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The nucleon spin-averaged forward virtual Compton tensor determines important physical quantities
such as electromagnetically induced mass differences of nucleons and two-photon exchange contributions
in hydrogen spectroscopy. It depends on two kinematic variables: ν, the virtual photon energy in the proton
rest frame, and Q2, the photon’s invariant four-momentum squared. Using the operator product expansion,
we calculate the tensor’s large-Q2 behavior for ν ¼ 0, including for the first time the full spin-2 contribution
and correcting a previous result in the literature for the spin-0 contribution. Implications for the proton
radius puzzle are discussed.
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I. INTRODUCTION

The forward Compton amplitude describes virtual pho-
ton scattering on a hadron, depicted in Fig. 1, and encodes
important structure information. For example, the spin-
averaged proton forward Compton amplitude determines
two-photon exchange (TPE) contributions to hydrogen
spectroscopic transitions. These contributions dominate
the uncertainty of the proton charge radius measured in
muonic hydrogen [1] and have been the subject of recent
intense scrutiny and controversy [2–5]. The difference
between spin-averaged proton and neutron forward
Compton amplitudes determines the electromagnetic con-
tribution to the proton-neutron mass splitting, also the
subject of recent controversy [6–10].
The tensor representation of the spin-averaged

Compton amplitude [cf. Eq. (1) below] involves two
scalar functions, W1ðν; Q2Þ and W2ðν; Q2Þ. The imagi-
nary parts of these functions are determined by (elastic
and inelastic) electron scattering data. W2ðν; Q2Þ can be
reconstructed from its imaginary part using a dispersion
relation in ν. However, W1ðν; Q2Þ requires a subtraction
in the dispersion relation. Uncertainties related to the
subtraction function for the proton, Wp

1 ð0; Q2Þ, dominate
the error budget for the muonic hydrogen Lamb shift.
Similarly, uncertainties in the difference of subtraction
functions for the proton and neutron, Wp−n

1 ð0; Q2Þ,
dominate the error budget for the proton-neutron

electromagnetic self-energy. It is important to constrain
this subtraction function.1

While not accessible directly from experimental data,
we can constrain W1ð0; Q2Þ in the small- and large-Q2

limits. For small Q2, one can calculate [2] W1ð0; Q2Þ in
terms of the Wilson coefficients of nonrelativistic QED
(NRQED) [11,12]. These coefficients are in turn deter-
mined by low-energy experimental measurements or by
nonperturbative QCD computations using lattice QCD
or chiral perturbation theory. The operator product
expansion (OPE) may be used to show that W1ð0; Q2Þ ∼
1=Q2 for large Q2 [2,7]. In this paper, we perform the
explicit computation of the 1=Q2 coefficient in the OPE
determination of W1ð0; Q2Þ.
There are four types of operator that contribute to the

coefficient of 1=Q2 in the OPE expression for
W1ð0; Q2Þ: spin-0 quark, spin-0 gluon, spin-2 quark,
and spin-2 gluon. Previous analyses of W1ð0; Q2Þ are
based on the work of Collins from 1979 [7], which was
concerned with the renormalization of the Cottingham
formula for electromagnetic mass splittings, and con-
sidered only the spin-0 operators. In this paper, we
calculate the Wilson coefficients for both types of
operators. We correct an error in the expression for
the spin-0 contribution in Ref. [7]. Applications to
muonic hydrogen require inclusion of the spin-2 oper-
ators. Since these were not included before, existing

1The need for subtraction is readily demonstrated: W1ðν; 0Þ ¼ −2þOðν2Þ at low ν (see, e.g., Ref. [11]), in contradiction with the
prediction from an unsubtracted dispersion relation, W1ðν; 0Þ ¼ ð1=πÞ R∞

ν2cut
dν02ImW1ðν0; 0Þ=ðν02 − ν2Þ, which is manifestly positive

using the optical theorem for ImW1ðν0; 0Þ (see, e.g., Ref. [2]). Reference [10] argues that after subtraction of a term motivated by
Reggeon dominance, the remaining structure functions satisfy unsubtracted dispersion relations; however, a reliable evaluation of such a
subtraction has not been presented.
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applications are incomplete; in fact, we show that the
spin-2 contribution is numerically dominant.
The remainder of the paper is structured as follows. In

Sec. II, we perform the analytic calculations of the Wilson
coefficients. In particular, we perform the one-loop calcu-
lations needed to extract the Wilson coefficients of gluon
operators. In Sec. III, we evaluate the relevant local nucleon
matrix elements. Focusing on the proton case, we numeri-
cally evaluateW1ð0; Q2Þ at largeQ2. In Sec. IV, we discuss
the implications of our results for TPE contributions to the
muonic hydrogen Lamb shift. In Sec. V, we present our
conclusions.

II. WILSON COEFFICIENTS

Here, we introduce notation for the Compton amplitude
and determine the relevant operators in the OPE. We then
perform matching onto quark and gluon operators.

A. Preliminaries

The nucleon spin-averaged forward virtual Compton
scattering tensor is defined as (cf. Fig. 1)

WNμν
S ðν; Q2Þ

≡ i
2

X
s

Z
d4xeiq·xhNðk; sÞjTfJμe:m:ðxÞJνe:m:ð0ÞgjNðk; sÞi;

ð1Þ
where k is the nucleon three-momentum and s its spin, Jμe:m:

is the electromagnetic current, and the subscript S denotes
symmetrization in μ and ν.2 Here, N ¼ p or N ¼ n denotes
a proton or neutron. Also, ν ¼ 2k · q, and Q2 ¼ −q2.
Notice that some authors refer to this quantity as Tμν [7,8].
Using current conservation, and invariance of electro-

magnetic interactions under parity and time reversal,
WNμν

S can be expressed as

WNμν
S ¼

�
−gμν þ qμqν

q2

�
WN

1 ðν; Q2Þ

þ
�
kμ −

k · qqμ

q2

��
kν −

k · qqν

q2

�
WN

2 ðν; Q2Þ: ð2Þ

We will use relativistic normalization of states,
ūNðkÞuNðkÞ ¼ 2mN , for nucleon spinors throughout.
The imaginary parts WN

i are related to physical cross
sections. Inserting a complete set of states into (1),

2ImWNμν
S ¼ 1

2

X
s

XZ
X

½hNðk; sÞjJμjXihXjJνjNðk; sÞi

× ð2πÞ4δ4ðq − pX þ kÞ
þ hNðk; sÞjJνjXihXjJμjNðk; sÞi
× ð2πÞ4δ4ðqþ pX − kÞ�; ð3Þ

where pX is the momentum of the state X. We can
now perform a separation between nucleon and non-
nucleon (i.e., excited) states. The nucleon contributions
to ImWN

i can be expressed in terms of nucleon form
factors. Contributions from other final states can be
expressed in terms of inelastic structure functions.
Using dispersion relations, WN

2 can be reconstructed
from its imaginary part, but WN

1 requires a subtraction
in order to have a convergent dispersion relation. Thus,

WN
1 ðν; Q2Þ ¼ WN

1 ð0; Q2Þ þ ν2

π

Z
∞

0

dν02
ImWN

1 ðν0; Q2Þ
ν02ðν02 − ν2Þ ;

WN
2 ðν; Q2Þ ¼ 1

π

Z
∞

0

dν02
ImWN

2 ðν0; Q2Þ
ν02 − ν2

: ð4Þ

Since WN
1 ð0; Q2Þ is not directly related to measured

quantities, it is a major source of uncertainty for
quantities like the TPE contribution to the Lamb shift
in muonic hydrogen [2] and the isovector nucleon
electromagnetic self-energy [8]. As discussed in the
Introduction, we can constrain WN

1 ð0; Q2Þ in the
small-Q2 and large-Q2 limits. The small-Q2 behavior
was discussed in Ref. [2]. Here, we will calculate the
large-Q2 behavior.
We will determine the OPE for the operator,

Tμν
S ðqÞ≡ i

Z
d4xeiq·xTfJfμe:m:ðxÞJνge:m:ð0Þg; ð5Þ

where curly braces around indices denote symmetrization,
i.e., AfαBβg ¼ ðAαBβ þ BαAβÞ=2 for four-vectors Aμ and
Bμ. Note that the Compton tensor is obtained by taking the
matrix element, WNμν

S ðν; Q2Þ ¼ hNðk; sÞjTμν
S jNðk; sÞi. For

the OPE evaluation, we match onto the lowest-dimension
QCD operators, which begin at dimension 4. There are
four3 relevant operator types,

FIG. 1. Forward scattering of virtual photon of momentum qμ

on a hadron of momentum kμ.

2Symmetrization in μ and ν can be shown equivalent to spin
averaging: if WNμν is expanded in a tensor basis, terms that
are odd under μ ↔ ν are linear in the nucleon spin vector,
Sμ ∝ ūNðp; sÞγμγ5uNðp; sÞ, and vanish under spin averaging;
terms symmetric under μ ↔ ν are independent of Sμ as displayed
in Eq. (2).

3As we will see below, there is another possible structure,
OðrÞμανβ

S . The matrix element of the corresponding contribution
to Tμν

S between proton states vanishes, so we do not include it in
Eq. (6). See Appendix A.
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Oð0Þ
f ¼ mff̄f;

Oð0Þ
g ¼ GA

αβG
Aαβ;

Oð2Þαβ
f ¼ f̄

�
iDfαγβg −

1

d
iDgαβ

�
f;

Oð2Þαβ
g ¼ −GAαλGAβ

λ þ 1

d
gαβGA

ρσGAρσ; ð6Þ

where d ¼ 4 − 2ϵ is the spacetime dimension, and f ¼
u; d; s;… runs over active quark flavors. The superscript
label denotes operator spin. The spin-2 operators are

traceless, i.e., they satisfy gαβO
ð2Þαβ
f;g ¼ 0.

Current conservation implies qμTμν ¼ qνTμν ¼ 0 up to
operators for which the physical matrix elements vanish.
This implies that the general form4 of Tμν

S may be written,

Tμν
S ¼ 1

q2

�
−gμν þ qμqν

q2

��X
f

c1fO
ð0Þ
f þ c1gO

ð0Þ
g

�

þ 1

q2

�
−gμν þ qμqν

q2

�
qαqβ
q2

×

�X
f

c2fO
ð2Þαβ
f þ c2gO

ð2Þαβ
g

�

þ 1

q2

�
−gμα þ qμqα

q2

��
−gνβ þ

qβqν

q2

�

×

�X
f

c3fO
ð2Þαβ
f þ c3gO

ð2Þαβ
g

�
þO

�
1

q4

�
: ð7Þ

Using the matrix elements (20) and (25) below, we see that
c1 and c2 will contribute toW1 and c3 will contribute toW1

and W2. Let us proceed to match onto quark and gluon
operators at leading order in QCD perturbation theory.

B. Quark operators

In order to match onto the quark operators, we compute
forward scattering amplitudes using on-shell quarks with
electromagnetic charge ef (in units of the proton charge),
mass mf, and four-momentum k as external states; cf.
Fig. 2. The matrix element for Tμν

S between such states is

hfjTμν
S jfi ¼ −

X
f

2e2f
q2

ūfðkÞ
�
kμγν þ kνγμ

−
2k · q
q2

ðqμγν þ qνγμ − gμνqÞ
�
ufðkÞ þO

�
1

q4

�
:

ð8Þ

After simplification, this gives the results

2c1f ¼ c2f ¼ −c3f ¼ 4e2f: ð9Þ

The expression for c1f agrees with Eq. (2.14) of Ref. [7].
The coefficients c2f and c3f were not considered
in Ref. [7].

C. Gluon operators

The calculation of cig is simplified by using a back-
ground field analysis in Fock-Schwinger gauge [13]. We
then have the following expressions for the gluon contri-
butions to Tμν,

Tμν
a ¼ −

ig2

4
Tr½tatb�Ga

ραð0ÞGb
σβð0Þ

X
f

e2f

Z
ddl
ð2πÞd

∂
∂kρ

∂
∂k0σ

× Tr

�
γμ

1

l −mf
γα

1

l − k −mf
γβ

1

l − k − k0 −mf
γν

1

l − q −mf

�
k¼k0¼0

;

Tμν
b ¼ −

ig2

4
Tr½tatb�Ga

ραð0ÞGb
σβð0Þ

X
f

e2f

Z
ddl
ð2πÞd

∂
∂kρ

∂
∂k0σ

× Tr

�
γμ

1

l −mf
γν

1

l − qþ kþ k0 −mf
γα

1

l − qþ k0 −mf
γβ

1

l − q −mf

�
k¼k0¼0

;

Tμν
c ¼ −

ig2

4
Tr½tatb�Ga

ραð0ÞGb
σβð0Þ

X
f

e2f

Z
ddl
ð2πÞd

∂
∂kρ

∂
∂k0σ

× Tr

�
γμ

1

l −mf
γα

1

l − k −mf
γν

1

l − qþ k0 −mf
γβ

1

l − q −mf

�
k¼k0¼0

; ð10Þ

FIG. 2. Quark matching condition. The right-hand side denotes
a sum over operators in Eq. (7).

4A fourth possible term qαqβO
ðrÞμανβ
S is omitted since its matrix elements between spin-averaged proton states is zero.
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wherewe separate Tμν into three pieces, Tμν
a , Tμν

b , and Tμν
c , as

illustrated in Fig. 3. The contributions Tμν
a and Tμν

b are equal
and IR divergent, while Tμν

c is IR finite. In the following, we
will work in d ¼ 4 − 2ϵ dimensions to regularize these IR

divergences and set the quark masses to zero. The effective
theory loop diagrams pictured in Fig. 3 then vanish. We note
also that none of Tμν

a , Tμν
b , or Tμν

c obeys current conservation
by itself; only their sum does.
Since Tμν

c is IR finite, we can set d ¼ 4 and get

Tμν
c ¼

X
f

e2f
g2

16π2
1

q2

�
1

3
Oð0Þ

g

�
−gμν þ qμqν

q2

�

þ 2
qμqα
q2

Oð2Þαν
g þ 2

qνqα
q2

Oð2Þαμ
g − 4

qαqβ
q2

OðrÞμανβ
S

�
;

ð11Þ

where qαqβO
ðrÞμανβ
S is an operator structure for which the

nucleon matrix element vanishes, cf. Appendix A. Tμν
a is IR

divergent, and we calculate it in d ¼ 4 − 2ϵ dimensions.
We find

Tμν
a ¼ Tμν

b ¼
X
f

e2f
g2

24π2
1

q2

�
4πμ2

−q2 − i0

�
ϵ

Γð2þ ϵÞBð2 − ϵ; 1 − ϵÞ

×

�
qμqνqαqβ

q4
Oð2Þαβ

g ð−4 − 2ϵÞ þ qαqβgμν

q2
Oð2Þαβ

g

�
4 − 5ϵþ 2ϵ2

ϵ

�

þ
�
qαqμ

q2
Oð2Þαν

g þ qαqν

q2
Oð2Þαμ

g

��
−4þ 6ϵ

ϵ

�
þOð2Þμν

g

�
4 − 5ϵ

ϵð1þ ϵÞ
��

: ð12Þ

Expanding in ϵ and adding Tμν
a ; Tμν

b , and Tμν
c , we have the total gluon contribution

Tμν
gluon ¼

X
f

e2f
αs
4π

1

q2

�
1

3

�
−gμν þ qμqν

q2

�
Oð0Þ

g − 4
qαqβ
q2

OðrÞμανβ
S

þ
�
−

8

3ϵ
−
14

3
−
8

3
log

μ2

−q2

��
−gμν þ qμqν

q2

�
qαqβ
q2

Oð2Þαβ
g

þ
�
8

3ϵ
þ 2þ 8

3
log

μ2

−q2

��
−gμα þ qμqα

q2

��
−gνβ þ

qβqν

q2

�
Oð2Þαβ

g

�
; ð13Þ

from which we may read off the coefficients cig. Here, we
have introduced the renormalized strong coupling in the
MS scheme,

g2bareμ
−2ϵð4πÞϵΓð1þ ϵÞ ¼ αs þOðα2sÞ: ð14Þ

As an alternative approach, inspection of Eq. (7) shows
that the coefficients c1, c2, and c3 may be extracted from
the quantity vμvνTμν, for arbitrary timelike unit vector vμ

(v2 ¼ 1):

vμvνT
μν
gluon ¼ c1g

1

q2

�
−1þ ðv · qÞ2

q2

�
Oð0Þ

g þ qαqβ
q4

Oð2Þαβ
g

×

��
−1þ ðv · qÞ2

q2

�
c2g þ

ðv · qÞ2
q2

c3g

�

þ c3g

�
vαvβ
q2

− 2
v · qqαvβ

q4

�
Oð2Þαβ

g : ð15Þ

Following the notation of Ref. [14], we write5

FIG. 3. Matching condition onto gluon operators. The three
diagrams on the left-hand side denote the contributions Tμν

a , Tμν
b ,

and Tμν
c in Eq. (10). The right-hand side denotes a sum over

operators in Eq. (7). Permutations of external states are not
displayed.

5For our case, we need the “ZZ” contribution from Ref. [14],
with axial coefficient cA ¼ 0 and vector coefficient cV ¼ ef.
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vμvνT
μν
k

¼ −
ig2

8

�
1

dðd − 1ÞO
ð0Þ
g Ið0Þk ðqÞ þ 1

d − 2
Oð2Þαβ

g Ið2ÞkαβðqÞ
�
:

ð16Þ

Neglecting quark masses, we have6

Ið0Þa ðqÞ ¼ 0;

Ið0Þc ðqÞ ¼ ½cϵ�
P

fe
2
f

−q2

�
32 − 32

ðv · qÞ2
q2

�
;

Ið2ÞaμνðqÞ ¼ ½cϵ�
P

fe
2
f

ð−q2Þ1þϵ

�
vμvν

�
−
64

3ϵ
þ 16

3

�

þ v · qvμqν
q2

�
128

3ϵ
þ 64

3

�
þ qμqν

q2

�
−
64

3ϵ
− 16

�

þ qμqνðv · qÞ2
q4

�
64

3

�
þOðϵÞ

�
;

Ið2ÞcμνðqÞ ¼ ½cϵ�
P

fe
2
f

ð−q2Þ1þϵ

�
−64

v · qvμqν
q2

þOðϵÞ
�
; ð17Þ

with ½cϵ�≡ iΓð1þ ϵÞð4πÞ−2þϵ. Thus, either from Eq. (13)
or from Eqs. (15) and (16), we read off the bare matching
coefficients,

cbare1g ¼ αs
4π

X
f

e2f

�
1

3

�
;

cbare2g ¼ αs
4π

X
f

e2f

�
−q2

μ2

�−ϵ�
−

8

3ϵ
−
14

3

�
;

cbare3g ¼ αs
4π

X
f

e2f

�
−q2

μ2

�−ϵ� 8

3ϵ
þ 2

�
: ð18Þ

Renormalizing operators in the MS scheme [14], we find
the renormalized coefficients,

c1gðμÞ ¼
αs
4π

X
f

e2f

�
1

3

�
;

c2gðμÞ ¼
αs
4π

X
f

e2f

�
−
14

3
þ 8

3
log

Q2

μ2

�
;

c3gðμÞ ¼
αs
4π

X
f

e2f

�
2 −

8

3
log

Q2

μ2

�
: ð19Þ

III. NUCLEON MATRIX ELEMENTS

Here, we evaluate the relevant nucleon matrix elements.
In Secs. III A and III B, we discuss the spin-0 and spin-2
matrix elements for both the proton and neutron. In Sec. III
C, we specialize to the proton case and provide explicit
numerical results for the leading 1=Q2 OPE evaluation
of Wp

1 ð0; Q2Þ.

A. Spin 0

Following Ref. [15], let us define7

hNðkÞjOð0Þ
f jNðkÞi≡ 2m2

Nf
ð0Þ
f;N;

hNðkÞjOð0Þ
g ðμÞjNðkÞi≡ −2m2

N
~fð0Þg;NðμÞ; ð20Þ

where we are using relativistic normalization ūðkÞuðkÞ ¼
2mN for nucleon spinors.8 The gluon matrix element is
determined by the mass sum rule,

1 ¼ ð1 − γmÞ
X
f

fð0Þq;N −
~β

2
~fð0Þg;N: ð21Þ

Here, ~β and γm denote the QCD beta function and mass
anomalous dimension, the leading expansions of which are

~β ¼ β

g
¼ −

X
k¼1

βk−1

�
αs
4π

�
k
; β0 ¼ 11 −

2

3
nf;

γm ¼ −
X
k¼1

γk−1

�
αs
4π

�
k
; γ0 ¼ 8; ð22Þ

where nf is the number of active quark flavors.9 For the
quark matrix elements, we use

2mNΣπN ¼ mu þmd

2
hNjðūuþ d̄dÞjNi;

2mNΣ− ¼ ðmd −muÞhNjðūu − d̄dÞjNi: ð23Þ

In terms of the quark mass ratio Rud ≡mu=md, we have

fð0Þu;N ¼ Rud

1þ Rud

ΣπN

mN
ð1þ ξÞ; fð0Þd;N ¼ 1

1þ Rud

ΣπN

mN
ð1 − ξÞ;

ξ ¼ 1þ Rud

1 − Rud

Σ−

2ΣπN
: ð24Þ

6A nonpropagating typo appears in Eq. (83) of Ref. [14]: in
Nð2Þ

aμνðZZÞ, in the z2LμLν term, the opposite sign should appear in
front of xð2 − x − ϵÞ.

7Compared to the quantity fð0Þg;N in Ref. [15], we have
~fð0Þg;N ¼ ½8π=ð9αsÞ�fð0Þg;N . The conventional 8=9 prefactor is de-
signed to simplify the expression for the sum rule (21) when
nf ¼ 3.

8Recall that the nonrelativistic normalization ūðkÞuðkÞ ¼
mN=Ek was used in Ref. [15].

9Higher-order terms are listed in Ref. [15]. In numerical
applications of Eq. (21), we evaluate γm and ~β through Oðα4sÞ.
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Numerical values for spin-0 matrix elements are summa-
rized in Table I. As detailed in Ref. [15], the matrix

elements fð0Þu;d;s are identical for nf ¼ 3 and nf ¼ 4, up
to power corrections.

B. Spin 2

Let us define

hNðkÞjOð2Þμν
f ðμÞjNðkÞi≡2

�
kμkν−

gμν

4
m2

N

�
fð2Þf;NðμÞ;

hNðkÞjOð2Þμν
g ðμÞjNðkÞi≡2

�
kμkν−

gμν

4
m2

N

�
fð2Þg;NðμÞ: ð25Þ

The gluon matrix element is determined by the momentum
sum rule, X

f

fð2Þf;NðμÞ þ fð2Þg;NðμÞ ¼ 1: ð26Þ

Up to corrections proportional to mu −md and α, the
proton and neutron matrix elements are related as

hpjOð2Þ
u jpi ¼ hnjOð2Þ

d jni; hpjOð2Þ
d jpi ¼ hnjOð2Þ

u jni;
hpjOð2Þ

s jpi ¼ hnjOð2Þ
s jni: ð27Þ

For the numerical evaluation, we use the inputs of Table II
for nf ¼ 4 at μ ¼ 2 GeV, with the gluon matrix element
given by Eq. (26). For different μ in the limited range
considered, we employ the leading log renormalization
(cf. Table 5 of Ref. [15]).

C. Large-Q2 behavior of W1ð0;Q2Þ: Numerical results

Let us restrict attention to the subtraction function for the
proton, Wp

1 ð0; Q2Þ. For notational simplicity, we suppress
the superscript,Wp

1 → W1, in the following. In terms of the
matrix elements of the previous section, we have the
leading power result

W1ð0; Q2Þ ¼ 2m2
p

Q2

�
−
X
f

c1ff
ð0Þ
f þ c1g ~f

ð0Þ
g

þ 1

4

�X
f

ðc2f − c3fÞfð2Þf þ ðc2g − c3gÞfð2Þg

��
;

ð28Þ
where the first nonvanishing order for coefficients of each
operator are given by Eqs. (9) and (19). Let us consider
separately the spin-0 and spin-2 contributions.

1. Spin 0: Numerical evaluation for proton

Substituting the Wilson coefficients from Eqs. (9) and
(19), the spin-0 contribution is

Q2

2m2
p
Wðspin−0Þ

1 ð0; Q2Þ

¼ −2
X
f

e2ff
ð0Þ
f þ

�X
f

e2f

�
αs
12π

~fð0Þg ðμÞ: ð29Þ

This contribution is displayed in Fig. 4 using nf ¼ 4 and
nf ¼ 3. Having neglected quark masses, our nf ¼ 4 result
is formally valid in the m2

c ≪ Q2 regime. Alternatively, an
evaluation using nf ¼ 3 is formally valid in the regime
Λ2
QCD ≪ Q2 ≪ m2

c. We show below that W1ð0; Q2Þ is
numerically dominated by the spin-2 contribution and do
not pursue a more elaborate analysis of charm quark mass
dependence in the spin-0 contribution.
We take nf ¼ 4 in our final result. Figure 4 compares

results using different values of the charm scalar matrix

element, fð0Þc . As default, we use the perturbative QCD
value obtained from expanding in ΛQCD=mc [15]. For

comparison, Fig. 4 displays the range of fð0Þc from currently
available nf ¼ 4 lattice QCD evaluations [19,23,24]. The

gluon matrix element is given by Eq. (21), with ~β and γm
evaluated through Oðα4sÞ. We choose default renormaliza-
tion scale μ ¼ Q, and perturbative scale uncertainty is
estimated by varying Q=2 < μ < 2Q. We remark that a
partial cancellation occurs between quark and gluon matrix
elements, as illustrated in the figure.

TABLE II. Spin-2 proton matrix elements derived from Martin-
Stirling-Thorne-Watt (MSTW) analysis [28] with nf ¼ 4 at
μ ¼ 2 GeV. The neutron form factors follow from approximate
isospin symmetry expressed in Eq. (27).

Quantity Value

fð2Þu;pðμ ¼ 2 GeVÞ 0.346(6)

fð2Þd;pðμ ¼ 2 GeVÞ 0.192(5)

fð2Þs;pðμ ¼ 2 GeVÞ 0.034(2)

fð2Þc;pðμ ¼ 2 GeVÞ 0.0088(3)

TABLE I. Spin-0 operator matrix elements. For ΣπN, the value
is taken from Ref. [16] as in Ref. [15] and encompasses more
recent results of Refs. [17–21]. The upper (lower) sign in Σ− is for
the proton (neutron). The neutron form factors follow from

approximate isospin symmetry expressed in (27). For fð0Þs;N, we
assume a conservative 50% uncertainty compared to the estimate

of 25% in Ref. [22]. For fð0Þc;N, the value 80(30) MeVencompasses
the results of Refs. [19,23,24].

Quantity Value Reference

ΣπN 44(13) MeV [16–21]
Σ− �2ð2Þ MeV [25,26]
Rud 0.48(10) [27]

mNf
ð0Þ
s;N

40(20) MeV [22]

mNf
ð0Þ
c;N (lattice) 80(30) MeV [19,23,24]

mNf
ð0Þ
c;N [perturbative QCD (pQCD)] 69(3) MeV [15]
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The spin-0 part disagrees with Collins’s calculation [7].
Equation (2.18) of Ref. [7] is

Wðspin−0Þ
1 ð0; Q2ÞCollins

¼ 1

Q2

�
4KM2

a
−
X
i

�
2K
a

þ 2κ2i

�
hpjmiBψ̄ iψ ijpi

�
;

ð30Þ
where M ¼ mp is the proton mass, K=a ¼ nf=ð3β0Þ with
β0 given by Eq. (22), κi is the quark charge (which we have
denoted ei), andmBi is the bare quark mass. In our notation,

Wðspin−0Þ
1 ð0;Q2ÞCollins¼2m2

p

Q2

�
2nf
3β0

−
X
i

�
2nf
3β0

þ2e2i

�
fð0Þi

�
:

ð31Þ

Comparing with our result for the spin-0 part (29) and using
the relation (21) with γm ¼ 0 and ~β ¼ −αsβ0=ð4πÞ, we see
that the replacement nf →

P
f¼u;d;se

2
f must be made in

Collins’s expression (31) to obtain the correct result.

2. Spin 2: Numerical evaluation for proton

Substituting the Wilson coefficients from Eqs. (9) and
(19), the spin-2 contribution is

Q2

2m2
p
Wðspin−2Þ

1 ð0; Q2Þ

¼ 2
X
f

e2ff
ð2Þ
f þ

�X
f

e2f

�
αs
4π

�
−
5

3
þ 4

3
log

Q2

μ2

�
fð2Þg ðμÞ;

ð32Þ

where we retain the first nonvanishing contribution to each
operator matching coefficient. This result is displayed in
Fig. 5. For definiteness, we employ the nf ¼ 4 results from
Table II, although the contributions from strange and charm
quarks are negligible. The result is dominated by the up
quark, with small contributions from the down quark and
gluon; the latter contributes a sizable fraction of the
uncertainty as indicated in the figure.

3. Total

The complete OPE evaluation of W1ð0; Q2Þ for the
proton is given by the sum of spin-0 and spin-2

)2 (GeV2Q

0 2 4 6 8 10

2 p
)/

 2
 m

2
(0

, Q
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pi
n-

2)
1

 W2
Q

0

0.2

0.4

0.6

0.8

FIG. 5. Spin-2 contribution to Q2W1ð0; Q2Þ=2m2
p as a function

of Q2. The dark gray band represents hadronic uncertainty. The
vertically hatched band represents perturbative uncertainty, esti-
mated by varying renormalization scale Q=2 < μ < 2Q. Upper
dash-dotted and lower dashed blue lines represent the contributions
of the up quark and down quark to the central value, and the lower
red hatched band shows the gluon contribution and uncertainty.
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FIG. 4. Spin-0 contribution toQ2W1ð0; Q2Þ=2m2
p as a function ofQ2. The final results are given with nf ¼ 4 in the left-hand plot. For

comparison, results with nf ¼ 3 are in the right-hand plot. The black band with vertical stripes displays the result with perturbative
uncertainty estimated by renormalization scale variation Q=2 < μ < 2Q. The solid bands represent hadronic uncertainty from local

matrix elements in Table I. In the nf ¼ 4 evaluation, dark and light solid bands are obtained using fð0Þc (pQCD) and fð0Þc (lattice),
respectively. The bottom dashed blue line and top dash-dotted red line give the separate quark and gluon contributions to the
central value.
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contributions and is displayed in Fig. 6. The result is
dominated by the spin-2 contribution.

IV. TWO PHOTON EXCHANGE IN MUONIC
HYDROGEN LAMB SHIFT

As detailed in Ref. [2], the piece of the TPE
contribution to the muonic hydrogen Lamb shift that is
not fully determined by electron scattering data involves
the subtraction function in the dispersion relation for
the forward Compton amplitude of the proton, i.e.,
W1ð0; Q2Þ. Having constrained this function at both high
and low Q2, let us consider the implications for muonic
hydrogen. Here, we construct an interpolation of this
function with the correct coefficients of ðQ2Þ0 and ðQ2Þ1
at low Q2, the correct coefficient of 1=Q2 at high Q2, and
higher-order terms parametrized by ΛL and ΛH intro-
duced below.
Recall that at low Q2, we have the expansion [2]

W1ð0; Q2ÞL ¼ 2apð2þ apÞ

þ Q2

m2
p

�
2m3

pβ̄

α
− ap −

2

3
½ð1þ apÞ2m2

pðrpMÞ2

−m2
pðrpEÞ2�

�
½1þ ΔLðQ2Þ�; ð33Þ

where the anomalous magnetic moment of the proton is
ap ¼ 1.793, the magnetic polarizability of the proton10 is
β̄ ¼ 2.5ð4Þ × 10−4 fm3 [27], and the proton magnetic
and electric radii are rM ¼ 0.776ð34Þð17Þ fm [27,29]

and rE ¼ 0.8751ð61Þ fm [27,30].11 Here, ΔLðQ2Þ accounts
for terms of order Q4 and higher in the Taylor expansion.
To investigate sensitivity to these terms, we consider

ΔLðQ2Þ ¼ �Q2

Λ2
L
; ð34Þ

with hadronic scale ΛL ≈ 500 MeV.
For the high-Q2 behavior, we have

W1ð0; Q2ÞH ¼ 2m2
p

Q2
AðQ2Þ½1þ ΔHðQ2Þ�; ð35Þ
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FIG. 7. W1ð0; Q2Þ as a function of Q2. Solid black curves on
the left and right are from Eqs. (33) and (35), as explained in the
text. Intermediate red curves are interpolations from the central
curves and envelopes.
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FIG. 6. Total Q2W1ð0; Q2Þ=2m2
p as a function of Q2. The

dashed red and blue lines denote central values for the spin-0 and
spin-2 contributions. The vertical hatched black band is the total
contribution, with perturbative and hadronic errors from each of
the spin-0 and spin-2 contributions added in quadrature.
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FIG. 8. W1ð0; Q2Þ, after subtracting the Q2 ¼ 0 limit and
scaling by the kinematic factor kðQÞ in Eq. (38), as a function
of Q. The contribution to the muonic hydrogen Lamb shift is
proportional to the area under the curve, cf. Eq. (37).

10See, e.g., Ref. [11] for the definition of β̄, which is there
denoted βM.

11After accounting for other uncertainties, the results of the
interpolation for δEð2SÞW1ð0;Q2Þ are not significantly altered by
using the muonic hydrogen value, rE ¼ 0.84087ð26Þð29Þ fm
[27,31].
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where AðQ2Þ is the leading power result displayed in Fig. 6
and ΔðQ2Þ accounts for power corrections (including
charm mass corrections). To investigate the impact of
power-suppressed terms, we take central value ΔH ¼ 0
and upper and lower envelopes,

ΔHðQ2Þ ¼ �Λ2
H

Q2
; ð36Þ

with hadronic scale ΛH ≈ 500 MeV. Figure 7 displays a
cubic spline interpolation of W1ð0; Q2Þ taking the low-
Q2 and high-Q2 inputs from the NRQED and OPE. We
show results for central values and for the interpolations
based on upper and lower envelopes for the low-Q2

(Q2 < Q2
L) and high-Q2 (Q2 > Q2

H) constraints. For
our default illustration, we take Q2

L ¼ 0.1 GeV2 and
Q2

H ¼ 1 GeV2. At low Q2, these envelopes account for
uncertainties in low-energy constants appearing in
Eq. (33) and for curvature and higher-order corrections
according to Eq. (34).12 At high Q2, these envelopes
account for perturbative and hadronic matrix element
uncertainties in AðQ2Þ from Fig. 6 and for power
corrections according to Eq. (36).13 The intermediate
region is outside of the domain of validity of either
NRQED at low Q2 or OPE at high Q2.
The relevant TPE contribution to muonic hydrogen may

be written

δEð2SÞW1ð0;Q2Þ ¼ α2

mμmp
jψ2Sð0Þj2

Z
∞

0

dQkðQÞ½W1ð0; Q2Þ

− lim
Q2→0

W1ð0; Q2Þ�; ð37Þ

where jψ2Sð0Þj2 ¼ m3
rα

3=ð8πÞ for the 2S atomic state and
kðQÞ is the kinematic function

kðQÞ ¼ 4

π

m2
μ

Q

Z
1

−1
dx

ffiffiffiffiffiffiffiffiffiffiffiffiffi
1 − x2

p
ð1þ 2x2Þ

Q2 þ 4m2
μx2

: ð38Þ

After subtracting the Q2 ¼ 0 limit and rescaling with
kðQÞ, the interpolated function is displayed in the lhs of
Fig. 8. The energy shift in Eq. (37) is proportional to the
area under the curve in Fig. 8. For the central curve, we
obtain δEð2SÞW1ð0;Q2Þ ¼ −0.034 meV, and for the inter-
polated envelopes displayed in the figure, we find the
interval

δEð2SÞW1ð0;Q2ÞjFig: 8 ∈ ½−0.046 meV;−0.021 meV�: ð39Þ

We present in Table III the total structure-dependent
TPE contribution to the 2P − 2S energy splitting in muonic
hydrogen. Following the terminology of Ref. [2]
(cf. Table I of this reference), we write the total contribution
as a sum of proton-pole, W1ð0; Q2Þ, and continuum,
contributions. Since our focus is on the impact of
W1ð0; Q2Þ, for simplicity, we retain a simple dipole ansatz
for the proton pole contributions.14 The continuum con-
tribution is from Ref. [33].
It is often conventional to subtract off a contribution to

TPE corresponding to the “Sticking In Form Factors”
(SIFF) ansatz [2]. With the standard dipole form factors,
this contribution is15

δEð2P − 2SÞtwo−γjSIFF ¼ 0.0184 meV: ð40Þ

In order to make a meaningful comparison with previous
work, we add this contribution back to results where it has

TABLE III. Two-photon proton structure corrections to the
2P − 2S Lamb shift in muonic hydrogen, in meV.

Contribution Value (meV)

δEproton
μH

−0.016

δEW1ð0;Q2Þ
μH

0.034(13)

δEcontinuum
μH 0.0127(5)

δEtwo−γ 0.030(13)

 (meV)2P-2S
 2 

 E

0.02 0.04 0.06 0.08

FIG. 9. Two-photon contribution to the Lamb shift in muonic
hydrogen, adjusted to common proton elastic form factors (see
the text). Black circles denote previous work, and the blue square
denotes the present work. The red triangle is the summary of
Ref. [4] used in the CREMA muonic hydrogen extraction of rpE.

12Choosing a lower cutoff Q2
L ¼ 0.05 GeV2 would give

½−0.043 meV;−0.023 meV� in place of Eq. (39).
13Choosing a higher cutoff Q2

H ¼ 2 GeV2 would give
½−0.052 meV;−0.020 meV� in place of Eq. (39).

14As in Ref. [2], we take GEðq2Þ ¼ GMðq2Þ=GMð0Þ ¼
½1 − q2=Λ2�−2, Λ2 ¼ 0.71 GeV2. A more systematic evaluation
of the proton pole contribution and uncertainty is considered in
Ref. [32].

15In the literature, this may be conventionally referred to as an
“elastic,” “Born,” or “proton” contribution.
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been subtracted.16 The resulting total structure-dependent
TPE correction from a range of approaches is displayed
in Fig. 9.

V. CONCLUSIONS

The forward Compton amplitude is an important ingre-
dient for problems in particle, nuclear, and atomic physics
involving nucleon structure. The subtraction function
W1ð0; Q2Þ is a key source of uncertainty. Neither the
spin-0 contribution nor the spin-2 contribution to the
leading OPE expression for this function has been correctly
included previously. We computed this OPE expression and
employed it to constrain the TPE contribution to the
muonic-hydrogen Lamb shift.
The evaluation of W1ð0; Q2Þ by OPE was considered

long ago by Collins [7]. This reference considered the
electromagnetic corrections to the nucleon mass, where
only the spin-0 contribution is relevant. As described in
Sec. III C, an incorrect expression in Ref. [7] impacts the
isoscalar spin-0 contribution. The spin-2 contribution was
not considered in Ref. [7] and is found numerically to
dominate the total OPE expression for Wp

1 ð0; Q2Þ. For the
application to the proton-neutron mass difference, both the
spin-2 and the isoscalar spin-0 parts drop out.17 However,
for the application to muonic hydrogen spectroscopy, these
ingredients are critical.
Using a parametrization of higher-order corrections,

Eqs. (34) and (36), an interpolation of W1ð0; Q2Þ with
the correct low-Q2 and high-Q2 behavior is displayed in
Fig. 7. The corresponding TPE contribution and uncer-
tainty for the Lamb shift in muonic hydrogen are given by
the area under the curve in Fig. 8, as displayed in Fig. 9.
This uncertainty remains the dominant one in the muonic
hydrogen Lamb shift and for derived observables such as
the proton charge radius and Rydberg constant using
muonic hydrogen inputs. Further constraints arising from
chiral Lagrangian analysis in the m2

π ≲Q2 ≪ m2
p regime

are discussed in Appendix B. Obtaining an error bar of the
size assumed in the CREMA analysis [31] (the point
corresponding to Ref. [4] in Fig. 9) requires some level
of model dependence. Future measurements with light
muonic atoms and questions surrounding the proton
radius puzzle may motivate direct computations using
lattice QCD.
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APPENDIX A: DETAILS ON GLUON
OPERATOR STRUCTURES

In the calculation, we encounter the structure
qαqβGAμαGAνβ. GAμαGAνβ is the color-singlet product of
a chromoelectric (EA

i ) and a chromomagnetic (BA
i ) field. As

such, it has 7 × 6=2 ¼ 21 linearly independent compo-
nents. Since qαqβGAμαGAνβ depends only on the symmetric
part of GAμαGAνβ under α ↔ β, it can be written in terms of
the four-index tensor Oμανβ

S ≡ 1
2
ðGAμαGAνβ þ GAμβGAναÞ as

qαqβO
μανβ
S . The tensor Oμανβ

S has the index symmetries

Oμανβ
S ¼ Oμβνα

S ¼ Oνβμα
S and 20 linearly independent com-

ponents. Nine of these can be identified with the compo-

nents of Oð2Þαβ
g , and one can be identified with Oð0Þ

g .
Following Ref. [14], define

Oð0Þμανβ ¼ 1

dðd − 1ÞO
ð0Þ
g ðgμνgαβ − gμβgναÞ;

Oð2Þμανβ ¼ 1

d − 2
ðgμβOð2Þνα

g þ gναOð2Þμβ
g

− gμνOð2Þαβ
g − gαβOð2Þμν

g Þ; ðA1Þ

and Oð0Þμανβ
S ¼ 1

2
ðOð0Þμανβ þOð0ÞμβναÞ, Oð2Þμανβ

S ¼
1
2
ðOð2Þμανβ þOð2ÞμβναÞ. We can write Oμανβ

S as

Oμανβ
S ¼ Oð0Þμανβ

S þOð2Þμανβ
S þOðrÞμανβ

S : ðA2Þ

The last term OðrÞμανβ
S can be expressed explicitly (in

d ¼ 4) as

OðrÞμανβ
S ¼ −

1

4
ðϵμαρσϵνβκλ þ ϵμβρσϵνακλÞGA

ρκGA
σλ

− all possible traces: ðA3Þ

16Thus, we add δEð2P − 2SÞtwo−γjSIFF from Eq. (40) to the
“polarizability” of Refs. [34–38] (for Ref. [37], we show
the adjusted value quoted in Ref. [38]) and to the sum or
“subtraction” and “inelastic” terms of Ref. [33]. In Refs. [3,4],
we take ΔEel þ ΔEnp ¼ 0.0247 meV → 0.0184 meV. In
Ref. [5], we take ΔEBorn ¼ 0.0083 meV → 0.0184 meV.

17These observations imply that the electromagnetic contri-
bution to the neutron-proton mass difference cannot be used to
directly constrain the TPE contribution to muonic hydrogen
spectroscopy.
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Since a product of two Levi-Civitá tensors can be expressed
in terms of the metric tensor, Eq. (A3) can be shown to be
equivalent to Eq. (A2).
The matrix elements of Oμανβ

S between spin-averaged
proton states can be expressed in terms of the matrix
elements ofGAμαGAνβ. These can depend only on the metric
tensor and powers of the proton four-momentum, k. We can
have six structures gμνgαβ, gμβgνα, gμνkαkβ, gαβkμkν, gμβkνkα,
and gναkμkβ with arbitrary coefficients.18 The matrix ele-
ments of GAμαGAνβ are antisymmetric under μ ↔ α and
ν ↔ β. As a result, only two of the six coefficients are
independent. These can be identified with the matrix
elements of the spin-0 and spin-2 gluonic operators. In

particular, this implies that the matrix elements of OðrÞμανβ
S

between spin-averaged proton states vanish. Working in d
dimensions, we find the useful operator relation

qαqβ
q2

GAμαGAνβ ¼ −
1

dðd − 1ÞO
ð0Þ
g

�
−gμν þ qμqν

q2

�

þ qαqβ
q2

Oð2Þμανβ þ qαqβ
q2

OðrÞμανβ
S ; ðA4Þ

from which we obtain the expression for Tμν
c .

APPENDIX B: CHIRAL LAGRANGIAN
CONSTRAINTS

Let us consider potential improvements to the low-Q2

constraints on the interpolation displayed in Fig. 7. Recall
that the results (33) are obtained by a straightforward
computation from the NRQED Lagrangian. The relevant
NRQED Wilson coefficients are determined by Taylor
expansions of conventionally defined relativistic form
factors and Compton scattering amplitudes. In principle,
a similar strategy can be applied at higher orders in the low-
Q2 expansion. However, the NRQED Lagrangian is not
available through the relevant (1=M5) order, nor have the
scattering data yet been analyzed with this application in
mind.
Chiral Lagrangian analysis can in principle be used to

further constrain W1ð0; Q2Þ in the regime where a finite
number of hadronic excitations are relevant.19 As usual, the
error budget should account for scheme choices, such as
whether nf ¼ 2 or nf ¼ 3 light flavors are considered,
whether formally higher-order terms are included at each
order in the expansion, and how Δ excitations are treated. Figure 10 shows the low-Q2 behavior of W1ð0; Q2Þ −

W1ð0; Q2ÞSIFF in several calculational schemes, where
W1ð0; Q2ÞSIFF denotes a conventional subtraction term
involving elastic form factors.20 Let us consider at face
value the error budget from Ref. [3] to constrain the
deviation from W1ð0; Q2ÞSIFF below Q2 ¼ ð500 MeVÞ2.
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FIG. 10. Different calculations of W1ð0; Q2Þ −W1ð0; Q2ÞSIFF.
The black solid line, black dashed line, and solid band, give the

“third-order” (T̄ð3Þ
1 ), “fourth-order” (T̄ð3Þ

1 þ T̄ð4Þ
1 ), and “fourth-

order plus Δ” (T̄ð3Þ
1 þ T̄ð4Þ

1 þ T̄ðΔÞ
1 ) results of Ref. [3], using the

parameters of Ref. [3] and their prescription for determining δβ.
The solid band adds in quadrature the errors from c1; c2; c3; β,
and gπNΔ. The dash-dotted black line gives the fourth-order plus

Δ contribution (T̄ð3Þ
1 þ T̄ð4Þ

1 þ T̄ðΔÞ
1 ), Taylor expanded through

OðQ4Þ. The bottom blue solid line gives the “third-order”

[TðNBÞ
1 ð0; Q2Þ] result of Ref. [38], using its parameters.
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FIG. 11. Same as Fig. 8, but withW1ð0; Q2Þ at lowQ2 taken as
W1ð0; Q2ÞSIFF with dipole nucleon form factors and deviation
from W1ð0; Q2ÞSIFF given by the band in Fig. 10.

18The structure kμkνkαkβ is symmetric in μ ↔ α and ν ↔ β.
19We remark that this is a distinct application of chiral

Lagrangian analysis compared to the two-step matching of
QCD onto NRQED with chiral Lagrangian as intermediate
theory [5]. We are here directly matching QCD onto NRQED,
using experimental data supplemented with constraints on
W1ð0; Q2Þ to determine the forward Compton amplitude as the
relevant hadronic input.

20A transcription error appears in Ref. [3]: the second term in
(A.4) should have the opposite sign [39].
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Neglecting the uncertainty on the SIFF contribution,21 the
corresponding interpolation is displayed in Fig. 11. Also

displayed in Fig. 11 are upper and lower envelopes
corresponding to alternative schemes displayed in Fig. 10.
Whether it is possible to compute the difference

W1ð0;Q2Þ−W1ð0;Q2ÞSIFF more precisely than W1ð0; Q2Þ
itself and how best to assign an error budget that accounts
for computational scheme dependence in Fig. 10 remain
difficult questions. Figure 11 illustrates the potential to
combine low-Q2 constraints with the OPE.
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