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Fits to Form Factor Data

“Small” Radii
- T. Lorenz, H.-W. Hammer and U. G. Meissner, 
Eur. Phys. J. A 48, 151 (2012), [hep-
ph]:1205.6628
- K. Griffioen, C. Carlson, and S. Maddox, Phys. 
Rev. C93, 065207 (2016), [nucl-ex]:1509.06676
- D. W. Higinbotham, A. A. Kabir, V. Lin, D. 
Meekins, B. Norum, and B. Sawatzky, Phys. 
Rev. C93, 055207 (2016), [nucl-ex]:1510.01293
- M. Horbatsch and E. A. Hessels, Phys. Rev. 
C93, 015204 (2016), [nucl-ex]:1509.05644

… and more!

7/26/18 The Proton Radius Puzzle and Beyond 2

“Large” Radii
- Richard J. Hill and Gil Paz, Phys. Rev. D82, 
113005 (2010), [hep-ph]:1008.4619
- D. Borisyuk, Nucl. Phys. A843, 59 (2010), [hep-
ph]:0911.4091
- J. C. Bernauer et al. (A1), Phys. Rev. C90, 
015206 (2014), [nucl-ex]:1307.6227
- I. Sick. Atoms 6, no. 1, 2 (2018). [nucl-
ex]:1801.01746

… and more!

Fits of low-Q2 form factor data give widely different 
estimates of the proton radius.



The Perils of Extrapolation
• Can we really determine the proton radius from electron 

scattering data?
• If so, why are reasonable physicists getting such different 

answers?
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Fitting is a Delicate Balance
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Same data set. 
Two different fit functions. 
Two different maximum Q2.
4 different radii.
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Experimental Normalization

Rule of thumb: absolute cross 
sections can be measured to 1% 
and relative cross sections to 
0.1% – normalization uncertainty 
needs to be taken into account.

Necessity demonstrated in Mainz 
(1975), whose researchers 
introduced bias into their 
extraction by forcing the fit 
through GE(0) = 1.
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F Borkowski, G. G. Simon, V. H. Walhter and R. D. 
Wendling. Nuc. Phys. B93, Issue 3, pp 461-478 (1975). 

c0 = 1.000, RE = 0.88(2) fm
c0 = 0.994(2), RE = 0.84(2) fm



The Case for an Overall Normalization
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0.82Generated psuedodata
from the dipole form factor 
with a range of simulated 
normalizations: 

Only fits with an overall 
normalization constant yield 
stable results.
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The Role of 𝜒2

• 𝜒2 plays a central role in all experimental fitting procedures.

• Over-reliance on achieving a fit with 𝜒2/dof = 1 is dangerous 
and can lead to overconfidence in extractions.
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Similar Functions – Different Radii
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1.00When low-Q2 is not 

sufficiently constrained, the 
relative proportion of linear 
and quadratic terms at low-
Q2 is not well determined.

It is possible to extract very 
different radius values from 
a data set even with similar 
𝜒2 values.
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RE = 0.800 fm, 𝜒2/dof = 1.033
RE = 0.865 fm, 𝜒2/dof = 0.986
RE = 0.920 fm, 𝜒2/dof = 1.025



𝜒2 Surface

𝜒2/dof for a second order 
polynomial compared to the Mainz 
(2010) data below Q2 = 0.02 GeV2.

The larger the quadratic curvature, 
the larger the radius value.
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The 𝜒2 Distribution
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Studying the 𝜒2 distribution is 
potentially more useful than 
finding one fit with a good 𝜒2.

It is possible a large 𝜒2 value 
is consistent with a good fit.
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Fits to data generated from a linear 
function with 15 points and then 

smeared with Gaussian statistics.



Systematic Uncertainties
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0.00
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0.10If the error bars are over-
estimated (green 
squares) or under-
estimated (red triangles) 
it may not even be 
accurate to say a poorly 
reconstructed 𝜒2 

distribution indicates a 
bad extraction.
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σ’/σ = 0.85
σ’/σ = 1.00
σ’/σ = 1.15

f(𝜒2, 13)



Seeking 𝜒2 Consistency
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can be described by a 𝜒2

distribution with k’ degrees 
of freedom.  Monte Carlo 
simulations show that the 
uncertainty on the radius is 
modified by the square root 
of k’/k.
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distribution after pseudodata
was smeared 105 times



Models to Estimate Bias
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1.20Three functions were chosen 
as benchmarks to estimate 
bias in our fitting functions.
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Fitting Functions
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Too few parameters cannot 
reproduce the shape but too 
many lead to fitting unphysical 
fluctuations.



Fitting Routine
• Bias is estimated by comparing the difference between input and 

extracted radii over all possible Q2 upper bound values.
• Variance calculated by taking the rms variation of many fits where the data 

points were shifted randomly within their uncertainties.
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Fitted Radii for 20th Century Results

Weighted average radius from the 
20th century data sets is 0.857(13) fm.
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1960 1970 1980 1990 2000 2010 2020
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Data Set Fit Function Q2 Range (GeV)2 RE (fm)

Hand et. al (1963) P0,1 (0.012, 0.062) 0.809(30)(33)

Yerevan (1972) P0,1 (0.008, 0.019) 0.820(19)(13)

Saskatoon (1974) P0,1 (0.006, 0.031) 0.864(24)(17)

Mainz (1975) P0,1 (0.014, 0.066) 0.892(27)(36)

Mainz (1980) P0,1 (0.004, 0.032) 0.894(16)(17) CODATA
𝜇H-Lamb Shift



Algorithm Applied to Mainz (2010)
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Optimal fit of the Mainz 
(2010) data is the CF4 out to 
0.074 GeV2 which returns a 
radius of 0.868(3) fm.

Consistent with our 20th

century result but in-between 
the muonic-Lamb shift and 
CODATA results.
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RE = 0.8678(27)(04) fm
k’/k = 1.538



Total Uncertainty
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0.25Why are the results between 
the small (0.84 fm) and large 
(0.88 fm) radius results? 

If we consider the total 
uncertainty (quadrature sum 
of bias and variance) there 
are many results with similar 
small uncertainties; which 
ones are preferred?
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Most Likely Radius

Attempted to include the 
contribution from every possible fit 
by defining the quantity,

where     are the Gaussian 
distributions whose means are the 
radii from many fits and whose 
error bars have been scaled by 
studying the 𝜒2 distribution.
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Most Likely Radius

Attempted to include the 
contribution from every possible fit 
by defining the quantity,

where     are the Gaussian 
distributions whose means are the 
radii from many fits and whose 
error bars have been scaled by 
studying the 𝜒2 distribution.
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20th Century Results

Combined 20th century data set:
62 maximum Q2 values x 11 fit 
functions = 682 Gaussian 
distributions defined by 10,000 fits 
≈ 7 million fits.

Two competing peaks are visible 
but the most likely gives a radius 
of 0.831(18) fm – consistent with 
the muonic-Lamb shift.
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The Proton Radius is 0.84 fm

1422 maximum Q2 values x 11 fit 
functions = 15,642 Gaussian 
distributions defined by 10,000 fits 
≈ 156 million fits.

The ten closest fits to the centroid 
of the peak comprise five different 
fit forms and have a weighted 
uncertainty equal to the shown 
Gaussian.
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eD Scattering Needs Further Study

Examined the A(Q2) data from 
Simon et. al (1981) and Platchkov
et. al (1990).

Two peaks within 1% of each 
other – resolved by taking a 
weighted average which gave a 
radius of 2.092(35) fm.

Result consistent with muonic-
dueterium, but with large errors.
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Summary

• For a given data set and fit function, we made 10,000 fits 
with the data points fluctuated within their errors. 

• This produced a full 𝜒2 distribution and a Gaussian 
distribution of extracted RE. This RE distribution was 
scaled by the square root of k’/k to reflect the uncertainty 
in that radius extraction.

• The sum of all RE distributions were added in order to 
find the maximum likelihood for the radius.
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Results
• The most likely radius peak for each data set is 

consistent with muonic-Lamb shift results.
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0.81 0.83 0.85 0.87 0.89

CODATA, 0.875(6) fm

𝜇H, 0.84087(39) fm

20th Century GE(Q2), 0.831(18) fm

Mainz (2010), 0.840(1) fm

}Consistent 
Results

2.05 2.07 2.09 2.11 2.13 2.15

CODATA, 2.142(2) fm

𝜇D, 2.1256(8) fm

20th Century A(Q2), 2.092(35) fm}
Consistent 
Results



Extra Slides
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20th Century Results

Reevaluated 20th century historical 
results from P(RE).

287/26/18 The Proton Radius Puzzle and Beyond

Data Set RE (fm)

Hand et. al (1963) 0.830(47)

Yerevan (1972) 0.804(30)

Saskatoon (1974) 0.832(51)

Mainz (1975) 0.890(34)

Mainz (1980) 0.838(24)

Data Set Fit Function Q2 Range (GeV)2 RE (fm)

Hand et. al (1963) P0,1 (0.012, 0.062) 0.809(30)(33)

Yerevan (1972) P0,1 (0.008, 0.019) 0.820(19)(13)

Saskatoon (1974) P0,1 (0.006, 0.031) 0.864(24)(17)

Mainz (1975) P0,1 (0.014, 0.066) 0.892(27)(36)

Mainz (1980) P0,1 (0.004, 0.032) 0.894(16)(17)

20th century historical results from 
the original algorithm.



Deuteron A(Q2)
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RE = 2.1256(8)


