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Kinematic al lie algebras and their spa @ times

By a
kiuewatical lie algebra ( with  D - dimensional space  isotropy ) we  mean  a real ICDTDCDTZ ) - dimensional lie algebra

with generators Jab  = - Tba  data ,6§D span { Job } =  se (D) [ Jab
,

]ad]= Sbc Jad - Sac Jbd - Sbdjac  + Sad Jba

Ba
,

Pa
,

H Ba
,

Pa  are  ICD ) - vectors ⇒ [ Jab
,

Be ] =8bcBa - Sac 136

It 5  an  se (D) - scalar [ Tab ,
Pc ] = Sbc  Pa - Sac P6

[ Jab ,
H ] =o

Examples
- static algebra

- Galilean algebra [ Ba
,

H ] = Pa

- Poincare
'

algebra [ Ba
,  H ] = Pa [ Ba ,P6]= Sat H [ Ba ,B6 ] = - Jab

- Ads algebra [ Ba , H ] =  Pa [ Ba
,

P6]= Salo H [ Ba
,  136 ] =  - Tab [ H ,  Pa ]=  Ba [ Pa ,P6]= - jab

[ Ba
,

Pb ] = Say H
- Carroll algebra

These  lie algebras admit geometrical  interpretations  as  
"

relativity algebras
"

on homogeneous  spaces of dimension  D  +1
.

A  homogeneous  space  is  a  manifold  M on  which  a lie group G  acts  transitorily (& smoothly ) . Fixing an

' '

origin
"

pe  M
,

the  subgroup

HCG  which  stabilises  p  is a  closed  subgroup  and M ¥ G/H ,
the space of night  io  sets of Him G

.

we  can  describe M

infinitesimally by the lie pair ( 9
, } ) where g=  lie CG ) and 4 - lire ( H ) .

For g a  biuematical tie algebra to  admit  a
"

physical
"

geometrical realisation
,

the  sobalgebra 3 must  take  a  particular form :

h is  spanned by Jab  and  some  linear  aowbenation  a Bat PIA .

As  a  motor  space , ) =  see (D) to W where W is  a

rectorial subspace  under see (D)
.

lathe  above  examples  me  can
take Y =  I  (D) +0  span { Ba } and  the corresponding spaces  are

,

respectively , 1AM '

,
/ADt↳1A

,
Murkowski spacetime ,

Ads  spacetime ,
Carroll spacetime

l static ) ( Newtonian )



Problem  classify lie pairs ( 9,4 ) where g is a kiruuatical lie algebra and b is  an  admissible sobalgeboa
, up to natural

equivalence :

( G . , h ,
) I ( 92

, b.) if 4 : 9.  €92 is  a  LA  isomorphism taking by € hz
.

This problem  can be broken down into two !  �1� classify KLAS  up To isomorphism

�2� For  each KLA  is  clan [ of }
,

determine lie pairs ( 9
, b ) up

to

19 , bn ) = ( 9 , bz ) for YEATG ) taking 4. ⇒ hz .

Prior  out for �1�

D=  0  no  rotations
,

9 one - dimensional

D=  1  no  rotations
,  any

3d  R  LA  is hiuematical  ⇒  Bianchi  clarification ( 1898 )

D  =3 Banyt Levy . Leblond ( 1968 )
, Bang +Nuyts ( 1986 ) ←  also  pointed out existence of ( 9 ,b ) for every KLA  in  D  =3

2. Methodology

Fact : every KLA  Is  a deformation  of the static KLA
.

This is the  converse  statement to the fact that
any

KLA  contracts to the

static KLA
.

A  meal LA  is a pair ( V
,  µ ) consisting of a  real  vector  space V and µ :  NV  → V sobject to the Jacobi  identity .

If YEGLCVI ,
then ( V

, 4*n ) is  again a lie algebra , where (4*µ)(X,Y) ' - = 4 µ ( 4-
 '

Xie
' '

y )
.

so GLCV ) acts on

the space LC A2V*QV of lie algebras on V
.

A lie algebra ( V
, Mao ) Is a  contraction of a lie algebra ( V )µ )

If Mao  is  in the closure of the GLCV ) - orbit of µ .

dimv - 1

Define AP :  = AP "V*o V
.

he brackets on V belong To a  variety Lc A
'

.

On A  
= Q AP there in  a

py - I

(graded) lie speralgebra structure [1 -

,  
- B : APXAF - A.  9-

.
ME A

'

defines a lie bracket  on V iff fµ,µ]1 = 0
.

Let ( V ,µ° ) be a lie algebra on V
.

If ( V
,µ ) is another lie algebra on V

,
then 4 :=µ-µ° obeys the

Manner - Canton equation 24 = I [1%41]
,  where 2 : At 

'

→ AP
"

is  defined by 24 := - Eµ°,4D .

it  follows from Fµ°,µoD=0  X the Jacobi  identity off
,
B

,
that 2,2=0. be fact

, HPG I HP
"

( Go ;9
. ) where g. =( Vfe .)

Deformation theory is
"

perturbation theory
"

for the MC equation

H
'

g
:  infinitesimal deformations H } : obstructions To integrating infinitesimal deformations .



This gives rise  to  the  clarification  of KL  As for all D
.

There  are  "

generic
"

KLAS  which  exist for all  D
,

but  then

there  are KLAS  unique to  D  =3 and  D=  2
.

he D =3 they owe their existence to the @ (3) . invariant  vector

product 1121123 → 1123 which  can give rise to brackets of the form [ Ba
,

Bb ] =  Eabc Be
.

be  D=2 they are  due to

the  E (2)  - invariant symplectic  structure 1121122 →  R which  can give rise to brackets of The form [Ba ,B6 ] = Eab H
.

The galilean algebra in  the symmetry algebra of free Newtonian  motion
.

 It  admits a  universal central extension ,  which  is the

symmetry algebra of the free Schrodinger equation : the Bargmann algebra .
It  is generated by Jab

,
Ba

,
Pa

,
H and Z

,

with the usual galilean brackets and
,  In  addition

, [ Ba ,Pb } = fab Z
.

The Bargmann algebra Is a deformation of the  universal central extension of the static KLA
,

for D 73
.

Indeed
,

for D  33 ,
the  static KLA  admits a Ad central extension with the above bracket : [ Ba ,Pb ] = fab Z

.

For D=  2
,

there  Is a 4- parameter family of ( binematical ) central extensions  and for D= I there is a 3 - parameter

Sanity -
 the danification of deformations of the centrally .

extendedstaticKLA
( and of the commanding

homogeneous  spaces ) has  also been achieved for �1� 33
, using the 

samemethod
.

There are  no  special

deformations
in D =3 and

,  in fact ,
the  results are  uniform for all D  73

.
 There  are 3 kinds of deformations :

t ) nontrivial central extension  of KLAS :  static ,
Newton

, galilean

2) trivial central extensions of KLAS :  e
, P , se( Dtl

,  1)
, EC DR )

,see ( DTZ )

3) nonverbal extensions of KLAS
.

We  

may
now  classify he pairs ( 9,5 ) with  either 0 9 KLA

, Y =sPan{Jsa BTPI }

y
} mod equivalence .

or  �2� 9 gen .Bargmann , y =  span { J
, xBtpP ,

rHteZ

For each lie pair ( 9 , } ) we  can determine the invariants in  the linear isotropy representation 91g and its tensors
.

For applications To riemannian  audfor NC geometries ,
we  look at the invariants in 9¥, @/gj* , s2@/y) , s4g/gj* , ...

r)

17 - invariance  ⇒  rotational invariance ,  so  possible invariants are :

Motors °Item sb¥
on sbfs  on

are - tons vectors

y £ @/gj* He 91g y
' ,t2eS4%j* H3P2e5C9/y )

NC requires n ,
p2 !



3
. Summary of results

Classification of kinematic he algebras :



^

Chen . Simons

/
theories









Classification of homogeneous
"

space times
"

:

NR →

NR →

= boosts  act  trivially . =  Newton - Canton NR  =  non . reductive







NR→



.

NR |

NR →

NR →

NR →


