From two to three-body scattering in the finite volume:
The role of unitarity
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Motivation
Three-body dynamics in infinite volume
Finite-volume problems (application: 2-body)

Three-body dynamics in finite volume



3-body dynamics for mesons and baryons

Light mesons

GU:X?‘/\?’\ * Important channel in GlueX @ JLab

"Mens

* Finite volume spectrum from lattice QCD:
Lang, Leskovec, Mohler, Prelovsek (2014)
Woss, Thomas et al. [HadronSpectrum] (2018)

Light baryons
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N N
T * Roper resonance is debated for ~50 years
in experiment. Can only be seen in PWA.
7.

« 1% calculation w. meson-baryon operators

on the lattice: Lang et al. (2017)




Isobar formulation

« Understanding of Lattice QCD or experimental searches (BESIIl, COMPASS, GlueX) -
theory of 3-body scattering problem needed

* Available tools:

* Faddeev equations (F.E.) Faddeev(1959)
* F.E. in fixed-center approximation Brueckner(1953)

— usefull for td, Kd ... systems Baru et al(2011), Mai et al. (2015)
 F.E. inisobar formulation Omnes(1964), Aaron(1967)

— re-parametrization of two-body amplitude Bedaque(1999)




Isobar formulation

« Understanding of Lattice QCD or experimental searches (BESIIl, COMPASS, GlueX) -
theory of 3-body scattering problem needed

* Available tools:

* Faddeev equations (F.E.) Faddeev(1959)
* F.E. in fixed-center approximation Brueckner(1953)
— usefull for td, Kd ... systems Baru et al(2011) Mai et al. (2015)
 FE. inisobar formulation Omnes(1964) Aaron(1967)
— re-parametrization of two-body amplitude Bedaque(1999)

«eo (+ 3-body force)

Re-ordering of 3-body amplitude in 2-body sub-amplitudes & spectator
— Not an approximation up to cut in space of allowed quantum numbers



FADDEEV EQUATIONS WITH ISOBARS

Mai, Hu, M. D., Pilloni, Szczepaniak
Eur. Phys. J. A53 (2017) 177



FE in isobar parametrization

Original study by Amado/Aaron/Young AAY(1968)
« 3-dimensional integral equation from unitarity constraint & BSE ansatz

« valid below break-up energies (E < 3m) & analyticity constraints unclear

One has to begin with asymptotic states

) N\ ® G i & ® i~
T _ 7 <T> ~N 4 7 N
“ 2N Y,
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* v a general function without cuts in the phys. region
« two-body interaction is parametrized by an “isobar”

= has definite QN and correct r.h.-singularities w.r.t invariant mass

« S and T are yet unknown functions



3-body Unitarity

(a1, g2, a3/ (T=T")|p1, 2, p3) i [plan, G2, q3| Tt k1, ko, k) (or, ko, ks | T'|p1, p27193>

3 4
x 11 [d ’“’2 o)t (k2 — m2)] (27)%8* (P - ; k,g)

=1
delta function sets all intermediate
particles on-shell



3-body Unitarity

<Q17 q2, Q3|(T_TT)|plap27p3> — ifp<Q17 q2, Q3|TT|k17 k27 k3><k17 k27 k3|T|plap27p3>
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T = B . + B_T e@

General Ansatz for the isobar-spectator interaction
- B & 1t are new unknown functions



3-body Unitarity

<Q17 q2, Q3|(T_TT)|p17p27p3> — Z.fP<Q17 q2, QS|TT|k17 k27 k3><k17 k27 k3|T|p17p27p3>

®
®

)
®
®

@

@

)| T =>®-B_©<+f}5’:7§:2

© T T T General Ansatz for the isobar-spectator interaction
( B ) - B & T are new unknown functions
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3-body Unitarity

<C_I17 q2, Q3|(T_TT)|pl7p27p3>

ifP<Q17 q2, Q3|TT|]€17 k27 k3><k17 k27 k3|T|plap27p3>
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3-body Unitarity

<C_I17 q2, Q3|(T—TT)|p1,p2,p3> — ifP<Q17 q2, Q3|TT|]€17 k27 k3><k17 kZ? k3|T|p17p27p3>
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3-body Unitarity

<C_I17 q2, Q3|(T_TT)|pl7p27p3>

ifP<Q17 q2, Q3|TT|]€17 k27 k3><k17 k27 k3|T|plap27p3>
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3-body Unitarity

<C_I17 q2, Q3|(T—TT)|p1,p2,p3> — ifP<Q17 q2, Q3|TT|]€17 k27 k3><k17 k27 k3|T|plap27p3>
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3-body Unitarity

<Q17 q2, Q3|(T_TT)|p17p27p3> 1 Z.f]D<C]17 q2, QS|TT|]€17 k27 k3><k17 k27 k3|T|plap27p3>
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Scattering amplitude

3 — 3 scattering amplitude is a 3-dimensional integral equation

©,

C
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— Imaginary parts of B, S are fixed by unitarity/matching

— For simplicity v=A (full relations available)

r(o(k)) = (2m)6T (k2 — m?)S(o(k))
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Scattering amplitude

3 — 3 scattering amplitude is a 3-dimensional integral equation

U

(o
& : \‘\ \‘\‘\ /
Y

— Imaginary parts of B, S are flxed by umtarltylmatchmg

— For simplicity v=A (full relations avallable)

5 =o(k)

1

Disc — = —

S

—Mg

8

(2)

o(k)

 twice subtracted dispersion relation in invariant mass: o(k)

SYPLY

* in the rest-frame of isobar (Lorentz invariance!)

)\2

2F;(o(k)—4E7 +ie)
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Scattering amplitude

3 — 3 scattering amplitude is a 3-dimensional integral equation

r =" ()
S _
e

NG /

(D =>@5;*f5;@@-<

— Imaginary parts of B, S are fixed by l\j‘\nitaritylxm'étching
— For simplicity v=A (full relations availé‘b\le)//

5 (EQ _ \/m)
2/m? + Q?

* un-subtracted dispersion relation

Disc B(u) = 2mi)\?

@B@IP) =~ (me e S + y{

e one-tt exchange in TOPT - RESULT, NOT INPUT !

» One can map to field theory, but does not have to. Result is a-priori dispersive.




Scattering amplitude — analytic expression

External on-shell Recasting in on-shell
2-body interaction 2 — 2 amplitudes +
. real 3-body forces
(@1, G2, g3/ Te(8)|p1, P2y P3) = l Y
3 3

D > Toa(0(0n)) 0 T(3) o Lo (0 ()

"n=1m=1

with Real three-body force Exchange force
T Cls)lp) + L«
s)|p) = s
\gT(s)lp) = (g|C(s)lp m? — (P —p—q)? —ie__ On-shell 2— 2 interaction
P#e 1 (even within integral, but
_ T / /C without left-hand cuts)
[ G Tl c)lg

1
b ) T
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From two to three particles in finite volume

20



Finite-volume & chiral extrapolations

QCD calculations in finite volume ARV N
* unphysical pion mass " Sl
e (periodic) boundary conditions v’ \' )
— discrete momenta &  discrete spectrum

Recipe for 2 — 2 scattering (e.g. I=/=0 i scattering)

180

o [ooo]\ Briceno et al.(2016) Doring, Mai, Hu (2016) |
150} v - 1

1100 p— ——

iy == | .

my = 236 MeV E - Q% 3 _,{\
wof e o 201 P g g oz & iM
2 step 1 v Step2iy T T
i i e
_§ *:f:j 0/7./7/ . . . . . . ’ | , 1 .

600i16 _— 001 0.03 0.05 0.07 0.09 O.IIPQ/G(;{;Q -0.05 0.00 pZ[Ge\Uré]OS 0.10
HSC(2016) (This step can be skipped)
7777777777777777777777777777777777777 LUSCHER(1986¢) CHIRAL EXTRAPOLATIONS

* 1 eigenenergy < 1 phase-shift in infinite volume e M_dependence from NLO ChPT (IAM)

* also with coupled channels He et al. (2005) Gasser, Leutwyler(1981)

Doring, Prelovsek, HSC Dobado, Pelaez (1997)

~+ Extrapolation in flavor

B. Hu, MD, R. Molina M. Mai et al. (2016



p coté [GeV]

GWU lattice group: the isoscalar sector

[Guo, Alexandru, Molina, M.D., M. Mai, PRD (2018) ]

nHYP-smeared clover fermions with
mass-degenerate quark flavors (N, = 2)

M =227 MeV and 315 MeV

3 elongated boxes

Large variational basis including

several meson-meson operators
Moving frames

Conformal mapping for o pole extraction
Unitarized Chiral Perturbation Theory
fits for chiral extrapolation:

chml: I =L =0, M, =227,315MeV
chm2: I =L=0,1, M, =227,315MeV
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Chiral extrapolation and exp. data
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1 T
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Chiral extrapolation of o pole

M, = 138 MeV
Parametrization Fitted data Re z* —Imz* |g]
chm1 0227315 440750 240720 3.075%
chm? 0227 P227 430130 250755 3.0%))
chm?2 0315 P315 4601%? 210J—r§8 3-OJ:8::11
chm?2 0227315 pear.ais 440710 240720 3.0100
Ref. [1] experimental 4491“?3 2751“%3 3.51“8:3

1] J. R. Pelaez, Phys. Rept. 658, 1 (2016), arXiv:1510.00653
lhep-ph].

[Consistent with conformal-mapping amplitude parametrization (model-independent, not shown)]
23



Pole trajectory

First prediction: Hanhart, Pealez, Rios, PRL (2008)

300t ®
e O B ) B ) ® jo)
e @ — — — — o ——
0o MWMeV) _100! !
300 _ 7/ -200
Re W [MeV] . -200F I RS* IRS"”
-200 -100 0 100 200

Rep [MeV] (p = —pem)

—~ 0 becomes a (virtual) bound state @ M _= (345) 415 MeV

24






Overview

Liischer-like formalism in 3 — 3 case is under investigation

Polejaeva/Rusetsky (2012)
Briceilo/Hansen/Sharpe (2014, 2015, 2016, 2017)

Non-relativistic approaches based on dimer picture & effective field theory

Kreuzer, Griesshammer(2012), Hammer et al. (2016, 2x)
F. Romero, Rusetsky, Urbach et. al. (2018)

Requirements

3-body systems involve (resonant) two-body sub-amplitudes: Construct such that 2-
body information can be included

Need extrapolations between different energies (problem of underdetermination)
Allow for systematic improvement by allowing more and more quantum numbers as
lattice data improve (problem of underdetermination)

At least, all possible intermediate on-shell configurations must be identified and
included to ensure all power-law finite-volume effects are taken account of.

Formulation that lattice practice can connect to — isobars

= This work:  Quantization condition from 3-body unitarity in isobar formulation

26



Two-body unitarity How to derive the
2-body quanti-
zation condition

On-shell condition

Imaginary parts
Infinite
- Fin. Vol
' ' \J
Power-law fin-vol. effects

Lischer

pcot§(p) = —8my/s (G(E) — Re G(E))

27



Two-body unitarity How to derive the

2-body quanti-
zation condition

On-shell condition

Imaginary parts Three-body?

Analogously!

T~
N
L
1 1

I
below thresh.

Infinite
- Fin. Vol

Power-law fin-vol. effects

Lischer

pcot§(p) = —8my/s (G(E) — Re G(E))

28



Two-body unitarity Three-body unitarity

On-shell condition On-shell condition

Imaginary parts

[

Imaginary parts
below thresh.|| above threshold i
= L | §
1 Infinite B
- | il | R - l
4 - -~ - Fln- VOI -\k_\ / --------- ‘%ﬁ—

Power-law fin-vol. effects Power-law fin-vol. effects

T~
N
L
1

Lischer Quantization Condition

pcot§(p) = —8my/s (G(E) — Re G(E))




Projection to irreps

[M.D., Hammer,Mai, Pang, Rusetsky, Wu(2018) ]
- Luscher formalism relies on regular 2— 2 potentials SN

* Now: manifestly singular interactions
* Find generalization that projects also the interactions
to the irreps of cubic symmetry, not only propagation

« Separation of variables

« shells = sets of points related by O,

» Analogous to radial coordinate in infinite volume

=T, mez, i=1,23
» Find the orthonormal basis for arbitrary functions %'~ ]; i, mEes, =544
defined on each point of a given shell. 19(8)
P ? f (271')3 ’ L3 Z Z

« J (inf. volume) - irreps (finite volume ): " ¢ {Ait, A;t, E*, Tli, TQi}
- Partial wave projection (inf. Volume) ==) Irrep. projection (fin.)

\/_Z}/Em ff’m ) \/_ZZ]CFQS Fas )
i) = = [ 421 (P ras— Zf X" (25)

(aisindex uin quant|zat|on condition; Quantization condition has
projection in incoming AND outgoing basis states with indices u, u’)

30



Quantization Condition

W —total energy 3 — multiplicity

u/u’ - basis index  E _ spect. energy

Determinant of (s,u) x (s’,u’) matrix
at fixed W, I', L

I E + \ C{ s/s’ - shell index L — lattice volume 4 :OIO:
A

B Sl & Rl Fix to 2 - 2 data;

T22=v1:v

Not a Luscher-like equation (“left”: infinite volume, “right”: finite volume)
Instead: Fix parameters to lattice eigenvalues

With parameters fixed, evaluate infinite-volume amplitude

Same workflow as in many 2-body coupled-channel fits (see, e.qg.,
M.D., MeiBner, Oset, Rusetsky, EPJA (2012))

31



Numerical demonstration

[M. Mai, MD, EPJA 2017 [arXiv: 1709.08222]]

Numerical demonstration of three-body finite volume formalism

3 particles in finite volume: m=138 MeV, L=3 fm

one S-wave isobar — two unknowns:

— vertex(lsobar — 2 stable particles) |

| 50+

400 600 800 1000 1200

— subtraction constant (~mass)
Projectto I = A™*

1501,

oD

3 100t

— prediction of 3body energy-eigenlevels (C=0)

E [MeV]

I~
D - .

=) -

200

e N I ——

600 800 10
E [MeV]

unphysical lvls cancel out (exact

0 1200

proof available)

32



A physical system:

gttt

Mai, M.D., arXiv:1807.04746




Three positive pions

* Maximal isospin: s "

> LatticeQCD results for ground level available for #*a* & a*wta*

> Repulsive channel — Q: does the “isobar” picture hold?

Detmold et al. (2008)

» L=2.5 fm, m_=291/352/491/591 MeV — BonusQ: chiral extrapolation in 3body system?

I. 2-body subchannel:
> one-channel problem: szr-system in S-wave, =2

> 2-body amplitude consistent with 3-body one

6[°]

-100+

40t
-60L

-80+

----- ChPT @ NLO
K-mat @ LO

e |AM

-------- Isobar: IAM

Isobar: A=const

~
-~
~
~
-
—_——

400

600

800

Jo [Mev]

S

-
Tio

T1,0 — INLO

1) FixA-M, to-exp-data

© incoorrect m_ behavior!
2) -Chiral NEO-& K-matrix
@ works badly for high energies

3) Inverse Amplitude Truong (1988)

© correct 0 & m_ behavior

© parameters known
Gasser/Leutwyler (1984)

34



Three positive pions

* Maximal isospin: T x*
» LatticeQCD results for ground level available for &*a* & mtwt
> Repulsive channel — Q: does the “isobar” picture hold? Detmold et al.(2008)
> L=2.5 fm, m_=291/352/491/591 MeV — BonusQ: chiral extrapolation in 3body system?

I. 2-body subchannel:
> one-channel problem: szr-system in S-wave, =2 >':( ):'< T2
> 2-body amplitude consistent with 3-body one Tro —1Inro
20/ R
, 3.5
40t I
I - 12.06
.?S. -60; % 3.0_‘ 12.04
[ || =-==-- ChPT @ NLO 12.02
i K-mat @ LO . I
_807 | AM \\\ 2-5__ . . . . . 12.00
i Isobar: A=const \‘\\ | 20 25 30 35 4.0
'100f -------- Isobar: 1AM | e 2_0'_ = -
| 460 | o 660 | o 860 - 10‘00‘ o 1:0I - I1:5I - IE:DI II I2:5I II IS:OI II I3:5I II I4:0I II
o [MeV] my [P

35



* Maximal isospin: T x*
» LatticeQCD results for ground level available for &*a* & mtwt
> Repulsive channel — Q: does the “isobar” picture hold? Detmold et al.(2008)
> L=2.5 fm, m_=291/352/491/591 MeV — BonusQ: chiral extrapolation in 3body system?

I1. 3-body spectrum

Remaining unknown: C

> genuine (momenta-dependent) 3-body “force” \I ;cé

> simplest case:

Cgp =c 53 (p—q)

QUANTIZATION CONDITION
2E L3
Det (BFSS (Wz) TS(WZ) 1(555/(51111/) =0

36



* Maximal isospin: T x*
» LatticeQCD results for ground level available for &*a* & mtwt
> Repulsive channel — Q: does the “isobar” picture hold? Detmold et al.(2008)
> L=2.5 fm, m_=291/352/491/591 MeV — BonusQ: chiral extrapolation in 3body system?

QUANTIZATION CONDITION
I‘ss 2 2E L3 2\—1
o Det | By, (W ) TS(W ) Oss’Ouw’ | = 0
Remaining unknown: C

I1. 3-body spectrum

> genuine (momenta-dependent) 3-body “force” \I ;Cé

> Szmplest case: qu :('5( )(p CI)
5.0f ' T N

4.5¢
3.15

3.10

Ez [my]
A
o

3.05

20 25 3.0 35 40
53| r=A7
} Fit C to NPLQCD ground state level

300 —»C=(0.2 * 1.5)-107%

1.0 1.5 2.0 25 30 35 4.0
My [T
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First prediction of excited levels for physical system

* Maximal isospin: T x*
» LatticeQCD results for ground level available for &*a* & mtwt
> Repulsive channel — Q: does the “isobar” picture hold? Detmold et al.(2008)
> L=2.5 fm, m_=291/352/491/591 MeV — BonusQ: chiral extrapolation in 3body system?

QUANTIZATION CONDITION
I'ss’ 2 2E L3 2\—1
. Det | B (W ) (W ) 5ss’5uu’ =0
Remaining unknown: C

I1. 3-body spectrum

> genuine (momenta-dependent) 3-body “force” \I N2

> simplest case: Cqp = c6®) (p—q)

o Predict excited spectrum:
_ — novel pattern
4.5¢ .
' 1318 ' > 1/1 of interacting/non-interacting lvls
S |10 1 | — all QC-poles are simple
&g _
I AR ) e | | — chiral extrapolation to phys point
b 20 25 30 35 4.0 8
/ :
S-S'K I' = Ail_ 1 (under assumptions)
80L. e
1.0 1.5 2.0 25 3.0 35 4.0
My (i)
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Summary

3-body amplitude in infinite volume

» 3-body unitarity dictates on-shell condition
(driving term & isobar propagator)

* Result: 3-dim. relativistic integral equations,
explicit proof of 3B unitarity above threshold

* Equivalent to Khuri-Treiman equations*

Finite volume investigation:

On-shell condition dictates leading,
power-law finite-volume effects
Quantization condition

Bare-bone, stripped-down infinite-
volume extrapolation tool (in spirit of
Lischer equation)

First numerical application to

physical system 77T

OUTLOOK
— include spin isobars & multiple isobars

- unequal masses

— practical studies: a, (1260), Roper...

* lan Aitchison, private communication
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The Power of Unitarity

Question: Does BS

provide full imaginary part of all possible
3 - 3 transitions?

41



The Power of Unitarity

Question: Does B provide full imaginary part of all possible
3 - 3 transitions?

Riddle 3

Im#0

Riddle 1 Riddle 2 — poy ;
m//
> \ e u
m
@ % unitary
2—2

, 30 o Riddle 4
pr=m"  pi=m’

Too
B 4\§7 Riddle 5
T




The Power of Unitarity

Question: Does B provide full imaginary part of all possible
3 - 3 transitions?
Ri i o

Im#0

iddle 1 Riddle 2 — ey
m//
\ m
@ % unitary
2—2
I ™

Riddle 3

Answer: Yes. 1 :Q:

are the only on-shell configurations in physical region. Three-

body unitarity avoids many artificial complications of diagram-
matic expansions.

N

7 m / VYX \?7 Riddle 5

43



The Power of Unitarit_y

How general is the amplitude?

Are there other interactions/topologies not contained?

Completely general 3 - 3
amplitude up to practical €—
approximations

- Finite number of partial waves

oy

Increase # according to availability of data;
natural ordering scheme from centrifugal barrier
and or input from PDG

f

“Blindfolded” PWA through model selection
techniques (Landay, ML.D. et al., 2017)

QV

L

Let’s try to “disprove” the scheme

Diagrammatic “riddles”

Doomed to fail because one
cannot cheat unitarity (?)

Applies to infinite and finite volume

Energy/momentum dependence from 3-body

interactions unknown — model polynomial dependence

A

Constraints from known centrifugal barriers (Ceci, M.D., Hanhart et al., 2011)
and/or low-energy chiral dynamics (e.g., Siemens et al., 2014)

44



Residues

|9rro| [GeV]

1.2

0.0,

~ HadSpec, PRL (20

I

345 (GWU

415 (GWU

aez, Rios, PRL (2008)

0.2

0.3
M, [GeV]

0.4
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Connection to triangle diagrams

Interesting application: a1(1420) T 25
— observed in COMPASS E
— in f,(980)x final state = 20t
> 15l
g L
ONE EXPLANATION: 2 10
Log-like behavior of the “triangle-diagram”
Mikhasenko/Ketzer/Sarantsev(2015) 5_
Aceti/Dai/Oset(2016) 0:

— Q: Does such a feature exist in full 3b-unitary FSI?

« " N

al1(1260)

f0(980)

x10°

- (a)

T o

. TR0 f(980) 7 P
| 0.1<¢'<1.0(GeV/e)

| 1

f 'II (1) Model curve

[ (2) a,(1420) resonance
f +Jf| (3) Non-resonant term

4

(2)I|'II .'I liﬁ

P I S
1.2 14 16 1.8

2 22
m,, [GeV/c?]
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Connection to triangle diagrams

x10°
Interesting application: a1(1420) v 250  0TG80) P
— observed in COMPASS 3 @) [ e toGevi
— 1N f0(980)ﬁ final state S 20:_ Il II' (2) a,(1420) resonance
= r I|' +JfI (3) Non-resonant term
2 15¢ {
g I @ |}
ONE EXPLANATION: 2 10 I
Log-like behavior of the “triangle-diagram” i o
Mikhasenko/Ketzer/Sarantsev(2015) o *
[ e NG e |
Aceti/Dai/Oset(2016) ofacd I R T N s M i
1 12 14 16 18 2 22
o _ m,, [GeV/c?]
— Q: Does such a feature exist in full 3b-unitary FSI?
/// - \\\
f0(980 i
al(1260) S
T
N f0(980) %
. ) Sadasivan, M. Mai, M.D. in progress...
V4
T s TKK It can be shown that this is equivalent

To Khuri Treiman equations

Coupled-channel problem
I. Aitchison, private communication
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Two-body scattering on lattice

Input for 3-body

48



The cubic lattice

e Side length L,

periodic boundary conditions
! oA

U(7)=V(Z+é; L)

— finite volume effects

— Infinite volume L — o¢

extrapolation

Lattice spacing a

— finite size effects

Modern lattice calculations:
a~0.07fm — p~ 2.8 GeV
— (much) larger than typical
hadronic scales:

not considered here.

Unphysically large
quark /hadron masses
— (chiral) extrapolation
required.



Two body scattering

In the infinite volume

o Unitarity of the scattering matrix S: SST =1 [S =

Im T '(E)=0 = &TLE >®<:

@ — Generic (Lippman-Schwinger) equation for unitarizing the 7T-matrix:
T=V+VGT ImG = -0
V: (Pseudo)potential, o: phase space.

@ (: Green’'s function:
m

oo [ ()
(2m)3 E? — (w1 + w2)? + i€’ G

2 2 )
Wi = Mmis+(q
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Discretization

Discretized momenta in the finite volume with periodic boundary conditions

2
U (7) = V(Zi+eée L)=exp(iLq)V(¥) = q = % ni, ni€Z, i=1,2,3

3=
[ kol » =Y o), a=Fa, aez

0 — ~
@ £ > my + ms: G has poles at
< \ free energies in the box, E = w1 + w>
o £ < mi+ ma: (G — G exponentially
with L (regular summation theorem).
1000 1200 1400 1600

E [MeV]



Finite — Infinite volume: the Llscher equation

Warning: rather crude re-derivation

@ Measured eigenvalues of the Hamiltonian (tower of /attice levels E(L))
— Poles of scattering equation 7' in the finite volume — determines V':

—~ —~

T=1-V&®'V = V'i-G=z0—> V'i=a
@ The interaction V determines the T-matrix in the infinite volume limit:
r=(v'-a) =(G-a)"

@ Re-derivation of Liischer’s equation (7" determines the phase shift §):

pcotd(p) = —8mv/s (G(E) — Re G(E))

V' and dependence on renormalization have disappeared (!)
p: c.m. momentum

E: scattering energy

GG — ReG: known kinematical function

(~ Zoo up to exponentially suppressed contributions)

e One phase at one energy.

e © 6 ¢



— 100

L)

Two-body vs. Three-body

M. ~ 156 MeV
E i Lattice Channels:
— Ul N, gN,mwN(ocN,TA,...)
_ 1-6__ | Genuine three-body dynamics
—¥ sk 8 -
< L > |4 Roper S
E< » ) — I ) :
.. > 1 3 _ . T ™,
Luscher o L S e, .
(Nucl. Phys. B, 1991) Q ; _ £,S,m [} ET"‘-‘ £',S,m’
a8 1'2_ IM - I .—.A M
T — p— 7T LE</ »§ 7 L
150 | _- - ‘ €, EE‘ ‘.\
1_ 3 1 o,p ” S >
;o T \
0.9 - \
m Experime u - ‘ E,S,m E"S’m'
Chiral extrapolation g 0.8 M N ®
Mr = 138MeV P Data: [Lang et al., Phys.Rev. D95 (2017), 014510]
J M = 391MeV
& I
v Mo :ii(yev Three-body methods:
o= = ] » Bricefio, Hansen, Sharpe PRD96 (2017)
W [MeV] « Hammer, Pang, Rusetsky JHEP (2017)

Data: HadronSpectrum (Dudek, PRD 2013,Briceiio PRL 2016);
Analysis: M.D., B. Hu, M. Mai, PLB (2018)
See also: Bolton, Briceno, Wilson, Phys.Lett. B757 (2016) 50
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Large # of d.o.f. require efficient parametrizations

Example: The coupled-channel 2-2, 2 - 3, 3—- 3 meson-baryon system

" =1 v r 1 ]: £ ]F 1] ¥
1 wN S11 Pi1 | P13 Dis | Dis IFis | 17 Gir | Gio  Hig
2  pN(S=1/2) Si1 P | Pis Dz | Dis Fis | Far Gir | Gio Hag
3  pN(S=3/2,|J—L|=1/2) | - Py | P13 Dz | Dis Fis | Fir Gir | Gio  Hig
4  pN(S=3/2,|J—L|=3/2) | D1 - Fis Si3 | Gis Pis | Hir Dir | Iy Fio
5 nN S11 Pun | Pis Dis | Dis Fis | Fir Gir | Gie  Hig
6 7wA(J-L|=1/2) - Py | Pis Dis | Dis  Fis | Fir Gir | Gio  Hig
7T wA(J-L|=3/2) Dy -~ Fis Sis | Gis Pis | Hiz Dir | s Fig
8 oN Pin Su | Dis Pis | Fis  Dis | Gir Fir | Hi9 G
9 KA Sii Pu | P13 Dis | Dis Fis | Fir  Gir | Gi9  Hig
10 KX Sii1 P | Pis Dz | Dis Fis | Fir Gir | Gio  Hig

including 3-body dynamics [Julich-Bonn; ANL-Osaka].
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Cancellations

i — i O | o S
T )= T + . — fin. vol. normalization of 9-distribution!
N

V ‘ L3

BA! singular at W+ = E,, + E,, + E(q,; + Pmi)

71 singular at W** = E,,, + E((2r/L)y) = E((2r/L)y + p,,;) for y € Z?>

m

— when 1sobar-momenta are discretized in the 3-body cms momenta

T=o0(k) = M§ — G5 J dgezEAo—(k)—AlE%He)

Also: all 2™ order singularities in determinant cancel — All consequence of
Manifest three-body unitarity



Effective method for multi-particle states

The Optical potential

[D. Agadjanov, M.D., M. Mai, U.-G. Meil3ner, A. Rusetsky, JHEP (2016)]
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Optical potential in finite volume

* Finite-volume corrections for complex hadronic systems.

* Example: The optical potential on the lattice

_ complex
e.g.: 4-particle state potential

* It 1s not always necessary to explicitly parameterize complicated
intermediate states — Absorb all “uninteresting” dynamics in a complex-
valued optical potential
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Optical potential: The formal rewriting
of a complicated scatterlng problem Measured finite-volume optical potential

- Poles/functional form contain full multi-channel/
, multi-partig:l_e dynamics _ _
- How to efficiently measure this function — later

2-particle state

”m‘pc":‘)rlg'gl'g dsfggﬁnel 1 channel How to reconstruct true OP (complex)
BUT _ | from finite volume OP (real)?
complex potential 5

with full dynamics

Lattice: measure eigenvalues, 10 Ul
map to the optical potential

1] — Re W' [GeV]
— MW [GeV]

0.5

2
= /il

ZOO(1 qKK)

0.0r

w1 [GeV]

-1.0-

W' =lim lim W, ' Tos

e—0L—c0 mn E [GeV]
o8l | '

Smoothing = effectively taking
infinite volume limit

0.6 0.8 1.0 1.2 1.4 1.6 0.6 0.8 1.0 1.2 14 1.6
E [GeV] E[GeV]



Re W' [GeV]

Minimize: , i

Emax+@'5
Pl(a’j: bj) - )\4

Emin+ie

The reconstructed infinite-volume limit [LASSO + Cross Validation]

dE

O2W

0

“1(E) |
E2

“8f + Penalize oscillations (LASSO) - ol under-panalized ]
o[ | | ¢ Cross-validate to find optimum | 1 - /
i 3 00
0.4 ] >
‘ = True
02f ] 3
- E Reconstructed i
oof
-02 . -0.2 . = h
O.IB 1|0 I 1.|2 T 1!4 T 1|.6 — II 0|.8 II 1.0 1.|2 T 1.I4 T 1|.6

E[GeV]

E[GeV]

Correct Choice of penalization parameter )\ through cross validation:

Fit at finite €, validate at different € ( £ — E + je).

59



Numerical sitmulation

Data & fits

S

15

W' [GeV]

-0.5

-1.0

15/

-0) ==

o

E [GeV]

a1

Re W' [GeV]

10 14 12 13 14 15 18 17
E[GeY]
KK
Smearing

1.5

a1

Im W  [GeV]

Reconstructed
potential

0.3F 7

0.2r

0.1

Tro 14 1z 13 14 15 16 17
E[GeV]

10 11 12 13 14 15 16 17
E[GeV]



Unitarity & Matching

* 3-body Unitarity (normalization condition < phase space integral)

(g1, a2, a3|(T=T")|p1, p2, p3) = ifp<Q1aQ2>Q3|TAT|k1,kz,k3><k17k2,k3|T|P17P2,P3>
. 4 N— 4
Y ~

': !

':

)

Originally considered by \‘
AAY




	Slide 1
	Slide 2
	Slide 3
	Slide 4
	Slide 5
	Slide 6
	Slide 7
	Slide 8
	Slide 9
	Slide 10
	Slide 11
	Slide 12
	Slide 13
	Slide 14
	Slide 15
	Slide 16
	Slide 17
	Slide 18
	Slide 19
	Slide 20
	Slide 21
	Slide 22
	Slide 23
	Slide 24
	Slide 25
	Slide 26
	Slide 27
	Slide 28
	Slide 29
	Slide 30
	Slide 31
	Slide 32
	Slide 33
	Slide 34
	Slide 35
	Slide 36
	Slide 37
	Slide 38
	Slide 39
	Slide 40
	Slide 41
	Slide 42
	Slide 43
	Slide 44
	Slide 45
	Slide 46
	Slide 47
	Slide 48
	Slide 49
	Slide 50
	Slide 51
	Slide 52
	Slide 53
	Slide 54
	Slide 55
	Slide 56
	Slide 57
	Slide 58
	Slide 59
	Slide 60
	Slide 61

