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OUTLINE 
 Different determinations of the electric and magnetic radii 
 Proton-finite-size contributions to the energy level 

 Leading and next-to-leading contributions 
 Spin-independent and spin-dependent terms 
 Former evaluations 
 Consistency problem 
 Fits and fits 

 Strategy of the self-consistent consideration 
 Low momentum area 
 High momentum area 

 The proton charge radius 
 Results 
 Tests 

 Hyperfine interval in H and µH and proton magnetic 
radius 
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CONTRADICTION IN THE DETERMINATION: 
TWO QUESTIONS 
 How to resolve it?  
 I partly address this question producing an 

independent value of the magnetic radius. 
 

 How to live with it? 
 The contradiction means that the overall picture 

is not self-consistent and certain calculations 
may involve inconsistencies. 

  



HIGHER-ORDER PROTON-FINITE-SIZE 
CONTRIBUTIONS: NEW APPROACH 
 The Lamb in muonic 

hydrogen 
 consistency (between 

form factors from 
scattering and 
extracted radius) 

 a model-independent 
self-consistent 
treatment  

 HFS in ordinary and 
muonic hydrogen 
 sensitive to the 

destribution of the 
magnetic moment 

 no model independent 
result up to date 

 a self-consistent 
treatment and a 
model-independent 
constraint for the first 
time  



PROTON FINITE-SIZE CONTRIBUTIONS 
 Leading term: 

 
 

 Next-to-leading (spin-independent): Friar term 
 
 
 

 Next-to-leading (spin-dependent): Zemach term 
 
 



STANDARD DIPOLE APPROXIMATION AND 
EMPIRIC FITS 

 
 
 

                                                     Rp = 0.81 fm 
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THE LAMB SHIFT IN MUONIC HYDROGEN: 
CONSISTENCY PROBLEM 
 The integrand includes  

Three terms: 

90% of the integral 

data are negligible; 
fit for G’(0) ? 
Not an option! 

data are inaccurate; 
fit for G ? 
Not an option! 
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Empiric fits of the proton form factors 
• Literally incorrect: 

• wrong analytic behavior  
• questionable asymptotic behavior 

• Based on certain rough theoretical constraints 
 



EVALUATIONS OF I3
EM  WITHIN THE 

FORMER EXTRACTIONS  

 Natural extraction 
 following Borie, Eides 

et al, and others 
 dipole shape with an 

adjustable parameter 
 A posteriori:  the 

parameter follows the 
radius from muonic 
hydrogen 
 does not well agree 

with the expt data! 

 Scientific extraction 
 Crema cited Birse and 

McGovern 
 B&M cited Carlson 

and Vanderhaeghen 
 C&V calculated TPE 

 TPE includes recoil, 
but the Friar term 
dominates 
 empiric fits (with a 

bad radius!) 



STRATEGY OF THE EVALUATION  
 Split the integral 

 
 
 

 Low momentum 
 

 
 

 High momentum 
 
 
 

 
 Minimization of the uncertainty 



LOW MOMENTUM CONTRIBUTION 
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HIGH MOMENTUM CONTRIBUTION 
 The integral 

 
 
 

 The central value is the median of a few empiric 
fits 

 The uncertainty 
 
 
 



THE EMPIRIC FITS: SHAPE 
  Chain fraction 

 
 
 
 

 Padé approximation 



THE EMPIRIC FITS: PARAMETERS 
  



SCATTER, UNCERTAINTY  
AND THE BOSTED’S FIT (1995) 

  



SCATTER, UNCERTAINTY  
AND THE BOSTED’S FIT (1995) 

 
 
 
 
 
 
 
 
 
 

G’(0) = ∞ (the fit was designed only for medium q) 



STRATEGY: THE CENTRAL VALUE AND THE 
UNCERTAINTY 
 The central value 

 Low-momentum part 
 Dipole value for G”(0) 
 G’(0) is adjustable 

 
 High-momentum part 

 empiric fits with 
somewhat different RE 
and G”(0) 

 the median 

 The uncertainty 
 Low-momentum part 

 100% uncertainty 
 

 High-momentum part 
 1% uncertainty due to 

integration around q0 
 that is larger than the 

scatter 

 



MINIMIZATION OF THE UNCERTAINTY 
 The uncertainty is modeled with a smooth simple 

function and we find its minimum 



DETERMINATION OF THE CHARGE RADIUS 
 Extraction equation 
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DEPENDENCE ON Q0  

 Plot for scientific extraction 



DEPENDENCE ON Q0  

 Plot for scientific extraction do not agree well 



CONTINUITY OF THE FORM FACTOR: 
 
 Low momentum (RE is extracted from µH) 

 
 

 High momentum (the median) 
 
 
 

 



CONTINUITY OF THE FORM FACTOR:  
A POSTERIORI 
 Low momentum (RE is extracted from µH) 

 
 

 High momentum (the median) 
 
 
 

 The overall fit 



MAGNETIC RADIUS OF THE PROTON:  
THE STRATEGY 
 Zemach correction 

 
 Low-momentum part 

 
 
 
 

 High-momentum part 



MAGNETIC RADIUS OF THE PROTON:  
THE CONSTRAINTS 
 Extraction equation 

 
 
 
 

 Data 
 



MAGNETIC RADIUS OF THE PROTON:  
THE RESULTS 
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