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Overview
Precision measurements available for electronic 
& muonic 1H, 2H, 3He, 4He atoms & ions 

sensitive to precise predictions, e.g. Lamb shift, but 
interpretation complicated by contributions from 
nucleus (plus possibly unknown short-distance 
physics?)
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Overview
Extensive effort to compute nuclear effects 

Includes use of EFTs (like NRQED) designed 
to exploit scale hierarchies  - eg p/mc = Za 
- often used to develop systematic 
expansion in powers of 1/m and 1/M

Le↵ = LSch( ) + LSch(�) +
g

M2
( ⇤ )(�⇤�) + · · ·eg



Overview
In this talk: do NOT use nucleon EFT; 
instead use EFT for entire nucleus (4He) 

Do so using 1st-quantized framework

eg Le↵ = LSch( ) + LSch(�) +
g

M2
( ⇤ )(�⇤�) + · · ·

would become

Le↵ = LSch( ) +

Z
d⌧

h
�M + ZeAµẏ

µ + gR2( ⇤ ) + · · ·
i
�4[x� y(⌧)] + · · ·

exact quantum equivalence within single-nucleus sector



Overview
Why EFT for entire nucleus? 

Give up on predicting nuclear contributions, but 
gain model-independent parameter count 

Why the 1st-quantized framework? 

Natural framework used elsewhere for systems for 
which 1/R << M (eg the Earth, or non-H nuclei) 

Wish not to prejudge nonrelativistic limit for near-
nucleus behaviour when Za/R ~ m 

matches naturally Schrodinger QM calculations, such 
as for nuclear charge distributions
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Work to order m4 R3 (Za)5 for nuclear 
shifts in µ4He+ [and m3 R2 (Za)6 for 4He+]

Overview



Overview
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�Enj =
(Z↵)2m

n3

�
A✏2? + E ln(m2✏2?) + · · ·

 
one parameter: e*

Find contributions to this order 
captured by matching to single quantity, 
e*, within the EFT



Outline
Background 

PPEFTs and boundary conditions 

PPEFTs, atoms and relativistic effects 

Atoms 

Energy shifts in 4He+ and µ4He+ 

nucleus-free combinations



EFTs & atoms
In principle compute in QED with 
nucleons (or nuclei) & leptons

Seek poles in appropriate correlators

h ̄(x)�̄(x) (y)�(y)i

L = �1

4
Fµ⌫F

µ⌫ �  ̄(� ·D +m) + LN



EFTs & atoms
Precision calculations rely on expansion 
in small quantities: Za, m/M, R/aB = mRZa

Different EFTs optimized to exploit 
different expansions e.g. NRQED p/mc = Za

�i ⇤Dt �  ⇤D
2

2m
 + · · ·

L = �1

4
Fµ⌫F

µ⌫ �  ̄(� ·D +m) + LN



EFTs & atoms
When treating nucleus as field influence of 
substructure arises through effective interactions

LN = �i�⇤Dt�� �⇤ D2

2M
�+ Lint

e.g.

More complicated effective couplings have 
dimension of higher powers of nuclear size 
R: (g ~ R2, dE ~ R3, etc)

Lint = g (�⇤�)( ⇤ ) + dE(�
⇤�)E · E + · · ·

charge radius polarizability



PPEFTs
PPEFT approach: use 1st-quantized 
nucleus instead of 2nd-quantized nucleus

Completely equivalent dynamics as using 
nucleus field if restricted to dynamics of 
CM motion of single nucleus 

QM of y(t) captures kinematics of recoil

LN(y) = �
Z

x=y(⌧)
d⌧

h
M + ZeAµ[y(⌧)]ẏ

µ + · · ·
i
�4[x� y(⌧)]



PPEFTs
PPEFT approach: what about nuclear 
substructure and dynamics (eg polarizability)?

Similar to 2nd quantized framework effective 
couplings come in increasing powers of 
nuclear size R: (g ~ R2, dE ~ R3, etc)

Lint = g (�⇤�)( ⇤ ) + dE(�
⇤�)E · E + · · ·

LN(y) = �
Z

x=y(⌧)
d⌧

h
· · ·+ g ⇤ + dEE · E + · · ·

i
�4[x� y(⌧)]



PPEFTs
Effective couplings in PPEFT action 
influence surrounding physics by changing 
boundary conditions in near-nucleus limit

e.g. for simplest cases:

R

where R ⌧ ✏ ⌧ a

4⇡r2@r 
��
r=✏

=
�SN

� ⇤



PPEFTs 
Eg electromagnetic field:

interaction:

R

implying bc:

gives delta-function source

LN = ZeA0 �
3(x)

r2A0 = Ze �3(x)

4⇡r2@rA0

��
r=✏

= Ze

higher derivs give multipoles



PPEFTs 
Eg Schrodinger field:

interaction:

R

LN = �g ( ⇤ )�3(x)

implying bc:

gives delta-function potentl

iDt =
D2 

2m
+ g �3(x) 

4⇡r2@r (r = ✏) = 2mg  (r = ✏)



PPEFTs

Effective couplings g(e) 
depend on e in just the 
way required to ensure 
physical observables do 
not depend on e at all

R

Technicality: fields diverge as r -> 0 and so 
set boundary conditions at a regularization 
scale e



PPEFTs
Example: for Schrodinger field and delta 
potential boundary condition fixes 
integration constant for radial equation

nonzero 
when g 
nonzero

lim
r!0


4⇡r2

@ 

@r
+ 2mg  

�
= 0

R`(r) = C1 r
` + C2 r

�`�1

 (r, ✓,�) = R`(r)Y` `z (✓,�)



PPEFTs & atoms
 Renormalize g: give g = g(e) an implicit e 
dependence to cancel explicit e dependence 
of R(e) (with C2/C1 held fixed)

@�

@ ln ✏
=

1

2

�
1� �2

�
� = 1 +

2mg

2⇡✏

lim
r!0


4⇡r2

@ 

@r
+ 2mg  

�
= 0

implies



PPEFTs
Integration constants C2/C1 depend only on 
RG invariant combinations, like e*

l

ln e

e=e*

l=1

l= -1

� = 1 +
2mg

2⇡✏

Describes 
crossover from 
rl to r-l-1 
behaviour 



He+ energy shifts
Treat lepton relativistically (Dirac eq)

+cs  ̄  + icv  ̄ �µ ẏµ + h̃ ẏµ@⌫Fµ⌫

+ids ẏ
µ ̄Dµ + dv ẏ

µẏ⌫ ̄ �µD⌫ 

+
1

2
(dE + dB)ẏ

µẏ⌫Fµ�F⌫
� +

1

4
dBFµ⌫F

µ⌫ + · · ·
i

Rotational and parity inv interactions to 
dimension (length)3

L = �1

4
Fµ⌫F

µ⌫ �  ̄(� ·D +m) + LN

SN = �
Z

d⌧
h
M � ZeAµẏ

µ



He+ energy shifts
In nuclear rest-frame these become

+cs  ̄  + icv  ̄ �0 � h̃r ·E

+ids  ̄D0 + dv  ̄ �0D0 +
1

2
dEE

2 +
1

2
dBB

2 + · · ·
i
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Z

dt
h
M � ZeA0



He+ energy shifts
In nuclear rest-frame these become

+cs  ̄  + icv  ̄ �0 � h̃r ·E

+ids  ̄D0 + dv  ̄ �0D0 +
1

2
dEE

2 +
1

2
dBB

2 + · · ·
i

Redundant interactionsSN = �
Z

dt
h
M � ZeA0



He+ energy shifts
The modified EM boundary condition gives

A0(r) = � Ze

4⇡r
+ h̃ �(3)(r) +

dEZe

(4⇡)2✏2
f✏(r)

rf✏ = 4⇡r̂ �3(r)where

For spinless nuclei magnetic counterpart 
vanishes to the order of interest.



He+ energy shifts
Solutions to lepton Dirac equation:

with near-nucleus boundary condition

 ± =

✓
f±(r)U

±
jjz

(✓,�) + ig±(r)U
⌥
jjz

(✓,�)
f±(r)U

±
jjz

(✓,�)� ig±(r)U
⌥
jjz

(✓,�)

◆

c0s,v := cs,v �
(Z↵)ds,v

✏
cv tot := cv � eh̃� dEZ↵

3✏

c0s � c0v tot �
(Z↵)

2n2
(ds � dv)(m✏Z↵) = 4⇡✏2

✓
f�
g�

◆

r=✏

c0s + c0v tot �
(Z↵)

2n2
(ds + dv)(m✏Z↵) = 4⇡✏2

✓
g+
f+

◆

r=✏



He+ energy shifts
Fermion boundary condition implies evolution

where

c0s ± c0v, tot = 4⇡✏2�±(✏) =
4⇡✏2

Z↵


±⇣

(✏/✏?)2⇣ + 1

(✏/✏?)2⇣ � 1
+K

�

Z↵

4⇡✏2
(ds � dv) = � 4n2

3(Z↵)
� 8n2

3
�̄� +

8n2 � 3

3
(Z↵)(�̄�)2

K := ⌥(j + 1/2)

Z↵

4⇡✏2
(d̂s + d̂v) = �8n2 + 1

3
(Z↵)� 8n2�̄+ �

✓
4n2

Z↵
+ (8n2 � 2n+ 1)(Z↵)

◆
(�̄+)2

⇣ =

s✓
j +

1

2

◆2

� (Z↵)2



He+ energy shifts
The RG invariant e* modifies the energies by

and

�EnS1/2
' 4m3(Z↵)2✏2?

n3

⇢
2 +


12n2 � n� 9

2n2(n+ 1)

�2 ln

✓
2m✏?Z↵

n

◆
� 2Hn+1 � 2� + 4

�
(Z↵)2 + . . .

�

�EnP1/2
' 2(n2 � 1)

n5
m3(Z↵)4✏2?

⇣
1 + · · ·

⌘



He+ energy shifts
This shift in energy matches non QED calculations 
in the literature for appropriate choices for Ri 

✏2? = (Z↵)2
✓
R2

0 +R2
1(Z↵) +R3

2(mZ↵) +R2
3(Z↵)2 +

R4(Z↵)

M
+ · · ·

◆
,

We include all contributions we find to this 
order, such as finite-size corrections to QED, 
higher Zemach moments, recoil effects, nuclear 
polizability etc. 

Corrections give e* more accurately, rather than 
introducing new PPEFT effective parameters



He+ energy shifts
Total nuclear contribution to energy differences 
given by above plus nuclear contributions to QED 
corrections

DEEM is point-nucleus result (Dirac+QED); DEPP 
is calculation above; DEPPQED are nuclear 
contributions to QED corrections.

d�E1!2 := �E1!2 ��EEM
1!2 = �EPP

1!2 +�EPP QED
1!2

�EPP QED(muons) = 4⌘(e)nl m3
µ↵(Z↵)2✏2?µ

�EPP QED(electrons) = 4⌘(µ)nl m3
e↵(Z↵)3✏2?e

⌘(e)nl := (8 ln 2� 10)
�l0
n3



He+ energy shifts
Because          is parameterized only by the 
single parameter e* it is possible to eliminate it 
to derive nucleus-independent combinations. 
(More useful for electronic case)

b�E1!2

d�E2P1/2�2P3/2
=

3

16
(Z↵)2d�E2S1/2�2P1/2

+O[(Z↵)7]

eg for 4He+

d�EnS1/2�nP1/2
=

8

n3
d�E2s1/2�2p1/2

⇢
1 + (Z↵)2


N(n)� n2 � 1

4n2

��

N(n) :=
12n2 � n� 9

4n2(n+ 1)
�Hn+1 +

5

4
+

⌘
(e)
n0

2Z
� ⌘

(e)
20

2Z
� ln(

2

n
)



Summary
First-quantized EFTs provide alternate way to 
exploit hierarchies of scale.  

Particularly useful when 1/R << M 

Allows relatively simple translation to existing 
energy-shift calculations 

Using EFT for entire nucleus find single RG 
invariant parameter captures nuclear effects (for 
4He+) 

suggests fewer independent nuclear parameters


