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Muonic hydrogen theory

Is there a problem with muonic hydrogen theory?

Potentially yes!
[Hill, GP PRL 107 160402 (2011)]

Muonic hydrogen measures AE and translates it to rg

[Pohl et al. Nature 466, 213 (2010) Supplementary information|
AE = 206.0573(45) — 5.2262(rE)? + 0.0347(rf ) meV

[Antognini et al. Science 339, 417 (2013), Ann. of Phy. 331, 127]
AE = 206.0336(15) — 5.2275(10)(rE)? 4 0.0332(20) meV

In both cases apart from r,’:-J need two-photon exchange
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Two photon exchange
@ Apart from rf we have two-photon exchange (TPE)
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Two photon exchange
@ Apart from rf we have two-photon exchange (TPE)
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Two photon exchange
@ Apart from rf we have two-photon exchange (TPE)
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@ Dispersion relations (v = 2k - q, Q> = —¢°)
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@ W requires subtraction...
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Two photon exchange

o Apart from rg we have two-photon exchange (TPE)

o Imaginary part of TPE related to data:

form factors, structure functions
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Two photon exchange

o Apart from rg we have two-photon exchange (TPE)

@ Imaginary part of TPE related to data:

form factors, structure functions

@ Cannot reproduce it from its imaginary part:

Dispersion relation requires subtraction

o Need poorly constrained non-perturbative function Wy (0, Q?)
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Two Photon exchange: small Q? limit
e Small Q? limit using NRQED [Hill, GP, PRL 107 160402 (2011)]
The photon sees the proton “almost” like an elementary particle
2 (2 34 2
Wh(0.G%) = 23,2+ a,)+ S { 27 a3 (ap P - mire | 40 (@)
P
- ap =1.793, 3 = 2.5(4) x 107* fm3, ry = 0.776(34)(17) fm,
- rf =0.8751(61) fm or r,’:fH = 0.84087(26)(29) fm

2
W1(07QZ)_136+Q—( 54+7)+0(Q%)
p
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Two Photon exchange: small Q? limit

e Small Q? limit using NRQED [Hill, GP, PRL 107 160402 (2011)]
The photon sees the proton “almost” like an elementary particle

1100,0%) = 20,200+ S L, 2 (1sa, PP -mie2] 10 (@)

1%
- ap =1.793, 3 = 2.5(4) x 107* fm3, ry = 0.776(34)(17) fm,
- rf =0.8751(61) fm or r,’:fH = 0.84087(26)(29) fm

W1(07QZ)_136+—( 54+7)+0(Q%)
p

e O (Q*) depend on unmeasured higher dim. NRQED matrix elements
[Gunawardna, GP JHEP 1707 137 (2017), Kobach, Pal PLB 772 225 (2017)]
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Two Photon exchange: small Q? limit

e Small Q? limit using NRQED [Hill, GP, PRL 107 160402 (2011)]
The photon sees the proton “almost” like an elementary particle

2 (2 33
Wi(0, Q%) = 2a,(2+a,)+ Qz{ M5 —a,— 2 [(1+ap) (r,’\;)2—m,2)(r,:-p)2} }+o (QY)
mg « 3
- ap =1.793, 3 = 2.5(4) x 107* fm3, ry = 0.776(34)(17) fm,
- rf =0.8751(61) fm or r,’:fH = 0.84087(26)(29) fm

Wl(O,Qz)_136+—( 54+7)+0(Q%)
p

e O (Q*) depend on unmeasured higher dim. NRQED matrix elements
[Gunawardna, GP JHEP 1707 137 (2017), Kobach, Pal PLB 772 225 (2017)]
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Two Photon Exchange: large Q? limit

e Calculable in farge Q2 limit using Operator Product Expansion (OPE)
[J. C. Collins, NPB 149, 90 (1979)]
The photon “sees” the quarks and gluons inside the proton

Wi(0, Q%) = c/Q@%+ 0O (1/Q%)

@ Result was used to estimate two photon exchange effects
@ c calculated in [J. C. Collins, NPB 149, 90 (1979)]
RENORMALIZATION OF THE COTTINGHAM FORMULA

John C. COLLINS *
Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08540, USA

Received 23 October 1978
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Two Photon Exchange: large Q? limit

e Calculable in farge Q2 limit using Operator Product Expansion (OPE)
[J. C. Collins, NPB 149, 90 (1979)]
The photon “sees” the quarks and gluons inside the proton

Wi(0, Q%) = c/Q@%+ 0O (1/Q%)

@ Result was used to estimate two photon exchange effects
@ c calculated in [J. C. Collins, NPB 149, 90 (1979)]
RENORMALIZATION OF THE COTTINGHAM FORMULA

John C. COLLINS *
Joseph Henry Laboratories, Princeton University, Princeton, New Jersey 08540, USA

Received 23 October 1978

o Was it?
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Large Q2 behavior

@ In 1978 Collins calculated EM corrections to the nucleon mass
with an emphasis on m, — m,,
The mass only depends on spin-0 operators (g quark, G*¥ gluon)

(Plmqqq|P),  (P|G" G |P)

Quark Gluon
Spin-0 | Collins '78 | Collins '78
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Large Q2 behavior
@ In 1978 Collins calculated EM corrections to the nucleon mass

with an emphasis on m, — m,,
The mass only depends on spin-0 operators (g quark, G*¥ gluon)

(Plmqqq|P),  (P|G" G |P)

Quark Gluon
Spin-0 | Collins '78 | Collins '78

e For W;(0, @) you need also spin-2 operators

1 1
(PIg(iD"y"+iD"y"~ i g")q|P). <P|G“°‘G;—ZG“BGa5gW’P>
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Large Q2 behavior

@ In 1978 Collins calculated EM corrections to the nucleon mass
with an emphasis on m, — m,,
The mass only depends on spin-0 operators (g quark, G*¥ gluon)

(Plmqqq|P),  (P|G" G |P)

Quark Gluon
Spin-0 | Collins '78 | Collins '78

e For Wi (0, @?) you need also spin-2 operators
1 1
<P|q(iDM“+iDV7N—ZimgW)q\P>, <P|GWG;—ZGaﬁcaggWyP)
@ Need also the spin-2 contribution [Hill, GP PRD 95, 094017 (2017)]

Quark Gluon
Spin-0 | Collins '78 | Collins '78
Spin-2 | Hill, GP '16 | Hill, GP '16

@ Collins's result is not enough for muonic hydrogen!
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Large Q2 behavior

@ Performing the complete calculation, we found a mistake in Collins
spin-0 calculation from 1978...
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Large Q2 behavior

@ Performing the complete calculation, we found a mistake in Collins
spin-0 calculation from 1978...

@ Collins didn't calculate the spin-0 gluon contribution directly

He extracted it from another calculation
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Large Q2 behavior

@ Performing the complete calculation, we found a mistake in Collins
spin-0 calculation from 1978...

@ Collins didn't calculate the spin-0 gluon contribution directly

He extracted it from another calculation

@ For three light quark u,d,s
Correct result: ) e = 2P+ (3)1P+(3)2=32
Collins: > , =3
Too large by a factor of 4.5...
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e 1978:

e 2016:

RENORMALIZATION OF THE COTTINGHAM FORMULA
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Large Q2 behavior

Quark

Gluon

Spin-0 | Collins '78

Collins '78 — Hill, GP '16

Spin-2 | Hill, GP '16

Hill, GP '16
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Large Q2 behavior

Collins '78 — Hill, GP '16

Quark Gluon
Spin-0 | Collins '78
Spin-2 | Hill, GP '16 | Hill, GP '16

@ Even worse, quark spin-0 and gluon spin-0 come with opposite signs

After correcting the mistake they largely cancel
W1 (0, @2) is dominated by spin-2 contribution

@ Lesson: It is important to do a full calculation
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Large Q2 behavior

Quark Gluon

Spin-0 | Collins '78 Collins '78 — Hill, GP '16
Spin-2 | Hill, GP '16 | Hill, GP '16

@ Even worse, quark spin-0 and gluon spin-0 come with opposite signs
After correcting the mistake they largely cancel
W1 (0, @2) is dominated by spin-2 contribution

@ Lesson: It is important to do a full calculation

@ Some good news: The mistake has no effect on m, — m,
since gluon contribution is the same at lowest order in isospin breaking
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Large Q2 behavior

Quark Gluon
Spin-0 | Collins '78 Collins '78 — Hill, GP '16
Spin-2 | Hill, GP '16 | Hill, GP '16

@ Even worse, quark spin-0 and gluon spin-0 come with opposite signs
After correcting the mistake they largely cancel
W1 (0, @2) is dominated by spin-2 contribution

@ Lesson: It is important to do a full calculation

@ Some good news: The mistake has no effect on m, — m,
since gluon contribution is the same at lowest order in isospin breaking

@ Flip side: You cannot use m, — m, to constrain muonic hydrogen!
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Large @2 behavior: Spin 0 contribution

@ The correct spin 0 result

Q (spin—0) 2 Z(0)
om 2 Wi (0,Q°) =-2 Z e f Z e 1277
@ quark and gluon matrix elements reIated by

= (1= m) Y f0 - %éo)
q

oo O
£ o - Dashed blue: quark
Nooosf - a
<< . - Dash-dotted red: gluon
O 0} |
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-‘E -0.05 - uncertainty Q/2 < p < 2Q
&L o
< -01f - Solid bands: hadronic uncertainties
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Large Q2 behavior: Spin 2 contribution

@ The new spin 2 result

Q (spin—2) 2 2 (2 Q 2
:W OQ 2Ze f()u)—i— Ze = ——+ Iog ()(,u)
@ quark and gluon matrix elements related by

D)+ G =1
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O L
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Dashed blue: down quark
Dash-dotted blue: up quark
Red: Gluon contribution

Vertical stripes: perturbative
uncertainty Q/2 < pu < 2Q

Solid bands: hadronic uncertainty
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Large Q2 behavior: Total contribution
@ The total contribution

0.8

2
p

o
)
I

I
~
T

Q*W,(0,Q%)/2m

o
T

- Dashed red: spin 0

- Dashed blue: spin 2

- Vertical stripes: total contribution with perturbative and hadronic
errors added in quadrature
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Two Photon exchange: small Q? and large Q2
@ Using NRQED we have control over low Q2

GLm 2 [wrarmgr-miey] o (@)

p

Wi (0, Qz) = 2ap(2+ap)+

@ Using OPE we now have control over the high Q?

Q (spin—0) 2 7
=W -2 0 f(O)
2m2 (0.¢°) Ze 2 1

q

Q2 ( : 72) Q 5 Q
W. spin 2y 2 2f(2) 2 L _ | f(2)
2mg 1 (Ov Q ) zq: eq q (/1’) + zq: eq 4 3 + 3 og —~ /~L (/J’)

@ The problem, like the joke, is how to make a whole fish from a head
and a tail...

o Before this work we had only the low Q?
knowing the large @2 allows to connect the dots
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Two Photon Exchange: Modeling

e Simple modeling: use OPE for Q? > 1 GeV?
- Model unknown @*: add A;(Q?) = £Q%/A7 with A, ~ 500 MeV
- Model unknown 1/Q*: add Ay (Q?) = £A2,/Q? with Ay ~ 500 MeV
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Two Photon Exchange: Modeling

Simple modeling: use OPE for Q% > 1 GeV?
Model unknown Q*: add A;(Q?) = iQ2//\% with A; =~ 500 MeV
Model unknown 1/Q*: add Ay (Q?) = £A2,/Q? with Ay ~ 500 MeV

How to connect the curves?
15 [T T T T T T T

10F .

5¢ 1

ok —

W1(0.Q?)

st ]
10 ]

-15F ]

) i . . . . . . . . | . . . . | . . . . 1]
0.0 0.5 1.0 1.5 2.0

Q?(GeV?)
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Two Photon Exchange: Modeling
Simple modeling: use OPE for Q% > 1 GeV?
Model unknown Q*: add A;(Q?) = £Q?/A? with A, ~ 500 MeV

Model unknown 1/Q*: add Ax(Q?) = £A2,/Q? with Ay ~ 500 MeV
Interpolating:
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Two Photon Exchange: Modeling
Simple modeling: use OPE for Q% > 1 GeV?
Model unknown Q*: add A;(Q?) = £Q?/A? with A, ~ 500 MeV

Model unknown 1/Q*: add Ax(Q?) = £A2,/Q? with Ay ~ 500 MeV
Interpolating:

W0, Q)
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Two Photon Exchange: Modeling
Simple modeling: use OPE for Q% > 1 GeV?
- Model unknown @*: add A;(Q?) = £Q%/A? with A, ~ 500 MeV
Model unknown 1/Q*: add Ax(Q?) = £A2,/Q? with Ay ~ 500 MeV

@ Interpolating:
e L T T
10%\ _
NC)‘ 0\/&
S I
=
-10f 1
_207 Il Il L
0 0.5 1.5 2

1
Q* (GeV?)
o Energy contribution: §E(28)M (@) ¢ [~0.046 meV, —0.021 meV]
To explain the puzzle need this to be ~ —0.3 meV
o Caveats: OPE might be only valid for larger @
W1 (0, @2) might be different than the interpolated lines
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Two Photon Exchange: Other approaches

@ Similar results found by other groups

(34]
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[Fig. 8]
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Experimental test

@ How to test? New experiment: u — p scattering
MUSE (MUon proton Scattering Experiment) at PSI
[R. Gilman et al. (MUSE Collaboration), arXiv:1709.09753]

@ Need to connect muon-proton scattering and muonic hydrogen
can use a new effective field theory: QED-NRQED

[Hill, Lee, GP, Mikhail P. Solon, PRD 87 053017 (2013)]
[Steven P. Dye, Matthew Gonderinger, GP, PRD 94 013006 (2016)]

[Steven P. Dye, Matthew Gonderinger, GP, in progress|
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