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S-wave thresholds are important

David Wilson (TCD) resonances in coupled-channels 3/34

In the scalar sector, amplitudes grow
rapidly from threshold:
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operators used:

— = <=
YI' D ... D 1) local qg-like constructions

Z C(ﬁ:l?ﬁQ;ﬁ)Qﬂ' (ﬁl) Qﬂ. (ﬁQ) two-hadron

constructions
P1+Pp2€D

uses the eigenvector from the

er — Z vz(’)j variational method performed in

p e.g. pion quantum numbers

3 volumes

L=16, 20, 24

anisotropic (3.5 finer spacing in time)
Wilson-Clover

using distillation (Peardon et al 2009)
many wick contractions, eg just pi-pi & qq operators:

(a) (b) (¢) (d)
m=391MeV
myk=549MeV
) (¢ (f) (9) (
T —7nn  am — KK 1w —=nn
KK — KK KK - D d D
nn — nm

e we compute a large correlation matrix
e then use GEVP to extract energies
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Isoscalar tensor spectra
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Infinite volume X

— =~

Bound states Meson-meson continuum

Finite volume x X x x x > F

. . . y
Momentum is quantised - no continuum 5= 225

L
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1-dimensional QM, periodic BC, single particle:

L

. . 21
momentum is quantised: - —

L
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X——X >

1-dimensional QM, periodic BC, two particles, no interactions

—o0—0-

L

27’(’%2'

momentum is quantised: p; =

two particle energies are discrete:

1
E = (p7 + m7)? + (p3 + m3)

1
2
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M

1-dimensional QM, periodic BC, two interacting particles: V(x; —x5) # 0

_ o _ o
d)(()) _1|)(L)7 aX x=0 - E)x x=L X
L
sin (% + 6(‘p)> )
2 2
=55
P=—"7""71 (p)
3/
. o , q
Phase shifts via LUscher’'s method: tand; = 5
Zoo(1547)
) 1 Lischer 1986, 1991
Zaall: —
00( , ) Z ‘ﬁ|2 _q2
nezZs3

generalisation to a 3-dimensional strongly-coupled QFT
> powerful non-trivial mapping from finite vol spectrum to infinite volume phase
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Direct extension of the elastic quantization condition

det (1 +ip(E)-t(E)- (1 +iM(E,L))| =0

infinite volume scattering known finite-volume

hase space .
P P t-matrix functions

Elastic scattering: Lischer 1986,1991
Generalised to moving frames: Gottlieb, Rummukainen 1995
Unequal masses: Prelovsek, Leskovec 2012

Many derivations of the coupled-channel extension, all in agreement:
He, Feng, Liu 2005 - two channel QM, strong coupling

Hansen & Sharpe 2012 - field theory, multiple two-body channels
Briceno & Davoudi 2012 - strongly-coupled Bethe-Salpeter amplitudes
Guo et al 2012 - Hamiltonian & Lippmann-Schwinger

Also derivations in specific channels, or for a specific parameterization of the interactions like
NREFT, chiral PT, Finite Volume Hamiltonian, etc.

Briceiio 2014 - Generalised to scattering of particles with non-zero spin, and spin-'.

Significant steps towards a general 3-body quantization condition are being made
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det[1 +ip(E) - t(E) - (1 +iM(E,L))] = 0

determinant condition:

£ — Tm — T mr — KK
“\ KK 5 KK — KK

- several unknowns at each value of energy
- energy levels typically do not coincide
- underconstrained problem for a single energy

one solution: use energy dependent parameterizations
- Constrained problem when #(energy levels) > #(parameters)
- Essential amplitudes respect unitarity of the S-matrix

STS:]_ — Imt_l = —pP Pii = Oij v

K-matrix approach: t_l — K_l — Zp

Chew-Mandelstam

' t_l — K_l + J  useadispersion relation to generate a real
phase space:

part from ip

® any form real for real energies is valid
® we use a broad selection of K-matrices
® neglects left-hand cut
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An example S-wave spectrum fit
det [1 +ip(E) - t(E) - (1 +iM(E,L))] = 0
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S-wave amplitudes

An example S-wave spectrum fit

tTl=K ! +1
a+bs c+ds e
K(s)=| c+ds f g
e g h
) 440
X /Ndof——57_8 = 0.90

57 energy levels

David Wilson (TCD)
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S-wave amplitudes

An example S-wave spectrum fit

tTl=K ! +1
a+bs c+ds e
K(s)=| c+ds f g
e g h
) 440
X /Ndof——57_8 = 0.90

57 energy levels

Si'(Ecm) — ‘Szz(Ecm” B%(P“(Ecm)
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The amplitudes

An example S-wave spectrum fit
a+bs cH+ds e
K(s)=| c+ds f g
e g h

44.0
2

Niot = ———— = 0.90
X"/ Naot = 273

57 energy levels
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Pip; ‘tij ‘2
Near a t-matrix pole 0.8
CiC; 0.6 T =TT
tij ~ 04l KK — KK
So — S
0.2 T 1> KK

y | | &1 C | | atEcm
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Multi-sheeted complex plane due to square-root branch cuts at each threshold,
in single channel case for now:

1 tii(s ~ sg) A
1 i (S ~ Sp) ~
Kem = 3 (Egm _ 4m2) i Z] 50 7= 5
2
Ecm /fcm
A = A =
O
SRR TIPS TPEPPEPPEPPERPPTee s b .
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Bound state
Resonance
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Poles in amplitudes

for n-channels, there are 2" sheets

e = i% (B2, — 4m?)?
A |Ecm
T

Bound state
Resonance

Virtual Bound state
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label sheets by signs of Im(k)

many distributions of pole positions possible

in some cases they can tell us about the
composition the state



Scalar resonance poles
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varying fitted parameters
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simple functions of scattering momentum

- control of pole positions as a free parameter - J(—kla k2)
- unitarity is not guaranteed (test for a given set of parameters) 11 3(]{1’ k2)
S o d(kla _k2)
22 — &
d(kla k2)
J (_kl ) _kQ)
detS = — :
J (kl ) k2)
2
pipjltijl
077 —— K-matrix ap Im ke
0.6 == Jost 0.10 ¢
0.5 |
0.055,\&«\“\“&'
0.4 |
/«é'\ao \ ’:\0‘
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simple functions of scattering momentum

- control of pole positions as a free parameter g, = J(—kla kZ)
- unitarity is not guaranteed (test for a given set of parameters) 11 3(]{1, k2)
S o d(k17 _kQ)
22 — TS
J(k1, k2)
d(_klv _k2)
detS = — :
d(klv kZ)
X2
o Im Kz a;Re ke = 0.01 0.02 0.03  0.04 "
0.10 +
005 4 & L 150
-0.10 -0.05 «éb\@ 0.05 m«x‘z\\y.o.llo 0.05
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Re(arys 2
II(';l(()Ztk‘KK); T 2=25879 pzp] ‘tzj | JOSt ]. pOle
ARG LT - - - Jost 2 poles
P 0006 7 / F ] . .
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E 0107 \ ‘ |
= 008 \ v
006 }—%—1 0.024 / '
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| ©0.024 ' |
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0064
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t Ecm

0084

- best used for just a narrow energy region
a la Morgan & Pennington 1993
- using Jost amps for 2-channel scattering only
- KK threshold region only
- dropping eta-eta
- 1 pole form + smooth background
- 2 pole form
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- two pole form, x?
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Sigma pole

David Wilson (TCD) resonances in coupled-channels 34/34

arXiv:1607.05900,
PRL 118, 022002 (2017)
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Black point: dispersive + exp.
J-R. Pelaez, Phys. Rep. 658, 1 (2016).
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Lattice QCD provides a first-principles tool
to do hadron spectroscopy

1 JP =0t
Most excited hadrons decay in multiple ~ 08} M = 391 MeV
channels and these can be computed from < o6} S
. Q _ _
lattice QCD S 04l KK — KK
0.2 ar — KK
VI I O CI I
800 1000 1200 1400 Ecy / MeV
:}—Cl | O CI |
o mp
100 + I
These methods are widely applicable L'r 200 - | } o
300 KR = 14(3)

Control of 3+ body effects needed for
- lighter pion masses
- higher resonances
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rho resonance at m;=236 MeV
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TT T

JP =1-
TT

excited state spectra from a variational method
Ci;(t) = (0] 0s(t)0}(0) |0)
C,,;j (t)v; — )\n(t, tQ)C,,;j (to)?);

operators used:

<= <=
zpl“ D..D vy local qqg-like constructions

N" (B B ) (1) Qo) Worhedron

L= constructions
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P it uses the eigenvector from the
Ql = E v; O,

variational method performed in
i e.g. pion quantum numbers

using distillation (Peardon et al 2009)

many wick contractions:

= =) P g
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David Wilson (TCD)
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S. D. Protopopescu, et al 160
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near a pole:
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David Wilson (TCD)

many other elastic resonance calculations resonances in coupled-channels 4.5 /34

- Bulavaetal 2016 _
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Considering u,d,s quarks: ¢g(***'L;)

pseudoscalar nonet JF=0"
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1000 events

How do we understand the light scalars?

David Wilson (TCD)
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D-wave amplitudes

An example D-wave spectrum fit
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An example D-wave spectrum fit
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Tensor resonance poles

Near a t-matrix pole

C;Cj

tii ~
/ So — S
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The lightest tensors of QCD at m;=391 MeV pavidwison (tcp)
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Near a t-matrix pole
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David Wilson (TCD)
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Several methods - many challenges similar to experimental analyses
e \Weinberg method, uses renormalisation factor Z
Useful for bound states - distinguishes composite meson-meson vs compact
* Morgan pole counting
Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact
e.g. Morgan & Pennington fy(980)
* Photocouplings - determine radial extent
® Decay constants
* N. dependence
gq states become stable, meson-meson sink into continuum - Pelaez et al
* m; dependence

How a near-threshold state reacts to changes in the masses can give clues
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Several methods - many challenges similar to experimental analyses

e \Weinberg method, uses renormalisation factor Z

Useful for bound states - distinguishes composite meson-meson vs compact

* Morgan pole counting

Generalisation of Weinberg - one pole ~ molecular, vs two poles ~ compact

e.g. Morgan & Pennington f3(9280)

determine radial extent
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e \Weinberg method

Useful for bound states - distinguishes composite meson-meson vs compact
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Principal correlators

David Wilson (TCD)

resonances in coupled-channels 65/34

Obtain the finite volume spectrum using a variational method
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m / MeV

light quark spectrum from qq operators

David Wilson (TCD) resonances in coupled-channels 6 6/34
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(® K-matrix contains everything not constrained by unitarity A
1 1 .
;" (s) = Ky (s) — 104501 (s)
K — 1 [ 9ch JnK gnK] n [VnK,nK YnK,nK]
m?2 — JnK 9nkK 91211< YnKknK  YnKnkK
\ J
"® Chew-Mandelstam phase space -- include also s-channel cut along with imaginary part.
—1 —1
tij (s) = Kij (s) + 51)’ I;(s)
S — Sthr, [ pi(s’)
[i(s) = Li(Stnr) — t J ds' ———
Tt Sthr; (S T S) (S T Sthri)
(Subtract at pole so that Re I(s = m2) = 0)
\ J
( ® Threshold factors for [>0 h
1 1
to1(s) = —— K1 (s ——— 4+ 835 Li(s
\ J

As used in Guo, Mitchell and Szczepaniak Phys.Rev. D82 (2010) 094002
No modifications were used in I(s) for higher waves.

Also tested phase space factors instead of k; for thresholds.



rho resonance ext rapolation David Wilson (TCD) resonances in coupled-channels 68/34
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Spectra and overlaps
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operator overlaps give some intuition
lots of mixing in the scalar sector

David Wilson (TCD)
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resonances in coupled-channels 7 0/34
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s

- essential to have meson-meson ops even below threshold
- can't always ‘read-off’ resonance content

recent review by Briceno, Dudek, Young:
arXiv:1706.06223
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