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motivations



fermions in Monte Carlo simulations
the path integral of Euclidean, lattice-regulated QCD

z= / DIV, w, 7] exp{—sg[U]— / d“xww}

to apply Monte Carlo methods, fermions are integrated out analytically

7 = / D[U] det D exp{—S,[U]}

with det D typically simulated with pseudofermions [Weingarten 1981]

det{D'D} ~/D[¢,¢‘L] eXp{—/d4X|D_1¢|2}

and Wick’s theorem applies to fermionic observables, e.g.

([Frsw 1 rswl )y, 5 = (D710, x)75s D~ (x,0)75)

= locality is not manifest
e the fermion determinant det D is a non-local functional of the gauge field U
e fermion propagators D~ are non-local functionals of the gauge field U



fermions in Monte Carlo simulations

in the non-singlet pseudoscalar meson sector (P(x) = [yysy](x))

Y (P)PO) ~e Mol forxy — oo

while the variance behaves like a 77 state

Thp= LPOPOPOPO) = | TP@PO)] ~ ek
x,y X

= special réle of pions: no signal-to-noise ratio (.S/N) problem
compare e.g. correlators of gluon operators, or Wilson loops, that have constant
variance with distance
= the quark propagator decays with distance on every single gauge configuration
[Parisi 1984]

(X, 0) ) e—M,[/2|x|

”D_IH(X, 0) = [DT—ID—l]I/Z



fermions in Monte Carlo simulations

still, S/N problem in other fermionic observables [Parisi 1984; Lepage 1989]
e pseudoscalar mesons with non-zero momentum
e vector current correlator, e.g. g — 2 hadronic vacuum polarization computation

o flavour-singlet mesons: the variance of disconnected contributions is not
suppressed with distance

e nucleon propagator: S/N ~ exp{—[MN = 3/2M,r]|x0|}
= worsening towards physical pion masses
= connection to sign problem at positive baryon chemical potential

e heavy-light mesons

solution for bosonic theories: multi-level Monte Carlo integration
[Parisi, Petronzio, Rapuano 1983; Luscher, Weisz 2001; Meyer 2003; Giusti, Della Morte 2008, 2010]
with fermions, giving up manifest locality
= multi-level method are not straightforward to apply
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multi-level Monte Carlo integration

introduced for bosonic theories as the multihit algorithm  [Parisi, Petronzio, Rapuano 1983]
then generalized as the multi-level algorithm [Liischer, Weisz 2001; Meyer 2003]
e domain decomposition of the lattice:
thick time slices 0, 1,2, ...
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e factorization of the action Sg[U] = S[Upl + S[U ] + S[U,]1 + S[U3] + ...
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e factorization of the action Sg[U] = S[Uyl + S[U; 1+ S[U,]+ S[U5] + ...
e factorization of W (C) = L[U,|T[U;]T[U,]L[U;]

WEe)y=(L T T L )
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introduced for bosonic theories as the multihit algorithm  [Parisi, Petronzio, Rapuano 1983]
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thick time slices 0, 1,2, ...
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e factorization of the action Sg[U] = S[Uyl + S[U; 1+ S[U,]+ S[U5] + ...
e factorization of W (C) = L[U,|T[U;]T[U,]L[U;]

(W(©O)) = ([LIp[T]; [Tlo[L]3)

e 1, level-1 Monte Carlo updates and average [ - ]; in thick time slice i
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multi-level Monte Carlo integration

at level-0 the whole lattice is sampled = standard MC average

e level-1 average

[T} ~ exp{ -0, LT,}. o2 =0(1/n))

the more the Wilson loop extends,
the more independent thick time slices contribute to the averaging

e exponential noise reduction with larger Wilson loops
= with the right setup, the .S/N problem is solved
however, locality of the action and of the observables is assumed

but in the theory with fermions, locality is not manifest
= no straightforward application



multi-level Monte Carlo with fermions

Crlro.x0) = 1< >

number of samples =n



multi-level Monte Carlo with fermions

number of samples 7, - n;
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multi-level Monte Carlo with fermions
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multi-level Monte Carlo with fermions

N

T

number of samples 7, - ny - 1, - :n‘l‘

= the error is reduced with distance exponentially

o, ~ () 5 emteboonl = o7
e only up to the extent that there is a .S/N problem
how? we need a factorization at the block level of
e det D, the quark determinant

° D_l, the quark propagator
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locality of the Dirac operator

using the L DU block-decomposition the (Wilson-)Dirac operator

p—(Po Dor)_ 1 D, 1 Dy' Dy,
“\Dyy D) \ DDy 1 D/D, 1

e ultralocal operator = Dy;, D are supported on the boundaries
e D/Dy= D, — D10D61D01 is the Schur complement of the block D

the inverse is block-decomposed in

o Dy' — D;' Dy, [DIDy) ' DyyDy' =Dy Dy, [D/D,]™!
—[DID,]™' Dy, D" [D/D,]™!

note: the inverse of D/Dy is a block in the inverse of D

[D/Dy)"' = P,D7' P,



quark propagator factorization

TN
0 1
p-1 _ (D5 = Dy' Dy D™' Dy D! -D;' Dy, D' P,
-P,D™'D},D;" PD7'P

two cases:

1. source x and sink y inside region 0 = disconnected contributions

D7y, x) = Dj'(3.x) = )\ [Py Doy (3. 2)D " (z.w) [ Do Dy | (w0, )

Z,WED0



quark propagator factorization

x/—)\y
0 1
~1 -1 -1 —1 —1 =il
p-1 _ (P! =D5' Dy D7Dy Dyt —D;' Dy D7 Py
—P,D™'Dy D}’ PD7'P
two cases:

1. source x and sink y inside region 0 = disconnected contributions

D7\, x) = Dy (y,x) = X [Dgy' Doy ] (v, 2D (z, w)[ Dy Dy ] (w, x)
Z,WED0
2. source x in region 0, sink y in region 1

D7y, x) == ) D7\ (3.2)[DyyD; '] (z. %)

zZEdo



quark propagator factorization, 2.

0 1

D7y, x)== ), D7'(3.2) [DloDal](z, x)

zeol


https://dx.doi.org/10.1103/physrevd.95.034503

quark propagator factorization, 2.

. -,
0 bcj'l/

D\ (5.x) =~ 3, D™ (9| Dy D5 (2.0
zeol
or equivalently

plx ==Y D71 - w0 2) [leDa]](z, %)
z€adl

e overlapping regions: 0 =0U b, 1 =1Ub
o W= Dj_lDbODalDbl RIEI O(e_Mnllbll) [Phys. Rev. D 95 (2017) 034503]
= the Neumann series converges


https://dx.doi.org/10.1103/physrevd.95.034503

quark propagator factorization, 2.
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D\ (5.x) =~ 3, D™ (9| Dy D5 (2.0
zeol
or equivalently

plx ==Y D71 - w0 2) [leDal](z, %)
z€adl

e overlapping regions: 0 =0U b, 1 =1Ub

o W= Dj_lDbODalDbl RIEI O(C_Mn”b”) [Phys. Rev. D 95 (2017) 034503]
= the Neumann series converges

e the first term is completely factorized

D'y, x)~ - ), D', Z)[leDgl](z, )

zZEAJo


https://dx.doi.org/10.1103/physrevd.95.034503

quark propagator factorization, 2.

the extension to multiple regions is straightforward
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quark propagator factorization, 2.

the extension to multiple regions is straightforward
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quark propagator factorization, 2.

the extension to multiple regions is straightforward
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hadronic propagator factorization, implementation

X0 Yo
5

Cr{(yp, ) & U‘{EDI_](', YO)}'SFDI_I(yOv n
n' Iys f}

= quark line ‘cutting’

successful factorization obtained with [Phys. Rev. D 93 (2016) 094507]
e inverse iteration vectors of the Dirac operator in region b
o |ocal deflation subspace (from openQCD)

bad volume scaling = possibly expensive, further studies needed

note: the (small) bias introduced by any approximation is corrected at level O

alternative strategy: A. Nada, Lattice 2018 talk


https://dx.doi.org/10.1103/physrevd.93.094507

numerical tests

test the multi-level in the quenched theory
= trivial factorization of the action, negligible generation cost
with 64 x 24°, OBCs in time, a ~ 0.093 fm, aM, ~ 0.216
[Phys. Rev. D 93 (2016) 094507]

ng = 50 global updates and n; = 30 independent updates of two regions

={x : x9 € (0,15)} region 1 = {x : xo € (24,T)}

while gauge links in region b = {x : x, € (16,23)} are


https://dx.doi.org/10.1103/physrevd.93.094507

pseudoscalar correlator with p2 =)
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pseudoscalar correlator with p2 =)
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vector correlator
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vector correlator
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conclusions

using the locality of the Dirac operator and the fast decrease of its inverse
e hadronic propagator factorization, including disconnected contributions

e determinant factorization
= multiboson domain-decomposed HMC algorithm

e gradient flow observables [Garcia Vera, Schaefer 2016]
the theory is ‘local enough’ for multi-level methods to be applied

e exponential increase in .S/N w.r.t. standard techniques

having a local formulation has implications beyond .S/N and multi-level methods
e factorization in space domains
e ‘master field’ simulations [Luscher 2017]

e reduced communications on parallel computers


https://dx.doi.org/10.1103/PhysRevD.93.074502
https://dx.doi.org/10.1051/epjconf/201817501002

thanks
for your attention!
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factorization of fermion determinant

locality at the level of a single gauge link is not needed
it is enough to be able to update extended regions of the lattice independently

[Phys. Rev. D 95 (2017) 034503, EPJ Web Conf. 175 (2018) 11005]
given a decomposition in multiple thick time slices,
using that ||D_1(x, 0)” ~ e~ Malxl2 g every gauge configuration

we can factorize the gauge-link dependence of the determinant of O = ysD

with a combination of two main ideas
e domain decomposition [Liischer 2003, 2004]

e multiboson algorithm [Lischer 1993; Borigi, de Forcrand 1995; Jegerlehner 1995]


https://dx.doi.org/10.1103/physrevd.95.034503
https://dx.doi.org/10.1051/epjconf/201817511005
https://dx.doi.org/10.1016/S0010-4655(03)00486-7
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https://dx.doi.org/10.1016/0920-5632(95)00409-3

the original multiboson algorithm

lattice QCD realized as the limit of local bosonic theory [Liischer 1993]
e define a polynomial approximation of 1/z in a suitable range
N2
1-R z)
Py(z) = 1= Rwn(@) _ ey [[z-z0z - 2) 2% 4y
% k=1
. o " 12
e approximate det{l/Q } with the polynomial (2~ = my T 1vy)
N/2 N
Il il
det Q% ~ [ [ det{(@* - z)@* - )} ™" = [ det{(Q@ — p)* + v} }
k=1 k=1
e represents it with N bosonic field ¢ = {¢;, ..., Py}, i.e. multibosons

detQ2~/D[¢,¢T] exp{—z{j:][d4x|(Q—uk)¢k|2+v,§|¢k|2}

problem: N depends on the condition number of Qz, ~ (S/am)2

with lighter quarks and finer lattices, the number of multiboson fields grows

= the system becomes stiff and autocorrelation grows o< N [Jegerlehner 1995]
= not currently in use


https://dx.doi.org/10.1016/0550-3213(94)90533-9
https://dx.doi.org/10.1016/0920-5632(95)00409-3

domain decomposition of fermion determinant

to obtain a theory that is local at the block level
[Phys. Rev. D 95 (2017) 034503, EPJ Web Conf. 175 (2018) 11005]

consider a decomposition in active (colored) and buffer (grey) thick time slices,
the determinant of the hermitian Wilson—Dirac operator Q = ys.D

det{1 — w}
[1, det{ P,0;'P,} ], det O}

det QO =

where Q spans the two b regions next to a
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domain decomposition of fermion determinant

to obtain a theory that is local at the block level
[Phys. Rev. D 95 (2017) 034503, EPJ Web Conf. 175 (2018) 11005]

consider a decomposition in active (colored) and buffer (grey) thick time slices,
the determinant of the hermitian Wilson—Dirac operator Q = ys.D

det{1 — w}
[1, det{ P,0;'P,} T, det O;"

where Q spans the two b regions next to a
and the operator w lives on the internal boundaries of the active regions

det QO =

neglecting the small T — w
we can already update different thick time slices independently


https://dx.doi.org/10.1103/physrevd.95.034503
https://dx.doi.org/10.1051/epjconf/201817511005

domain decomposition, step by step

consider a decomposition in thick time slices
e active regions (colored, a)
e inactive buffers (grey, b)
L DU block-decompose the hermitian Dirac operator QO = y5D

o=(§ %) (o N® (' 52
Qab Qa QabQ;1 1 Sa 1
where S, = 0, — Qaleleba is the Schur complement of the block O,

detQ =det S, - detQ,

note: the inverse of S, is in the block-inverse of Q, i.e. S, ! = PaQ_lPa

o (Q,:‘ =0, 0505, 00" —Q;‘Q?GS;‘>
R Sa



domain decomposition, step by step

1

detQ= ——
det S, ! - det Q;l

what does S, look like?

Sa = Qa = Qabe_lQba



domain decomposition, step by step

1

detQ= —
det S, ! - det Q;l
what does S, look like? s,
"
bl (Qe - erQ],:‘Qbe —erQ;‘le,, >

¢ _Qonb_ Qbe Qo T Qon; Qbo
T

S,

[

e partition active regions between even ones (e) and odd ones (0)



domain decomposition, step by step

det W/

detQ = i i i
det S, - detsS,” - detQ,

what does S, look like?

S=<Se‘1 )‘( 1 —S;‘erQ;IQbo>
: S, —S;"'0,40;" e !

. S/
g

14

e partition active regions between even ones (e) and odd ones (0)
e precondition with diag{S;", S, "'}



domain decomposition, step by step

0= det W/
det{P,0;'P,} - det{ P,0;'P,} - det 0}

what does S, look like?

S = Pnglpe . 1 Pnglgbo
-y PO;'P,) \PQ;'0, 1

o

W
e partition active regions between even ones (e) and odd ones (0)
e precondition with diag{S;", S, "'}
e use the property of the Schur complement



domain decomposition, step by step

e b| 0
_ det{1 — w}
Q= =1 ] =1 . =1
det{ P,Q;'P,} - det{ P,0;'P,} - det O}

what does S, look like?

S = Pnglpe . 1 Pnglgbo
-y PO;'P,) \PQ;'0, 1

o

V

14

partition active regions between even ones (e) and odd ones (0)
precondition with diag{ S, ', 5!}

use the property of the Schur complement

det W = det{1 — P,,0;'0,,P;,0;5' 0}, } = det{1 — w}



domain decomposition, recap.

det{1 — w}

etQ = 1 1 =
det{ P,0;'P,} - det{ P,Q;'P,} - det O,



domain decomposition, recap.
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det{1 — w)

SO = iy iy =l
det{ P,0;'P,} - det{ P,0;'P,} - det O,



domain decomposition, recap.

det{1 — w)

SO = 1 iy =l
det{ P,0;'P,} - det{ P,Q;'P,} - det O,



domain decomposition, recap.
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det{1 — w)

SO = 1 iy =il
det{ P,0;'P,} - det{ P,0;'P,} - det O,



domain decomposition, recap.

et Q= det{1 — w}
det{P,0;'P,} - det{ P,0;'P,} - det O;"

note: if the contribution of det{1 — w} is small enough to be neglected
we could already update different active regions independently




domain decomposition, comparison

yet another equivalent rewriting
det Q = det S, det S, det Q,, det{1 — P;,0;' 0y, Ps,0; ' Oy }

cf. the original domain decomposition, e.g. in the DD-HMC algorithm
[Lischer 2003, 2004]

detQ = detQ, detQ, det{1 - P,,0;'0,,P;,0,' 0, }

there is no inactive buffer region b
= the last factor has no reason to be small


https://dx.doi.org/10.1016/S0010-4655(03)00486-7
https://dx.doi.org/10.1016/j.cpc.2004.10.004

locality of w

Q_l(x, y) on every gauge configuration decays ~ e
= the operator w is “small”

_Mnlx_YVZ

w= PdoQallemelebo
- -1
(o 107" Q40 P10 Q5' Q1)



locality of w

Q_l(x, y) on every gauge configuration decays ~ e
= the operator w is “small”

_Mnlx_YVZ

= =
w = Py Q5 Oy Fy107 Qo
-1 -1
(or £y1Q7 Qo Fo0Q; Q1)

spectrum of w, with b-region thickness 4 = 8a
(N; =2, a = 0.0652(6) fm, M,, = 0.1454(5)/a = 440(5) MeV) (
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locality of w

Q_l(x, y) on every gauge configuration decays ~ e

= the operator w is “small”

w= PdoQallePmQI—lQbo
-1 -1
(or P51 Q7 Qo P Q;f Q1)

spectrum of w, with b-region thickness A = 12a
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locality of w

Q_l(x, y) on every gauge configuration decays ~ e

= the operator w is “small”

w = PdoQallePolelQbo
-1 -1
(or Py1 07 Qpo Fo0Qp COp1)

spectrum of w, with b-region thickness A = 16a
(N; =2, a = 0.0652(6) fm, M,, = 0.1454(5)/a = 440(5) MeV)
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polynomial approximation

the condition number of T — wis e ~ (1 + e'M”A)/(l — e_M”A)
= (1), can be made arbitrarily close to 1 increasing 4


https://dx.doi.org/10.1016/0550-3213(94)90533-9
https://dx.doi.org/10.1016/0920-5632(96)00178-8

polynomial approximation

the condition number of T — wis e ~ (1 + e'M”A)/(l — e_MﬂA)
= (1), can be made arbitrarily close to 1 increasing 4

complex multiboson representation [Ltischer 1993; Borici, de Forcrand 1995]
det{1 - Ry, (1-w)} Al ‘
=det{Py(1 —w)} =c detd W'__W.
det{1 — w} {Bv(1 -0} Ng { VI=zi v”k}
where N is an even integer and Py/(z) is a polynomial approximation of 1/z
N
1-R % N—
Pn(z) = w = CNH(Z - zi) 2z
%
k=1
and (note: det W = det W)
yﬂ Pdnglebo

W. =
Y <P00Q;1Qbe y]] )


https://dx.doi.org/10.1016/0550-3213(94)90533-9
https://dx.doi.org/10.1016/0920-5632(96)00178-8

multiboson representation

N multiboson fields

two active regions, N; = 2 theory: ~ % <
-1
N il
det 02 Ihﬂ“{quWWw}
2~ 2 B
deti1 = Rysi(1 = w)}"  det0;? - det{ P05 Py | -det{ PiOT' P, |

~-
pseudofermion fields (at least one per active region)

N/m%%ﬁ%%W3/mwﬂn%%%V

. e N
/D[(bb’d’lt]e_‘le(bb‘ 'H/D[Ik,)(;]e_‘wml"
k=1

‘2



multiboson representation

N multiboson fields

two active regions, N; = 2 theory: ~ A ~
-1
N i
det 02 k=1 det{ W MWM}

2 2 2
det{1 — Ry, (1 - w)} detQ;z-det{PogalPo} -det{PlQi_lPl}

/

~-
pseudofermion fields (at least one per active region)

=i Dl 14 / Digy, g1 10

. p N
/D[("bb’d’z]e_‘le(ﬁb| 'H/D[Ik,)(;]e_‘wﬁ}’k
k=1

computation of HMC forces:

‘2

° |P0Q51¢0| and |mek| depend on gauge links in region 0 (and b)

° |P1QI_1¢1| and |Wm)(k| depend on gauge links in region 1 (and b)

° |Wm;(k| forces do not mix the gauge-link dependence of active regions
= the two active regions can be updated independently



determinant factorization, conclusions

separate spacetime regions can be updated independently in full QCD

we tested the algorithm in a two active regions, N; = 2 setup
a =0.0652(6) fm, M, = 0.1454(5)/a = 440(5) MeV, OBC in time
thickness of the buffer region: 4 = 12a = ¢ M4 ~ 0.187

5 pseudofermion forces with mass preconditioning
12 multiboson fields for N = 12

negligible Ry, (1 — w)
= very good approximation with a small number of multiboson fields

the algorithm presented here
e naturally represents a single quark flavour

e an arbitrary number of active thick time slice regions is possible



determinant factorization, outlook

e smaller number of multiboson fields, thinner frozen region
= correct with a reweighting factor

(OWn) N

O = on

Wy = det{T - Ry, ;(1 — w)}

e study the multiboson forces, tune the integration steps

e compute observables, study autocorrelations
= experience from quenched study is valuable

other ideas can profit from the locality properties

e multiboson algorithm for master fields simulation [Liischer 2017]


https://dx.doi.org/10.1051/epjconf/201817501002

polynomial approximation, step by step

[Phys. Rev. D 95 (2017) 034503]

det{1 — Ry, (1 —w)}
det{1 — w}

N
= det{ Py(1 —w)} = ey [J(1 = 2, - w)
k=1

the condition number of T — wis € ~ (1 + e~ Ms4)/(1 — e~ M4)

= (O(1), can be made arbitrarily close to 1 increasing 4


https://dx.doi.org/10.1103/physrevd.95.034503

polynomial approximation, step by step

[Phys. Rev. D 95 (2017) 034503]

N/2

det{1 — Ry (1 - '
et{ i1 -~ w)} = det{ Py(1 —w)} = cy H(ﬂ_zk—WT)(ﬂ_zk_w)
k=1

det{1 — w}

the condition numberof T — wise ~ (1 + e_MﬂA)/(l — e_M”A)

= (I(1), can be made arbitrarily close to 1 increasing 4
choosing N even, with a bit of algebra


https://dx.doi.org/10.1103/physrevd.95.034503

polynomial approximation, step by step

[Phys. Rev. D 95 (2017) 034503]

det{1 - Ry, (1 - w)} He !
o = det{ Py(1 —w)} = cNgdet{ WHW sz}

the condition numberof T — wise ~ (1 + e_MﬂA)/(l — e_M”A)

= (I(1), can be made arbitrarily close to 1 increasing 4
choosing N even, with a bit of algebra, and introducing

vl P,,0;'0, )
W — B e e 0
y <P00Q6 1Qbe y]]


https://dx.doi.org/10.1103/physrevd.95.034503

polynomial approximation, step by step

[Phys. Rev. D 95 (2017) 034503]

det{1 - Ry, (1 - w)} He !
o = det{ Py(1 —w)} = cNgdet{ WHW sz}

the condition numberof T — wise ~ (1 + e_M”A)/(l — e_M”A)

= (I(1), can be made arbitrarily close to 1 increasing 4
choosing N even, with a bit of algebra, and introducing

vl P,,0;'0, )
W — B e e 0
y <P00Q51Qbe y]]

approximation for a disk centred in z = 1: geometric series

N Ry, (z) = (1 =2)NH!
Py@=Yda-2¢ > | 2nk

|
p=1 Zk=1—€ N+1



https://dx.doi.org/10.1103/physrevd.95.034503

multiboson HMC forces

i—1 b i b i+1

the multiboson action is (y; , = Py, x;)
D _ -1 2
|VVMk| = Z Z¥ix + Poi O [Qb,i—1)(i—1,k + Qb,t+1)(i+1,k]
i€a

= each term in the sum depends only on gauge links in region i (and b)



multi-level Monte Carlo with fermions



https://dx.doi.org/10.1103/physrevd.93.094507

multi-level Monte Carlo with fermions

test the multi-level in the quenched theory
with 64 X 243, a~0.093fm,aM, =~ 0.216 [Phys. Rev. D 93 (2016) 094507]
ny = 50 global updates and n; = 30 independent updates of two regions

= {x : x9 € (0,15)} region 1 = {x : xo € (24,T)}

while links in region b = {x : x, € (16,23)} are


https://dx.doi.org/10.1103/physrevd.93.094507
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