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At LO in αEM , this process occurs via 2γ intermediate state.
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2 ) = const.
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Drell (1958) obtained the imaginary part based on unitarity ideas:

Im(A) ∝
∫

dΠγγ〈γγ|T |π〉 〈γγ|T |e+e−〉∗

Leads to BR = {6.19, 13.5, 16.7} × 10−8 for Λ = {0.3, 0.77, 1}GeV.
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Drell (1958) obtained the imaginary part based on unitarity ideas:

ImA(q2) =
π

2βe(q2)
ln

(
1− βe(q2)

1 + βe(q2)

)
; βe(q2) =

√
1− 4m2

e

q2

Indeed, this can be deduced also from Cutkosky rules

π

e−

e+

This result is model-independent, furthermore:

|A|2 = Re(A)2+Im(A)2 ≥ Im(A)2 = (−17.52)2;BR(π → e+e−) ≥ 4.7×10−8.

Leads to BR = {6.19, 13.5, 16.7} × 10−8 for Λ = {0.3, 0.77, 1}GeV.
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To go further, he postulated an unsubstracted dispersion relation:

Re(A(t)) =
1

π

∫ Λ2

0

Im(A(s))

s − t
ds,

with Im(A(s)) given by the γγ cut.
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Berman and Geffen (1959) proposed a model for the Fπγγ(k2
1 , k

2
2 ) based

on analytical properties:

Fπγγ(k2
1 , k

2
2 ) =

M2

M2 − k2
1 − k2

2

.

They calculated the integral to O
(

m2
π

M2 ,
m2

e

M2 ,
m2
π

M2 ln
(

m2
e

M2

))
and obtained

very stable results under M2 variations.

Leads to BR = {7.1, 6.2, 5.9} × 10−8 for M = {0.3, 0.77, 1}GeV.

Similar results found later in the 60′s with the success of VMD models:

Fπγγ(k2
1 , k

2
2 ) =

M4
V

(M2
V − k2

1 )(M2
V − k2

2 )
.
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Experimental results BR(π → e+e−) = (22(+24
−11), 18(6), 17(7))× 10−8

from 1978− 1983 (far from theory) motivated further studies in new
frameworks, including:

Constituent quark loop model (QM):
ReA ∼ 10,BR ∼ 6.2× 10−8.

Ametller et al (’83), NPB228
π

gγ5

Perturbative QCD (pQCD):
ReA ∼ 10,BR ∼ 6.2× 10−8.

Babu & Ma (’82), PLB119

limQ2→∞Q2Fπ(Q2, 0) = 2Fπ
limQ2→∞Q2Fπ(Q2,Q2) = (2/3)Fπ

Large Nc + χPT :
ReA ∼ 10,BR ∼ 6.1× 10−8.
Knecht et al (’99) PRL83
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Current Situation

Most recent experimental result BR(π → e+e−) = 7.5(4)× 10−8 from
KTeV collaboration (2007) is still different from theory (∼ 3σ). The
difference is ∼ 20% BR(π → e+e−)th.

Release of CELLO data (1991) on space-like region →
Phenomenological models for Fπγγ based on theo.+exp. constraints.

Results from many different models yield same range of results for
BR(π → e+e−), but disagree with exp. (below 6.5× 10−8)

We will understand this insensitivity to Fπγγ in next section.
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The dynamics of Fπγγ are not so relevant.

To show this, we obtain Re(A) to O
(

m2
π

Λ2 ,
m2

e

Λ2 ,
m2
π

Λ2 ln
(

m2
e

Λ2

))
terms)
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terms)

Re(A) ≈
(∫

...

)

︸ ︷︷ ︸
Fπγγ dep.

− 5

4
+

1

βe

(
π2

12
+

1

4
ln2

(
1− βe
1 + βe

)
+ Li2

(
1− βe
1 + βe

))

︸ ︷︷ ︸
Fπγγ indep.

.
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If we want to reproduce the experiment, we need Re(A) = 13.5.
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Re(A) ≈ 30.7 +

∫ ∞

0

dQ
3

Q

(
m2

e

m2
e + Q2

− Fπγγ(Q2,Q2)

)
.

BG∼ M2

M2+2Q2 ; P1
2∼

(M2
1M2

2 +λQ2)2

(M2
1

+Q2)2(M2
2

+Q2)2 ; QM∼
(

MQ
Q

)2
ln

(
1+

(
Q

MQ

)2
)

VMD= M4

(M2+Q2)2 ; KN∼P1
2 +OPE+hnon−fact.

2

To reproduce the experimental value we need

• Different behavior at low energies (@∼200MeV).
• Rapidly falling Fπγγ .

To get an accurate result we need

• Good description of low energy pars. (i.e.: taylor exp. for
FPγγ(Q2,Q2)).
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To reproduce the experimental value we need

• Different behavior at low energies (@∼200MeV).
• Rapidly falling Fπγγ .

To get an accurate result we need

• Good description of low energy pars. (i.e.: taylor exp. for
FPγγ(Q2,Q2)).
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Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

Predictions from a low energy approach

• Reconstruct Fπγγ(Q2
1 ,Q

2
2 ) from low energy pars. from exp. data.

→ Not available.

• Reconstruct Fπγγ(Q2, 0) ≡ Fπγ(Q2) instead (P.Masjuan, Phys.Rev.D86)

→ Fπγγ(Q2
1 ,Q

2
2 ) = Fπγ(Q2

1 )× Fπγ(Q2
2 ) (factorization + Padé App.).

• Compute exact numerical result: O(2, 1)%, corrections to (Re(A),BR).
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• Compute exact numerical result: O(2, 1)%, corrections to (Re(A),BR).

P0
1 : Re(A) = 10.46(12); P1

2 : Re(A) = 10.46(16)

Pablo Sánchez Puertas 13



Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

Predictions from a low energy approach

• Reconstruct Fπγγ(Q2
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2 ) from low energy pars. from exp. data.

→ Not available.

• Reconstruct Fπγγ(Q2, 0) ≡ Fπγ(Q2) instead (P.Masjuan, Phys.Rev.D86)
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2 ) = Fπγ(Q2

1 )× Fπγ(Q2
2 ) (factorization + Padé App.).

• Compute exact numerical result: O(2, 1)%, corrections to (Re(A),BR).

P0
1 : BR = 6.36(4)× 10−8; P1

2 : BR = 6.36(5)× 10−8
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Predictions from a low energy approach

• Reconstruct Fπγγ(Q2
1 ,Q
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→ Not available.
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2 ) (factorization + Padé App.).

• Compute exact numerical result: O(2, 1)%, corrections to (Re(A),BR).

BR = 6.36(5)× 10−8

• To compare other models, use the same slope for all of them:

BG : BR = 6.22× 10−8, QM : ∼ 6.08× 10−8.

• Differences because of different (non-factorizable) Q2 dependence at low
energies.
• Assume behavior may be parametrized by C 0

1 Chisholm approximants

C 0
1 (q2

1 , q
2
2) = P0

1 (q2
1 + q2

2).
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BR = 6.36(5)× 10−8

• Compute result for Chisholm approximants.

P0
1 : Re(A) = 10.00(12); P1

2 : Re(A) = 9.98(19)
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• Compute exact numerical result: O(2, 1)%, corrections to (Re(A),BR).

BR = 6.36(5)× 10−8

• Compute result for Chisholm approximants.

P0
1 : BR = 6.22(4)10× 10−8; P1

2 : BR = 6.21(6)× 10−8
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• Compute exact numerical result: O(2, 1)%, corrections to (Re(A),BR).

BR = 6.36(5)× 10−8

• Compute result for Chisholm approximants.

BR = 6.22(7)10× 10−8
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We get then BR = (6.36(5)÷ 6.22(7))× 10−8

Previously, most precise value BR = 6.23(12)× 10−8 (Dorokhov, PLB677).
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We get then BR = (6.36(5)÷ 6.22(7))× 10−8

Previously, most precise value BR = 6.23(12)× 10−8 (Dorokhov, PLB677).

• Future measurements on Fπγγ(Q2
1 ,Q

2
2 ) could test these assumptions.

• Straightforward extension to the η.
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Implications on (g − 2)µ

Details on HLbyLπ
0−exchange

P

• Fπγγ(m2;Q2
1 ,Q

2
2 )× Fπγγ(m2;Q2

3 , 0)
combination appears in loops.
• At least we can test Fπγγ(m2

π;Q2
1 ,Q

2
2 ) in

a loop (but no π-off-shellness).

• Dominant contribution with positive
defined kernel.
• Peaked at low energies too.
• Falls rapidly with Fπγγ .
• Fast(slow) decreasing → lower(higher)
value → opposite to π → e+e−.
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Details on HLbyLπ
0−exchange

We show the implication on different models

Model Published model Modified model

π0 → e+e− HLBL π0 → e+e− HLBL

(×108) (×1010) (×108) (×1010)
Knecht and Nyffeler LMD+V 6.32 6.29 6.40 5.22

Dorokhov et al VMD 6.34 5.64 7.50 2.44
Our proposal PA + non-fact. 6.36 5.55 6.41 5.54

In the first model we modify h2 term (originally unconstrained) to 12.16.

In the second we take the only parameter MVMD = 330 MeV.

Last, we add to our factorized expr. an additional non-fact. term.
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Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

Conclusions & Outlook

• π → e+e− and aHLbLπ
0

µ complementary and peaked at low energies.
• Syst. approach based on low energy pars. is an ideal tool.
• Factorization or not? (OPE and Sum Rule constrains).
• To be probed by experiments: BESIII, KLOE-2?
• Latest Exp. result (KTeV) shows ∼ 3σ discrepancy.
• Radiative corrections are important too.
• Precision a first step towards constraining new physics.
• Extension to the η shows slight disagreement too.
• Extension to the η′.
• Has the lattice a word on it?
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Implications on (g − 2)µ

η → µ+µ−

BR(η → µ+µ−)

BR(η → γγ)
= 2

(
αmµ

πmη

)2

βµ(m2
η)|A(m2

η)|2,

• Compute exact numerical result:O(90, 10)% corrections to (Re(A),BR)

Previously, most precise value {5.27(12), 4.64} × 10−6 (Dorokhov, PLB677).

We get then BR = 4.51(2)÷ 4.71(3)× 10−6.
BRExp = 5.8(8)× 10−6.
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BRExp ≤ 5.6× 10−6.
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η → e+e−

BR(η → e+e−)

BR(η → γγ)
= 9.4× 10−12|A(m2

η)|2,

|A(m2
η)| = Re(A)2 + 21.922

• Compute exact numerical result:O(90, 10)% corrections to (Re(A),BR)

BR = 5.45(3)× 10−9

Previously, most precise value {5.27(12), 4.64} × 10−6 (Dorokhov, PLB677).

• Compute result for Chisholm approximants.

We get then BR = 5.45(3)÷ 5.25(9)× 10−9.
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Introduction to π → e+e−

Historical developments
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η → e+e−

BR(η → e+e−)

BR(η → γγ)
= 9.4× 10−12|A(m2

η)|2,

|A(m2
η)| = Re(A)2 + 21.922

• Compute exact numerical result:O(90, 10)% corrections to (Re(A),BR)

BR = 5.45(3)× 10−9

Previously, most precise value {5.27(12), 4.64} × 10−6 (Dorokhov, PLB677).

• Compute result for Chisholm approximants.

P0
1 : Re(A) = 30.95(11);

We get then BR = 5.45(3)÷ 5.25(9)× 10−9.
BRExp ≤ 5.6× 10−6.

Pablo Sánchez Puertas 19



Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

η → e+e−

BR(η → e+e−)

BR(η → γγ)
= 9.4× 10−12|A(m2

η)|2,

|A(m2
η)| = Re(A)2 + 21.922

• Compute exact numerical result:O(90, 10)% corrections to (Re(A),BR)

BR = 5.45(3)× 10−9

Previously, most precise value {5.27(12), 4.64} × 10−6 (Dorokhov, PLB677).

• Compute result for Chisholm approximants.

P0
1 : Re(A) = 30.95(11); P1

2 : Re(A) = 30.34(12)

We get then BR = 5.45(3)÷ 5.25(9)× 10−9.
BRExp ≤ 5.6× 10−6.
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Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

η → e+e−

BR(η → e+e−)

BR(η → γγ)
= 9.4× 10−12|A(m2

η)|2,

|A(m2
η)| = Re(A)2 + 21.922

• Compute exact numerical result:O(90, 10)% corrections to (Re(A),BR)

BR = 5.45(3)× 10−9

Previously, most precise value {5.27(12), 4.64} × 10−6 (Dorokhov, PLB677).

• Compute result for Chisholm approximants.

P0
1 : BR = 5.32(2)10× 10−9; P1

2 : BR = 5.18(3)× 10−9

We get then BR = 5.45(3)÷ 5.25(9)× 10−9.
BRExp ≤ 5.6× 10−6.
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BR(η → e+e−)

BR(η → γγ)
= 9.4× 10−12|A(m2

η)|2,

|A(m2
η)| = Re(A)2 + 21.922

• Compute exact numerical result:O(90, 10)% corrections to (Re(A),BR)

BR = 5.45(3)× 10−9

Previously, most precise value {5.27(12), 4.64} × 10−6 (Dorokhov, PLB677).

• Compute result for Chisholm approximants.

BR = 5.25(9)10× 10−9

We get then BR = 5.45(3)÷ 5.25(9)× 10−9.
BRExp ≤ 5.6× 10−6.
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BRExp ≤ 5.6× 10−6.

Pablo Sánchez Puertas 19



Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ
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Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

Details on Knecht and Nyffeler model

KN =
4π2F 2

π

3

3M4
V 1M

4
V 2

4π2F 2
π

+ h5(Q2
1 + Q2

2 )− h2Q
2
1Q

2
2 + Q2

1Q
2
2 (Q2

1 + Q2
2 )

(M2
V 1 + Q2

1 )(M2
V 2 + Q2

1 )(M2
V 1 + Q2

2 )(M2
V 2 + Q2

2 )

Their parameter h2 is, in general, non-factorizable
Knecht Nyffeler used h2 ∈ {−10, 0, 10} → aLbyL;π0

µ ∈ {6.3, 5.5, 5.3}
Favoring π → e+e− implies h2 > 0, its max. 12.2→ aLbyL;π0

µ = 5.22

Padé Extension

(M2
1M

2
2 + λQ2

1 )(M2
1M

2
2 + λQ2

2 ) + γQ2
1Q

2
2

(M2
1 + Q2

1 )(M2
2 + Q2

1 )(M2
1 + Q2

2 )(M2
2 + Q2

2 )

The lowest value for γ is −λ2, which gives the closest value to the Exp.
BR.
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Introduction to π → e+e−

Historical developments
Dynamics of π → e+e−

Implications on (g − 2)µ

Remarks on OPE Behavior

• From BG or Babu model (below) results, seems that use of OPE 1
Q2 is

important.
• On the other hand, from Knecht and Nyffeler, it does not.

Indeed, the key point is: when is relevant such behavior?
we will illustrate with Babu model.

The parameter Λ gives the scale of the OPE behavior.
For Λ = 0 ≈ BG, for Λ =∞ ≈ VMD.
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For Λ� M correction to VMD ≈ − 1
2 + Λ2

4M2 (ln 2M2

Λ2 − 1).

For Λ� M correction to VMD ≈ 0− M2

Λ2 (ln( Λ2
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The relevant point is to identify in which region the 1
Q2 behavior is

relevant.
Even if is not exactly the OPE (i.e. BG).
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Radiative Corrections

Experimentally, there is huge background from Dalitz decay.

But also contribution from our process.

In exp., BRxD=0.95 = 6.44(25)(22)10−8 RC−−→ BRKTeV 7.48(29)(25)× 10−8

RC from Bergström ZPC20 (1983); Dorokhov et al, EPJC55 (2008); agree.
Result from Vasko and Novotny, JHEP10 (2011): smaller correction.
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χPT Approach

In χPT we have the WZW constant Fπγγ and a counterterm from higher order

+
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Dispersion Formalism

The imaginary part from the photon channel only is

ImA(q2) =
π

2βe(q2)
ln

(
1− βe(q2)

1 + βe(q2)

)
; βe(q2) =

√
1− 4m2

e

q2

However it gives a divergent dispersion relation.
→ Hadronic channels are crucial.
→ Use of substractions.

Re(A(q2)) = A(0) +
q2

π

∫ ∞

0

Im(A(s))

s(s − q2)
ds.

Re(A(q2)) ≈ A(0)+
1

βe(q2)

(
π2

12
+

1

4
ln2

(
1− βe(q2)

1 + βe(q2)

)
+ Li2

(
1− βe(q2)

1 + βe(q2)

))
.

Substraction constant must be theoretically calculated.
Some corrections from non-included hadronic channels.
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