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1. From D=4 N-extended Poincaré to d=3 N-extended
Galilean SUSY

N=extended Poincaré superalgebra with central charges generators

Pµ,Mµν, T B
A
,A, ZAB, Z̄AB,QA

α , Q̄
A
α̇
∶

↑
Poincaré

↖↗
U(N)

↖↗
central charges supercharges

{QA
α , Q̄β̇B} = 2(σµ)αβ̇Pµ δAB

{QA
α ,Q

B
β
} = 2εαβZAB = 2εαβ (XAB + iY AB)

{Q̄α̇A, Q̄β̇B} = 2εα̇β̇Z̄AB = 2εα̇β̇ (XAB − iY AB)
N(N−1)

2
complex ↔ N(N − 1) real central charges.

Covariance relations:

[Mµν,Q A
α ] = −1

2
(σµν) β

α Q
A
β

[Pµ,QA
α] = 0

[TA
B
,Q A

α ] = δ C
B
QA
α − 1

N
δA
B
QC
α [A,QA

α] = αQA
α

(α = 1 → A = U(1) )
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D=4 Poincaré superalgebra → d = 3 Galilean superalgebra (N=2k even)

i) Bosonic space-time sector

Mµν = (Mi,Ni)
Pµ = (Pi,P0)

c→∞ÐÐÐÐÐÐÐÐÐ→
Ni = cBi

P0 =m0c + H
c

d=3 Galilean algebra

[Mi,Bj] = εijkBk

[H,Bi] = −Pi
[Pi,Bj] = −M δij

M =m0 − Bargmann
central charge

ii) Internal sector U(N) = SU(N) ⊕A (R-symmetries)
One splits generators of SU(N) into symmetric Riemannian pair

h = T +A
B
∈ USp(4) k = T −A

B
∈ SU(N)
USp(4)

T ±A
B
= ∓ΩACT ±D

C
ΩDB Ð→ ΩAB = −ΩBA

ΩACΩCB = δA
B

⇒ symplectic
metric

Contraction after rescaling

T +A
B
= T+A

B
T −A
B
= cT−A

B
A = cA

[h′,h] ⊂ h [h,k] ⊂ k
[k,k] ⊂ h

ÐÐÐ→c→∞
[h,h] ⊂ h
[h,k] ⊂ k
[k,k] = 0

One gets inhomogeneous USp(N) as maximal Galilean R-symmetry
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iii) Fermionic sector and central charges

We introduce new symplectic–covariant basis of supercharges

Q±A
α =

1
√

2
(QA

α ± εαβΩABQ̄β̇B) Q̄±
α̇A

=
1

√
2
(Q̄α̇A ∓ εα̇β̇ΩABQ

B
β
)

Such supercharges satisfy symplectic-Majorana condition

(Q±A
α )+ ≡ Q̄±

α̇A
= ∓εα̇β̇ΩABQ

±B
β

Due to this constraint it is enough to consider only holomorphic sector
described by Q±A

α (or antiholomorphic Q̄±A
α̇

)

N-extended D=4 Poincaré superalgebra in holomorphic basis

{Q±A
α ,Q

±B
β

} = ±2ΩABεαβP0 + εαβ(ZAB −ΩACZ̄CDΩDB)
= ±2ΩABεαβP0 + 2εαβ(XAB

− + iY AB
+ )

{Q+A
α ,Q

−B
β

} = 2ΩAB(σiPi)αβ + εαβ(ZAB +ΩACZ̄CDΩDB)
= 2ΩAB(σiPi)αβ + 2εαβ(XAB

+ + iY AB
− )

where

ΩACXCD
± ΩDB = ±XAB

± ΩACY CD
± ΩDB = ±Y AB

±
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Rescalings of supercharges:

Q+A
α = c−1

2QAα Q−A
α = c1

2SAα

Rescalings of central charges ZAB =XAB + iY AB (XAB = X̃AB +ΩABX)

XAB
− = −m0cΩAB + 1

c
XAB− Y AB

+ = 1
c
YAB+

XAB
+ =XAB+ Y AB

− = YAB− ← not rescaled!

where ΩACXCD
± ΩDB = ±XAB

± ΩACY CD
± ΩDB = ±Y AB

±
Contraction limits in holomorphic basis: d=3 Galilean superalgebra

{QAα ,QBβ } = lim
c→∞

[c ⋅ {2ΩABεαβ(P0 +X)} + 2εαβ(X̃AB
− + iY AB

+ )]
= 2ΩABεαβ(H +X) + 2εαβ(X̃AB− + iYAB+ )

{QAα ,SBβ } = 2ΩAB(σiPi)αβ + 2εαβ(XAB+ + iYAB− )

{SAα ,SBβ } = lim
c→∞

[1
c
2ΩABεαβ(−P0 +X)] + 2εαβ(X̃AB

− + iY AB
+ ) = 4m0εαβΩAB

Rescalings: X̃AB
− = 1

c
X̃AB− Y AB

+ = 1
c
YAB+ ;

not
rescaled XAB

+ =XAB+ Y AB
+ = YAB+
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If c→∞ one obtains identical in form Galilean symplectic Majorana
condition (A,B=1,2. . . N; N=2k)

Q̄α̇A = −εα̇β̇ΩABQ
B
β

S̄α̇A = εα̇β̇ΩABS
B
β

Resolving Galilean symplectic Majorana condition by choosing as
independent supercharges

(QAα ,SAα) → (Qiα, Q̄iα̇i), (S
i
α, S̄

i
α̇i

) i = 1,2, . . . N
2
= k (for Ω = ( 0 −1k

1k 0
))

one passes from holomorphic superalgebra to Hermitean superalgebra

{Qiα, Q̄jβ} = 2δij(H +X) + 2εαβ(X̃ik+j− + iYik+j+ )

{Qiα,Qjβ} = 2εαβ(X̃ij− + iYij+ )

{Qiα, S̄jβ} = 2δij(σiPi)αβ + 2εαβ(Xik+j+ + iYik+j− )

{Qiα,Sjβ} = 2εαβ(Xij+ + iYij− )

{Siα, S̄jβ̇} = 4m0δαβ̇δ
ij {Siα,Sjβ} = 0

Proper basis for describing N-extended Galilean SUSY of QM!
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Remarks:

1. One central charge we distinguish, namely

ZAB = ZΩAB Z =X + iY = −m0c +
X

c
+ iY – unique for N=2

We denote by X̃AB the central charges XAB without X.
The special role of central charge Z is to compensate the term m0c

2. If only Z ≠ 0 (one complex central charge), the R-symmetry SU(N)
is reduced to USp(N) ≡ U(N

2
;H)

3. For N = 2k one can introduce k complex quasi-triangular central
charges Z1 . . .Zk

ZAB =

⎛

⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜
⎜

⎝

0 Z1

−Z1 0
0 0

0 ⋱ 0

0 0
0 Z1

−Z1 0

⎞

⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟
⎟

⎠

⇒

one gets R-symmetry:

USp(2) ⊗ . . .⊗USp(2)
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

k times

For N ≥ 4 also important off-diagonal central charges.
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2. Example: d=3 N=4 Galilean SUSY with 12+1 central
charges.

a) d=3 N= 1 Galilean superalgebra (Puzalowski 1978)

Hermitean
basis

{Sα, S̄β̇} = 4m0δ
β̇
α [Bi,Sα] = 0

[Ji,Sα] = (σi) β
α Sβ [J, S̄α̇] = −S̄β̇(σi) α̇

β̇

b) d=3 N=2 Galilean superalgebra (Bergman, Thorn 1995 etc.)

Hermitean
basis

{Qα, Q̄β} = 2δ β̇
α (H +X)

{Qα, S̄β̇} = 2(σiPi) β̇
α Pi + 2iYδ β̇

α

{Sα, S̄β̇} = 4m0δ
β̇
α

[Bi,Qα] = (σi) β
α Sβ [Bi,Sα] = 0

Hermitean basis (Qα, Q̄α,Sα, S̄β̇) is related with holomorphic one (QAα ,SAα)
(A=1,2) by the explicite relations

Qα = Q1
α Q̄α̇ = −εα̇β̇Q2

β
Sα = S1

α S̄α̇ = εαβ̇S2
α
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c) d=3 N= 4 Galilean SUSY
The relativistic N=4 central charges matrix, which is denoted as rep-

resentation of USp(2) ⊗USp(2) = SU(2) ⊗SU(2) =O(4) internal sym-
metries

ZAB = ( Z1εab Zab̃
−Zab̃ Z2εãb̃

)
A = (a, ã)
B = (b, b̃)

where a = (1,2) and ã = (1̃, 2̃) describe two USp(2) ≃ SU(2) spinorial
indices. The supercharges are

QAα = (Qaα,Qãα)
holomorphic

basis

Ð→ Qα = Q1
α Q̄α = −εαβQβ2

Q̃α = Q2
α

¯̃
Qα = −εαβQβ2̃

Hermitean basis

i) N=4 NR superalgebra in holomorphic basis

{Qa
α,Q

b
β
} = 2εabεαβ(H +X1)

{Qã
α,Q

b̃
β
} = 2εabεαβ(H +X2)

←Ð quasidiagonal

central charges

{Qa
α,Q

b̃
β
} = 2εαβW

ab̃ W ab̃ =Xab̃− + iYab̃+ ←Ð off-diagonal

central charges

8/17



{Qa
α,S

b
β
} = 2εab((σi)αβPi + iεαβY1)

{Qã
α,S

b̃
β
} = 2εãb̃((σi)αβPi + iεαβY2)

←Ð
quasi-diagonal

←Ð
off-diagonal

↓
{Qa

α,S
b̃
β
} = {Saα,Qb̃

β
} = 2iεαβV ab̃ V ab̃ =Xab̃+ + iYab̃−

{Saα,Sbβ} = −4m0εabεαβ {Sãα,Sb̃β} = −4m0εãbεαβ

{Saα,Sb̃β} = 0

ii) Hermitean basis: (Qα, Q̄α, Q̃α,
¯̃Qα)

(Qα ≡Q1
α Q̄α = −εαβQ2

α

Q̃α =Q1̃
α

¯̃Qα = −εαβQ̃2
α

)

{Qα, Q̄β̇} = 2δαβ(H +X1)
{Q̃α,

¯̃Qβ̇} = 2δαβ(H +X2)
{Qα,

¯̃Qβ} = −2δαβW 12̃ {Q̃α, Q̄α} = 2δαβ̇W
21̃

{Qα, Q̃β} = 2εαβW 11̃ {Q̄α,
¯̃Qβ̄} = 2εα̇β̇W

22̃

etc.
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General features of d=3 N-extended Galilean SUSY:

i) We derived NR superalgebra which is d=3 NR counterpart of Haag–
 Lopuszański–Sohnius classification of D=4 Poincaré superalgebras

ii) The central charges ZAB =XAB + iY AB after contraction enter as

{Q,Q} ≃H + N(N−1)
2

real central charges WAB =XAB− + iYAB+

{Q,S} ≃ σiPi + N(N−1)
2

real central charges V AB =XAB
+ + iY AB

−

{S,S} ≃m0 ← additional Bargmann central charge

We have k2 central charges XAB− (Y AB
− ) and k(k − 1) of XAB

+ (Y AB
+ )

iii) Special feature of N=4:
We have 2 complex quasi-diagonal central charges Z1,Z2 and 4 complex
off-diagonal ones described by complex fourvector ZA (A = 1,2, . . .4)

Xab̃ = (σE
A
)ab̃ZA σEµ = (σi,−iI2) ZA = nA + ivA

where σEµ are D=4 Euclidean σ-matrices and nA, vA are two real O(4)
internal fourvectors ⇒ new type of KK theory?
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3. N=4 d=3 Galilean superparticle models: action, phase
space formulation, first quantization

One performs the following steps:

i) Maurer-Cartan (MC) one-form ω(gr) for the coset G

G =
G

H

G −N =4 d=3 Galilean supergroup with generators ĝr

H −USp(4) ×O(3) ×A – stability group( standard
choice

)
One gets

G−1dG = i∑
r
ω(gr) ⋅ ĝr ω(gr) − linear representation

of stability group H

ĝr = (H,Bi,Pi,M,
´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

T −A
B
,X1,X2,Y1,Y2,Xab̃

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
,Y ab̃,Qa

α,Q
ã
α,S

a
α,S

ã
α´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
)

Galilei algebra
O(3)

↑
SU(4)
USp(4)

12 central charges all supercharges

One gets the model of classical mechanics if all parameters of G are
promoted to d = 1 fields: t→ t(τ ), ki → ki(τ ),xi → xi(τ ), s→ s(τ ), . . .
Important: one can in H-covariant way eliminate some of d = 1 fields
by imposing algebraic inverse Higgs constraints.
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Simple example how to describe free Galilean particle with mass m0:

G =
d=3 Galilei group

O(3)
8 generators: H,Pi,Bi,M
8 group parameters: t,xi, ki, s

MC one-forms:
ω(H) = dt ω(Bi) = dki ω(Pi) = dxi + kidt

ω(M) = ds + kiω(Pi) − 1
2
k2dt

Inverse Higgs mechanism: ω(Pi) = 0 → ki = −dxidt = −vi
Action: S0 = −m0 ∫ ω(M) = −m0 ∫ dτ (ṡ − 1

2
k2ṫ) ȧ = da

dτ
ki = dxi

dτ
⋅ dτ
dt

dxi
dt

= dxi
dτ

dτ
dt

= ẋi
ṫ

= m0
2 ∫ dτ (

ẋi
ṫ
)2 ⋅ ṫ = m0

2 ∫ dτ
ẋ2
i

ṫ

τ – evolution
parameter

∫ dτ ṡ = 0
pi = ∂L

∂ẋi
=m0

ẋi
ṫ

p0 = ∂L

∂ṫ
= −m0

2

ẋ2
i

ṫ2

⇒ p0 = −
p2
i

2m0
p0 – energy E

One gets NR energy-momentum dispersion relation for Schrödinger
free particle!
Quantization: pi = i ∂∂xi 0 = −i ∂

∂t
⇒ i ∂

∂t
ψ = − ∆

2m0
ψ free Schrödinger eq.
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The coset element G in our d=3 N=4 NR model can be written as

G =G(1)G(2)G(3)G(4)G(5)G(6) ≡ ĜG(6) ,

where explicitly

G(1) = exp i{tH +xiPi} ,
G(2) = exp i{ξαaQaα + ξαãQ

ã
α} ,

G(3) = exp i{θαaSaα + θαãS
ã
α} ,

G(4) = exp i{kiBi} ,
G(5) = exp i{sM +h1X1 +h2X2 +hab̃Xab̃ + f1Y1 + f2Y2 + fab̃Yab̃} ,
G(6) = exp i{ubaT−a

b
+ub̃

ã
T−ã

b̃
+ub̃aT−a

b̃
}.

The factors G(1), G(4) are parametrized by d=3 Galilei group param-
eters, G(5) by the central charge parameters dual to central charges,
G(6) represents the abelian 5-dimensional coset IUSp(4)/USp(4) and
G(2), G(3) collect parameters of the fermionic (odd) sector.

We can write the MC one-forms in the following way

Ĝ−1dĜ ∶= i∑
K

ω̂(K)T(K) ,

where T(K) stand for all coset G generators, and ω̂(K) denote the
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corresponding MC one-forms.

ω̂α(Q) a = dξ
α
a , ω̂

α
(Q) ã = dξ

α
ã
,

ω̂α(S) a = dθ
α
a + 1

2
ki(σi)βαdξβa ,

ω̂α(S) ã = dθ
α
ã
+ 1

2
ki(σi)βαdξβã ,

ω̂(H) = dt + i(ξαadξaα + ξαãdξ
ã
α) ,

ω̂(B) i = dki ,
ω̂(P ) i = [dxi + 2i(σi)αβ(θbαdξβb + θb̃αdξ

β

b̃
)] + ki ω̂(H) ,

ω̂(M) = ds + ki ω̂(P ) i − 1
2
k2ω̂(H) − 2i(θαadθaα + θαãdθ

ã
α) ,

ω̂(X)1 = dh1 + iξαadξaα ,
ω̂(X)2 = dh2 + iξαãdξ

ã
α ,

ω̂(X)ab̃ = dhab̃ + i(ξαadξαb̃ − ξαb̃ dξαa) ,
ω̂(Y )1 = df1 + 2θαadξaα ,

ω̂(Y )2 = df2 + 2θαãdξαã ,

ω̂(Y )ab̃ = dfab̃ − 2(θαadξαb̃ − θαb̃ dξαa) ,

where k2 ∶= kiki. Using as action S0 = ∫ ω̂(M) one gets d=3 N=4 NR
superparticle model.
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Our general model: linear combination of MC forms associated with
all 12+1 central charges

S = S0 +S1 +S2 S1 =
2

∑
i=1
∫ (miω(Xi) +µiω(Yi) quasidiagonal

S2 = ∑
a,b̃
∫ (nab̃ω(Xab̃) + νab̃ω(Y ab̃) off-diagonal

Two kind of models:

i)
S = S0 +S1 m1 = −(µ1)2

2m0
and/or m2 = −(µ2)2

2m0
⇒

⇒ necessary conditions for getting first class constraints

Odd (fermionic/coordinates:

16 real Grassmann variables: θα, θ̃α, ξα, ξ̃α, θ̄α,
¯̃θα̇, ξ̄α,̄̃ ξα

One gets: 8 first class constraints Ð→ 8 wave equations for Ψ

8 second class constraints Ð→ 4 wave equations for Ψ
(Gupta–Bleuler quantization!)

Superfield solution Ψ of all 12 wave equations depends on arbitrary
doubly chiral superfield χ(2)(θα, θ̃α), which determines initial values of
Ψ at τ = 0
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ii)
S = S0 +S2

off-diagonal

central charges

(
v2
A

2m0
)

2

= n2
A

⇐
required for 1-st

class constraints

nA, vA – two O(4)
fourvectors

One gets 16 constraints which follow from the definition of 16 odd
(fermionic) momenta – one gets:

4 first class constraints ⇒ 4 wave equations

12 second class constraints ⇒ 6 wave equations

(Gupta-Bleuler quantization is used)
N=4 SUSY wave function Ψ:

Ψ(xi, t;θα, θ̃α, ζα, ζ̃α, θ̄α, ¯̃θα, ζ̄α, ¯̃ζα´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
)

16 odd variables

16-10=6
Ð→

10 wave
equations

solution depends
arbitrarily on
θ̄α, θ̃α, ζα´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶

6 odd
variables

Form of the solution:

Ψ = R̂(χ̃, θ̄α, ¯̃θα, ζ̄α, ¯̃ζα; ∂
∂θα
, ∂

∂θ̃α
, ∂

∂ζ̃α
) χ(3)(θα, θ̃α, ¯̃ζα)

⇑
algebraic dependence

χ(3)– arbitrary
triply chiral
superfield

All component fields ψA(xi, t) of the wave function Ψ satisfy free
Schrödinger wave eq., due to the presence of S0 in the action.
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4. Final remarks

i) One can choose the actions as nonlinear functions of MC one-forms,
e.g. S0 +S′

2
, where (by analogy with free relativistic particle)

S2 = ∫ (k1

√
ωab̃(X)ωab̃(X) + k2

√
ωab̃(Y )ωab̃(Y ))

with additional dynamic bosonic internal coordinates hab̃ , fab̃, associ-

ated by duality with central chargesXab̃,Y ab̃. Model after quantization
leads to particular SUSY KK theory and is under consideration.

ii) Other generalization is to introduce the couplings to EM, YM and
gravitational (super)backgrounds. Because component fields have var-
ious spins with different couplings to such backgrounds, one expects
spin-dependent modifications of the free Schrödinger eq.

iii) An important task is to formulate d=3 NR N=4 SUSY YM the-
ory with nonvanishing central charges. It is interesting to obtain it as
NR contraction limit c→∞ of relativistic D=4 N=4 SUSY YM field
theory.

THANK YOU!
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