, (43)

and decoupling the interaction term in Eq. (41) in the
Hartree-Fock approximation, we obtain the standard
BCS equation for �

1 =
Ug(b0)

2

Z ⇠c

0
d⇠

tanh(
p
⇠2 +�2/2T )p
⇠2 +�2

, (44)
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(second kind of current, possible in the bulk of an insu-
lator), we obtain

M =
e
2

4⇡
E, (40)

which is an equivalent form of the topological magneto-
electric e↵ect.

III. EFFECT OF SPECTRAL GAP

It is often stated that Weyl semimetal is a topologically
stable phase, but only provided translational symmetry is
preserved. Indeed, any potential (even random, but with
a nonvanishing mean value), that can scatter electrons

between the Weyl nodes, will open up a gap and elimi-
nate the nodes. Even more alarmingly, in the presence of
a nonvanishing chiral chemical potential b0, which shifts
the left and right nodes in opposite directions in energy
and thus creates perfectly nested electron and hole Fermi
surfaces, the translational symmetry will be broken spon-
taneously due to the formation of an excitonic condensate
for arbitrarily weak electron-electron interactions. Thus,
in this case, Weyl semimetal, strictly speaking, is never
a ground state, and exists only at temperatures above
the excitonic condensation transition temperature (which
is most likely very low). In this section we show, that
topological transport properties of the Weyl semimetal,
which, as we have demonstrated in the previous section,
are closely related to the chiral anomaly, in fact survive
even when a spectral gap is opened due to either an ex-
ternal potential, or spontaneously, as a result of electron-
electron interactions, provided the gap is small enough.
We will focus on the case of the spectral gap result-

ing from the Coulomb interaction-driven formation of an
excitonic condensate in the presence of nonzero chiral
chemical potential (the final result should not depend on
the origin of the gap). Let us first briefly demonstrate
that nonzero chiral chemical potential b0 leads to the
spontaneous breaking of translational symmetry in the
presence of electron-electron interactions.
Adding electron-electron interactions to the Hamilto-

nian Eq. (6), restricting ourselves to the lowest-energy de-
grees of freedom near the nested electron and hole Fermi
surfaces, enclosing the right (R) and left (L) Weyl nodes
correspondingly, and eliminating the b · � term by the
chiral gauge transformation, discussed above, we obtain
a BCS-like e↵ective Hamiltonian

H =
X

k

h
(k � b0)c

†
kRckR + (�k + b0)c

†
kLckL

i

+
U

V

X

k,k0

c
†
kRc

†
k0LckLck0R. (41)

Here U is the screened Coulomb interaction potential,
whose approximate value can be estimated as

U <⇠ lim
q!0

4⇡e2

q2 + 2g(b0)4⇡e2
=

1

2g(b0)
, (42)

where g(✏) = ✏
2
/2⇡2 is the density of states of a sin-

gle Weyl cone and the factor of 2 in the denominator in
Eq. (42) comes from the two Weyl nodes. Introducing
excitonic order parameter

� =
U

V

X

k

hc†kRckLi, (43)

and decoupling the interaction term in Eq. (41) in the
Hartree-Fock approximation, we obtain the standard
BCS equation for �

1 =
Ug(b0)

2

Z ⇠c

0
d⇠

tanh(
p
⇠2 +�2/2T )p
⇠2 +�2

, (44)

Although the chiral magnetic effect always vanishes at equilibrium in Weyl semimetals!

There is a long literature on anomaly induced transport in Weyl semimetals

For a review see: [Landsteiner, 1610.04413]



multi-Weyl semimetals
Weyl semimetals are characterized by having a 
monopole Berry curvature in momentum space. 

The best known examples correspond to monopole 
charge n=1. 

n=1 Weyl semimetals have linear dispersion relations 
and suffer of chiral anomalies. 

Chiral anomalies imply new non-dissipative transport 
coefficients and negative magnetoresistance.

Are there Weyl semimetals with higher monopole charge?

The answer is: YES!



between two successive collision is approximately a straight line. Therefore, in the semi-
classical (or weak magnetic field) regime, ⌧ is independent of the magnetic field strength
and we treat it as a phenomenological input in our analysis from outset. By contrast, in
the strong magnetic field limit, the path between two successive collision gets sufficiently
curved, such that ⌧ ⌘ ⌧(B), and the analysis of magnetotransport demands a quantum
mechanical analysis [47]. We here focus only on the former situation and show that the
LMC scales as �jj ⇠ B2, for any value of n as well as for any choice of j = x, y, z, which
can possibly be observed in experiments.

We now provide a brief synopsis of our main findings. When we account for all the
contributions to the LMC (restricted here only to the order B2), the net LMC becomes
direction dependent for n > 1, but it is always positive. Such an outcome roots in the
fact that quasiparticle dispersion in a multi-Weyl semimetal with n > 1 display distinct
power-law dependence on various components of momentum, unlike the situation for n = 1

(see Fig. 1), for which dispersion always scales linearly with momentum. Otherwise, the B2

dependence of LMC increases roughly as n3 with the monopole charge of the Weyl node.
The rest of the paper is organized as follows. In the next section we introduce the

low-energy model for a multi-Weyl semimetal and compute the Berry curvature in such
a system. In Sec. 3, we discuss kinetic theory in the context of Weyl semimetals. Sec. 4
is devoted to the longitudinal magnetotransport in a multi-Weyl metal. The concluding
remarks and a discussion on related issues are presented in Sec. 5. Additional technical
details are relegated to the Appendices.

2 Berry curvature and topology of a multi-Weyl semimetal

We begin the discussion by computing the Berry curvature and the associated integer
topological invariant of a multi-Weyl semimetal, featuring Weyl nodes with arbitrary integer
monopole charge n. The low-energy Hamiltonian of a multi-Weyl semimetal is given by [35,
36, 38, 48, 49]

Hn (p) = ↵npn? [cos (n�p)�x + sin (n�p)�y] + vpz�z ⌘ ✏p (np · �) , (2.1)

where p? =

q
p2x + p2y, np = (↵npn? cos (n�p) , ↵npn? sin (n�p) , vpz)✏�1

p , and the set of Pauli
matrices � = (�x, �y, �z) operate on the (pseudo-)spin indices. Momentum p is measured
from the Weyl node. The energy dispersion in the close proximity to a Weyl node is given
by ±✏p, where ± respectively corresponds to conduction and valence bands, and

✏p =

q
↵2
np2n? + v2p2z. (2.2)

The quasiparticle spectra in a multi-Weyl semimetal along various high symmetry directions
are shown in Fig. 1. Due to the doubling theorem Weyl nodes always appear in pairs [16],
which we refer here as valley degrees of freedom. But, for the sake of simplicity we suppress
the explicit dependence of Hn (p) on the valley indices.
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The components of the Berry curvature close to a Weyl node are defined as

⌦
±
p a = ±1

4
✏abcnp ·

✓
@np

@pb
⇥ @np

@pc

◆
, (2.3)

for conduction (⌦+
p a) and valence (⌦�

p a) band. For concreteness, we now focus on the
conduction band and take ⌦

+
p a ! ⌦p a. For a multi-Weyl semimetal we then find

⌦p =
1

2

nv↵2
n(p

2
x + p2y)

n�1

⇥
↵2
n(p

2
x + p2y)

n + v2p2z
⇤3/2 (px, py, npz) , (2.4)

Notice that upon integrating the Berry curvature over a closed surface ⌃ (see Appendix A
for details), we find the integer topological invariant of a multi-Weyl semimetal

n =
1

2⇡

I

⌃

⌦p · dS. (2.5)

Therefore, the integer topological invariant of a Weyl node measures the amount of Berry
flux enclosed by a unit area surface, and the Weyl nodes act as source and sink of Abelian
Berry curvature of strength n.

At this point it is worth pausing to appreciate the dimensionality of various physical
quantities in the natural units, in which we set ~ = c = kB = 1. In units of energy, the
electric charge has dimension zero, while electric and magnetic fields have dimensions two,
v is dimensionless and ↵n has dimension 1� n. At last, the central quantity of this study,
the conductivity, has dimension one, as guaranteed by gauge invariance.

3 Kinetic Theory

Kinetic theory is a semiclassical framework, which we employ for the rest of our analysis.
We assume the following hierarchy of scales T ⌧

p
B ⌧ µ, where T is temperature and µ

is the chemical potential, measured from the band-touching point. In this regime, one can
ignore the Landau quantization and use Boltzmann kinetic equation

@tf +rxf · ẋ +rpf · ṗ = C [f ] , (3.1)

which describes the evolution of the particle distribution function f in the phase space,
where C [f ] is the collision integral. The effective semiclassical dynamics of Weyl quasipar-
ticles is modified by the Berry curvature in momentum space, which leads to the following
equations of motion

ẋ = vp + ṗ ⇥ ⌦p, ṗ = eE + eẋ ⇥ B, (3.2)

where vp = rp✏p is the group velocity [50]. The challenge to solve Eq. (3.1) arises from the
complicated form of the collision term, which captures the interactions between particles.
Nevertheless, significant progress can be made by employing the so-called relaxation time
approximation, which encodes the fact that system returns to equilibrium via scattering
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multi-Weyl semimetals

The Berry curvature around a Weyl point is:

Kinetic theory predicts

@⇢+r · ~J =
en

4⇡2
~E · ~B � �⇢

⌧
<latexit sha1_base64="n0aVR/1I/vYmZXOLqWqJFYjmkyc="></latexit><latexit sha1_base64="n0aVR/1I/vYmZXOLqWqJFYjmkyc="></latexit><latexit sha1_base64="n0aVR/1I/vYmZXOLqWqJFYjmkyc="></latexit><latexit sha1_base64="n0aVR/1I/vYmZXOLqWqJFYjmkyc="></latexit>

[Dantas, Roy, P-B, Surowka]
And a n dependent anisotropic negative magnetoresistance

For a QFT analysis of the pure gauge anomaly see also 1705.04576, 1803.01684 



So far the pictured I have presented is just for free fermions or at least weakly interacting


Actually at strong coupling (Holography) these systems can be realized and some 
predictions can be extracted



strong coupling
Ingredients: 

• Gauge field dual to the vector current 
• Gauge field dual to the axial current 
• Axial anomaly (Chern-Simons terms) 
• background axial field 
• mass deformation (Scalar field)

1 Introduction

Weyl semi-metals are an exciting new class of 3D materials with exotic electronic

transport properties [1, 2]. They are characterised by point like singularities in the

Brillouin zone at which conduction and valence band touch. Around these points the

electronic quasiparticle excitations can be described by either left- or right-handed

Weyl spinors. The Nielsen-Ninomiya theorem guarantees that left- and right-handed

Weyl spinors always appear in pairs [3]. When time reversal symmetry is broken the

left- and right-handed quasiparticles can sit at di↵erent points in the Brillouin zone.

E↵ectively the Weyl fermions are separated by an (axial) vector in the momentum

space. Since the relevant physics is localized in the momentum space on an open set

of momenta, the compactness of the Brillouin zone does not play a direct role. It does

however enforce the Nielsen-Ninomiya theorem and also guarantees that charge can

not disappear at large momenta. This means that in particular gauge invariance is

automatically preserved. A quantum field theoretical model model with non-compact

momentum space can be constructed with the same local properties around the band

touching points. It takes the form of a “Lorentz breaking” Dirac system [4] with

Lagrangian

L =  ̄
�
i/@ � e /A� �5�zb+M

�
 . (1.1)

Here /X = �µXµ, Aµ is the electromagnetic gauge potential, �µ are the Dirac matrices

and �5 = i�0�1�2�3 allows to define left- and right-handed spinors via (1±�5) =  L,R.

In the quantum field theory of chiral fermions gauge symmetry is not a priori preserved

since triangle anomalies might spoil it. However, for an equal number of right- and

left-handed fermions there always exists a regularization scheme in which anomalies

are present only in the axial current and not in the gauge current. In this sense the

counterpart of the fact that the Brillouin zone has the topology of a torus is a choice

of regularization scheme that preserves the gauge symmetry. In the holographic model

this amounts to a particular choice of Chern-Simons terms.

The spectrum of (1.1) is sketched in figure 1. As long as |b| > |M | the spectrum

is ungapped. It is characterized by band inversion and at the crossing points the wave

function is well-described by Weyl fermions. The separation of the Weyl cones is given

by
p
b2 �M2. In this situation the quantum field theoretical model at low energies

can be further reduced to an e↵ective low energy Lagrangian of the form (1.1) with

Me↵ = 0 and be↵ =
p
b2 �M2.

For |b| < |M | the system is gapped and the low energy description is simply one of

a massive Dirac fermions with be↵ = 0 and Me↵ =
p
M2 � b2. Accordingly the system

undergoes a quantum phase transition from the topologically non-trivial Weyl semi-

metal phase to a trivial insulating phase. More generally additional Dirac fermions

1

2beff 2Meff

Figure 1: Left panel: For b2 > M2
there are two Weyl nodes in the spectrum. They are

separated by the distance
p
b2 �M2 in momentum space. Right panel: For b2 < M2

the

system is gapped with gap Me↵ =
p
M2 � b2.

might be present. Then the topologically trivial phase would not be gapped but is

itself a semi-metal. The quantum phase transition is then between a topological and a

trivial semi-metal. As we will see this is the case in our holographic model.

The axial anomaly

@µJ
µ
5
=

1

16⇡2
✏µ⌫⇢�Fµ⌫F⇢� + 2M ̄�5 (1.2)

implies the anomalous Hall e↵ect [5, 6, 7, 8, 9]

~J =
1

2⇡2

~be↵ ⇥ ~E . (1.3)

The anomalous Hall e↵ect arises as a one-loop contribution to the polarization tensor.

This calculation has a long history and is plagued by regularization ambiguities [10].

In the context of Weyl semi-metal physics these regularization ambiguities have been

argued to be resolved either by matching to a high energy model [11], e.g. a tight

binding model [12] or by considering anomaly cancellation arising from chiral edge

states at boundaries (Fermi arcs) [13]. As we will see imposing gauge invariance in the

holographic model resolves the ambiguities in a unique form. The wave function of a

Weyl spinor can be understood as a monopole of the Berry curvature in momentum

space. Left-handed Weyl fermions have monopole charge +1 and the right-handed

one having monopole charge �1 [14, 15]. This semiclassical reasoning gives indeed

good intuition about the presence or absence of the (instrinsic) anomalous Hall e↵ect.

Since the monopole charge in momentum space is a topological invariant it is still

present in fermionic two point correlation functions when interactions are taken into

account [16]. At strong coupling such semiclassical reasoning based on fermionic wave

functions or correlators might however not always be available. The question arises

2



the model

ds2 = B0r
2(�dt2 + dr2 + dx2 + dy2) + C0r

2�dz2

Az = rc , � = �IR

IR metric

then if it is possible to construct a model at strong coupling that has the essential

physical properties of a Weyl semi-metal, in particular if there exists any strongly

coupled model in which the anomalous Hall e↵ect and a quantum phase transition to

a topological trivial phase persist even in the absence of the notion of singularities in

the dispersion relations of fermionic two point correlations functions? To answer these

questions at strong coupling, a useful tool has arisen in the last few years, which is the

AdS/CFT correspondence inspired from string theory. Holography has indeed already

proved to be extremely useful for the understanding of strongly correlated relativistic

systems, including superconductors [17], strange metals [18, 19], lattice systems [20],

etc.. In particular the modern understanding of anomaly related transport phenomena

such as the chiral magnetic and chiral vortical e↵ects is based to a considerable part

on research using holographic models [21, 22, 23]4.

2 Holographic model

In this section we consider the following holographic action [26, 27]

S =

Z
d5x

p
�g


1

22

⇣
R +

12

L2

⌘
�

1

4
F 2

�
1

4
F 2

5
+

↵

3
✏µ⌫⇢�⌧Aµ

⇣
F 5

⌫⇢F
5

�⌧ + 3F⌫⇢F�⌧

⌘
+

+ (Dµ�)
⇤(Dµ�)� V (�) , (2.1)

where  is the Newton constant, L is the AdS radius and ↵ is the Chern-Simons coupling

constant. In AdS/CFT correspondence, symmetries of the field theory correspond to

gauge fields in AdS space. The electromagnetic U(1) symmetry is represented by

the AdS bulk gauge Vµ with field strength is F = dV . The axial U(1) symmetry

is represented by the gauge field Aµ with field strength F5 = dA.5 It is anomalous

and the anomaly is represented in (2.1) by the Chern-Simons part of the action with

coupling constant ↵. The choice of Chern-Simons term is the unique one that makes the

electromagnetic symmetry non-anomalous [28]. The mass deformation is introduced

via a non-normalizable mode of the scalar field � [26]. This scalar field is charged

only under the axial gauge transformation and its covariant derivative is Dµ� = (@µ �

iqAµ)�. The scalar field potential is m2
|�|2 + �

2
|�|4. The AdS bulk mass m2L2 = �3

is chosen such that the dual operator has dimension three and its source has dimension

one. This matches exactly the dimension of the dual of a mass deformation. The

4
Previous holographic approaches to the physics of Weyl semimetals [24, 25] di↵er from our ap-

proach in that they study holographic fermionic spectral functions.

5
Note the di↵erent conventions from here on.
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Chapter 1. Electrical Conductivities

„ = „(r) (1.25)

A5 = A5
z(r)dz

In particular, we are considering the identifications

D(r) = u(r), B(r) = 1
u(r) , C1(r) = u(r), C2(r) = h(r). (1.26)

In the following we set Z1 = Z2 = 1 and consider V = ≠ 12
L2 + m2„2 + ⁄

2 „4, with

m2 < 0 and ⁄ > 0. In this way we have a local maximum of the potential V at

„ = „UV = 0. This allows us to consider also the identification LUV = L and, in

the following, we will set L = 1.

At zero temperature, the equations of motion for the Ansatz (1.25) and the

assumptions just above are

3uÕÕ

2u
+ 3uÕ 2

4u2 ≠ 6
u

≠ A5
z

Õ 2

4h
+ „2

A
m2

2u
≠ q2A5

z
2

2hu
+ ⁄ „2

4u

B
+ 1

2„Õ2 = 0 (1.27)

uÕÕ

u
≠ uÕhÕ

2uh
≠ 2 q2A5

z
2„2

3hu
+ 2

3„Õ2 = 0 (1.28)

A5
z

ÕÕ + A5
z

Õ
3

2uÕ

u
≠ hÕ

2h

4
≠ 2 q2A5

z„2

u
= 0 (1.29)

„ÕÕ + „Õ
3

2uÕ

u
+ hÕ

2h

4
≠ „

u

A
q2A5

z
2

h
+ m2 + ⁄„2

B
= 0 (1.30)
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[Landsteiner, Liu, Sun]

Anomalous Hall conductivity

�xy ⇠ ↵Az(r0)
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zero temperature geometries 

ds2 = B0r
2(�dt2 + dr2 + dx2 + dy2) + C0r

2�dz2

Az = rc , � = �IR

0 < �  1
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Figure 1.5: Real part of the longitudinal conductivity as a function of Ê/b computed

in the background shown in Fig.1.2 with M/b = 0.717. The dots show the

numerical computation while the blue line is the linear fit to Ÿ(‡zz) Ã Ê with

the overall constant chosen such that the line passes through the first point

and equal to fi/2.

We find again a linear scaling at both small and high frequencies as discussed

above. Now the slope of the fitting straight line is the same everywhere: Di�erently

from the previous case the Topological non Trivial Solution admits an AdS to AdS

domain wall between two AdS spacetime which are exactly the same (i.e. the same

radius) and this reflects on the slope of the fitting line at small frequencies.

1.4.2 Critical Solution

We can now discuss the scaling of the longitudinal conductivity in the third

background solution above, the Critical.

Before we give the numerical plot of the longitudinal conductivity we note that

the method of the matched asymptotics we discussed previously applies also in this

case. Repeating the same steps as before we get the real part of the conductivity

scales in the following way

Ÿ(‡) Ã Ê2≠— , (1.68)
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transvers conductivity

Chapter 1. Electrical Conductivities

Figure 1.8: Real part of the transverse conductivity as a function of Ê/b computed in the

background shown in Fig.() with M/b = 0.717. The dots show the numerical

computation while the blue line is the linear fit to Ÿ(‡) Ã Ê with the overall

constant chosen such that the line passes through the first point and equal to

fi/2.

1.5.2 Critical Solution

We again study the equations (1.42) - (1.43), but now in the background of the

Critical Solution. The steps we are going to follow are not di�erent from the ones

we did in the other two solutions. Firts of all we find the behaviour of the solution

in the IR, where the equations (1.69) - (1.70) reduce to

aÕÕ
± + aÕ

±

3
—

r
+ 2

r

4
+ Ê2a±

u2
0r

4 = 0 (1.73)

Now the solution with the correct infalling behaviour reads

a± = ≠
3

iÊ

u0 r

4—+1
2

K1

3
≠ iÊ

u0 r

4
. (1.74)

We can extrapolate again the small Ê behaviour ofthe solution in the decoupled

sector, which is now given by

Ÿ(‡±) Ã Ê— . (1.75)
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steeply as the quantum critical region around M/b ' 0.744 is entered. It peaks roughly

at the critical value and then falls o↵ in a somewhat slower fashion as M/b increases. The

extreme M/b ! 1 limit can be reached by setting b = 0 keeping M finite. In this case the

field Az is simply zero along the holographic RG flow and from (0.13) it follows that the odd

viscosity vanishes again in this limit.
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T/b=0.03
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Figure 3: Odd viscosity ⌘Hk as a function of M/b at di↵erent temperatures.

Transverse viscosity: We switch on the perturbations �gxx � �gyy = 2hL(r)e�i!t ,

�gxy = hxy(r)e�i!t and form the complex combination H± = hL ± ihxy. Expanding to first

order in ! we find (see appendix C for details)

H± = r2 �
M2

3
+

M4(2 + 3�)

18

ln r

r2
+

1

r2

✓
f3 +

!

4

⇣h
if
p

h± 8⇣q2�2fAz

i���
r=r0

⌘◆
+ . . .

(0.14)

near the conformal boundary. Using the holographic dictionary we can read o↵ the viscosities

from the terms at first order in ! at order 1/r2 in the large r expansion. The dissipative

viscosity is

⌘? = f
p

h
���
r=r0

. (0.15)

We note that in this case the KSS bound is exactly obeyed ⌘?/s = 1/4⇡. The non-dissipative

odd viscosity is

⌘H? = 8⇣q2�2fAz

���
r=r0

. (0.16)

Again we find that in the low temperature regime the non-dissipative odd viscosity has

substantial support only in the quantum critical region around M/b ' 0.744 as can be seen

from Fig. 4. On the other hand in the regime in which the horizon probes the UV completion

of our holographic model such that r0 ! 1 (the extreme high temperature regime) we find

2⌘Hk = ⌘H? = 8⇣q2M2b. In this high temperature regime there is no trace left of the quantum

phase transition at zero temperature.
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Figure 4: Odd viscosity ⌘H? as a function of M/b at di↵erent low temperatures.

We also note that the analytic results on the viscosities (together with our previous result

on the conductivities in [11]) allow us to obtain the non-trivial relation

⌘k
⌘?

=
2⌘Hk

⌘H?

=
�k

�?
=

f

h

����
r=r0

(0.17)

where �k = �zz =
fp
h

��
r=r0

, �? = �xx = �yy =
p
h
��
r=r0

.

Finally, let us comment on the temperature scaling behaviour of viscosities and con-

ductivities in the quantum critical regime. At zero temperature, there is an emergent

Lifshitz-like symmetry in the IR at the transition point M/b ' 0.744 and IR physics is

invariant under (t, x, y, r�1) ! l(t, x, y, r�1), z ! l�z with the anisotropic scaling exponent

� ' 0.407 together with f ! l�2f, h ! l�2�h,Az ! l��Az,� ! � [11]. At very low

temperature, since T ! l�1T we can obtain the temperature scaling behavior of the vis-

cosities and conductivities near the critical region from scaling arguments. More precisely,

at the critical regime, when M/b ! 0.744, we have ⌘k/s / T �1 , ⌘Hk / T �2 , ⌘H? / T �3

with (�1, �2, �3) = (2 � 2�, 4 � �, 2 + �)7 and �k / T �4 , �? / T �5 , �AHE / T �6 with

(�4, �5, �6) = (2 � �, �, �) for low temperatures. In Fig. 5 we plot the temperature scaling

exponents �i with i 2 {1, . . . , 6} of our numerical results at low temperatures at the criti-

cal value of M/b. We can see from the figure that the scaling exponents are approaching

the analytic values when the temperature decreases. These scaling dependences explain the

peak/dip behavious of the transports of holographic Weyl semimetal in the critical regime.

Conclusion.– Using the holographic model of [11] we have shown that substantial odd

viscosities are present in the low temperature quantum critical region in which the quantum

crossover transition between the Weyl semimetal state and the trivial semimetal takes place.

The odd viscosities are non-vanishing only if we add the gravitational Chern-Simons term

in the holographic action which is dual to the mixed axial-gravitational anomaly. From

7The shear viscosity bound proposed in [36] is obeyed in our case.

7

temperatures. At higher temperatures it is rather the UV-completion of the model that is

probed.

Longitudinal viscosity: In order to compute the viscosities we switch on the following

perturbations: �giz = hiz(r)e�i!t , �Ai = ai(r)e�i!t for i 2 {x, y}. They form the complex

combination h± = hxz ± ihyz and a± = ax ± iay. The resulting equations of motion are

rather cumbersome to treat, but after a lengthy but straightforward analysis the solutions

to lowest order in ! can be written as (see appendix B for details)

h± = r2 �
M2

3
+

M4(2 + 3�)

18

ln r

r2
+

1

r2


f3 +

!

4

⇣h
i
f 2

p
h
± 4⇣

q2Az�2f 2

h

i���
r=r0

⌘�
+ . . . (0.11)

near the conformal boundary. Here f3 is the coe�cient of the 1/r2 term in the asymptotic

expansion of metric function (A.2). From the first order term in ! we can read o↵ the

following two viscosity coe�cients,

dissipative viscosity: ⌘k = ⌘xz,xz = ⌘yz,yz =
f 2

p
h

����
r=r0

(0.12)

dissipationless odd viscosity: ⌘Hk = ⌘yz,xz = �⌘xz,yz = 4⇣
q2Az�2f 2

h

����
r=r0

. (0.13)

The dissipative viscosity is a form of shear viscosity and it is interesting to express it nor-

malized to the entropy density
⌘k
s
= f

4⇡h
|r=r0 . As can be seen from Fig. 2 the shear viscosity

drops significantly below the standard result of KSS bound [33]. In view of the various

results of violation of the KSS bound in anisotropic theories [34, 35] this is not unexpected.

Still it is very interesting to note that the shear viscosity reaches a minimum in the quantum

critical region of M/b ⇡ 0.744 as shown in Fig. 2.

Figure 2: The longitudinal shear viscosity over entropy density 4⇡
⌘k
s

as a function of M/b at

di↵erent temperatures.

The odd viscosity ⌘Hk as a function of M/b for small but finite temperatures is shown in

Fig. 3. It is highly suppressed in the Weyl semimetal part of the phase diagram but rises

5

steeply as the quantum critical region around M/b ' 0.744 is entered. It peaks roughly

at the critical value and then falls o↵ in a somewhat slower fashion as M/b increases. The

extreme M/b ! 1 limit can be reached by setting b = 0 keeping M finite. In this case the

field Az is simply zero along the holographic RG flow and from (0.13) it follows that the odd

viscosity vanishes again in this limit.

Figure 3: Odd viscosity ⌘Hk as a function of M/b at di↵erent temperatures.

Transverse viscosity: We switch on the perturbations �gxx � �gyy = 2hL(r)e�i!t ,

�gxy = hxy(r)e�i!t and form the complex combination H± = hL ± ihxy. Expanding to first

order in ! we find (see appendix C for details)

H± = r2 �
M2

3
+

M4(2 + 3�)

18

ln r

r2
+

1

r2

✓
f3 +

!

4

⇣h
if
p

h± 8⇣q2�2fAz

i���
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near the conformal boundary. Using the holographic dictionary we can read o↵ the viscosities

from the terms at first order in ! at order 1/r2 in the large r expansion. The dissipative

viscosity is

⌘? = f
p

h
���
r=r0

. (0.15)

We note that in this case the KSS bound is exactly obeyed ⌘?/s = 1/4⇡. The non-dissipative

odd viscosity is

⌘H? = 8⇣q2�2fAz

���
r=r0

. (0.16)

Again we find that in the low temperature regime the non-dissipative odd viscosity has

substantial support only in the quantum critical region around M/b ' 0.744 as can be seen

from Fig. 4. On the other hand in the regime in which the horizon probes the UV completion

of our holographic model such that r0 ! 1 (the extreme high temperature regime) we find

2⌘Hk = ⌘H? = 8⇣q2M2b. In this high temperature regime there is no trace left of the quantum

phase transition at zero temperature.
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Figure 1: The energy spectrum as a function of kx, ky for kz = 0. Left: there is a nodal line

at the band crossing when m2 < 4b2xy. Right: for m
2 > 4b2xy the system is gapped.

The new two form field bµ⌫ term does not break the conservation of the eletric

current Jµ =  ̄�
µ
 while does not conserve the axial current Jµ

5
=  ̄�

µ
�
5
 . We have

the following conservation equations

@µJ
µ = 0 , (2.3)

@µJ
µ
5
= �2m ̄�5 � 2bµ⌫ ̄�

µ⌫
�
5
 , (2.4)

where we have ignored the anomaly terms.

The holographic dictionary

With the hint from the weakly coupled theory, we utilize a massive two form field

Bab which is dual to the operator  ̄�µ⌫ . We also introduce an axially charged scalar

field to break the axial symmetry and this scalar field represents the e↵ect of the m ̄ 

term. A source for the operator  ̄�µ⌫ breaks the time reversal as well as the charge

conjugation symmetry. We consider5

S =

Z
d
5
x
p
�g


1

22

✓
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◆
� 1

4
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4
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1
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�
D[aBbc]

�⇤�D[a
B

bc]
�
� V2(Bab)� �|�|2B⇤

abB
ab

�

where Fab = @aVb� @bVa is the vector gauge field, Fab = @aAb� @bAa is the axial gauge

field, Da = ra � iq1Aa, Da = ra � iq2Aa and

D[aBbc] = @aBbc + @bBca + @cBab � iq2AaBbc � iq2AbBca � iq2AcBab . (2.5)

The field Bab is also axially charged as can be seen from (2.4) that the dual operator

5We set 22 = L = 1. We use a, b = t, x, y, z, r to denote bulk indices, µ, ⌫ = t, x, y, z for boundary
indices.
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Holographic nodal semimetal

Trivial phase. The near horizon solution for the trivial phase is

u =
�
1 +

3

8�1

�
r
2
,

f = r
2
,

� =

r
3

�1

+ �1r

2
p

160�21+84�1+9

3+8�1
�2

,

B = b1r
2
p
2

q
3�+�1
3+8�1 .

Note that this solution (without �1) is also an exact solution so that we need irrelevant

deformations to flow this to asymptotic AdS5 solutions. For this type of near horizon

boundary conditions we can only find solutions if M/b > 1.717. As we mentioned

above �1 denotes the number of gapless degrees of freedom in the IR and when �1 is

not zero the system is at most partially gapped in the IR [15]. For the critical and the

topological trivial solutions here, the scalar field � is nonzero at the horizon and the

system is partially gapped.

Figure 2: An illustration of the bulk solutions. Starting from di↵erent boundary values of

M/b in the UV, the geometry flows to di↵erent IR solutions, which correspond to di↵erent

phases.

Fig. 2 is an illustration for the phase structure in the solution space in the bulk. In

Fig. 3, we show the bulk behavior of the scalar field � and the two form field B/f for

di↵erent values of M/b which correspond to di↵erent near horizon geometries. Close

to the critical M/b, the near horizon solution flows to the critical solution quickly.

Free energy

8
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for all values of kx, ky, kz 6= 0, the retarded Green’s function is real. The pole should

stay at kx = ky = kz = 0 as this is not a fully gapped phase but a semimetal phase.

We fix kz = 0 in the following calculations and focus on the topologically nontrivial

and critical solutions. Our numerics show that for the nodal line semimetal phase,

there is a peak in the imaginary part of two eigenvalues of the Green’s function at10

k
2

x + k
2

y = k
2

0
and the imaginary part of the other two eigenvalues are extremely small

for all kx, ky indicating that these two correspond to gapped degrees of freedom. The

position of k0 decreases to zero while approaching the quantum phase transition point.

As the radius of the circle decreases, the height of the Green’s function grows higher

and sharper. For the critical solution, we find that two branches of eigenvalues have

peak in the imaginary part at kx = ky = 0 and the other two are still extremely small

for all kx, ky. This confirms that the topologically nontrivial phase indeed corresponds

to a nodal line semimetal and the critical solution corresponds to a trivial semimetal.
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Figure 5: The Femi momentum kF =
q

k2x + k2y in the holographic nodal line semimetals

for kz = 0. When the system is in the critical point or the topological trivial phase, there is

no Fermi surface at finite k and the pole of fermionic retarded Green’s function is located at

k = ! = 0.

4 Discussion

We have constructed a holographic model of strongly coupled topological nodal line

semimetals, which implies that at strong coupling, there still exist topologically non-

10In numerics the k0’s for the two branches have a very small di↵erence in value and we believe that
this is due to the small value of w and the two k0’s should coincide when ! = 0.
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the transformation (x, y) ! c(x, y). Moreover, without the deformation term, the near

horizon has a Lifshitz symmetry

(t, z, r�1) ! c(t, z, r�1) , (x, y) ! c
↵/2(x, y) , (2.10)

which can be used to set �u = ±1 and only �1 can be used to flow the geometry to

AdS5. Thus in the IR, we only have a unique free parameter �0.

We integrate this solution to the boundary and read the value of M and b at the

boundary. For this type of near horizon boundary conditions we can only find solutions

for M/b < 1.717. When the value of �0 is zero, the boundary reaches M/b = 0. When

�0 grows, M/b becomes larger and larger and finally M/b reaches the critical value

1.717. To see that this is the nodal line semimetal phase, we will give evidence from

fermion spectral function calculations in Sec. 3. Nodal line semimetals could also be

in a topological trivial phase that can be easily gapped, thus to see that this is indeed

a topologically nontrivial phase, we will explain its topological structure in the next

subsection. As we have explained above, in this simple holographic setup, it is di�cult

to fully gap the system and here a topological nontrivial semimetal phase means that

it cannot be partially gapped by a small perturbation.

Critical point. The near horizon solution for the critical point including an irrelevant

deformations is

u = u0r
2(1 + �ur

�) ,

f = f0r
↵(1 + �fr

�) ,

� = �0(1 + ��r
�) ,

B = b0r
↵(1 + �br

�) ,

with

(u0, f0,↵,�0) ' (3.076, 0.828b0, 0.292, 0.894) , (2.11)

and

� = 1.272 , (�u, �f, �b) = (1.177,�2.771,�0.409)�� . (2.12)

Using the transformation (x, y) ! c(x, y), we can set b0 = 1. Note that without

the deformation, the near horizon has the same Lifshitz symmetry (2.10) as the case of

topological phase. Utilizing this symmetry, �� could be chosen to be ±1 and �� = �1

will flow the geometry to AdS5 at the boundary. There is no free parameter in the IR

and the geometry is unique. At the boundary we can read that the criticalM/b ' 1.717.
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In this context

 Lifshitz means:



Summary
• Condensed matter systems are a playground for studying QFT 

in curved backgrounds. Maybe the only place to get answers 
related to fundamental physics at present time.


• Experimentalist can test the predictions!


• Big variety of anisotropic systems demanding to be coupled to 
curved backgrounds.


• Quantum anomalies are relevant not only in relativistic systems.


• Holography is also an useful tool to describe topological states 
of matter.


