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Outline

1)  electron-proton scattering:

near-forward and dispersive calculations

2) muon-proton scattering:

near-forward and dispersive calculations

3) 1S HFS in muonic hydrogen:

uncertain corrections, relation to electronic hydrogen

Experimental motivation
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Lamb shift and hyperfine splitting in H8 Muonic Hydrogen Lamb shift

Figure 2.1: Schematic representation of the n = 2 energy levels in electronic hydrogen (left) and
muonic hydrogen (right). Note the different energy scales for the two atoms. The indicated 4 µeV
energy difference corresponds to the “classical” Lamb shift, dominated by the self–energy terms.
The vacuum polarization in muonic hydrogen attracts the 2S state below the 2P state. The laser
transition is indicated in red.

bound–state energy levels the reader is referred to Appendix A. This Appendix gives a
definition of Lamb shift, and presents the various contributions to the 1S Lamb shift in
hydrogen with emphasis on the self–energy and nuclear finite–size corrections.

2.1 Vacuum polarization

In the perturbative approach, QED corrections to the Dirac energy levels are derived
from the scattering approximation using Feynman diagrams. The scattering amplitudes
in momentum space are computed using Feynman rules. The Fourier transform of the
scattering amplitude which corresponds in coordinate space to the potential V (r) (in
first Born approximation) is then used to compute the energy level shift given by ! E =
! "̄ (r)|V (r)|" (r)" where " describes the atomic wave–function.

This approach is used to compute the e#ect of the vacuum polarization (VP). The
Feynman amplitude S corresponding to a one–photon Coulomb scattering of a lepton
with initial four–momentum p and final four–momentum p! by an infinitely heavy nucleus
with form factor F (q2) is [22]

S = # u†(p!)u(p)V (q)(2π)4 δ4(p! # p # q) (2.2)

where q is the four–momentum transfer and

V (q) = # 4πZα
F (q)

q 2
=

∫
d3r V (r)e" iqr (2.3)

The Fourier transform for a point–like nucleus (F (q2) = 1) gives the Coulomb potential
V (r) = Zα/r. The e#ect of the vacuum polarization is best described by the modification

Lamb shift

2P fine structure

eH

Laser spectroscopy of the Lamb shift (2S-2P energy di! erence) in light muonic atoms or ions, in
which one negative muonµ! is bound to a nucleus, has been performed. The measurements yield
signiÞcantly improved values of the root-mean-square charge radii of the nuclei, owing to the large
muon mass, which results in a vastly increased muon wave function overlap with the nucleus. The
values of the proton and deuteron radii are 10 and 3 times moreaccurate than the respective CODATA
values, but 7 standard deviations smaller. Data on muonic helium-3 and -4 ions is being analyzed and
will give new insights. In future, the (magnetic) Zemach radii of the proton and the helium-3 nuclei
will be determined from laser spectroscopy of the 1S hyperÞne splittings, and the Lamb shifts of
muonic Li, Be and B can be used to improve the respective charge radii.

KEYWORDS: laser spectroscopy, Lamb shift, muonic atoms, proton, deuteron, charge radius

1. Introduction

When negative muons (µ! ) are brought to rest in matter, they can form a muonic atom or ion
by ejecting all of the atomÕs electrons [1]. Thus, a single muon is bound to a nucleus. The muonic
atom/ion will quickly deexcite, mostly ending in the 1S ground state. A few per cent of the muons can
reach the metastable 2S state, however. For light atoms, hydrogen to boron, the metastable 2S state
can have a lifetime of microseconds to tens of nanoseconds [2Ð4] that may make these metastable 2S
atoms susceptible to laser spectroscopy [5,6].

For an isolated muonic atom/ion, the 2S lifetime is limited by the muon lifetime of 2.2µs, two-
photon decay to the 1S ground state, and nuclear muon capture, which is still small for light muonic
ions [7].

In a gaseous environment like H2, D2, He, etc., collisional e! ects may shorten the 2S lifetime [8].
Thus, our recent experiments in muonic hydrogen [9,10], muonic deuterium [11] and muonic helium
ions [12, 13] were performed at gas pressures around 1 hPa, where the 2S lifetimes are on the order
of 1µs [3,14].

(a) muonic hydrogen,µp (b) muonic deuterium,µd (c) muonic helium-4, (µ 4He)+
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Fig. 1. Sketch of then = 2 levels in muonic hydrogen (left) and deuterium (center, not to scale) and muonic
helium-4 ions (right). The nuclear charge radius shifts the2S level upwards, as indicated for muonic hydrogen.
The measured transitions are indicated. Muonic helium-3 ions, which were also measured, are not shown here.

The principle of the measurement is the to excite the 2S " 2P Lamb shift transition by a tunable

2

µH

A. Antognini et al. (2013)

! singlet

! triplet

EF

rE

rE , rM

- 1S HFS in ! H with 1 ppm accuracy at PSI, J-PARC, RIKEN-RAL 
R. Pohl et al. (2016)
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MAGIX@MESA

PRad@JLab

ISR@MAMI

ProRad@PRAE

! = 30 ! 70 MeV

Q2 = 10�5 � 10�4 GeV2Q2 = 0.0002� 0.14 GeV2

! = 1 .1 and 2.2 GeV

Q2 = 0.001� 0.17 GeV2 ! 0.0002 GeV2

! = 0.2� 0.5 GeV magnetic form factor

Future projects

! = 500 and 720 MeV

Q2 = 0.002� 0.02 GeV2

ep scattering@MAMI

- ep elastic scattering at low Q2:  

ULQ2@Sendai

Q2 = 0 .0003! 0.008 GeV2

! = 20 ! 60 MeV
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- ! p elastic scattering at low Q2:  

COMPASS@CERNMUSE@PSI

! = 115 ! 210 MeV

Q2 = 0 .0016! 0.08 GeV2

! = 100 GeV

Q2 = 0 .001! 0.2 GeV2

small structure effectse and !

p1

p

p3

p4

p!

p1

p3

p4
p2

p p!

p2

- universality test by lepton-pair photoproduction:

! p -> l+l-p@MAMI

! = 0 .5 ! 1.5 GeV

normalisation and proton structure errors are suppressed

Q2 = 0.0018� 0.042 GeV2

�(e+e! ) + �(µ+µ! )

�(e+e! )

below and above
muon threshold

l+ l+

l !l !

!!

p p p p

Future projects
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Scattering experiments and 2Ɣ

- 2Ɣ is not among standard radiative corrections

- charge radius insensitive to 2Ɣ model

- magnetic radius depends on 2Ɣ model

! exp ! ! 1! (1 + "rad + "soft + "2! )

- soft-photon contribution is included

L.C. Maximon and J. A. Tjon (2000)

�

p

l l !

p!
�

p

l l !

p!

- hard-photon contribution modelled by Feshbach correction 

Q2
1 ! 0 Q2

2 ! 0

A1@MAMI: J. C. Bernauer et al. (2014)
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Elastic electron-proton scattering

and two-photon exchange



Q2 = ! (k ! k! )2  photon polarization
 momentum transfer

parameter

forward scattering

! ! 1
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crossing-symmetric
variable

Elastic lepton-proton scattering and 2Ɣ

- 2Ɣ correction to cross section is given by amplitudes real parts

⌫ =
(k, p + p!)

2

p

l(k) l(k!)

p!

� � �

l

p p

l

2

- leading 2Ɣ contribution: interference term

! 2! =

2
!

spin
T1! ! T2!

!

spin
|T1! |2

l ! l !

p! p!

"
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P.A.M. Guichon and M. Vanderhaeghen (2003)

p

l(k) l(k!)

p!

- electron-proton scattering: 3 structure amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k!

2
P =

p + p!

2

Tnon�flip =
e2

Q2

l̄�µl · N̄
 
GM (⌫, Q2)�µ � F

2

(⌫, Q2)
Pµ

M
+ F

3

(⌫, Q2)
K̂Pµ

M2

!
N

- real parts of all 2Ɣ amplitudes extracted at one point Q2=2.5 GeV2

J. Guttmann, N. Kivel, M. Meziane and M. Vanderhaeghen (2011)
Dm. Borisyuk and A. Kobushkin (2011)

I. A. Qattan (2017-2018)
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at low momentum transfer

p

l
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box diagram 

assumption about the vertex

non-forward scattering

photoproduction vertex or Compton tensor



non-forward scattering

� �

proton state

p

l

p!

l !
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box diagram 

assumption about the vertex

Dirac and Pauli form factors

ep scattering: P. G. Blunden, W. Melnitchouk and J. A. Tjon (2003)

�µ(Q2) = ! µFD(Q2) +
i " µ⌫q⌫
2M

FP (Q2)

violation of unitarity for resonances !
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inelastic states

p

l

p!

l !
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box diagram 

non-forward scattering

forward doubly-virtual Compton tensor

works at small 

scattering angles

proton + inelastic = total

M. E. Christy, P. E. Bosted (2010)

unpolarized proton structure



Low-Q2 inelastic 2Ɣ correction (e-p)

- 2Ɣ at large    agrees with empirical fit

unpolarized proton structure

O. T. and M. Vanderhaeghen (2016)

� �

p

l

M. E. Christy, P. E. Bosted (2010)

l !

p!
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!

A1@MAMI

Feshbach

box diagram model

total 2!

! 2
!
,

%

0.5

1.0

1.5

"
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

A1@MAMI

Feshbach

box diagram model

total 2!

� 2
�
,
%

0

0.5

1.0

1.5

"
0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

�2� =

Z
d⌫�dQ

2(w1(⌫� , Q
2) · F1(⌫� , Q

2) + w2(⌫� , Q
2) · F2(⌫� , Q

2))

Q2 = 0.25 GeV2

Q2 = 0 .05 GeV2

- 2Ɣ blob: near-forward virtual Compton scattering

�2� ⇠ a
p

Q2 + b Q2 lnQ2 + c Q2 ln2 Q2

Feshbach elasticinelastic

R. W. Brown (1970)
ep :
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at low momentum transfer

p

l

p!

l !
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dispersion relationsbox diagram 

assumption about the vertex based on on-shell information

photoproduction vertex or Compton tensor

non-forward scattering



2Ɣ real parts2Ɣ imaginary parts
disp. rel.

cross section correctionexperimental data

unitarity

2Ɣ prediction

Fixed-Q2 dispersion relation framework
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<F(⌫) =
2⌫

⇡
P
Z 1

⌫min

=F(⌫0 + i0)

⌫02 � ⌫2
d⌫0

on-shell 1Ɣ amplitudes

elastic and " N



2Ɣ real parts2Ɣ imaginary parts
disp. rel.

experimental data

unitarity

2Ɣ prediction

Fixed-Q2 dispersion relation framework
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<F(⌫) =
2⌫

⇡
P
Z 1

⌫min

=F(⌫0 + i0)

⌫02 � ⌫2
d⌫0

on-shell 1Ɣ amplitudes

Dm. Borisyuk and A. Kobushkin (2008-15)

O. T. and  M. Vanderhaeghen (2014-17)

cross section correctionelastic and " N



! 0.2 0.2 0.4 " , GeV2

0.2

0.4

0.6

0.8

1.0
Q2, GeV2

s = M2

s = (M +m⇡)
2
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- proton intermediate state is outside physical region for Q2 > 0
- " N intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

elastic threshold inelastic threshold

physical region

unitarity relations
 work in

O. T. and M. Vanderhaeghen (2014)
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- pion electroproduction amplitudes: MAID2007

2= � �

ZX

� �

l l

p p
N

⇡

l !

p!

- analytical continuation: fit of low-Q2 expansion in physical region

D. Drechsel. S. Kamalov and L. Tiator (2007)

Analytical continuation. πN states

△ resonance

✓

- uncertainty: extrapolation + large invariant masses

s = 1.6 GeV2

unphysicalphysical

!
G

2� 2
,%

box diagram model
4-parameter fit
6-parameter fit
weighted Δ

Q2
ph

0.05

−0.20

0

−0.05

−0.10

−0.15

Q2, GeV2
0 0.5 1.0

!
G

2! 2
,%

4-parameter Þt
6-parameter Þt
! N

Q2
ph

0.05

" 0.20

0

" 0.05

" 0.10

" 0.15

Q2, GeV2
0 0.5 1.0

πN

G1,2(s, Q2), Q2F3(s, Q2) ! a1Q
2 lnQ2 + a2Q

2 + a3Q
4 lnQ2 + ...

l !

p!



! 0.2 0.2 0.4 " , GeV2

0.2

0.4

0.6

0.8

1.0
Q2, GeV2

s = (M +m⇡)
2
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- " N intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

physical region

unitarity relations
 work in

inelastic threshold



! 0.2 0.2 0.4 " , GeV2

0.2

0.4

0.6

0.8

1.0
Q2, GeV2

s = 1 .6 GeV2s = ( M + m! )2
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- " N intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

inelastic threshold

physical region

unitarity relations
 work in



! 0.2 0.2 0.4 " , GeV2

0.2

0.4

0.6

0.8

1.0
Q2, GeV2

s = 1 .6 GeV2s = ( M + m! )2
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- " N intermediate state is outside physical region for Q2 > 0.064 GeV2 

Mandelstam plot (ep)

inelastic threshold

physical region

unitarity relations
 work in
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- pion electroproduction amplitudes: MAID2007

2= � �

ZX

� �

l l

p p
N

⇡

l !

p!

l !

p!

- analytical continuation: fit of low-Q2 expansion in physical region

D. Drechsel. S. Kamalov and L. Tiator (2007)

Analytical continuation. πN states

△ resonance

✓

- uncertainty: extrapolation + large invariant masses

s = 1.6 GeV2

unphysicalphysical

!
G

2� 2
,%

box diagram model
4-parameter fit
6-parameter fit
weighted Δ

Q2
ph

0.05

−0.20

0

−0.05

−0.10

−0.15

Q2, GeV2
0 0.5 1.0

!
G

2! 2
,%

4-parameter Þt
6-parameter Þt
! N

Q2
ph

0.05

" 0.20

0

" 0.05

" 0.10

" 0.15

Q2, GeV2
0 0.5 1.0

πN

G1,2(s, Q2), Q2F3(s, Q2) ! a1Q
2 lnQ2 + a2Q

2 + a3Q
4 lnQ2 + ...

O. T., B. Pasquini and  M. Vanderhaeghen (2017)
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" N in dispersive framework (e-p)

at large  
agree with near-forward

!

- dispersion relations

! 2
!
,%

! N, unsubtracted dispersion relations

! N, near-forward from structure functions

" 0.01

0

0.01

0.02

#
0 0.5 1.0

Q2 = 0 .005 GeV2
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- " N is dominant inelastic 2Ɣ

� �

p

l

N

!

O. T., B. Pasquini and  M. Vanderhaeghen (2017)

" N in dispersive framework (e-p)

at large  
agree with near-forward

!

- dispersion relations

! 2
!
,%

! N, unsubtracted dispersion relations

! N, near-forward from structure functions

" 0.01

0

0.01

0.02

#
0 0.5 1.0

p!

l !

! 2
!
,%

A1@MAMI
elastic
elastic + ! N
total 2" , near-forward

0

0.5

1.0

1.5

#
0.2 0.4 0.6 0.8 1.0

Q2 = 0 .05 GeV2

Q2 = 0 .005 GeV2
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l

2
l ! l !

p! p!

2Ɣ from experiment

d� ⇠

� � �

l

p p

l

2
l ! l !

p! p!

2

…

�

l

p

l !

p!

� �

p

l l !

p!
2Re R =

�(e+p)

�(e�p)

…

!25
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- near-forward 2Ɣ agree with data
- multi-particle 2Ɣ, e.g. "" N, is important

OLYMPUS (2016)
Feshbach
elastic
elastic + ! N
total 2 " , near-forward

R
2�

Maximon and Tjon IR prescription
uncorr. + corr. uncertainties

0.98

0.99

1.00

1.01

1.02

#
0.8 0.9 1.0

O. T., B. Pasquini and  M. Vanderhaeghen (2017)

R2! =
! (e+p)
! (e! p)

! 1 " 2"2!

! = 2 GeV

Comparison with data
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- dispersion relations agree with CLAS data

elastic
elastic + πN
total 2 γ, near-forward

Comparison with data

VEPP-3 (2015)
CLAS (2016)

! 2
!
,% 0

0.5

! 0.5

1.0

! 1.0

Q2, GeV2
0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

O. T., B. Pasquini and  M. Vanderhaeghen (2017)
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Our best 2Ɣ knowledge

Q2 = 0 .1 GeV2

- small Q2: near-forward at large   , all inelastic states 
- Q2! 1 GeV2: elastic+" N within dispersion relations 

dispersion 
near-forwardrelations

- intermediate range: interpolation

!

A1@MAMI
elastic + ! N
total 2 " , near-forward
interpolation

� 2
�
,
%

0

0.5

1.0

1.5

2.0

#
0 0.2 0.4 0.6 0.8 1.0
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Elastic muon-proton scattering

and two-photon exchange
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- ! p elastic scattering is planned by MUSE@PSI(2018-19) 

- 2Ɣ correction in MUSE ?

! p scattering ????

ep scattering

! H, ! D spectroscopy

eH, eD spectroscopy

- charge radius extractions:

measure with both electron/muon charges 

Elastic muon-proton scattering

- three nominal beam energies: 115, 153, 210 MeV, Q2 < 0.1 GeV2
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P.A.M. Guichon and M. Vanderhaeghen (2003)

p

l(k) l(k!)

p!

- electron-proton scattering: 3 structure amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k!

2
P =

p + p!

2

Tnon�flip =
e2

Q2

l̄�µl · N̄
 
GM (⌫, Q2)�µ � F

2

(⌫, Q2)
Pµ

M
+ F

3

(⌫, Q2)
K̂Pµ

M2

!
N
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M. Gorchtein, P.A.M. Guichon and M. Vanderhaeghen (2004)

P.A.M. Guichon and M. Vanderhaeghen (2003)

p

l(k) l(k!)

p!

- electron-proton scattering: 3 structure amplitudes

- muon-proton scattering: add helicity-flip amplitudes

- 2Ɣ correction to cross section is given by amplitudes real parts

Elastic lepton-proton scattering and 2Ɣ

K =
k + k!

2
P =

p + p!

2

Tnon�flip =
e2

Q2

l̄�µl · N̄
 
GM (⌫, Q2)�µ � F

2

(⌫, Q2)
Pµ

M
+ F

3

(⌫, Q2)
K̂Pµ

M2

!
N

Tßip =
e2

Q2

m
M

øll á øN

!

F4(! , Q2) + F5(! , Q2)
öK

M

"

N +
e2

Q2

m
M

F6(! , Q2)øl" 5l á øN " 5N
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p!
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dispersion relationsbox diagram 

based on on-shell information

photoproduction vertex or Compton tensor

valid at small scattering

non-forward scattering



- expected muon over electron ratio

K. Mesick talk (PAVI 2014), MUSE TDR (2016)

- proton box diagram model + inelastic 2Ɣ

O. T. and M. Vanderhaeghen (2014, 2016)

- MUSE can test rE in

small inelastic 2Ɣ

small 2Ɣ uncertainty

one charge channel

!34

� 2
�
,
%

box diagram model, μ-p
total, μ-p
total, e-p

0

0.5

1.0

Q2, GeV2
0 0.010 0.0200.005 0.015 0.025

� 2
�
,
%

0

0.5

1.0

Q2, GeV2
0 0.02 0.04 0.06 0.08

MUSE@PSI (2018-19) estimates (  -p)µ

k = 115 MeV k = 210 MeV



!35

Dispersion relation approach?

�2� ! 0

- proton state contribution to 2Ɣ:

- dispersion relation approach requires a subtraction

unsubtracted approach
µ�p

violates low-Q2 behavior

- problematic amplitude: F4

øll á øNN

structure

� 2
�
,%

box diagram model
unsubtracted dispersion relations

k = 153 MeV
−0.5

0

0.5

Q2, GeV2
0 0.01 0.02 0.03 0.04

k = 153 MeV

O. T. and M. Vanderhaeghen (2018)



!36

COMPASS proton radius experiment
µ

- measure                  at forward angles G2
E + ⌧G2

M

- test runs in 2018 and 2021; data taking in 2022

- elastic    p scattering at SPS with 100 GeV beam
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COMPASS proton radius experiment

- measure                  at forward angles 

- inelastic states: kinematically enhanced

- sub per mille level of 2Ɣ in COMPASS kinematics

G2
E + ⌧G2

M

2Ɣ corrections?
- Feshbach correction (+ recoil)

�2� =
↵⇡Q

2!

⇣
1 +

m

M

⌘
2-3 orders below MUSE

- test runs in 2018 and 2021; data taking in 2022

- elastic    p scattering at SPS with 100 GeV beamµ
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Hyperfine splitting in ordinary 

and muonic hydrogen
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Uncertain corrections to µH HFS

- reduction of uncertainty is needed

before 2017

�E2�
HFS = �HFSEF EF =

8↵4

3

M2m2

(M +m)3
µP

n3

expected 1S HFS in ! H
2S HFS in ! H, CREMA

Carlson et al.
Martynenko et al.

Pachucki

! H

103 " HFS

#7.0 #6.5 #6.0

- axial-vector meson exchange:
Martynenko et al. (2017)

110± 28 ppm
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Zemach term
recoil correction

polarizability
GE , GM GE , GM

F2, g1, g2

- traditional decomposition of 2! :

! HFS = ! Z + ! R + ! pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

! Z =
8! mr

"

!!

0

dQ
Q2

"
GM

#
Q2

$
GE

#
Q2

$

µP
! 1

%- leading correction:
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Zemach correction in µH

- dependence on splitting: consistency check

- Zemach correction expanding form factors:

- 95 ppm change for ! H and ep radii with Q0 = 0.2 GeV

! Z =
8! mr

"

!!

Q 0

dQ
Q2

"
GM

#
Q2

$
GE

#
Q2

$

µP
! 1

%

+
4! mr Q0

3"

&
! r2

E ! r2
M +

r2
E r2

M

18
Q2

0

'

dependence on Q20
! Z,  Q0 = 0

rE from " H10
3  

#!
Z

$7.5

$7.4

$7.3

Q2
0, GeV2

0 0.02 0.04 0.06 0.08

dependence on Q20
! Z,  Q0 = 0

rE from ep scattering

10
3  

#!
Z

$7.5

$7.4

$7.3

Q2
0, GeV2

0 0.02 0.04 0.06 0.08

- 1.5-2 times more precise
- magnetic radius is equally important

extraction of radii by Karshenboim (2014)

O. T. (2017)

Q2 < 0.6 GeV2 : 99.5 %
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2Ɣ correction in eH 1S HFS

- measurements of 1S HFS in eH (21 cm line):

1970th⌫HFS(H) = 1420.4057517667(9) MHz
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- dispersive evaluation and phenomenological extractions agree

- measurements of 1S HFS in eH (21 cm line):

- accuracy 10-12     -      precise extraction of 2Ɣ

error
! ! HFS

radiative  

Eides et al. (2008)
Martynenko et al.

corrections

1970th⌫HFS(H) = 1420.4057517667(9) MHz

A1@MAMI data

2Ɣ correction in eH 1S HFS

using RE from ep
using RE from μH
Carlson et al.

Δpol, Faustov et al.
ΔZ+ΔR, Bodwin et al.
1S HFS measurement

eH

106 ΔHFS

−34 −33 −32 −31
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Zemach term
recoil correction

polarizability
GE , GM GE , GM

F2, g1, g2

- traditional decomposition of 2! :

! HFS = ! Z + ! R + ! pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

! Z =
8! mr

"

!!

0

dQ
Q2

"
GM

#
Q2

$
GE

#
Q2

$

µP
! 1

%- leading correction:

�
pol

⇠ mr
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Zemach term
recoil correction

polarizability
GE , GM GE , GM

F2, g1, g2

- traditional decomposition of 2! :

! HFS = ! Z + ! R + ! pol

Hyperfine splitting correction

> 100 ppm 100 ppm< 10 ppm
- uncertainty budget:

- Zemach correction vanishes and polarizability term is almost 0

! Z =
8! mr

"

!!

0

dQ
Q2

"
GM

#
Q2

$
GE

#
Q2

$

µP
! 1

%- leading correction:

! HFS (µH) =
mr (mµ )
mr (me)

! HFS (eH)+ �th
HFS (mµ)�

mr(mµ)

mr(me)
�th

HFS (me)

- ! H splitting from eH:

�
pol

⇠ mr
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- error of 2!  is significantly reduced

100-200 ppm ! 20 ppm 

2Ɣ correction in µH from eH HFS

with 1S HFS in eH
using RE from ep
using RE from ! H

Peset et al.
2S HFS in ! H, CREMA
Carlson et al.

Martynenko et al.
Pachucki

! H

103 " HFS

#7.0 #6.5 #6.0
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2Ɣ correction in µH from eH HFS

- precise S-level HFS prediction

100-200 ppm ! 49 ppm 

A1@MAMI data

O. T. (2018)

with 1S HFS in eH
using RE from ep
using RE from ! H

Peset et al.
2S HFS in ! H, CREMA
Carlson et al.

Martynenko et al.
Pachucki

! H

103 " HFS

#7.0 #6.5 #6.0
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1S HFS in µH

- precise S-level HFS prediction

! HFS (µH) =
mr (mµ )
mr (me)

! HFS (eH)+ �th
HFS (mµ)�

mr(mµ)

mr(me)
�th

HFS (me)

- scaling of axial-vector meson contribution:

contribution, ppm uncertainty, ppm

X = p (Zemach) 0 0

X = p (recoil) -143.1 3.2

X = p, " N,…(polarizability) 9.4 19.1

leading proton structure -133.6 20

higher-order pr. structure ? 40-70

axial-vector meson (f1, a1, …) -2 0.5

- contributions to HFS:

- 2!  + fermion line, 3!  ~ 100 ppm ? non-forward 2!  ?

within error of Peset et al. (2017)

EHFS
1S = 182.625± 0.012 meV EHFS

2S = 22.8132± 0.0015 meV



!49

Conclusions

largest theoretical uncertainty
in low-energy proton structure

- precise S-level HFS in ! H from 1S HFS in eH

- dispersive framework in ! p: elastic; expect MUSE data

- dispersive framework in ep: elastic and " N 

- total 2!  estimate in ep and ! p: proton+inelastic states

� �



Thanks for your attention !!!
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- Zemach correction vanishes and polarizability term is almost 0

- saturation of Q-integrals:

Connection between eH and µH 

- Zemach correction: proportional to reduced mass

! H

eH

R
po

l , 
%

0

0.2

0.4

0.6

0.8

1.0

1.2

Qmax, GeV

1 2 3 4

! H

eH

R
R
, %

0

0.2

0.4

0.6

0.8

1.0

1.2

Qmax, GeV

0 0.1 0.2 0.3 0.4 0.5

! th
HFS (mµ ) !

mr (mµ )
mr (me)

! th
HFS (me)! HFS (µH) =

mr (mµ )
mr (me)

! HFS (eH)+

Ri =
�i(Q

max

)

�i

=

Q
maxZ

0

Ii(Q)dQ/

1Z

0

Ii(Q)dQ

! Z + ! pol ! mr



Lamb shift 2Ɣ correction. Forward VVCS

2Ɣ blob - forward virtual Compton scattering

� �

l l
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Im S2 ⇠ g2Im S1 ⇠ g1Im T1 ! F1 Im T 2 ! F2

Unsubtracted disp. rel. works for

Disp. rel. for amplitude T1 requires

Fixed-Q2 dispersion relations

subtraction function
Tsubt

1 (0, Q2) ! T1(0, Q2) " TBorn
1 (0, Q2)

Optical theorem

T2, S1, S2

pp
p p

qqq q



Empirical estimate of subtraction function
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expected low-Q2 behavior 

G. Gasser, H. Leutwyler et al. (1974, 2015) M. Gorchtein et al. (2013) I. Caprini (2016)

Subtract Regge behavior + DR + resonance region and DIS data 

Tsubtr
1 (0, Q2) = ! (Q2)Q2 ! (0) = ! M - magnetic polarizability



Empirical estimate of subtraction function

data-based result           vs.          theoretical predictions

expected low-Q2 behavior 

! E subt
2S (µH ) ! 4.2 ± 1.0 µeV

slightly smaller than Birse et al.

! E subt
2S (µH ) ! 2.3 ± 1.3 µeV
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G. Gasser, H. Leutwyler et al. (1974, 2015) M. Gorchtein et al. (2013) I. Caprini (2016)

Subtract Regge behavior + DR + resonance region and DIS data 

Tsubtr
1 (0, Q2) = ! (Q2)Q2 ! (0) = ! M - magnetic polarizability

Lamb shift correction 

Thesis result

Birse et al.

BChPT ! N+ " + !"

#M, PDG 2014 

10
4

!
!

(÷ Q
2
),

fm
3

$1

0

1

2

3

4

Q2, GeV2
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

O. T. and M. Vanderhaeghen (2016)


